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Compact periods of Eisenstein series of
orthogonal groups of rank one at even
primes

Joao Pedro Boavida

ABSTRACT. Fix a number field k with its adele ring A. Let G = O(n+3)
be an orthogonal group of k-rank 1 and H = O(n + 2) a k-anisotropic
subgroup. We have previously described how to factor the global period

(EoFu=[  E,-F
Hp\Hy

of a spherical Eisenstein series E, of G against a cuspform F' of H into
an Euler product. Here, we describe how to evaluate the factors at even
primes. When the local field is unramified, we carry out the compu-
tation in all cases. We show also concrete examples of the complete
period when £ = Q. The results are consistent with the Gross—Prasad

conjecture.
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Introduction

Fix a number field k; in some examples to follow, we take k = Q. Equip
k"3 with a quadratic form (, ) with matrix

1

-1

with respect to the orthogonal decomposition k"3 = (k-e, )@ k" 1@ (k-e_).
Let G = O(n+3) and its subgroups act always on the right. Let H = O(n+2)
be the fixer of e and ©® = O(n + 1) be the fixer of both e; and e_. We
consider only the case when k"*2 is anisotropic; in particular, G has k-rank
1 and H is k-anisotropic.

In this paper, we compute some automorphic periods associated to G and
H. Such periods contain information about representations of those groups,
as well as information of interest about certain L-functions. The Gross—
Prasad conjecture [10-12] predicts that a representation of O(n) occurs in
a representation of O(n + 1) if and only if the corresponding tensor product
L-function is nonzero on Res = % The results we obtain are consistent
with the prediction.

Because G is a reductive group, we can use its parabolics to organize the
spectral decomposition of functions in L?(G\G4). In our case, there is only
one parabolic up to conjugacy; in Section 1, we choose a representative P,
with Levi component of the form M = © x GL(1) and unipotent radical
N. Let also K¢ be some maximal compact; we will only consider right K¢-
invariant functions, so-called spherical functions. We have two main families
of spectral components (with more flags of parabolics we would have more).

The cuspidal components decompose discretely, and are in some sense the
analogue of the compact group components we have in H; we will not be
much concerned with them in this paper.

The Fisenstein series are indexed by cuspidal components 7 along ©
and by characters w along GL(1). These so-called Hecke characters are the
analogue of Dirichlet characters in number fields other than Q.

We use 6 to indicate an element of @ C G and m) for the element in G
corresponding to A € GL(1). Given such 1 and w, we can extend

p(mab) = w(my) - n(0)

by left Ny-invariance and right K ©-invariance. We will sometimes use Cwms
other times ¢, (when 7 = 1); other times simply ¢. We define the Eisenstein
series B, = F,, , as the meromorphic continuation of

> w(vg).
YEPL\Gx,

The characters w are indexed in particular (but in number fields other

than & = @, not only) by a continuous parameter s chosen along Res = %
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and appearing in the form 0%, where §p is the modular function of the
parabolic P and % has to do with normalizations of Haar measures.
Finally, the sum defining an Eisenstein series converges only for suffi-
ciently large Re s. Therefore, we must also include any residues to the right
of Res = % in the spectral decomposition.
Let E, = E, , be the spherical Eisenstein series associated with the Hecke
character w : GL(1) — C* and the cuspidal component n on ©, and let F

be cuspidal on H. We are interested in the period

(EWF)H:/ E,-F.

Hi\Hp

(Maybe some aspects of this computation may guide the corresponding com-
putation for periods along H of cuspidal components of G, but the attempt
must be left for another occasion.)

These same periods (called there global Shintani functions) were used by
Katu, Murase, and Sugano [16,22] to obtain and study integral expressions
for standard L-functions of the orthogonal group. We already mentioned
the Gross—Prasad conjecture. Ichino and Tkeda [14] discuss further details
and broader context is provided in papers by Gross, Reeder [13], Jacquet,
Lapid, Offen, and/or Rogawski [17,19,20], Jiang [18], and Sakellaridis and
Venkatesh [25, 26].

Both the uncorrected global period and all correction factors computed
so far are indeed nonzero.

Using the Phragmén—Lindel6f principle, it is often possible to obtain con-
vex bounds for asymptotics of moments of automorphic L-functions. The
Lindel6f hypothesis (a consequence of the Riemann hypothesis) yields sig-
nificantly better bounds, but any subconver bounds are of interest. Iwaniec
and Sarnak [15] survey important ideas about L-functions, including sub-
convexity problems.

Diaconu and Garrett [5,6] used a specific spectral identity to obtain sub-
convex bounds for second moments of automorphic forms in GL(2) over any
number field k. That strategy has been explored in other papers by them
and/or Goldfeld [6-8] and used by Letang [21]. In another paper [3] (from
which, incidentally, this paragraph and the third before it are taken almost
verbatim), this author has applied that strategy to the periods discussed
here to obtain a spectral identity for second moments of Eisenstein series of
G.

Elsewhere [2], the author has discussed how to factor the period

(EeFlu=[ B, F
Hi\Ha
into an Euler product and how to compute its local factors at odd primes.
For the reader’s convenience, we recapitulate those results as briefly as pos-
sible.
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Because H D O is a Gelfand pair [1,16] and 7 is spherical, we have
| a®)-Fomao = .o 1(h)
O \Oy

where f is a spherical vector of IndZ 1 normalized by f(1) = 1. Let m = ®,7,
be the irreducible representation generated by f and w = ®,w,. Letting f,
be a generator of m, normalized by f,(1) = 1, the global period is

(0.1) (Ep, F)y = (n, Fo- /

Spw'f:("%F)@'Cf'H/ Puwv fos
Ou\Hy - JO,\H,
for some constant Cy (which is 1 when F' = 1).

Because ¢, and f, are spherical, and ¢,(1) = f,(1) = 1, the local
integral is simply vol(©,\ H,) at anisotropic places v.

At isotropic places, we consider some parabolic @, C H,. If the period
is nonzero, then 7, is a quotient of a degenerate unramified principal series
with respect to the Levi component of (), and with parameter (3.

Let A be the discriminant of the restriction of { , ) to k"™2. In the
preceding paper [2], we determined the local factors at odd primes. In this
paper, we discuss what happens at even primes.

In Section 1, we describe in more detail the conventions that we used at
odd primes and will adapt to the even primes; in particular, we introduce the
functions X and II, and show how the local period may be readily obtained
from them.

In Section 2, we explain what the required adaptations are and articulate
a general method to determine the function X at an even prime, based
on the number of solutions of an equation on finitely many finite rings of
characteristic 2.

In Section 3, we discuss two methods to count such solutions. The more
flexible of them, however, is only applicable when the local fields is unram-
ified.

In the subsequent sections, we apply either of those methods to each
of the anisotropic forms, thus obtaining the function X associated to that
form. (When we apply the second method, the computation is limited to
the unramified case.)

In all computations, it will transpire that only the dimension of the
anisotropic component, the Hasse—Minkowski invariant, whether the dis-
criminant is a unit, and (when it is a unit) its quadratic defect, play a role
in the outcome.

To obtain the complete periods, we would need to know the factors at all
places, including the ramified cases not established here and the archimedean
places where the form is isotropic. But if we restrict ourselves to k = Q, we
have no ramification at the even prime and we can choose an anisotropic form
at the archimedean place. In Section 9, we combine all results established
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so far to compute the global period of the standard form with signature
(n+2,1)in k=Q.

Acknowledgements. This paper is a followup on the author’s doctoral
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with the previous paper, it is influenced by discussions with and talks by
him.

