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ABSTRACT. We introduce a flow of Riemannian metrics over compact
manifolds with formal limit at infinite time a shrinking Ricci soliton.
We call this flow the Soliton-Ricci flow. It correspond to Perelman’s
modified backward Ricci type flow with some special restriction condi-
tions. The restriction conditions are motivated by convexity results for
Perelman’s W-functional over convex subsets inside adequate subspaces
of Riemannian metrics. We show indeed that the Soliton-Ricci flow rep-
resents the gradient flow of the restriction of Perelman’s W-functional
over such subspaces.

Over Fano manifolds we introduce a flow of Kéhler structures with
formal limit at infinite time a Ké&hler—Ricci soliton. This flow corre-
sponds to Perelman’s modified backward Ké&hler—Ricci type flow that
we call Soliton-Kahler—Ricci flow. It can be generated by the Soliton-
Ricci flow. We assume that the Soliton-Ricci flow exists for all times
and the Bakry—Emery—Ricci tensor preserves a positive uniform lower
bound with respect to the evolving metric. In this case we show that the
corresponding Soliton-Kéahler-Ricci flow converges exponentially fast to
a Kahler—Ricci soliton.
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1. Introduction

The notion of Ricci soliton (in short RS) has been introduced by D.H.
Friedon in [Fri]. It is a natural generalization of the notion of Einstein
metric. The terminology is justified by the fact that the pull back of the RS
metric via the flow of automorphisms generated by its vector field provides
a Ricci flow.

In this paper we introduce the Soliton-Ricci flow, (in short SRF) which is
a flow of Riemannian metrics with formal limit at infinite time a shrinking
Ricci soliton.

A remarkable formula due to Perelman [Per| shows that the modified (and
normalized) Ricci flow is the gradient flow of Perelman’s W functional with
respect to a fixed choice of the volume form . We will denote by Wq the
corresponding Perelman’s functional. However Perelman’s work does not
show a priori any convexity statement concerning the functional Wey,.

The main attempt of this work is to fit the SRF into a gradient system
picture. We mean by this the picture corresponding to the gradient flow of
a convex functional.
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The SRF correspond to a Perelman’s modified backward Ricci type flow
with 3-symmetric covariant derivative of the Q-Bakry—Emery—Ricci (in short
-BER) tensor along the flow. The notion of SRF (or more precisely of Q-
SRF) is inspired from the recent work [Pal] in which we show convexity
of Perelman’s W functional along variations with 3-symmetric covariant
derivative over points with nonnegative 2-BER tensor.

The surprising fact is that the Q-SRF is a forward and strictly parabolic
heat type flow with respect to such variations. They insure that the gauge
modification of the backward Ricci flow via Perelman’s potentials produce
sufficient parabolicity which compensate the bad sign of this last flow. The
difference with the Ricci flow is that the parabolicity is generated by the
Hessian part of the 2-BER tensor thanks to the particular symmetry of the
variation.

However we can not expect to solve the Q-SRF equation for arbitrary
initial data. It is well-known that backward heat type equations, such as
the backward Ricci flow (roughly speaking), can not be solved for arbitrary
initial data.

We will call scattering data some special initial data which imply the exis-
tence of the (2-SRF as a formal gradient flow for the restriction of Perelman’s
W-functional over adequate subspaces of Riemannian metrics.

To be more precise, we are looking for subvarieties ¥ in the space of
Riemannian metrics such that at each point g € ¥ the tangent space of
> at g is contained in the space of variations with 3-symmetric covariant
derivative and such that the gradient of the functional Wq is tangent to X
at each point g € X.

So at first place we want that the set of initial data allow a 3-symmetric
covariant derivative of the variation of the metric along the Q-SRF. The
precise definition of the set of scattering data and of the subvarieties ¥ will
be given in the next section.

The notion of Kéhler-Ricci soliton (in short KRS) is a natural generaliza-
tion of the notion of Kéhler—Einstein metric. A KRS over a Fano manifold
X is a Kéhler metric in the class 2me(X) such that the gradient of the
default potential of the metric to be Kéhler—Einstein is holomorphic. The
terminology is justified by the fact that the pull back of the KRS metric
via the flow of automorphisms generated by this gradient field provides a
Kahler—Ricci flow.

We recall that the Kéhler—Ricci flow (in short KRF) has been introduced
by H. Cao in [Cao]. In the Fano case it exists for all positive times. Its
convergence in the classic sense implies the existence of a Kahler—Einstein
metric. The fact that not all Fano manifolds admit Kéhler—Einstein metrics
implies the nonconvergence in the classic sense of the KRF in general.

The importance of Kéahler—Ricci solitons over Fano manifolds derives from
the fact that if there exists one then it is a Kéhler—Einstein metric provided
that the Futaki invariant vanishes. It is expected that Kahler—Ricci solitons
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should be obtained as limits of natural geometric flows such as the Kéahler—
Ricci flow. Despite the substantial efforts of many well-known mathemati-
cians, the results concerning the convergence of the Kéahler—Ricci flow are
still weak. This is essentially due to the fact that it is very hard to obtain
a uniform lower bound on the Ricci curvature along the flow. This type
of bound is necessary in order to insur compactness results which lead to
Cheeger—Gromov type convergence.

Our approach for the construction of Kéhler—Ricci solitons is based on
the study of a flow of Kéhler structures (X, J, g+)+>0 associated to any nor-
malized smooth volume form € > 0 that we will call Q-Soliton-Kéhler—Ricci
flow (in short Q-SKRF). Using a result in [Pal] we show that the Q-SKRF
can be generated by the Q-SRF, via an ODE flow of complex structures of
Lax type.

2. Statement of the main results

Let €2 > 0 be a smooth volume form over an oriented Riemannian manifold
(X, g) of dimension n. We recall that the Q2-Bakry—Emery—Ricci tensor of g
is defined by the formula

dv,
Ricg () := Ric(g) + V, dlog ﬁg :

A Riemannian metric g is called a -Shrinking Ricci soliton (in short -
ShRS) if g = Ricy(2). We observe that the set of variations with 3-
symmetric covariant derivative coincides with the vector space

Fyi= {veC® (X, $21%) | Vi, ,v; =0},

where VTX , denotes the covariant exterior derivative acting on T'x-valued

differential forms and vy := g 'v. We define also the set of prescattering
data S, as the subset in the space of smooth Riemannian metrics M over

X given by

S, = {g e M|V, , Ric(Q) :o}.

Tx,9

Definition 1. (The 2-Soliton-Ricci flow). Let £ > 0 be a smooth volume
form over an oriented Riemannian manifold X. A -Soliton-Ricci flow (in
short -SRF) is a flow of Riemannian metrics (g¢)i>0 C S, solution of the
evolution equation g; = Ricg, (Q2) — g;.

We equip the set M with the scalar product
(2.1) Gylu.v) = [ (w0}, 2

for all g € M and all u,v € H = L*(X, SﬂiT;}). We denote by dg the
induced distance function. Let Pj be the formal adjoint of an operator P
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with respect to a metric g. We observe that the operator
P® = eng* (e*fo> ,

with f := log dﬂﬁ, is the formal adjoint of P with respect to the scalar

product (2.1). We define also the Q-Laplacian operator

Ay =VEVy =N+ Vyf =V,
We recall (see [Pal]) that the first variation of the Q-Bakry—Emery—Ricci

tensor is given by the formula

d . * )
(2.2) 2 dt Ricg, (€2) = =Vg,' Dy, G,

where D, := @g -2V, with @g being the symmetrization of V, acting on
symmetric 2-tensors. Explicitly

hS]

@g « (507 "'7§p) = nga (§j7€07 "'aéj? "'7§p)7

Jj=0

for all p-tensors a. We observe that formula (2.2) implies directly the vari-
ation formula

d . :
(2.3) 2 7 Ricg, (2) = —Aggzt Gt

along any smooth family (g¢)ye(0,.) C M such that g € Ty, for all ¢ € (0, ¢).
We deduce that the Q-SRF is a forward and strictly parabolic heat type
flow of Riemannian metrics. In the appendix we give a direct proof of the
variation formula (2.3) which shows that the Laplacian term on the right

hand side is produced from the variation of the Hessian of f; := log dggt.
Moreover the formula (2.3) implies directly the variation formula

d . . ke K
(2.4) 2 7 RICgt Q) = —As;t g — 29 RICgt (Q).

The introduction of a “center of polarization” K of the tangent space T
it is quite crucial and natural from the point of view of conservative dif-
ferential symmetries of the 2-SRF. We consider indeed a section K €
C*(X,End(Tx)) with n-distinct real eigenvalues almost everywhere over
X and we define the vector space

FE = {ueIFg\ [VeT,0f] = 0,T = Ry, K, VpEZ;O}.