The author wishes also to acknowledge a referee’s advice on making the
paper more interesting to a wider audience.
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1. Setup (isotropic places)

Let us recapitulate, from the previous paper [2], what happens at isotropic
places.

Recall we fixed a number field k£ with adele ring A, and a quadratic form
(, ) with matrix

—1

with respect to the decomposition k"3 = (k-ey) ® k"1 @ (k-e_). We set
e = e4 + e_ and named the following groups of isometries:

G =0(n+3), the isometry group of (x x x);
H =0(n+2), the isometry group of (x * );
©=0(n+1), the isometry group of ( * ) .

Let P C G be the k-parabolic stabilizing k - e. The modular function of P
is given by dp(p) = [¢t|"* when e - p = e/t. In particular, §%(p) = |¢|*, with
a=(n+1)s.

We now choose an isotropic place v which, from this point onward, we
will omit whenever possible. Therefore, k is the local field, o is its ring of
integers, w is a local uniformizer, and |o| = ¢~! (q is the cardinality of the

residue field).

Measure on @\ H. Choose a hyperbolic pair z, 2’ in k"2 so that e, €
(k-x)@® (k-2') and change coordinates so that the restricted quadratic form
has matrix
1
B
1

with respect to the orthogonal decomposition k"*2? = (k- 2') @ k" @ (k - z).
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Let Q C H be the parabolic stabilizing the line & - x; we have

/ function(h) dh = / function(q) dg = / function(q) dg .
O\H 6\6Q (BNQN\Q

Here, ©® N Q = O(n) is the fixer of z and 2’. Set

A 1 a —3B(a)
my = id and Ng = id *
1

1/

With M, = {m,\}, we have O N Q = {(1*1)}, N@ = {na}, MQ =

(6NQ) M, and Q = M? - N¥. The elements of (6 N Q)\Q can be
expressed as n, - my and dg(my) = |A|". Moreover,

d(ng - my) = dadX

(with d\ multiplicative and da additive) is a right-invariant measure. There-
fore, up to a multiplicative constant independent of the integrand,

(1.1) / function(h) dh = / / function(ng - my) dadA.
@\H kX n

Construction of ¢,. We saw in (0.1) that the local factor is

/ (Pw'fa
O\H

where f generates an unramified principal series; in fact, f(my) = |A|?, for
some (3 (again, we are omitting the place v).

We restrict ourselves to the nonarchimedean places.

We choose coordinates preserving the decomposition k"2 = (k- 2') ®
k" @ (k- x) from above, and let K C H be the compact open subgroup
stabilizing integral (with respect to those coordinates) vectors. The details
of what coordinates are actually chosen will transpire along the computation.

We want ¢,, to be associated with 6%; that is, if e - p = e/t and a =
(n+1)s, then ¢, (p) = w(t) = |t|*. Therefore, with ® being the characteristic
function of 0”13, we define

v = [ w®)-Bc-g)dt g =

(1)
The measure in k> is invariant with respect to multiplication normalized so

that 0™ has volume 1.

1 «

Some notation. Let || = ¢~! and |t| = ¢~7. We will also use a = ¢,
z2=¢q P and w = zg~! = ¢ P! and write (with the same measure as just

above)
1 1
Z(a) = / |t|* dt = — = )
kX Mo l-¢* 1-a
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The integral converges only when Re « is sufficiently large, but we will use
Z(«) to denote the meromorphic continuation.
With z = ¢?, we define

p

Bla) —
XB(p) = meas{a €o": (a; =0 mod we};

XB(B;p) =) 2 XP(p);  and
£>0

113 (a, ) = / 1 XB(5:£2) dt.

kXNo

(When there is no risk of ambiguity, we suppress B or p, or use n instead of
B.)

In order to make clear what adaptations are needed at even primes, we
must repeat the following two proofs, with minor adjustments.

Proposition. Up to a multiplicative constant independent of the integrand,
[owes=[ [ e atte-n)- g deah = 1"a— 5~ n. ).
O\H O\H Jkx

(This is valid at all nonarchimedean primes.)

Proof. According to (1.1), we have
/ t|* ®(te-h) f(h) dtdh:/ / [t AP D (te-ng-my) dadAdt.
O\H J kX kx JEkx Jkn

At this point, we specify e, = 2’ + %w Noting that
e ng-my=(er+e_) ng-my=ey- ng my+e_,
we have (in k"2 = (k-2') @ k" @ (k- z))
er ng-my=(1 0 3)-ng-my=(A a 3(1-B(a)))
and (in k"3 = k"2 @ (k-e_))
te-ng-my = ()\t,at, o (2 — B(at)),t).

Therefore, after a change of variables,

p-f= / / HeP 7 NP @ (N4, 55 (12 = B(a)), t) dadAdt
kX JEkx Jkn

2
_B
:/ |t|a—ﬁ—"/ |)\\5/ cho<ﬁ) dadrdi
kXNo kXNo on 2X
=[xy = [ etx ), o
k*No k

>0 XNo

O\H
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1.2. Proposition. Fiz ¢,(p) = dp(p)° = w(t) = |t|* when e-p = e/t and
a = (n+1)s. Fiz also a cuspidal F generating an irreducible m = ®,m,.
Let f, be a generator of m, normalized by f,(1) =1, and let 5, be the local
parameter of the unramified principal series representation .

The local factor at the nonarchimedean place v (ommited in the remainder
of the statement) in the global period (E,, F)g is

1 . II"(a—B—n,p)
/@\H%’ P=00 Jou ! 2o Z(a)

up to a multiplicative constant.

For the odd prime case, the multiplicative constant was determined in the
previous paper, but the method does not seem applicable to even primes. In
the cases for which we have computed 17, it depends only on the dimension
of the anisotropic component and Witt index, the discriminant (whether it
is a unit or is quadratic defect), and (for even primes) the Hasse-Minkowski
invariant.

Proof. The multiplicative constant accounts for the normalization implied
in the integral (1.1). Additionally,

_ a _ « t — o a
v = [ @(te)dt/kxlt] B(1,0,%,¢) dt /k 1 = 21 Z(a).

XM2o0
O

Dimension reduction. By taking hyperbolic planes away, we can simplify
the evaluation of (1.2) significantly. In fact, if there is a hyperbolic subspace
with dimension 2k and n = m + 2k, then

Z
XM (B; p) = Z(ﬂ(f_—]:i)l) XTB kg,
m+2k _M. m
o+ (0475)—Z(ﬂ+k+1) (e, f+ k).

This is valid at all nonarchimedean places.

All that is left to do, is to find the functions X and II for anisotropic
forms. The odd prime case was discussed in the previous paper. For even
primes, we have anisotropic forms in £ with m < 4.

2. Even primes

The actual computation of X and IT (for anisotropic forms) at odd primes
relied substantially on an anisotropy lemma, which guaranteed that certain
equations had no solution modulo w?’. For even primes, we rely on a similar
lemma.

In all that follows, e = ord 2 is the ramification index and B(z) = Y, a;z?
is a form with 0 < orda; < 1.
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2.1. Lemma. Let B(z) =Y, a;x? be anisotropic. Then, for each x # 0,

Inax|aix?| > |B(z)| > max\4aix?|.
A KA

Were that not the case, then the following lemma, with p = B(z), would
yield a nonzero solution of B(x) = 0.

2.2. Lemma. Let B(z) = Y, a;x? be a form satisfying 0 < orda; < 1. If
there is a nonzero x € o™ and ¢ > ord(4a;z?) (for some i) such that

B(z) =p mod w’,

and if |ajx;| = max;|a;z;|, then there is y € x + (2a;z;) "t Lo" such that
B(y) = p. In fact, X[, (p) = || X[ (p) if £ > ord(2p).

Proof. This follows from some versions of Hensel’s lemma. We prove only
the exact details we need in the continuation, as we will rely on specifics of
the dyadic case.

Choose the highest H > 0 such that z € wo” and write z = w2/,
y=wly p=w?p, and £ = 2H + ¢'. Replacing z, y, p, and £ by 2/, ¢/,
p', and £, both in the statement and in the conclusions, we see that we need
address only the case H = 0, that is, the case |z;| = 1.

Write r = (2a;) " '@w*! and y = = + ru, leaving u € o unspecified. We
have

2 2 2 2 2
E a;y; = E a;i(z; + ru;)” = E a;x; + E 2ra;ziu; + g reau;.

Because |aj| = |aj:cj2-] = max;|a;z?|, we have |[4a;| = \4aj:cj2-] > |da;z?| >
"], so
o wa

)—2w2€+2
4aj (Ij

ug| < =t

o] = (2a) 2 0| |

Therefore, none of the r2aiyi2 summands contributes modulo @!*!. On the
other hand, from |a;z;| < |a;| we obtain

41

|2ra;ziu;| = |a;1w a;riu;| = a;ﬂ'viw“'lui < |we+1|,
j

with equality (at least) when i = j and |u;| = 1.

That means that, no matter the choice for the other u;, we can use u;
to control the value of B(y) modulo w'*!. In other words, for exactly ||
(that is, one gth) of the choices of u; (corresponding to |w| the possible
refinements of z), we obtain

B(y)=p mod =,

a refinement of our original equation. Taking a limit, we obtain the desired
solution.

If we know ¢ > ord(2p), we need no specifics on the values of x;, so we
can conclude X g_l(p) = |w| XP(p). The apparent mismatch between this
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statement and what was done above is due to the definition of X, involving
an equation modulo 2w’. O

With T = ord t > 0, suppose now that p = 4t> # 0 mod 2w’ (so, £ —2T >
e), and that z is a solution of B(z) = pmod 2w’. Then, according to
Lemma 2.1, [4t?| > max;|4a;z7|; hence, |t| > |z;] and x € to™. Therefore,

X, (4t%) = meas{t:): € to" : B(tz) = 4t> mod 2@3}
— ¢ meas{x €o":B(z) =4 mod szT} — || X (4).
Still with ¢ > 2T 4 ord 2, we also have, by the same reasoning,
X(0) = meas{tw € to" : B(tz) = 4t> mod Qwe} = |@"™|T Xy_o7(0).

Finally, observing that 4t = 0 mod 2w’ for ¢ < 2T + e and using z = ¢~ ?
and u = 22¢™", we obtain

X(B;4%) — X(8;0) = > ZX4) - D 2 X(0)

{>2T+e £>2T+e
= 2a"|" 2 (Xi(4) — Xk(0))
k>e
=y M (X (4) - Xi(0)) = u”(X(8;4) — X(8;0)).
k>0

We have thus proven
X(8;4w?) = X(8;0) + u? X(8;4) — u? X(8;0),

which leads to this conclusion:

2.3. Proposition. If u = 272" and a = ¢, then
_ T .._2T 2] ) 2|%(a — au) )
(o, ) = OSZMa X" + 7 X B+ gy (50
Proof. We have
(e, f)= Y a"X(Bw™)+ ) o' *X(8;42"T).
0<T<e T>0

But
> a"X(Bi4w™) =D a"X(B;0) + ) (aw)"X(8;4) — D (aw)" X(B;0)
T>0 T>0 T>0 T>0

1 ' (a — au) .

B l—auX(ﬁ’4)+ (1—&)(1—au)X(ﬁ’ 0) -

Combining this proposition with Lemma 2.2, we see that only finitely
many values X,(#?) need be computed.
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Indeed, choose t with 1 > [t| = ¢~ > |2| (this argument works for any
T >0). If £ > ord(2t?) = 2T + e (so, at least for £ > ord8) and k > 0, the
lemma tells us that X1 (t%) = |@|*X,(t?). Therefore,

X(Bt) = D FX(?)+ )T  w Xory o a (8),
0<(<2T-+e k>0

1

which, with w = z¢™", simplifies to

, o g ATtetl ,
X(B;t7) = E 2" Xo(t%) + T Xories1(t).
—Ww
0<0<2T+e+1

The anisotropy lemma 2.1 yields a similar reduction for X,(0): if z €
o" and B(r) = 0 mod 2", then it must be that |2e’| > max;|4a;2?|, or
12a;22| < || If |@¢] = |20% )| or |@f| = |2w?F|, we may rely on |z;] <
|o”|, and in either case

X(0) = meas{wkx € who" : B(w"z) =0 mod 2we} = |@"* Xy_21(0),

leading us to

D ZX(0) =) X0k (0) + 2T X0 11(0)

1>e E>0 E>0
=22 M@ X (0) + 2T 2 @ F Xy (0).
k>0 k>0

n

Using again u = 22¢™" = ¢~ 2", we obtain

e

X(3:0)= > 2Xe(0) + T—Xe(0) + T—
0<t<e

In summary:

2.4. Proposition. If z = ¢ #, w=2¢q7', u=22¢"", and T > 0, then
52T +e+1

X@=T) = > X))+ T Xoryer1(w™h);
0<€<2T+e+1
P Ze—l—l
X(B;0)= > 2"X,(0) + T Xe(0) + T Xe1(0).
0<t<e

We note that many of these values are repeated. For example, if ¢ < e,
then Xy(0) = Xy(4). Additionally, if min;|a;| = 1 (that is, all coefficients
of the diagonal quadratic form are units), then the anisotropy lemma 2.1
implies X¢41(0) = [@"|Xe—1(0).

In practice, what we shall do is determine X (3;w?") for all T when it
takes no more effort than to do so only for T < e, or resort to Proposition 2.4
otherwise.
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3. Conics in dyadic fields

The computation of each X,(¢?) amounts to counting points modulo 2z
in conics. We discuss some preliminaries first.

We rely substantially on O’Meara’s [23, §63] discussion of the quadratic
defect in dyadic fields. We recall some of the relevant facts. The quadratic
defect of p is the intersection of all ideals bo for b such that p —b is a square.
If bo is the quadratic defect of p, then 7%bo is the quadratic defect of n?p. If
ord p is odd, then the quadratic defect of p is po. If ord p is even, then the
quadratic defect of p is 0 (if p is a square) or 4po, or prw?**+1o with 0 < k < e.
If p=n?+bisaunitand 0 < ordb=2k+ 1< 2eor 0 < ordb = 2k < 2e,
then the quadratic defect of p is w?**1o. The quotient of two units with
quadratic defect 40 is a square. (Hence, half the units of the form 7% + b
with ord b = 2e are squares, and the other half have quadratic defect 40.) If
p=mn%+bis aunit and ordb > 2e, then p is a square.

We recall that, for fixed dimension m, a form is classified by its discrim-
inant A (we include the sign (—1)™/2 in its definition) and its Hasse-
Minkowski invariant, built from the Hilbert symbol ( , ).

3.1. Lemma. Fiz a nonsquare unit A. If the quadratic defect of A is 4o,
then (a, A) = (=1)°"4%, Otherwise, there is a unit a with quadratic defect
wo such that (a,A) = —1.

Proof. The first claim is proved by O’Meara [23, §63].