(From the technical point of view it is more natural to introduce this space
in a different way that we will explain in the next sections.) For any gy € M
we define the subvariety

ZK(QO) = ]F;g nM.
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It is a totally geodesic and flat subvariety of the nonpositively curved Rie-
mannian manifold (M, G) which satisfies the fundamental property

Ty (go)g = Ffv Vg € Xk(g0),

(see Lemma 7 in Section 5 below). We define the set of scattering data with
center K as the set of metrics

Sf = {g€ M| Ricy(Q) EIFg(},
and the subset of positive scattering data with center K as
Séi = {g € Sé( | Ricy(2) > 0} .

We observe that S§+ # () if the manifold X admit a Q-ShRS. Moreover if
g € S§+ and if dimp Fg{ = 1 then g solves the Q-ShRS equation up to a
constant factor A > 0, i.e., A g is a 2-ShRS.

In Section 18 we will explain our program for the existence of scattering
data over Fano manifolds. With the notations introduced so far we can state

the following result.

Theorem 1. Let X be a n-dimensional compact and orientable manifold
oriented by a smooth volume form Q > 0 and let K € C*(X,End(TY))
with almost everywhere n-distinct real eigenvalues over X. If Séi # () then

the following statements hold:
(A) For any data go € Sé( and any metric g € Y (go) we have

VeWa (9) = g — Ricy(Q) € Ty (g0),90

VEE D W (9) (0,0) = /

sk 1 2
i [<lecg(Q),v>g +3 Vgouly| Q,

Jor all v € T (49
convex set

Y (90) == {9 € Xk (g0) | Ricy(Q2) > — Ricgy ()},

inside the totally geodesic and flat subvariety X (go) of the nonpos-
itively curved Riemannian manifold (M, G).
(B) For all g9 € Sff with Ricg, () > €go, € € Rso the functional Wq is
G-convex over the G-conver sets
S (90) == {9 € Sk (90) | Ricg(Q) > g}, V6 € [0,¢),

S5 (90) = {9 € Sk (g0) | 2Ricy(Q) + go AY, loglgy'g) > 0}.

g+ The functional Wq is G-convez over the G-

In this case let i}r((go) be the closure of X}-(go) with respect to the
metric dg. Then there exists a natural integral extension

Wa : Se(g0) — R



THE SOLITON-KAHLER-RICCI FLOW OVER FANO MANIFOLDS 851

of the functional Wq which is dg-lower semi-continuous, uniformly
bounded from below and dg-convex over the dg-closed and dg-convex
set i;(go) inside the nonpositively curved length space (ﬂdc, da).

(C) The formal gradient flow of the functional Wq : Xk (g0) — R with
wnitial data gy € S§+ represents a smooth solution of the Q-SRF
equation. Assume all time existence of the Q-SRF (g¢)i=0 C Xk (90)
and the existence of 6 € R such that Ricg, (2) > dg¢ for all times
t > 0. Then the Q-SRF (gi)i>0 converges exponentially fast with all
its space derivatives to a )-shrinking Ricci soliton grs € Xk (go) as
t — +oo.

We wish to point out that the G-convexity of the previous sets is part of
the statement. Moreover it is possible to define a dg-lower semi-continuous
and dg-convex extension of the functional Wq over the closure of E%(go)
with respect to the metric dg.

In order to show the convexity statements we need to perform the key
change of variables

Hy = (g, 90)"? € 95 ' 2k (90),

which shows in particular that the SRF equation over g (go) corresponds
to the endomorphism-valued porous medium type equation.

(2.5) 2 Hy = —H{ Ay H; — H} Ric}, (Q) + Hy,

with initial data Hy = 1.

The assumption on the uniform positive lower bound of the 2-Bakry—
Emery—Ricci tensor in the statement (C) is reasonable in view of the dg-
convexity of the sets

d
S (90) N e (g0)

Indeed we expect that this type of convexity can provide a control on
dc(gt,90). We will use for this purpose some known gradient flow tech-
niques over metric spaces. Using the particular gradient flow structure of
the SRF and the expression of Wq over ¥k (go) we expect to obtain also
H'-compactness results for the evolving metrics.

Then parabolic methods applied to (2.5) can provide sufficient regularity
in order to insur the required uniform lower bound of the 2-Bakry—Emery—
Ricci tensor.

The assumption on the uniform positive lower bound of the Q-Bakry—
Emery-Ricci tensor in the statement (C) allows us to obtain the exponential
decay of C'(X)-norms via the maximum principle. The presence of some
curvature terms in the evolution equation of higher order space derivatives
turns off the power of the maximum principle.

In order to show the exponentially fast convergence of higher order space
derivatives we use an interpolation method introduced by Hamilton in his
proof of the exponential convergence of the Ricci flow in [Ham].
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The difference with the technique in [Ham] is a more involved interpola-
tion process due to the presence of some extra curvature terms which seem to
be alien to Hamilton’s argument. We are able to perform our interpolation
process by using some intrinsic properties of the Q-SRF.

Let now (X, J) be a Fano manifold and let — Ric,(£2) be the Chern cur-
vature of the canonical bundle with respect to the hermitian metric induced
by € > 0. With this notation we give the following definition.

Definition 2. (The Q-Soliton-Kdihler-Ricci flow). Let (X, Jy) be a Fano
manifold and let © > 0 be a smooth volume form with [, Q = (2me)™.
A flow of Kéhler structures (X, Jy, w)i>0 which is solution of the evolution
system

d .

et = Ric,, (Q) — wy,
(2.6)

d = wy!

@ ‘]t = Jt 8TX,Jt Vgt lOg ﬁ’
where g; := — wJy, is called 2-Soliton-Kéhler—Ricci flow.

The formal limit of the Q-SKRF at infinite time is precisely the KRS
equation with corresponding volume form 2. In this paper we denote by K,
the set of J-invariant Kahler metrics. We define the set of positive Kéahler
scattering data as the set

K+ ._ ¢cK
SK+ = 8K nk,.

With this notation we obtain the following statement which is a consequence
of the convergence result for the Q-SRF obtained in Theorem 1(C).

Theorem 2. Let (X, Jy) be a Fano manifold and assume there ezist gy €
S(Ifg, for some smooth volume form € > 0 and some center of polarization
K, such that the solution (gi); of the Q-SRF with initial data gy exists for
all times and satisfies Ricg, (2) = 0g; for some uniform bound 6 € Rxo.

Then the corresponding solution (Jt, gt)i>o0 of the Q-SKRF converges ex-
ponentially fast with all its space derivatives to a Jo-invariant Kdhler—Ricci
soliton g = Ricgy,_(£2).

Furtermore assume there exists a positive Kdhler scattering data gy €
853? with goJo € 2me1(X) such that the evolving complex structure Jy

stays constant along a solution (Ji, gt)icjo,1) of the Q-SKRF with initial data
(Jo,90). Then go is a Jo-invariant Kdahler—Ricci soliton and g = go.

3. Conservative differential symmetries

In this section we show that some relevant differential symmetries are
preserved along the geodesics induced by the scalar product (2.1).
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3.1. First order conservative differential symmetries. We introduce
first the cone F_° inside the vector space Fy given by;

Fy° = {v €C™(X,82T%) | Vi o(Vg)! = 0,Vp € Z>0}

= {ve ™ (X,82T%) | Uy e = 0,9 € R}

We need also a few algebraic definitions. Let V' be a real vector space. We
consider the contraction operator

= : End(V) x A2V* — A2V*,
defined by the formula
H-(aNp) = (a-H)ANB+aN(B-H),

for any H € End(V), u,v € V and «,5 € V*. We can also define the
contraction operator by the equivalent formula

(H =) (u,v) == ¢ (Hu,v) + ¢ (u, Hv),

for any ¢ € A2V*. Moreover for any element A € (V*)®2 @ V we define the
following elementary operations over the vector space (V*)®2 @ V;

(AH)(u,v) := A(u, Hv),
(HA)(u,v) := HA(u,v),

(H o A)(u,v) := A(Hu,v),

(Alt A)(u,v) := A(u,v) — A(v,u).

Assume now that V is equipped with a metric g. Then we can define the
g-transposed Ag € (V*)¥2®V as follows. For any v € V

T ._ T
v Ay = (v 4,
We recall (see [Pal]) that the geodesics in the space of Riemannian metrics
with respect to the scalar product (2.1) are given by the solutions of the
equation g; = g, Ly = 9o Lgo. Thus the geodesic curves write explicitly as
(3.1) g =goe ' .
With this notations we can show now the following fact.

Lemma 1. Let (gt)ier be a geodesic such that go € Fge. Then g € Fg2 for
all t € R.
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Proof. Let H € C* (X,End(Tx)) and let (¢g¢)ier C M be an arbitrary
smooth family. We expand first the time derivative

Vi o HE ) = Vg H(E,n) — Vg, H(n, €)
= Vg, (&, Hn) — Vg, (n, HE)
— 1 [V, (€)= Vo (n,€)

) —

= Vgt(HTI,f Vgt(Hf ),

since V,, € C®(X, S2T% ® Tx) thanks to the variation identity (see [Bes])

(32) 2 gt <vgt (57 77)7 H) = vgt gt(§7 m, N) + vgt Qt(n, 67 :U’) - vgt gt(:ua 5) 77) .

We observe now that the variation formula (3.2) rewrites as

Qvgt(fﬂﬂ = Vg 3; (&) + Vg 9 (0,6) — (Vg, 3¢ ﬁ);f .
Thus
2V, H(Em) = Vg, 6 (Hn, &) + Vg, 67 (&, Hn) = (Vg 67 &), Hn
— Vg 67 (HEm) = Vg, 67 (0, HE) + (Y, 5 ), HE.
Applying the identity

vl . % T . %
(V. 91 f)gt == <5 - VTX,gtgt)gt +& Vg9,

we obtain the equalities
Tx 9t (é? ) gt gt (H77 g) gt g:(Hf? 77)
T
(620 t), Hn = (07 Vs, 0) HE

gt
(M =0y ,9) 1)
+ vgt g;fk (5, H77) - vgt g;fk (777 H&)

1 Alt [(VT gtg;‘)i H] (&m).

2V

We infer the variation formula
(3.3) 2V, JH=-H-V,  g+V,  (§H) =gV

Tx,9¢
.k T
+ Alt [(VTM i )gt H] .

Tx .9t
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Thus along any geodesic we obtain the upper triangular type infinite dimen-
sional ODE system

22 Vi @] = =G0 =V,
+ Voo GO = G Vo, (6)F
.k T - %
+ Alt [(vTX,gtgt) (97 )p] )

for all p € Z~y. We recall now that ¢; = g; and we observe the formula

i (Frcntt), = (O] ]+ [ ()],

d N\ A" ][4 ( *> .

dt Tyx.9 It o Ty a1 9t o ¢ dt Tx.g It o
This combined once again with the identity ¢; = ¢ and with the previous
variation formula implies that for all k,p € Z~y we have

dk -
k|, [VTX,gt (9t )p} =0.

Indeed this follows from an increasing induction in k. The conclusion follows
from the fact that the curves

gt

t — vTx,gt (g:)pJ
are real analytic over the real line. ([

Let now A € (V¥)®? @V, B € (V*)®1®V and let k =1,...q. We define
the generalized product operation

(AB)(u1, ..., up—1,01,...,0q) = A(u1,...,up—1, B(v1,...,vq)).
With this notations we define the vector space

By = {ve 0% (X,827%) | [Ry,0;] =0, [Ry, Vyers] =0, 6 € T},

and we show the following crucial fact.

Lemma 2. Let (gt)ier C M be a geodesic such that gy € Foo NEgy. Then
gt € Fg2 N By, for allt € R.

Proof. We observe first that the variation identity (3.2) combined with the
fact that g; € Iy, implies the variation identity

(3.4) 2V, = Vg0
Thus the variation formula (see [Bes])
(3.5) Ry, (&1 = Vg, Vg, (€0, 1) = Vg, Vi, (1. €, 1),

rewrites as

2 7‘?'gt (f» 77) = vgt,évgt,n gf - Vgt,nvgtf 9? - vgu[&m} gt*
= [Rgt (ga 77)7 g:] .
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We recall in fact the general identity

(3.6) VeVgnH = VynVge H = [Ry(&,m), H] + Ve H,

for any H € C*° (X,End(Tx)). We deduce the variation identity

(37) 2Rgt = [Rgtvg;:] )

(for any smooth curve (g;); such that §; € Fy,), and the variation formula
d . k1 ek

2 at [Rgi» 9] = [[nggt] :94-

Thus the identity [Rg,,g;] = 0 holds for all times by Cauchy uniqueness.
We infer in particular Ry, = Ry, for all ¢ € R thanks to the identity (3.7).
Using the variation formula

(38) 2vgtH:2vgz'H_2vat:[vgtg:aH]a

we deduce

d x cx ex
2% [ngvguf gt] = |:R9t7 [VSIhf 9t7gt]}

=~ [Voue 61 Raws 61| = [ Rge, Vg 7]

= | Ryis Ve g1l 47,

by the Jacobi identity and by the previous result. We infer the conclusion
by Cauchy uniqueness. O

3.2. Conservation of the prescattering condition. This subsection is
the hart of the paper. We will show the conservation of the prescattering
condition along curves with variations in I, N E,;. We need to introduce
first a few other product notations. Let (e)x be a g-orthonormal basis. For
any elements A € (T%)®? @ Tx and B € A’T% ® End(Tx) we define the
generalized products

(B A)(u,v) := B(u, ex)A(eg,v),

(B® A)(u,v) := [B(u,eg),ex = Al v,

(Ax* B)(u,v) := A(eg, B(u,v)eg).

We observe that the algebraic Bianchi identity implies

(3.9) Alt(Rg® A) = Alt(Ryg*x A) — Ax Ry .
Let also H € C*°(X,End(Tx). Then
(3.10) Vo JH*Ry =2V, H+ R,

We observe in fact the equalities
VieoH*Rg=VgH*Rg—VyH (Rgeg,ep) =2VeH *Ry.
This follows writing with respect to the g-orthonormal basis (ey) the identity
Ry(€m) = — (Ry(&,m)? .
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which is a consequence of the alternating property of the (4,0)-Riemann
curvature operator.

For any A € C™(X, (T%)®P™ @ Tx) we define the divergence type oper-
ations

d‘ﬁg‘A(ul?‘ . "up) = TI'g [VQA('aula"'vupa')]v
mgA(ul,...,up) = @QA(ul,...,up)—A(ul,...,up,vgf).

We recall that the once contracted differential Bianchi identity writes often
as div,Ry = -V Ric;. This combined with the identity

Vqugi]f:Rg-ng

Tx,9

implies
(3.11) divy Ry = -V, , Ric;(Q).

With the previous notations we obtain the following lemma.

g

Lemma 3. Let (g¢)ter C M be a smooth family such that g, € Fy, for all
t € R. Then the following variation formula holds:
d - : . - x
\% Ricy, ()| = @gt [Rges 971+ Alt (Rg, ® Vg, 97)

2 & Tx,9¢
—29; Vo, Ricg, ().

9t

Proof. We will show the above variation formula by means of the identity
(3.11). Consider any B € C°(X,A?T% ® End(Tx)). Time deriving the
definition of the covariant derivative Vg, B we deduce the formula

Vi B(& u,0) w = Vg, (€ Blu,v) w) = B (Vo (€ 0),0) w

- B (u, Va (§,v)) w — B(u,v) Vg, (&,w).
We infer the expression
(3.12) 2V, B(&,u,v)w = Vg, ¢ 47 B(u,v)w — B (V¢ Giu, v) w
— B (u,Vg,¢gfv)w— B (u,v) Vg, ¢ g w,

thanks to the formula (3.4). We fix now an arbitrary space-time point (zg, )
and we pick a local tangent frame (ey)x in a neighborhood of zy which is
Gt (z0)-orthonormal at the point zg and satisfies Vg, e;(z9) = 0 at the time
to for all j. Then time deriving the term

(@ZtB)(fv 77) = vgt,ekB (57 77) gt_lez - B(fa 77) vngh
and using the expression (3.12) we obtain the identity
d , . . .
(3'13) 2 % (dﬁgtB)(& 77) = vgt,ek 9t B (57 77) €k — B (Vgt,ek 9t 57 7]) €k
- B (57 vgt,ek g;fk 77) er — B (5, 7]) vgt,ek g;tk €k

. d
- 2vgt,ekB (5777) 9t €k — 2B(§777) % ngft)
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at the space-time (z9,%y). Moreover we have the elementary formula

2 % Vo ft = Vg, Trg, gt —29; Vg, fr.
We observe also that at the space time point (zg,tp) we have the trivial
equalities
V. Trg, g¢ = ep . (Try gf) ex,

= ek -9t (97 €j,€5) ex

= 9t (Vi1 97 €5, €5) €k

=V, 0t (e, ej,€j) ex

=V, 0t (€j,ej,ex)ex

= gt (Vgt,ej 9? €j, ek) €k

=-V 9,
thanks to the assumption g; € IFg,. We deduce the identity

d ES .k . %
(3.14) 2 i Vot ==V 9 —2G{ Vg [t.