For the second claim, let w® be the quadratic defect of A = 1 + wv,
as any other unit A with the same quadratic defect may be obtained with a
change of variable in y. Write a = 1 4+ wu, with u a unit. We want to show

az® + Ay? = 2 + wux® + y* + wly® = (z +y)? — 22y + wua? + wloy?

is never a square, unless © = y = 0. If |z| # |y|, then the quadratic defect of
the sum is the largest of w20 and wa?0. Therefore, we need only check
the case |z| = |y|.

In the unramified case, use w = 2 and d = 1. Let also y = xt. Then we
want to choose u so that

az’ + Ay? = (z + xt)? + 2223 (u — t + vt?)

is never a square, or, which is the same, so that u — t 4+ vt2 # 0 mod 2 (were
there any solutions of the latter equation, then we could refine at least one
of the two so as to obtain a solution of the former).

But ¢t —vt? is a separable quadratic polynomial, so in a finite field it takes
only half the possible values, and we may choose for u any of the values it
does not take. The same reasoning shows that uz? — zy 4+ vy? = 0 mod 2
has only one solution (x = y = 0 mod 2) if and only if (14 2u,142v) = —1.

In the ramified case with d > 1, we see

ord(—2zy 4+ wua? + wly?) = ord(wuz?)

is odd, so ax? + Ay? is, indeed, never a square.
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In the ramified case with d = 1, we may choose a = A. Indeed, the
reasoning above shows that (A, —1) = —1 whenever d < e, so

(A, A) = (A, —1) = —1. 0

Here, we point out that if u is a unit, to say 1 4 4u is not a square is to
say there is no unit v such that (1 +2v)? = 1 + 4v + 4v? = 1 + 4u, which is
to say v 4+ v? —u = 0 is impossible, or (1 + 2u, —1) = —1 in the unramified
case.

The first method. In its crudest form, the question we wish to answer is
how many solutions there are to 22 = p mod w’. Clearly, there are any if
and only if p is a square modulo @’. Most often, the number of solutions
does not depend further on p; in fact, if p is not a square, then the second
case listed below does not occur.

3.2. Lemma. Let X = meas{z € 0 : 22 = pmod w’}, where p € 0 and
0> 0. Write p=n?+ b, where bo is the quadratic defect of p.

e Ifb+# 0mod @', then X =0.

e Ifb=0mod @’ and |@’| < [4n?|, then X = 2|w’/2n].

e Otherwise, X = |w|l*/?],

Proof. The first claim is a consequence of the definition of quadratic defect.

The case b = 0 mod w’ remains. We want to find solutions of 2% =
n* mod w’, which we rewrite as (x — 1)(z + ) = 0 mod w’.

For the second claim, if |w’| < |4n%|, then b = 0 and p is a square.
The options |z — n| = |z +n| = |29 and |z — n| > |2n| would lead to
|(zn)(z +n)| > |4n?| > |=’|. Hence, in order for = to be a solution, we
require |z £ 1| < |27, in which case |z Fn| = |2n|. That is, we are requiring
|z + 1| > |w/2n| < |2n]. Therefore, X = 2|w’/2n|.

For the third claim, we consider |w’| > [4n?|. If |z —n| < |27|, then
lz +n| < 12n], so |(x — n)(z + n)| < [49?| < |@Y, so x is a solution. If
|z —n| > [2n], then [z +7| = [z —1|, so |(z —n)(z+n)| = [+ —n[?, so x being
a solution is equivalent to |z —n|? < |@’|. Therefore, X = |w|l*/?1. O

We will compute several sums of the form
Z Z£|w| [(¢40)/2] _ Z 22k|w’|'(2k+o)/2'\ + Z 22k+1|w||'(2k+1+o)/2'\ )
0<t<L 0<2k<L 0<2k+1<L
Set w = z|w|. The first summand is

(s [E/?]
S (ew)feo /2 = foran L (Zw) T

1—zw
0<k<[L/2]
while the second is

or1)/2) 1 = (zw) 2 wle|le/2 2 = ()t

I[(
i 1—zw 1—zw
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Therefore,

L/2
(3.3) }:zﬂwmﬂwﬂLZWMWﬂlzﬁﬂlll

1—zw
0<t<L

4 weo|lo/2 L7 BT (zw) "
1— 2w

The second method. Though it is somewhat more versatile, this method
can be used only in the unramified case. While discussing it, we always use
w = 2. We fix two units u and v such that (142w, 14+2v) = —1; as discussed
in the proof of Lemma 3.1, this is equivalent to saying that all solutions of
uz? + zy 4+ vy? = 0 mod 2 satisfy = y = 0 mod 2.

Fix a quadratic polynomial P(z,y) = uz? + Cay +vy? + Bx + Ay + D €
o[z,y] with C'= 1 mod 2. Changing variablestoz = X+ Aandy=Y + B
and reducing modulo 2, we obtain

P(z,y) = uX?+ XY +0Y?+ P(A,B) mod 2.

3.4. Lemma. If P(A,B) = 0 mod 2 and ¢ > 1, then any solutions that may
exist satisfy x = A mod 2 and y = B mod 2.
If P(A,B) #0mod 2 and ¢ > 1, then

meas{(a:,y) €0?: P(z,y) =0 mod 2£} =qt+q L

Proof. We replace + = X + A and y = Y + B. This has no effect on the
measure.
When £ = 1, the measure we want is

meas{(X, Y)€o®:uX?+ XY +0Y2 = P(A4,B) mod 2}.

If P(A,B) = O0mod 2, then X =Y = 0mod 2. Otherwise, X =Y =
0 mod 2 is not a solution. Given a representative (X,Y") of a projective line
(with respect to the residue field), there is exactly one (nonzero) value of
t mod 2 such that (Xt,Yt) is a solution. There are g+ 1 projective lines, so
the measure of the solution set is (¢ +1)/¢*> = ¢! + ¢~2.

For ¢ > 1, suppose (X,Y’) is a solution modulo 2¢ with Y a unit. Fix any
refinement of ¥ modulo 2!, The coefficient of degree 1 in

P(X 4+ AY + B) € o[X]

is a unit. Therefore, exactly one gth of the refinements of X modulo 2¢+! will
yield a solution of the equation modulo 2. The corresponding argument
may be made if X is a unit. The effect in either case is

meas{solutions modulo 2“1} = || -meas{solutions modulo 22}. O
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4. Even primes — m =0
If the original form is totally isotropic, we may reduce it to the case m = 0.

4.1. Proposition. Let B = 0 be the form in 0 variables. With z = ¢~ and
lt| = |=|T, we have
1 — 2T+1—e
X(B;t?) =
if [t2| < |2, and X (B;t?) = 0 otherwise.
Proof. We want to evaluate

X,(t?) = meas{O :0=1t* mod 2w£}.

The equation holds exactly if t? = 0 mod 2w?, that is, if 2T > ¢ + e. O

5. Even primes — m =1

5.1. Proposition. Let B(z) = Az?, where A is a nonsquare unit with
quadratic defect wlo. With z = ¢~ P, w = 2q7', and |t| = ¢~ 7, we have

(zw)TH(@+1-€)/2) (zw)THL(d+1=¢)/2]

+wle|le/2) 12

1—
X(8:8%) = Je|l*/?! — T

if 12| > |@¥?|, and X (B;t?) = 0 otherwise.
Proof. According to Lemma 3.2,
X, (t%) = meas{:v co: Az’ =t> mod 2we}

(we use 2c0" here, instead of w’ there) fails to be 0 only if w?? = 0 mod 2"
(a unit A and its inverse have the same quadratic defect), that is, only when
0 <{¢< 2T +d— e+ 1. Using the final case of that lemma and applying
(3.3), we obtain the answer. O

5.2. Proposition. Let B(x) = Ax?, where A is a unit square. Let z = g~ P,
w=z2q"", and |t| = ¢~ 7. Then
el wlw| (14 2wt

X(B;t%) = T W)+

2(zw)Twe+!