Thus the identity (3.13) rewrites as follows;

d , .. %
2& (dﬁgtB)(fﬂ?) = (Vg g; xB)(§,n)
- B (vgt,ek g: 5’77) e — B (57 vgmek g: 77) €k
— 2V, 0. B(&n) gier +2B(En) Vel g7

The assumption ¢g; € IFg, implies that the endomorphism Vg, ¢ gf § is gs-
symmetric. Thus we can choose a gy, (xo)-orthonormal basis (ex) C T'x z,
which diagonalize it at the space-time point (xg, ). It is easy to see that
with respect to this basis

B (vgt,ek gzt g?ﬁ) €k = — (B * vgt gt*) (ﬁ,f),

by the alternating property of B. But the term on the left hand side is
independent of the choice of the g (xp)-orthonormal basis. In a similar
way choosing a gy, (x¢)-orthonormal basis (ex)r C T'x z, which diagonalizes
V4.0 G m at the space-time point (xg,ty) we obtain the identity

B (57 vgt,ek g;tk 77) €k = (B * vgt g;fk) (6777)

We infer the equality

d
2 <dtdiv2t> B =V, g *B—Alt(BxV,,g)

— 2V, Birer +2BV24;,
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with respect to any g, (zo)-orthonormal basis (e;) at the arbitrary space-
time point (xg, tg). This combined with (3.7) and (3.9) implies the equalities

2 5 (@ Ry) =2 ( ) Ry, + i Ry )
= —Alt (Rg, ® Vg, §;) — 2V g, ., Ry, Gy €k
+ 2Ry, Vg7 + div, [Ry,. 471
We observe now that for any smooth curve (g;)ier C M
(3.15) divg, [Ry,. 371 = Vore Ry, Gier — Ry Vol 4
— Vg i % Ry, — §i divy, Ry,
But our assumption g; € IFy, implies Vg, g/ * Ry, = 0 thanks to the identity
(3.10). Thus we obtain the formula
2 (A5 Ry) = — ALt (Ry, ® Vi, 47) — divs, [Ry 7]
— 247 divy, Ry,
which implies the required conclusion thanks to the identity (3.11). O
Corollary 1 (Conservation of the prescattering condition). Let
(gt)ter C M

be a smooth family such that g € Py, Ny, for allt € R. If go € S, then
gt €8, forallt € R.

Proof. We observe that the assumption §; € [E4, implies in particular the
identity Ry, ® V4,97 = 0. By Lemma 3 we infer the variation formula

d - . .
7 [VTXH% Ricg, ()| = —¢; V,,, Ricg, (9),
and thus the conclusion by Cauchy uniqueness. (]

The total variation of the prescattering operator is given in Lemma 26 in
the appendix. It provides in particular an alternative proof of the conserva-
tion of the prescattering condition.

3.3. Higher order conservative differential symmetries. In this sub-
section we will show that some higher order differential symmetries are con-
served along the geodesics. This type of higher order differential symmetries
is needed in order to stabilize the scattering conditions with respect to the
variations produced by the SRF. We observe first that given any diagonal
n X n-matrix A,

[A, M] = (X = A\j)M;5),

for any other n x n-matrix M. Thus if the values A; are all distinct then
[A, M] =0 if and only if M is also a diagonal matrix.
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In this subsection and in Sections 4, 5 that will follow we will always
denote by K € I'(X,End(Tx)) an element with point wise n-distinct real
eigenvalues, where n = dimj X.

The previous remark shows that if (e;) C T'x, is a basis diagonalizing
K (p) then it diagonalizes any element M € End(T'x p) such that [K(p), M] =
0.

We deduce that if also N € End(T,) satisfies [K(p), N] = 0 then
[M,N] = 0.

We define now the vector space inside [F°

Fy(K) = {ve Py | [K.v}] = 0, [K,Vyu;] = 0} CFE.

We observe in fact the definition implies [Vg vy, v;] = 0, and thus the last
inclusion. With this notation we obtain the following corollary analogous to
Lemma 1.

Corollary 2. Let (g¢)ier be a geodesic such that go € Fy(K). Then g, €
Fy, (K) for allt € R.

Proof. By Lemma 1 we just need to show the identity [K,V,, ¢/] = 0. In
fact using the variation formula (3.8) we obtain

d . e ex - .
22 1KV, 4] = [ K[V, 97,971 | = = |3, 1K Vg 471
since [K, gf] = 0. Then the conclusion follows by Cauchy uniqueness. O

We define now the subvector space FX C Fy(K),

FE = {ve]Fg\ [T,Vz’gv;] = 0,7 = K,R,, VE€ T, VpEZ>0},

and we show the following elementary lemmas:

Lemma 4. Ifu,v € Iﬁ‘f then uv;,uevg € ]Fg(.
Proof. By assumption follows that uy commutes with vg. This shows that

wv! is a symmetric form. Again by assumption we infer

g
[Vgug, vy = [Vgvy,ug] =0,
and thus u; vy € Fy. We observe now that for any A, B,C € End(V) such
that [C, A] =0,

(3.16) [C,AB]=A|[C,B].

Thus if also [C, B] = 0 then

(3.17) [C,AB] =0.

Applying (3.17) with C =T and with A = V| ug, n € TS, B=Vy,/ vy

we Tf?p " we infer the identity
[T, Vzé(qu;)] =0,
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thus the conclusion uvy € Ff . The fact ue’ € Ff follow directly from the
previous one. O

For all £ = (&1,...,&) € C°(X,Tx)®P we denote

(p) % . *
Vg]’)g Ug = Vg,& . Vg’gp'l}g,

and we observe that a simple induction based on the formula
p—1
ADERHTEDY (Vo &er) = Vi v,
r=1regr”}
with J2} e={I C {1,....,p—1}:|I|=p—7},e; = 0,1,00 = (ju,...5,) :=
{1,...,p} ~ I and with

Ve &er = Vg, - Ve, (£ @ ©&),
I = (i1,...,ip—r), shows the identity

K _
]Fg—

{v €T, | [T v ;} =0, T = K, Ry, V¢ € C°(X, Tx )™, Vp € Zgo}.
Lemma 5. Let (g¢)icr be a geodesic such that go € ]F;g. Then g € ]F{;f for
allt € R.

Proof. We observe that ¢; € Fy,(K) NIE,, for all t € R, thanks to Corol-
lary 2 and Lemma 2. This implies in particular that Ry, = Ry, for all
t € R, by the variation formula (3.7). Then the conclusion will follow from
the property

g =VVgr, vEe O®(X,Tx)™, ¥t € R.

This certainly holds true for p = 0 by the geodesic equation gj = g;. We
assume now the statement (3.18) true for p — 1 and we show it for p > 0.
We observe first that thanks to the variation formula (3.8),

(3.19) VgH=0

(p)
(3.18) Ve

along any smooth curve (g;); C M such that ¢, € Fy and [V, gf, H] = 0.
In our situation the identity [K, Vg, §i] = 0 combined with the assumption
on the initial data

(P Dol
] o
for all £ € C°(X, Tx )PP~ implies thanks to (3.19) the equalities
. 1) .k _ 1) .«
Vgovéog )90 vgtvggg )90 =V, V(It)g )gta
by the inductive hypothesis. We infer the conclusion of the induction. [
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4. The set of scattering data
We define the set of scattering data with center K as the set of metrics
Sé( :={g € M| Ricy(Q) € Ff}
—{g€ 8, | [TV cRicy(@)] =0, T = K, Ry, ¥ € T3P, Vp € Zzo

We observe that Sff # () if the manifold X admit a Q-ShRS. We introduce

now a few new product notations. For any A € (V*)®P®V, B € (V*)®1eV
and for any k = 1,...,q we define the products A e; B as

(A e B)(u,v) := B(vl, ey U1, AU, V), Vgt - - - ,vq>,

forallu = (u1,...,up—1) and v = (vy, ..., vq). Wenote o := o; for simplicity.
For any 0 € S,1;—2 we define A e B as

(A o] B)(u,v) := (Ao B)(&, vk, .. .,0q),

where £ = (&1,. .., §prh—2) == (U1, ..., Up—1,01,...,V5—1). We should notice
that Ae B=Ae, Bif p+k—2<1. We define
q—1
A~ B ::ZAok B.
k=1

Forp>1and k=1,...p—1 we define the trace operation
(Trg,k A) (u1, ..., up—2) = Tr, {A (U, ooy U1y sy Uy - o5 Up—2) |-
For any v € Ty and k = 1,...,p we define the contraction operation

(v A) (ur,...,up—1) == A(Ul, ..., Uk—1,V, Uk, ..., Up—1) .

For any B € (V*)®?®@V and k =1,...,q— 1 we define the generalized type
products

(A*k B) (ul,...,up,vl,...,vq_l)
= B(vl, ce U1, A(ur, . up), U, - ,vq_1>,
(Ax] B) (u1,...,up,V1,...,05—1)
= (A *L B) (fa, Vky o v« ,Uq_l) , Vo€ Sp+k_1,
and £ = (&1,...,&p4k—1) = (U1,...,Up,V1,...,V5_1). We observe now that

if A e C®(X,(T%)®P @ Tx) and (g;)ier C M is a smooth family such that
(Ve 9f, Al =0 for all £ € Tx then

2v9tA = _vgt g: = )

thanks to the variation formula (3.4). We infer by this and by the variation
formula (3.19) that if H € C°>°(X,End(Tx)) satisfies [V, ¢ g5, V5, H| = 0,
for all £ € Tx and p = 0,1 then

2V2 H = -V, g; > Vg H.
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A simple induction shows that if [V, ¢ g/, Vi H] = 0, for all £ € Tx and
r=0,...p—1 then

p—1 r
(4.1) QVPH ==Y " > CPIVhTgr el Vi H,

r=1 k=1 0€S) 451
with C}”7 = 0,1. We show now the following fundamental result.

Corollary 3. Let (gt)iem C M be a smooth family such that ¢ € Iﬁ‘gf for
allt € R. If go € SE then g, € S& for all t € R.