1—w

Proof. According to Lemma 3.2, X,(t?) is different depending on whether
0<tl<2T+e+1ort>2T+e+1. In the first case, we obtain exactly the
same sum as in the previous proof, but with d = 2e. Upon simplification,
this yields the first two summands in the statement. For £ > 2T 4+ e + 1,
Lemma 3.2 tells us

2(zw)Twet!
Yoo Ax) = > L afti] = 2 W 1)

>2T+e+1 0>2T+e+1

0

—w
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5.3. Proposition. Let B(x) = Az?, where |A| = |w|. With z = ¢,
w=2z2q"", and |t| = ¢~ T, we have

| 1— (zw)T—i-l—[e/Q]

1 — (zw)T—Le/2
42} — || le/2 [e/2]
X(8:82) = ] W el LB
if 12| > |t?|, and X (B;t?) = 0 otherwise.

Proof. X,(t?) fails to be 0 only if t* = 0 mod 2w*, i.e., only if 27 > £ + e,
or 0 </ < 2T — e+ 1. In that case, Lemma 3.2 tells us that

Xg(tz) _ ‘w| [(L+e—1)/2] '

The claimed outcomes follow from (3.3). O

6. Even primes — m = 2

We may write the anisotropic form as B(z) = a(2? — Az3) = Y, a;2?,
where [1] > |a|,|A|, |aA| > |w| and A = 7% + b has quadratic defect

bo = wo.

The Hasse-Minkowski invariant of such a form is
(a1,a2) = (a,—ad) = (a, A).

We take a = 1 if we wish the invariant to be 1, or use Lemma 3.1 if we wish
it to be —1.

Therefore, we have three situations for A: a unit with quadratic defect
40, or a unit with quadratic defect w?o (d odd with 0 < d < 2e), or else
|A| = |w|. For each situation, we further distinguish the cases (a, A) = +1.

Before proceeding, we recall [23, §63] that, if a is a unit with quadratic
defect 4o, then {2 —ay?: 2,y € k} = {t € k : ordt is even}.

6.1. Proposition. Let B(z) = 22 — Az, where |A| = |w|. With z = ¢~ 7,
w=2z2q""', and |t| = ¢~ T, we have
1 4 w2T+etl

X(3:8) = 2l %

Proof. We have
X,(t?) = meas{:v co?:2? = A2+t mod 271/}.

According to Lemma 3.2, in order to have a solution we need Ar3 = 0 mod
2w’ or (using the local square theorem and the fact that ord A is odd)
Ax3 = 0 mod 4¢2.

If 4¢> = 0 mod 2w’, we obtain

Xy = meas{q: €0?:2? =t mod 2w’ and wz? = 0mod 2w£}

_ ’w|[(ﬂ+e)/2'| . |w‘((f+efl)/2‘\ _ |w|é+e‘
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If 4t% # 0 mod 2w’, we obtain
X, = meas{a; € 0?: 23 =t* mod 2w’ and w3 = 0 mod 4t2}

— 2|w€+e/2t’ . |w’e+T — 2|w‘€+e.

Therefore,
1 2T +e+1
X(ﬁ;tz) :Zzé|w|€+e+ Z Zf‘w|€+e: ‘m% O
£>0 £>2T+e+1

6.2. Proposition. Let B(z) = a(x? — Az3), where |A| = |@| and a is a
unit with quadratic defect 40. With z = ¢ %, w = 2¢~ ", and |t| = ¢~ T, we

have 2T +e+1

1—w're
X(8;t%) = 2| S

Proof. Because a is a unit, 23 — at® yields exactly the elements of even
degree, and the quadratic defect of a is 40, we have, consecutively,

X,(t?) = meas{x €o?:23 —at® = Az mod 2w€}
= meas{x €0%: Az3 = 4> =0mod 2’ and 2% =t mod 2we}.
Therefore, X,(¢?) is nonzero only if 0 < £ < 2T + e + 1, in which case
X,(t?) = |w,f(f+e—1)/21 ) ,w|f(€+e)/21 - ,w|€+e. 0
6.3. Proposition. Let B(z) = w(z? — Ax3), where A is a unit with qua-
dratic defect 40. Let also z = q P, w = zq~" T

,and |t]=q7 .
o If2T < e, then X (B;t%) = 0.
o If2T > e, write

(T — )t = max{T — e, 0},
(T —e)” = min{T" — e, 0}.
Then X (B;12) is
|| L/ 4 2|m|1e/2] — 2w (2w)T=)7 (w + 1) N wé(z + w?)(1 — w2 T-97)

1— 2w 1— w?

Proof. Because 27 — At? yields exactly the elements of even degree and the
quadratic defect of A is 40, we have, consecutively,

Xo(t?)
= meas{x co?:w(xt —Ard)=1t*=0 mod 2w€}

= meas{x €0?:t? = wdz? = 0mod 2w’ and wz? = wrl mod Q’WZ}.

Considering only 0 < ¢ < 2T — e + 1, we obtain
X@(?fz) _ ’w‘[max{o,é—e—l}/ﬂ . |w’[(ﬁ+e—1)/2]



170 JOAO PEDRO BOAVIDA

If 2T < e, then 2T — e + 1 < 0 always and X (B;t%) = 0.
Ife<2T <2e+1,then 0 < /¢ < 2T —e+1<e+1 always, and by (3.3),

X(B;t?) = Z A o|[Ere=1)/2]
0<l<2T—e+1
2T —e+1)/2 2T —e+1)/2
_ ol L )T e L () T D
1—zw 1—zw

If 2T > 2e + 2, then
X(,B;t2) _ Z Zé‘w||—(f+e—l)/2"| + Z Z€’w|2|'(f—e—1)/2-\+e‘
0<l<e+1 e+1<4<2T—e+1

The first sum is the same as before, but with 7" replaced by e. The second
sum is obtained from (3.3) too (note we use w? = 2?|w|? instead of zw =
2%|w)):

e+2)(1 _ sz—ze)

(zw® +w
zw® Z zf|w|2w21 = -

0<0<2T—2e

O

6.4. Proposition. Let B(x) = a(z? — Ax3), where A = 1+ @ is a unit

with quadratic defect w0, d is odd, a = 1 + wu is a unit with quadratic

defect wo, and (a, A) = —1. Let also z = ¢~ %, w=2¢7 ", and |t| = ¢~ T.
Ifd=1 and e > 1, then

1 — 2T+2[(e+1)/2] e

X(8;t%) = 2| -

If2T+2>e+1>d (withd > 1 ore=1), then
1 _w2T+276
(8:1) = I o
If2T+2>e+1 andd > e+ 1, then
|w|(e/2] + w‘w|Le/2j zd_e|w|(d+1)/2(z _ w)

1—zw (1 —w)(1—zw)
w2 2| e+ (1=d)/2

X(B;1?)

1—w
If 2T + 2 < e (with d > 1), then X(3;t?) = 0.
Proof. We have
X, (%) = meas{x €o?: 23 = Az +at®> mod 2w£}.
If |t| > |22|, we need wt? = 0 mod 2w’.

If |t| < |z2|, we need wt? = w2 = 0 mod 2",
If |t| = |z2|, we write 3 = tz (with z a unit) and observe

Azd + at? = t2((1 + 2)® + wu — 22 + whv2?).
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Therefore, if d > 1 we require wt? = 0 mod 2w’. If d =e =1 and w = 2,
and because (1 4 2u, 1+ 2v) = —1, we always have u — z + v2% # 0 mod 2,
so we require 2t = 0 mod 2w’. Finally, if d = 1 and e > 1, then we can
choose v = u and write

Azd + at® = (1 + wu) (1 + 2%) = (1 + wu) (1 + 2)* — 2(1 + wu)z2);

we thus require t?>w(1 + 2)? = 0 mod 2w’ and either 2ewt? = 0 mod 2w’ (if
e is even) or 22 = 0 mod 2’ (if e is odd).

If d =1 and e > 1, we required wt? = wr3 = 0 mod 2w’ (when |t| #
|z9|) or w(t + 22)? = 0 mod 2w’ and w?/(¢+1/21=¢=142 — ) mod w’ (when
|t| = |z2|). We obtain

Xg(tQ) _ ‘w|[(f+e)/2'| . |w|]'(€+e—1)/2'| _ |w’€+e

if ¢ < 2T +2[(e+1)/2] — e and X,(t?) = 0 otherwise.
If d > 1 or e =1, we required wt? = wlz? = 0 mod 2w’. Therefore,

Xg(t2) _ ‘w|[(€+e)/21 . ’w‘max{o,[(@refd)/ﬂ}
if £ < 2T +2 — e and X,(t?) = 0 otherwise. O

So far, we have relied on the first method discussed in Section 3. For all
remaining quadratic forms, we will use the second one. In particular, all
that follows is valid only for the unramified case.

The strategy will always be the same: we first reduce the equation modulo
2. This corresponds to ¢ = 0 and will suggest a substitution for one of the
variables. That variable will be set modulo 2 — hence, we always have an
extra factor ¢! in the final calculation of X,(t?).

Applying the substitution and simplifying, we obtain a new equation,
modulo 2¢ (the original equation was modulo 2”1). At this point, we
consider the case £ = 1. If the equation thus reduced is linear with unit
coefficient, we know how many solutions it has. If the equation is qua-
dratic, we apply Lemma 3.4: either we obtain new conditions on other vari-
ables, typically allowing us to divide the original equation by 4 and conclude
X(t?) = ¢™X,_9(t?/4), or we obtain a solution count.

6.5. Proposition. Let B(x) = 27 — Ax3, where A = 1+ 4v is a unit with

quadratic defect 40 and v is a unit. In the unramified case, with z = ¢~ ¥,

w=z2q"", and |t| = ¢~ T, we have
2]

X(B;1)=—"—  and  X(B;4t*) =2

1+ 2 4+ w?T (2w + w3)
Cl—w '

1 —w?

Proof. The equation is 22 — Ax3 = t*> mod 2/*!. Considering ¢ = 0, we
are led to x1 = w9 +t + 2b, for some b € 0. We substitute and simplify:

20% + Tot + 2x9b + 2tb — 21135% =0 mod 2%

If t =1 and ¢ > 1, we clearly can obtain a unique z3 mod 2¢. Therefore,
recalling 1 was set modulo 2, we have X,(1) = ¢~ 1=
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If 2 | t, the equation holds for ¢ < 1; that is, Xo(t?) = X1(t?) = ¢~ 1. If
¢ > 2, we divide further:

b? +x2§ + 2ob+th—vxd =0 mod 271,

We note that (1 + 2v,—1) = —1, so we may apply Lemma 3.4.
For ¢t = 2, the lemma tells us the measure of the solution set with respect
to b and x9 is ¢ ! + ¢ ¢, so with respect to 1 and x9, for £ > 2, we have

X4)=q¢ " +q "N

If4 | tand £ > 2, then 2o = b = 21 = 0 mod 2, so X;(t?) = ¢~ 2X,_o(t?/4).
U

6.6. Proposition. Let B(x) = 22 — Ax2, where A = 1+ 2v is a unit with
quadratic defect 20 and v is a unit. In the unramified case, with z = ¢,
w=2q""1, and |t| = ¢~ T, we have

X(Bith) = 2

Proof. The equation is 22 — Al’% = t2 mod 2*!. Replacing x1 = o+t +2b
and simplifying:

202 + ot + 2x9b + 2tb — ’UCC% =0 mod 2%

If t = 1, we have 29 = Omod 2 or x5 = v~ mod 2, and, because the
coefficient of x9 is a unit, solutions can be refined modulo 2¢. Therefore,
Xo(1) =¢ tand Xy(1) = ¢~ -2¢7 " =2¢ 1 for £ > 1.

If 2 | ¢, then 29 = 21 = 0 mod 2. Therefore, Xo(t?) = ¢~ !, X1(t?) = ¢ 2,
and X, (%) = ¢ 2 X,_o(t?/4) for £ > 2. O

7. Even primes — m = 3

A ternary quadratic form with discriminant A is anisotropic if and only
if its Hasse—Minkowski invariant is —(—1, A).

The form B(z) = 2% — a(23 — Ax3) has discriminant A and Hasse—
Minkowski invariant (—a,ad) = (—a,A) = (=1, A)(a,A). Therefore, it
is anisotropic when (a, A) = —1. If |A| = |w|, we may take any a with
quadratic defect 40. If A is a unit with quadratic defect w®o (with d odd),
Lemma 3.1 yields a unit a with quadratic defect wo and (a,A) = —1.

If A is a unit square or a unit with quadratic defect 40, the form is
anisotropic if and only if the Hasse-Minkowski invariant is —1. We choose

a = 1+ wu, where u is a unit and (a,—1) = —1, provided by Lemma 3.1.
The form B(z) = a(x?+23) — Az? has discriminant A and Hasse-Minkowski
invariant (a,a) = (a,—1) = —1.

We are still using the second method, so we consider only the unramified
case.
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7.1. Proposition. Let B(x) = 2?2 — a(x3 — 2vz3), where a = 1+ 4u is a
unit with quadratic defect 40, and u and v are units. In the unramified case,

with z = q %, w=2q7", and |t| = ¢ T, we have
2]
X(B;1) = ——
and
14+w _ 1 —w?q™? .
X(B:t?) = 2| —————— =T T>1.
A e e N

Proof. The equation is 22 — a(x3 — 2v23) = ¢? mod 2. We substitute

r1 = x + t + 2b, simplify, and obtain
202 — ot — 2x9b — 2tb — 2ux§ + cw:c% =0 mod 2°.

If t = 1 and z3 is fixed, we obtain exactly one solution zo mod 2¢. There-
fore, X(1) = ¢ - ¢t =¢ 1.

If 2| tand £ > 1, we are led to x3 = 0 mod 2. For such ¢, we have
Xo(t?) = ¢! and X;(t?) = ¢72. If £ > 2, we have also

2
b2 — 1132% — 19b — Q%b — um% + QaU% =0 mod 271

If t = 2, we obtain ¢~ “*! + ¢~* solutions with respect to b and zs, or
¢ ' + ¢ with respect to x; and 3. Recalling that 23 = 0 mod 2, we see
that, for £ > 2, X,(4) = ¢~ + ¢ 2.