Proof. Thanks to Corollary 1 we just need to show the condition on the
brackets. We will proceed by induction on the order of covariant differen-
tiation p. For notations simplicity we set p; := Ricg, (2). We observe now
that the assumption implies R4, = Ry, for all t € R, thanks to the variation
formula (3.7). This combined with the variation formula (2.4) gives

d . .
2 [Topf) = = [T, 8,97 + 27 pi]
= =2 [T, g/ p;]
=24, [T, p{],

thanks to the assumption [T, Vgt ¢ 9¢] = 0 and (3.16). By Cauchy uniqueness
we infer [T, p;] = 0. We assume now as inductive hypothesis [T, Viem pf] =

0,forallr=0,...,p—1,p>1landné€e Tf?r. We deduce thanks to this for
T = K and thanks to the assumption, the identity

[vgt g;tk’ Vgtﬂ? p;fk] = 0’

This combined with the variation formula (4.1) with H = p}, combined with
the inductive hypothesis and with (2.4) provides the identity

d . % “ k%
dt {T vp gpt] = {T ngotg( ;tgt +29tpt)}-
We can express the p-derivative of the (2-Laplacian as

(4.2) \¥ Agtgt = —Trg pt1 ngot 9i + V. fi _‘p—i—lva "
P
2D GV AT Vi
r=1 U€5p+1

with C%" = 0, 1. Moreover the assumption combined with the expression of
the p-derivative of the Q2-Laplacian and with the identity

[Tag_' ( p+2 rft* vgtgt)] EO,
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implies the variation formula

2 STV o] =2 [T,V i)

p
o p—r .k *
B _22 Z [T’ vgoémgt gofzpt]‘
r=0 |I|=r

Using the assumption [T, V5, g7] =0, u € Tf?p ~" and the inductive hypoth-
esis we can apply the identity (3.17) to the products of type Vg{;gﬂl 9 Vi e, Pt
in order to obtain the identity

d P * - % P *
2 dt [T’ vgt,fpt} =20 [T’ vgtwf pt] )
Then the conclusion follows by Cauchy uniqueness. [l

5. Integrability of the distribution IF¥
We start first with a basic calculus fact.

Lemma 6. Let B > 0 be a g-symmetric endomorphism smooth section of
Tx such that [B,Vg¢B] =0. Then
VyelogB=B7'V,B.

Proof. We set A := log B and we observe that by definition [B, A] = 0,

ie., [eA,A] = 0. The assumption [eA,Vg@ eA] = 0 is equivalent to the

A

condition [A, Ve eA] = 0 since the endomorphisms e?, Vyee” can be di-

agonalized simultaneously. Thus deriving the identity [eA, A] = 0 we infer

[VQ,E A, eA} = 0, which is equivalent to [V, ¢ A, A] = 0. But this last implies
Ve et = Ve Aet = eAVg,S A.

We infer V,c A = e*Angg e4, i.e., the required conclusion. [l

We show now the following key lemma.

Lemma 7. For any go € M,

(5.1) Yk(go) := IE‘f]g NAM = eXD. g0 (IF;E) ,

(5.2) TSy (00)g = Fr, Vg € Sk(go)-

Moreover ¥ i (go) is a totally geodesic and flat subvariety inside the nonpos-
itively curved Riemannian manifold (M, Q).

Proof. Step 1 (A). We observe first the inclusion Yk (go) 2 expg g, (Fg) .

In fact let (g¢):cr be a geodesic such that gg € Fg. Then using the expres-
sion (3.1) of the geodesics we obtain

Voo (9090) = Vi, €% =0, VLER,

Tx 90
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since the last equality is equivalent to the condition gy € Fg5. Moreover the
condition

[T, v’;ogetgé] =0, VteR, Vpe Zso,
is equivalent to the identity
7. 95, ct60)7] =0

for all p,q € Z>( and this last follows from a repetitive use of the identity
(3.17). We conclude the inclusion ¥x(go) 2 expg g, (IE‘;E) .

Step 1 (B1). We observe now that for any smooth curve (ut);c(—c ) € IE‘;E
the identity [K, go_lut] = 0 implies [K, go_lut] = 0 and thus [go_lut, go_lut] =
0. We infer that the differential

K

K
Dyexpa,gy t Fgy — I,

of the exponential map expg 4, : ]Ff]g — Yk (go) at a point u € Fgg is given
by the formula

Dy expg g, (v)=w egalu,

for all v € IE‘;S). We deduce by Lemma 4 that this differential map is an iso-
morphism. This combined with the fact that the exponential map is injective

implies that expago(lﬁ‘ﬁg) is an open subset of ¥k (go). But expg g, (Iﬁ‘g)) is

also a closed set of M and thus a closed set of ¥, (go). The fact that this
last is connected implies the required equality (5.1).
Step I (B2). We give now an explicit proof of the inclusion

Sk (g0) € expgy, (Fh) -

(This is useful also for other considerations.) Indeed we show that if g €
Yk (go) then golog(gy lg) € ]Fég. We observe first that the assumptions

[K, 99 9] = 0, and [K, Vyy(gg ' 9)] = 0, imply
[95'9: Vaoe(90 '9)] =0,
which allows to apply Lemma 6 in order to obtain the formula
(5.3) Vo 108(95'9) = 97" 90V g0 (95 ' 9)-
Thus the assumption VTX‘ (90 19) = 0 implies the identity

90
-1
Vi, 1089 9) =0.
Let € > 0 be sufficiently small such that eg < 2gg. Then the expansion

log( g5 'g) = ZT

p=1
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implies [T,log(cgy'g)] = 0, and thus [T,log(gs'g)] = 0. Moreover the
identity (3.16) implies
9% '9[T.97 9] = 1.1 =0,
and thus [T, g~ 1go] = 0 which combined with the formula
Voot (9790) = =97 90 Voe (95 '9) 9" 90,

and with the identity (3.17) implies the equality [T, Vy,(gy9)] = 0. We
infer [T, Vi (g '9)] = 0 by a simple induction based on a repetitive use of
the identity (3.17). We conclude

T,V ¢ log(g59)| =0,

by deriving the identity (5.3) and using (3.17).

Step II. We show now the identity (5.2), ie., the identity FX = FX.
We can consider, thanks to the equality (5.1), a geodesic (¢¢)ier C 2k (g0)
joining g = g1 with gg. We observe also that Lemma 5 combined with the
variation formula (3.7) implies the identity Ry, = Ry, = Ry. Moreover
[K,Vg, 7] = 0, thanks to Lemma 5. Then the variation formula (3.19)
implies
(5.4) V,H =V H, YHeC®X, End(Ty)) : [K,H]=0.

On the other hand using (3.16) we obtain the equalities
[T, 95 '0] = [T, (95" 9) (g™ )] = (95 "9) [T, 97 "] -

Thus [T, go_lv] =0 iff [T, g’lv] = 0. This last for T' = K implies
(5.5) Vg(gilv) = Vg, (9717))7
thanks to (5.4). We consider the identities
Vi, @00 0)=Vo [(95'9)(g7 )]
=g vV, (95'9) + 959V, (97'0)
=909V, (9710,

since g € ¥ k(go) and thanks to (5.5). We deduce v € Fy, iff v € I, provided
that [K, g~ 'v] = 0. We show now by induction on p > 0 the properties

(5.6) |T.V5)(g5'v)] =0
— [T,vgfg(g—lv) = 0, V€€ C°(X, Tx)®,
and

67 Vg = V() Ve e 0% (X, Ty
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for all ¥ = 0,...,p. These properties hold true for p = 0 as we observed
previously. The assumption g € Yx(go) combined with (3.16) implies the
identity.

(7,98 (95 '0)] = %2 VI (95 0) [T,V (a7 0)] -
T I

We assume that the step p — 1 of the induction holds true. We infer the
equality
7.9 (g5 )] = 05 [T 906 )]
which implies (5.6) for = p. Moreover the identity
[K, Vé{’g(g‘lv)} =0,

implies the equalities

V Vg™ 10) = Vi Vg™ 0) = Vg, Vil (97 ),
thanks to (5.4) and to the inductive assumption. We obtain (5.7) for r = p
and thus the conclusion of the induction.

Step III. We show now the last statement of the lemma. We observe in-
deed that the identities X (go) = M NTFL = expg , (FL), hold thanks to
the equalities (5.2) and (5.1). But this implies that the second fundamen-
tal form of Yk (go) inside (M, @) vanishes identically. Thus using Gauss
equation, the identity (5.2) and the expression of the curvature tensor

1 * * *
RM(Q)(U,U)’U) = 71 g|: [ug ,’Ug] awg:| )
we infer the equalities of the curvature forms Ry, (40)(9) = Bm(9)r pr =0
for all g € ¥« (go). This concludes the proof of Lemma 7. O

6. Reinterpretation of the space IE‘;{

In this section we conciliate the definition of the vector space IF? given
in Section 2 with the definition so far used.