If 4 | t, then we obtain 9 = 0 mod 2, so 1 = 2 = 3 = t = 0 mod 2,
and we have, for £ > 2, X,(t?) = q73 X;_o(t%/4). O

7.2. Proposition. Let B(z) = 22 — a(x3 — Ax2), where a = 1+ 2u and A
are units with quadratic defect 20, (a,A) = —1, —aA =1+ 2v, and u and
v are units. In the unramified case, with z = ¢~ °, w = zq™', and [t|=q7 7,
we have

1+ wqg™? 2T +1 — 1—w?q?
(B 42) = |2 A TWL 1 T _
(/67 ) | | 17w2q71 +| |’LU q (17w)(17w2q,1)

Proof. The equation is 2% — ax3 + aA:z% = t? mod 2/*!. Replacing

T1 =9+ x3+t+2b
and simplifying, we obtain

20% + zoxs + ot + 2xab + x5t + 2w3b + 2tb — um% — va:% = 0 mod 2°.

In particular, Xo(t?) = ¢ *.

If £t =1 and ¢ > 1, and recalling we already set x; mod 2, we obtain
Xe(1) = g1 +g 2.

If 2 |t and £ > 1, we conclude 2o = 23 = 0 mod 2, so X;(t?) = ¢~ and,
for £ > 2, X,(t?) = 73 Xy_o(t?/4). a
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7.3. Proposition. Let B(z) = a(x? + 23) — 23, where a = 1 + 2u is a unit
with quadratic defect 20, (a,—1) = —1, and w is a unit. In the unramified

case, with z = ¢~ %, w = z2¢7", and |t| = ¢~ T, we have
1 -1 1— 2742 —T-1
X(ﬂ;t2)2|2| ( +wq )( w q )
1—w?q?!

Proof. The equation is 2% + 23 — CLA:E% = at? mod 2!, Replacing
r1=xo+x3+1t+2b
and simplifying, we obtain
x% + 9207 + Toxg + ot + 2xob + w3t + 2x3b + 2tb — u:):% —ut> =0 mod 2¢.
In particular, Xo(t?) = ¢~ 1.
Ift=1and ¢ =1, Lemma 3.4 tells us 3 = x3 = 1 mod 2 and
X1(1)=q73.
If t =1 and ¢ = 2, taking into account that o = x3 = 1 mod 2, we see
the equation is equivalent to
b —b—u=0 mod 2.
This equation has no solution, therefore, Xy(1) =0 for £ > 2.

If 2 | t and ¢ > 1, then the equation leads to 9 = z3 =t = 21 = 0 mod 2.
This means X;(t?) = ¢~3 and X,(t?) = ¢ 3 X, o(t?/4) if £ > 2. O

7.4. Proposition. Let B(z) = a(z3+123) — Az, where A = 144w is a unit
with quadratic defect 40, a = 1 + 2u is a unit with quadratic defect 20, u is

a unit, and (a,—1) = —1. In the unramified case, with z = g B w=2z2¢"",
and |t| = ¢~ T, we have
1+wq™! ort2 —r—1 (L+w)(1 —wg™?)
X 't2 — |2 9 +2 T—1 )
(Ba ) ‘ | 1_w2q_1 +‘ ’w q (1_w)(1_w2q—1>

Proof. The equation is #? + 23 — an% = at?> mod 27!, Replacing
ri=x0+x3+t+2b

and simplifying, we obtain
$%+2b2—|—$2$3+$2t+2$2b—|—3§‘3t+2$3b+2tb—u(3+4U)ZC§—’Uﬂfz =0 mod 2°.
Clearly, Xo(t?) = ¢~ 1.

If t = 1, the equation, reduced modulo 4, is equivalent to

(22 + 1)? + (w2 + 1) (23 — 1) +2b(b + 22 + 23 + 1) + u(wz — 1)

+2u(zrs—1) =0 mod 4.

If £ > 1, we must have 79 = 23 = 1 mod 2, so X1(1) = ¢~ 3. If £ > 2, we
must also have b> = bmod 2, that is, b = 0 mod 2 or b = 1 mod 2, which
leads to X3(1) = 2¢~*. Therefore, Xy(1) = 2¢~¢=2 for £ > 2.

If 2 | ¢, the original equation yields o = 3 = t = x; = 0 mod 2.
Therefore, X1 (t?) = ¢=3 and X,(t?) = ¢ 3 X, o(t?/4) if £ > 2. O
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8. Even primes — m = 4
In the m = 4 case, we have only one equivalence class of anisotropic forms.

8.1. Proposition. Let B(x) = 23 + 23 — a(x3 +x3), where a = 1+ 2u, u is

a unit, and (a,—1) = —1. In the unramified case, with z = ¢~ %, w = zq™1,
and |t| = ¢~ T, we have
2]
X(pB;1l) = ——
3:1) = 1o
and
2| _ 1 —wq™?
X ;t2:’7 2T —2T TS 1
R e e M

Proof. We know x1 +x2+x3+ x4+t =0 mod 2. Replacing 1 = Z+1¢ and
Ty = 23 + x4 + Z + 2b into B(z) = t? mod 2*! and simplifying, we obtain

—uzd+rzry—urd4+(Z4+4b) 3+ (Z+4b)xy+ 22+ Zt+4bZ+4b> =0 mod 2°.

As usual, Xo(t?) = ¢~ 1.
If t =1, we only need to reduce the equation modulo 4. We obtain

(8.2) — ual + x3xy — uas + Zaz + Zag+ Z° + Zt =0 mod 4.

Replacing x3 = x4 = Z mod 2, we obtain Zt mod 2.

Ift=1,¢ =1, and Z is a unit, then the solution set (with respect to
r3 and x4, and modulo 2) has measure ¢~ ! + ¢~2. If Z is not a unit, then
x3 = x4 = 0 mod 2. Therefore (recalling that zo was set modulo 2),

X)) =¢ ' (1=g¢ g +aH+qg =g

If t =1and ¢ =2, and Z is a unit, then the solution set (with respect to
r3 and x4, and modulo 4) has measure ¢~ 2 + ¢~ 3. If Z is not a unit, then
x3 =24 = 0mod 2 and Z = 0 mod 4. Therefore (again, x2 was set modulo
2),

Xo()=¢ ' (1-g¢ g +a)+q¢°=q""
More generally, X,(1) = ¢~¢1.
If 2 | t, we return to Equation (8.2). Lemma 3.4 tells us
1'3:.1'4:Zm0d2,
so X1(t?) = ¢~3 (again, we must not forget x5 was set modulo 2). For £ > 2,
we substitute xg3 = Z + 2X and z4 = Z + 2Y and simplify:
—uZ?+ Z% =0 mod 2.
If t =2 and Z = 0 mod 2, we conclude
r1=x92 =23 =x4 =t =0mod 2,

so the contribution (in the equation modulo 2¢) is ¢7*X, »(1) = ¢~37*.
If t =2 and Z = u ! mod 2, then Z is determined modulo 2~ (recall

we divided by 2 in the most recent simplification), so the contribution is
¢ Hrq g g = ¢727% Therefore, X,(4) = ¢ 27t + ¢34
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If 4 | ¢ (still for £ > 2), we may also conclude Z = 0 mod 2, so
X,(t?) = ¢4 X5 (2 /4). O

9. Some examples in k = Q

In order to determine the global period in all cases, we still need the local
factors at some even primes (the ramified cases we could not address here),
the missing normalization constant in Proposition 1.2, and the local factors
at archimedean primes.

Therefore, for these examples we will ignore multiplicative constants and
consider only k£ = Q and the standard form Z?jf :c? -2 43 with signature
(n+2,1)on k"2 k-e_.

At the archimedean place, k, = R and the restriction of the form to
R"*2 is anisotropic. Hence, as mentioned in the introduction, the local
factor of the period is simply vol(©,\H,) = vol(O(n+ 1,R)\O(n + 2,R)), a
multiplicative constant.

At nonarchimedean places, we have simply ¢, = p (where p is the prime).
As the discriminant is A = +1, there are no bad odd primes.

If A =1, the associated quadratic character is the trivial character yq
(its L-function is the Riemann zeta function). If A = —1, the associated
quadratic character is the character x1 given by xi(p) = 1 if p = 1 mod 4,
x1(p) = —1if p =3 mod 4, or x1(p) = 0 if p is even. Also,

1 1
C(s):HI_pS and L(S’X):HW'

We will also limit our attention to periods (E,,1)q, that is, periods of
the Eisenstein series alone, rather than against a cuspidal F', in which case
the local parameters are 5 = 0.

With a = (n+1)s, we saw before [2] that, up to multiplicative constants
and correction factors at p = 2 (determined in this paper), the global period
is

(9.1) (Ep, ) = Im, if n is odd;
¢(a—n)

(9.2) (Ep, ) = if n is even

(20 =n)/Lla =5, x)’
(where xy = xo when A =1, and y = x1 when A = —1).

Say B"*? is the original form with signature (n + 2,0) and B" is the
original form B (from the discussion, in Section 1, of the measure on ©\ H).
Say also that B"2* is the form obtained after taking k hyperbolic planes
away (for the dimension reduction cited at the end of Section 1), until we
get an anisotropic form B™, with n = m + 2k — those are the forms whose
X functions we computed in Sections 4 through 8.
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TABLE 1. Taking k hyperbolic planes from B", we obtain
the anisotropic form B™, whose X function we list, as well
as the respective proposition.

n A k m  hmi B™ prop. X™(B;12)
3+80 1 44 3 -1 (7.3) 1 —uul;
4480 —1 40+1 2 ~1  (6.4) 1 —wul;
5480 —1 40+2 1 1 (51) _utE
142
1, ifT=0
6+8 1 40+3 0 1 (41) . o
0, otherwise;
1 —w—
7480 1 4+3 1 1 (5.2) L
1+w—u
8+8( —1 40+3 2 1 (6.6) 1+ wul;
9+8 -1 4+3 3 1 (7.2) 1 - LT,
1—w
1— 1
. T =0,
10+8 1 4043 4 1 (81) 1—1w_wq_2
1 T T+#0
Tota—w 7

All those forms have the same discriminant A. However, their Hasse—
Minskowski invariants are not the same. Let hmi B denote the Hasse—
Minkowski invariant of a form B. In general [4,23], if B is the sum of
two forms C' and D, then hmi B = (det C,det D) - hmi C' - hmi D.

A hyperbolic plane has determinant —1 and invariant (1,—1) = 1. Also,
B"*? has invariant 1 and determinant 1, so det B"~2* = (—1)**! and
(—1,det B"2F) = (—1)**!. This means that with even k we change the
sign of the invariant, and with odd k& we keep it. That is, starting with
hmi B"*+2, and taking one hyperbolic plane away at a time, we obtain 1, —1,
—1, 1, and then repeat with period four.

Applying the discussions at the beginning of Sections 6 through 8 to our
current case, we see that B? is anisotropic if and only if A = —1, that B3
is anisotropic if and only if hmi B3 = —A, and that B is anisotropic if and
only if A =hmiB* = 1.

We thus obtain the information in Table 1, for n > 3. With n < 3, H
would be anisotropic at p = 2, the local factor would be a constant, and the
results in this paper would not be used. Taking our choice f = 0 and the
dimension reduction at the end of Section 1 into account, we use z = ¢~ %
and w = ¢ *~! and abbreviate u = ¢~ (this is always what is raised to
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TABLE 2. Taking k hyperbolic planes from B™, we obtain an
anisotropic form B™. With a = ¢~®, z = ¢ %, w = ¢ "1,
and v = ¢ = ¢ 2 = 22¢7™, we obtain IT™(a, k) from
X™(k;t?). When relevant, we indicate the choice of v that
permits the simplification discussed in the text. We drop any

common factors that do not depend on a.

n k m v o™ (a, k)
1
3480 4 3 0o au) = Z(a)Z (o +n);
1 4 aw Z()Z(a+n)Z(a+5)
4 M+1 2 - - .
+80 40+ N Y Z(2a +n) ’
1+az Z(@)Z(a+n)Z(a + k)
M4+2 1 - - ‘
5480 40+ S G R ZQRa+n-1) 7
6480 40+3 0 L
1—av Z(o)Z(o + n)
4 1 2 - .
7T+8¢( 40+ 3 T+w+u (1—a)(1—au) Z(a_bgqv)’
1 —aw Z(a)Z(a +n)
4 2 - |
8480 40+ 3 w (1—a)(1—au) Za+k+1)"
1 — aw Z(a)Z(a+n).

4 p—
o8t 4b+3 3w I—a)(—au) Zlatk+l)

(1 —aw)(1+awqg!) Z(a)Z(a+n)Z(a+5)
10+8 4043 4 0= o) —aw) _Z(a+k+1)Z(2a+fz)'

the power T'). Additionally, as the local factor is obtained by integration of
this X with respect to ¢ (that is, in terms of these formulas, a summation
with respect to T'= ord t) and we are missing a multiplicative constant, we
multiply by a common factor so that the result is as close as possible to the
form 1 — AuT.

That choice simplifies substantially the computation of I7. Indeed, with
a = g%, the definition of IT (from Section 1, using the multiplicative mea-
sure) is

Haf) = [ X587 dt = 30 X (58T
kXNo Tzo
If, up to the common factors we dropped, X =1 — Au”, this becomes

H(OZ,B) = Z(QT - A(au)T) = 1 ! o . - (1(I—A)a)_(fgjlc;t;4)

—a 1—au
T>0
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TABLE 3. For each n, we list the uncorrected global period as
well as the correction factor at p = 2, ignoring multiplicative
constants independent of a.

n uncorrected period correction factor at p = 2

C(a—n) Z(a—4L—1)

3+ 8¢ lo—a=1) = ;

i Sa-mI-3 20— 3)
¢(2a —n) q
C(a—n) Zao—4—3)

b8l Lia— 44 —2,%) Z2a—n—1)g e’

Gig Sla-mia-1) Zeo—m
C(2a —n) Z(a) Z(a—n)Z(a—5)q~®

7480 C(a—n) Z(a—40—1) ;

(a—40-1)  Z{a—n—1-log,(1+q g ")g =

((2a—n) ACEE
C(a—n) 1 ‘

98t L —40—2,%) Z(a—40—5)q=’

10+ 8¢ ((a—n)¢(a—3) 1 .
((2a —n) Z(ow—4l—6) g™

This becomes even simpler when A = == for some v, as in that case we
obtain
up to
_ (1 —u)(1—av) constant 1—av
B =g ga—ai=0 ~ G-al—a)

Table 2 summarizes the results.

Recall now that in Proposition 1.2 we identified the local factor and im-
mediately afterward, we saw that the dimension reduction allows us, when
k hyperbolic planes have been taken away and B™ = B"~2F is anisotropic,
to draw a connection between II™ and II™. We conclude that, when 5 = 0,
the local factor is

(o —n,k)
> Z(a)
up to a multiplicative constant.

Finally, Equations (9.1) and (9.2) give us the (uncorrected) global period.
Recall that when A =1 we use y = xo and the local factor of L(-, x) = (()
is Z(+), while when A = —1 we use x = x1 and the local factor of L(-,x) is
1. Table 3 summarizes the conclusions.
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