We consider indeed K € C*°(X, End(Tx)) with n-distinct real eigenvalues
almost everywhere over X. If A, B € C*(X,End(Tx)) commute with K
then [A, B] = 0 over X. We observe that this is all we need in order to make
work the previous arguments. Thus all the previous results hold true if we
use such K. In this case hold an equivalent definition of the vector space
IE‘? . We show in fact the following lemma.

Lemma 8. Let K € C*°(X,End(Tx)) with n-distinct real eigenvalues al-
most everywhere over X. Then hold the identity

(6.1) Ff:{velm [VeT,0f] = 0, T = Ry, K, vpe@o}.
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Proof. It is sufficient to show by induction on p > 1 that

(6.2) Vr = 0,...,p; [ViT,v5] =0 < [T,Vy.v;] =0,VeTY.

We assume true this statement for p — 1 and we show it for p. The inductive
hypothesis implies
(6.3)

Vro=0,...,p—1; [Vi7°T, Vi cvy] = 0, VE€TY®, Vs = 0,...,r

We show the statement (6.3) by a finite increasing induction on s. The
statement (6.3) holds true obviously for s = 0,1. We assume (6.3) true for
s and we show it for s + 1. Indeed by the inductive assumption on s,

[vr . sTvgﬁ g] =0

for all £ € C®(X,T%®). We take in particular ¢ such that V,&(z) = 0, at
some arbitrary point € X. Thus

0=Vgn V5~ =7 Viev vy ]

= [~V T Vi cvg] + [Vr TV e v

r—1— s+1 *
[v STV g},

thanks to the inductive assumption on s. This completes the proof of (6.3).
The conclusion of the induction on p for (6.2) will follow from the statement;
forall s=0,...,p— 1 we have

(6.4) [VE™°T, V5 vp] =0,V eTY®
[VE=s=h T wettor] = 0,V e T

By (6.3) forr=p—1land s=0,...,p—1,
1-s *
[Vp T, Vgev 9}20

for all £ € C°°(X,T%*). We take as before £ such that V,&(z) = 0, at some
arbitrary point z € X. Thus

0=V VI T, V5 v}

9:¢ Y
* 1— —+1 *
=[n- Vo T, Ve g] [vp STv;n@){ 9]

which shows (6.4) and thus the conclusion of the induction on p for (6.2). O

7. Representation of the (2-SRF as the gradient flow of the
functional Wq over Yk (go)

The properties of the subvariety Yk (go) are elucidated by the following
proposition.
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Proposition 1. For any gg € Sg and any g € X (go) we have the identities
VeWa (9) = g — Ricg(Q) € Txy(49).95

VEE D W (g) (v, v) = /

sk 1 2
. [<URIC9(Q),U>9 +3 Vgouly| Q,

for all v € Ty, (49),g- Moreover for all gy € Sé{ the Q-SRF (gt)ieo,r) C
Y, (go0) with initial data go represents the formal gradient flow of the func-
tional Waq over the totally geodesic and flat subvariety X (go) inside the
nonpositively curved Riemannian manifold (M, G).

Proof. By the identity (5.1) in Lemma 7 there exist a geodesic (g:)er C
Yk (g0), go € Fflg, joining g = ¢1 with ggo. Then Lemma 5 combined with
Corollary 3 and with the identity (5.2) in Lemma 7 implies Ricy(Q2) €

T (g0).9-

Moreover g € Ty, (), thanks to the identity (5.2). We conclude the
fundamental property VeWa(g) € Tx(go),¢ for all g € Xk (go)-
The second variation formula in the statement follows directly from Corol-
lary 1 in [Pal] and from the fact that X (go) is a totally geodesic subvariety
inside the Riemannian manifold (M, G). We observe however that it fol-
lows also from the tangency property VoWa(g) € Ty (go),g- Indeed we
recall that for any subvariety ¥ C M of a general Riemannian manifold
(M, G) and for any f € C%(M,R) we have

Veadf(En) =Vadf(En) -G (Ve f,1L(E ),V n € T,

where II, € C* (%, S?T%, ® Ny, / Mm.c) denotes the second fundamental form
of ¥ inside (M, G). O

The result so far obtained does not allow us to see yet the 2-SRF as the
gradient flow of a convex functional inside a flat metric space. In order to
see the required convexity picture we need to make a key change of variables
that we explain in the next sections.

8. Explicit representations of the (2-SRF equation

In this section we show the following fundamental expression of the €2-
BER-tensor over the variety X (go).

Lemma 9. Let go € M. Then for any metric g € Xk (go),

. . 1 _
Ricg(22) = Ricg, () — B} A;, [90 log (g, 19)]
1

— 5 90 Trgy [Vgo,- 10g(95 ')V go,0 10g (g0 lg)]
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Proof. The fact that R, = Ry, for all g € ¥ (go) implies also Ricy = Ricy,.
Moreover we observe the elementary identities

dv, dv, dv,
1 g =1 g 1 g0
0g 0 og v, + log QO
v, [detg]m L oa1)2
= = |det ,
dVy, det go [ (% g)]
d 1 d
log % =5 log det(galg) + log %
1 _ dv,
= 5 Try log(gy 'g) + log =

We set fp := log

d‘é’o and Vy = Vg + FZ;X . We infer the equality

Ricy(Q2) = Ricg, () + To¥d fo

1 _ 1 _ 75 _
+ 3 Vgod Trp, log (g, 1g) + 3 I'y*dTry log(gg lg).

T Ts \ * .
We observe now that I‘gfg =— (Fgfé) , with

21_‘;)5( n= g_l |:vgo g (fﬂ?a ) + vgo g (77757 ) - Vgo g (75777)}
= (‘qilng:g g) 1,

since V gotg) = 0. Using Lemma 6 we deduce the identity
Tx 0

90
T 1 - _
2T.% = (95"9) 'Vaoelgs '9)
= vgo,{ 10g(9619)7

since [96 lg,Vgovg(gO* 19)} = 0. Indeed we observe that this last equality

follows from the fact that [K, gy 'g] = 0 and [K, V(g 'g)] = 0. Thus for
any function u hold the identity

2 (F?E d“) 1= =90 (Vgotts Vgo.e 10g(g5 " 9) 1) -

Using the fact that the endomorphism V,, ¢ log(gg 'g) is go-symmetric (since
log(gg 19) is also go-symmetric) we deduce

(8.1) 2 (FZ;}‘ d u) =90 (Vgo.cl0g(g5 ' 9) V. )

We observe that g € ¥ (go) if and only if go log(go_lg) € IFf}g by the identity
(5.1). In particular
(8.2) V.,

X, 9

log(gg 'g) = 0.
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We deduce the equalities

T% _
2 (Fgf dfO) = =90 (Vgo,vgofo log(g5 ' 9) €, 77)
= —Vgo.Vee fo [90108(95 ' 9)] (€.m).

Let (eg)r be a local frame of T'x in a neighborhood of an arbitrary point
x € X which is g-orthonormal at z and such that Vg ei(x) = 0. Deriving
the identity

Ty, log(gy ' 9) = g0 (1og(gg " 9) ex> 95 'er).
we infer at the point x
& Try log(g5'9) = 90 (Vo.c l0g(95 ' 9) ek ex)
= 9o (vgo,ek log(go_lg) §, ek)
= 90 (& Vgo.er 10g(g5 ' 9) €x) .

thanks to the identity (8.2) and thanks to the fact that the endomorphism
Vot log(go_lg) is go-symmetric. We infer the formula

dTry log(gy tg) = =90V, log(go " 9)-
Thus using (8.2) we infer the equalities
Vgod Try log(gy'9) = —g0 Vg, Vi, log(gg ' 9)
= -4, log(g'9)
= —g0 Agq log (g5 '9)
= Ay, [90log(g5"9)] +

by the Weitzenbock formula in Lemma 24 in the appendix and by the identity
Ry, log(galg)] = 0. (We recall that go log(galg) € IF?O) We apply now the

identity (8.1) to the function u := Try log(gy 'g). We infer by the formula
(8.3) the equality

Vgt = Vg e, 10g(9619)6k~
Thus we obtain the equality
T5 - - -
2 (Fgfé d Try, log(g, 19)) 1 =—00 (Vgo,e108(95 " 9) Vgo.cr. 108(95 " 9) €x:m) -

Using the identity [K, V, log(gy 'g)] = 0, we deduce the expression at the
point x

T _ _ _
2 (Fgfé dTry, log(g 1g)) 1= =90 (Vao.er 108(90 ' 9) Vo £ 10895 9) ex )
= —90 (Vgo.ex 108(90 ' 9) Vgoe 108(90 '9) €:m)

thanks to (8.2). Combining the expressions obtained so far we infer the
required formula. O



872 NEFTON PALI

We recall that by Proposition 1, if gg € Sff then

(8.3) Ricg(Q) € FY, Vg € Sk(go).

We give an other proof (not necessarily shorter but more explicit) of this
fundamental fact based on the expression of Ricy(2) in Lemma 9.

Proof. We recall that g € Y (go) if and only if golog(gy'g) € Fgg by the
identity (5.1). We set for notation simplicity

U :=log(gy'9) € g5 'Fiy.
and we show first the equality

(8.4) v 'Ricy(2) =0.

Tx,90 gO—
The assumption gg € Sé( combined with the expression of Ricgy(§2) in Lem-
ma 9 implies the identity

1
'Ricy(Q) = -V, AU

2 Tx,90 90 "

\%

TX,go-qO

Now let (x1,...,x,) be go-geodesic coordinates centered at an arbitrary
point p € X and set e = a%k. The local tangent frame (eg)x is g:(p)-
orthonormal at the point p and satisfies Vg e;(p) = 0 for all j.

We take now two vector fields £ and n with constant coefficients with
respect to the go-geodesic coordinates (z1, ..., zy). Therefore

vgog(p) = Vgoﬂ(p) =0.

Commuting derivatives via (3.6) we infer the identities at the point p

Vo, Trgo (Vgo,e U Voo U) 11 = Vg ¢ (V.‘JankU Vgo,go‘le;; U) n
= Vgoer Vgo.e U Vo, Un
+ VyoerU Vgoer Vao.e Un

=2Vg.e:U Vgoer [V0.e Unl,
since [Ry, U] = 0, [€,ex] = 0, [€,95 ¢f] = 0 at the point p and because
(Vao.er Vao.e Us Vgoe, Ul = 0. We infer the required identity

\% Trgy (Ve UVgeU)=0.

We expand now at the point p the term

VTX,gO AgU(&:m)
= =V [VgoyekvgoU(ekv 77)] + Vo [VgovekvgoU(eka 5)]
= —Vg0.eVaoer Vaoer U + VUV, Vo e €k 1)
+ Voo Vaoier Vaoer USE = Vo U(Vgo Vo ,en€ks §)
= —Voer Vgo,.t Vao,ee U + Vg U(Vgo Vg e €85 1)
+ Vaoier Vaor Vaoie U = Vo U(Vgon Vo, €ks §)

Tx 90
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since

Vgo.ex vgoU(ekv n) = Voer [V!JOa@k Un]
- ngU(vgo,ekekv 77) - vgoU(ekv vgo,ekn)
= Vgp.er Vao,es U — Vg U(vgmek )

and [£, ex] = [1, ex] = 0 in a neighborhood of p and since [Rg,, Vg, U] = 0.
(We use here the identity (3.6).) Moreover using the fact that [Rg,, U] =0
we infer the identity at the point p

vTx,qo (5 77) go«ikvgo,ek vgo 13 UTI + vgoU(vgmfvgo,ekeka 77)
+ vgo,ek Vgovek vgom Uf - v90 (vgo,nvgo,ek €k, f)

We expand now at the point p the term

0=A24V Tx 90 U€n) = Ve Vgoen V Tx »90 U(&,m)-

Thus we expand first the term

Vo.er V Tx 90 U(€,m) = Vgo,er [ Tx g0 U, 77)]
- vTX,gO U( go,ekéa 77) - vTX,gO U(é? vgo,ekn)
= Vgoer [vgmf Un = Vg Uf]
= VU (Vgper§:m) + VU, Vg e, §)
= VU Vgoer) + VgoU(Vgg e €)
= Vao.er Voo, U = Vgoe, Vgon UE
- vgoU(vgo,ek& n) + vgoU(vgo,eknv £),

in a neighborhood of p. We deduce the identity at the point p

0=2A2gV Tx g0 U(€:m) = —VgoerVaoier Vo Un
+ Vgo,ek vg(),ek vgoﬂ? U§
+ VgoU(vgo,ek V5]0,5 €L, 77)

- VQOU(VQO,ek Vgo,n €k, 6)7
since [, ex] = [, ex] = 0. Thus we obtain the identity

U(€7 77) - v90(](7?’90 (57 €k)€k, 77) - vgoU(RQO (777 ek)ek7 5)
= Vo U Ricy § — Vg, ¢ URicy 7,

Tx 90
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since goU € IFy,. We expand now at the point p the term

VTX,gO[ gofO_‘VgoU](f’ ) TX 9 [vgoUvgofO](f»n)
= Vot [vgom U vgofo]
~ Vo [Vgo,£ U VgofO]
= Voot Voo U Vo fo + Vo U V2 fo €
= VoonVgoe U Vg fo = Vo UVZofO n
= Vo UV fo& = Vg e UV, fon,
since [Rg,, U] = 0 and [§,n] = 0. We deduce the identity
Vi oo AU = — Alt [V, U Ric (Q)].

Tx 90

But [V, U, Ricy (Q2)] = 0 since go € Sé(. We infer
Vi oAU = — Ricj (Q)V

Tx 90

U=0.

Tx 90
Moreover
P Q _
[T vgo 3 AQOU] =0,

thanks to the identity (4.2) applied to U. We observe now the decomposition

r+1 \va r+1
v é Trgo (vgo M U vgo ® U Z Z V!]Oﬁkf[ go»gglez,fcl '
r=0 |I|=r
Then the conclusion follows from the identity (3.17) with C = T, A =
Vil Uand B=VP'EL U O
90,€k,E1 gO:go ek,£[31

In the following lemma we introduce a fundamental change of variables.
Lemma 10. Let go € M and set H = H, := (9_190)1/2 for any metric
g € Xk(g0). Then

DS Q 2k
Ricy(Q2) = HA, H + H* Ricy, (£2).
Proof. By Lemma 9 we obtain the formula

1 B
=g g0 Ay, log(gy ')

Ric} () = g~ go Ric}, () — 5

1 - _
-9 90 Trgy [Vgo,e108(95 ' 9) Vgo,e 10g (g5 ' 9)] -

We set
1
A:=logH = —5 log(g,19) € 95 1IE‘K
and we observe that H = ¢4 € g;'Sx(go) thanks to Lemma 4. With this

notations the previous formula rewrites as

(8.5) Ric}(Q) = e*4 [Ay A — Trg, (Vo0 AVge0A4) + Ric), (Q)]
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We expand now, at an arbitrary center of geodesic coordinates, the term
AY et = —Vgoe Voer€” + Voo fo — Vgoe
= —Voer (€Vpep A) + € (Vo fo = Vg, A)
=AY A— et Trgy (Vg eA Vg eA).
We infer the expression
(8.6) Ric}(Q) = e A7 e + e* Ric}, (),
i.e., we have the required conclusion. O
We deduce the following corollary.

Corollary 4. The Q-SRF (g:); C Xk (g0) is equivalent to the porous medium
type equation

(8.7) 2 Hy = —H{ Ay H; — H} Ric}, () + Hy,
with initial data Hy = 11, via the identification Hy = (glt_lgo)l/2 € go_lZK(go).
Proof. Let U; := log(g, 'g:) € go_l]Fg( and observe that the Q-SRF equation

0
(9¢t)t € Xk (go) is equivalent to the evolution equation

Uy = g; = Ric},(Q) — L.

Then the conclusion follows combining the identity 2Ht = —H; Ut with the
previous lemma. O

Short time existence and uniqueness of the solutions of the porous-medium
type equation (8.7) with initial data Hy = I, follows from standard parabolic
theory. We observe also that the change of variables

g € Sr(g0) — H = (9"90)"% € 95" Sk (90),

is the one which linearizes as much as possible the expression of the SRF
equation. Indeed we can rewrite it as the porous medium equation (8.7).
However we will see in the next section that the change of variables g —
A = log H would fit us in a gradient flow picture of a convex functional over
convex sets in a Hilbert space. So from now on we will consider the change
of variables

1 _ _
(8.8) g€Xk(go)— A = logH = — 5 log(gy '9) € ’]I‘ég = 9o 1]Ff0 :
We define the (2-divergence operator of a tensor a as
divS; a:=ef div, (eifa) =divga —Vyf - q,
vy

with f :=log =5%. We observe that with this notation formula (8.6) rewrites
as

(8.9) Rict () = —e? divg0 (eAVgoA) + 24 Ricy, (),

gA
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with g4 = goe 24, for all A € Tg(o. With this notation we obtain the
following analogue of Corollary 4.

Corollary 5. The Q-SRF (g:): C Xk(go) is equivalent to the solution
(At)i=0 C ’]F;g of the forward evolution equation

(8.10) 2 Ay = et divy (eMV4,4) — € Ric), (Q) + 1,

with initial data Ao = 0, via the identification (8.8).

Proof. We observe first the identity ¢¢ = —2g; A;. Then the conclusion

follows combining the identity —2A4; = g; = Ricy, () — T, with formula
(8.9). O

We observe that the assumption gg € Sé( implies

Ricy, () = egAgo_l Ricy, () € Tg, VA € Tg,

thanks to the fundamental identity (8.3) combined with Lemma 4. We
deduce

(8.11) e divy (eV4,4) — > Ric) () € TE, VAe Tk,

thanks to the expression (8.9).

9. Convexity of Wq over convex subsets inside (Xk(go), G)

We define the functional W, over ’]I‘éf) by the formula Wq(A) := Wa(ga4),
via the identification (8.8). We recall now the identity

Walg) = /X [Trg (Ricg(Q)—g)+210ngVg] Q

dV,
:/ Tr, [Ric;(Q) —|—log(go_lg)}Q+/ [2 log ng — n} Q.
b X

Plugging in (8.6) and integrating by parts we infer the expression

Wa(A) = /X [}vgoef‘\jo + Try, (24 Rics, (Q) — 2 A) ]Q

—l—/ [2 log Voo _ n] Q.
x Q

We define now the vector space T;g as the L%-closure of T;g and we equip
it with the constant L2-product 4 fX (-, -)g0 Q. From now on all L?-products
are defined by this formula.

Lemma 11. Let go € S¥. Then the forward equation (8.10) with initial

data Ag = 0 is equivalent to a smooth solution of the gradient flow equation
At == —VL2WQ(At).
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Proof. We compute first the L?-gradient of the functional Wq. For this
purpose we consider a line t — A; ;= A+ tV with A,V € Tg arbitrary.
Then

d
(9.1) = Wa(4y) _2/ (Vane™, Ty V), 0

+2 / Tr, [(e** Ric) () — 1) V] Q.
X

Integrating by parts we obtain the first variation formula

4 Wo(4) = — 2/ <eA diviy (e?VgA4) — e Ric) () +1, v> Q.
dt|i=o X 90

The assumption gg € Sé( implies the expression of the gradient

2V 2 Wq(A) = —e divy, (e*Vg,A) + 4 Ric), () —1 € TX

thanks to the identity (8.11). We infer the required conclusion. O
We show now the following convexity results.

Lemma 12. For any go € M and for all A,V € T;g we have the second
variation formula

VD Wqo(A4)(V,V)

=2 / < [—etdivi (e?V4,4) + 24 Ric} ()] V, V> Q
X

90
+2/ Vg (V)2 Q.
X 90
Moreover if Ricg, (2) > 0 then the functional Wq is convex over the convex
set

K+ ._
rJI‘90—~_ T
{AGTK |/ UV Al \/ Trp, [U2Ricgo(Q)]Q,VU6T§)}.
X

Proof. We observe first that the convexity of the set Tﬁ%* follows directly
by the convexity of the L?-norm squared. We compute now the second
variation of the functional Wq along any line ¢t — A; := A 4+ tV with
AV e ’]I‘;g. Differentiating the formula (9.1) we infer the expansion

d2
dt?,,

— z/X VooV + (Tae?, Ty (V) |02

+4 /X Tr, [e*V?Ric}, (Q)] Q.

Vi2DWq(A)(V,V) = Wa(A)
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The required second variation formula follows by an integration by parts.
We expand now the term

(Vo™ Vo (V) = (Vgoe!, Vo (eAVIV + eV Vg V)

= (V Ve, Vo (V) + eV V)

=2 <V vgoeA7vgo(€Av)>go - ‘vaoeAF

go’

Using the Cauchy—Schwarz and Jensen’s inequalities we obtain

2| (V Ve, Vo (V) | 2|V Vgoe| | [Vgo (V)]

A2 A 2
< |V Ve[ + [V (e V)],
and thus the inequality

(Vget, Vg (eV?)) > —2|V Ve

go zo h ‘Vgo (eAV)|

2
go ’
We infer the estimate
V2D Wo(A)(V,V) >
AN2 i * A 2
4/X{TrR [(Veh)? Ricy, (@)] - [VerVy, A2 10,

which implies the required convexity statement over the convex set ’II'?O’JF.
Indeed Vet € ']I‘ég thanks to Lemma 4. O

Corollary 6. Let go € M. The functional Wq is G-convex over the G-
convezr set

Sic(00) = {9 € Ti(90) | Ricy() > — Ricg () },

inside the totally geodesic and flat subvariety Y (go) of the nonpositively
curved Riemannian manifold (M,G). Moreover if Ricg () > ego, for
some € € Rsq then the functional Wq is G-convex over the G-convex and
nonempty sets

S (90) = {9 € Tic(90) | Ricy () > 9}, ¥o€[0.),
Tic(90) = {9 € Suclg0) | 2 Ricy () + g0 A7, log(g5'g) > 0}.

Proof. Step I (G-convexity of the sets ¥} (go)). We observe first that the
change of variables (8.8) send geodesics in to lines. Indeed the image of any
geodesic t — g; = g etV via this map is the line t — Ay := A —tv;/2 € Tg.
We infer that the G-convexity of the set ¥, (go) is equivalent to the (linear)
convexity of the set

K= = {A e TE | Ric,, (Q) > — Ricgo(Q)},
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with g4 := goe~24. In the same way the G-convexity of the sets E%(gg) and
E;}(gg) is equivalent respectively to the convexity of the sets

TES = {Aeﬂrf | Ricg, () > 59,4},

0

TR = {4 € TE | Riy, () > g0 ApA} .

Given any metric g € M and any sections A, B € C*(X,Endy(Tx)) we
define the bilinear product operation
{A.B}, = g Trg(Vge AVye B),
and we observe the inequality {4, A}, > 0. This implies the convex inequal-
ity
{An, A}, < (1 — 1) {40, Ao}, +t{A1, A1}y,
Ap:=(1 — t)Ag+tA, t € [0,1].
for any Ap, A1 € C*°(X,Endy(Tx)). Indeed we observe the expansion
{As, A}, = {4, Aotg +{Ar, t(A1 — Ao)},
= (1 — t){Ao, Ao}, +t {41, Ao},
F{A = (1= DA — Ao)t (A — Ao},
= (1 — t){Ao, Ao}, +t{A1, A1},
— (1 = ) {A - Ao A — Ag},.
Using this notation in formula (8.5) we infer the expression
(9.2) Ricg, () = go Ay, A — {4, A}, + Ricg, ().
We deduce the identities
Ti~ = {A€TE |g0A5A > {44}, - 2Ricy (D)},

0

T = {A e T | 90 A5 A > {4,4},, — Ricy,(Q) + dgoe>1},

0

TEA = {A eTE |{4,4}, < Ricgo(Q)} .

Let now Ag, A7 € ng’a. The fact that [Ag, A1] = 0 implies the existence of
a go-orthonormal basis which diagonalizes simultaneously Ag and A;. Then
the convexity of the exponential function implies the convex inequality

90 e 24t < (1 — t)go e~ 240 +tgo 6_2A1,
for all t € [0,1]. Using the previous convex inequalities we obtain
g0 A Ay = (1 — t) go Ay Ao+t g0 Ay A
>(1 —t) {AO,AO}gO +t{A1,A1}g0 — Ricg, (£2)
+(1 — t)dgoe 240 +tdgye 2N
> {Ai, Ai},, — Ricg, () +d g0 e 24
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for all ¢ € [0,1]. We infer the convexity of the set Tg’é. The proof of the
convexity of the sets Tg’_ and T;g’++ is quite similar.

Step II (G-convexity of the functional Wq). Using again the fact that
the change of variables (8.8) send geodesics in to lines we infer that the
G-convexity of the functional Wq over the G-convex sets %5 (g0), X% (g0),
¥ (90) is equivalent to the convexity of the functional Wg, over the convex

sets T;g’f, ’]I‘ég"s, ’IP;%JFJF. Let now g € ¥, (go) and observe that
0 < Ricy(£2) + Ricy, ()
= —goe 1 divy, (e"Vg,A) + 2 Ricg, (),
thanks to the identity (8.9). Then the second variation formula in Lem-
ma 12 implies the convexity of the functional W¢ over the convex set T;g’f.
The convexity of the functional Wq over Tg(o’é is obvious at this point. We

observe now the inclusion T;g’++ C Tﬁﬁ?*. Indeed for all A € ’]I‘f]g’Jr+ and
for all U € Tﬁg we have the trivial identities

UV Alzy = > 1U Ve Al
k

g0

- Z <V90:ekAvgo,ekA U, U>
k

= (Tryq (Vgne A Vg0 AU, U>g0

—Tr, [Trgo (Vo AV o A) Uﬂ
< Try, [U?Ric;, ()],
where (ex)r C Tx 5 is a go-orthonormal basis at an arbitrary point x € X.

Then Lemma 12 implies the convexity of the functional W, over the convex
KA++
set Ty, " . U

10. The extension of the functional Wgq to T;{O

We denote by Endg,(T’x) the space of go-symmetric endomorphisms. We
define the natural integral extension

=K
Wq : T,, — (—00,+00],

of the functional W by the integral expression in the beginning of Section 9
if e4 € Tfo N HY(X,End,, (Tx)) and Wq(A) = +oo otherwise. We show
now the following elementary fact.

Lemma 13. Let go € M such that Ricy, (Q) > ego, for some e € Rsg. Then

the natural integral extension Wgq : T;(O — (—00,400] of the functional
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Wq is lower semi-continuous and bounded from below. Indeed for any A €
=K ‘ ‘
T, we have the uniform estimate

Q.

dV.
wwww/m “g0
x Q

Proof. We observe that a function f over a metric space is l.s.c. iff
f(z) < liminf f(xx)
k—+o0

for any convergent sequence xj — z such that supy f(zg) < 400. So let
(Ag)k C T; and A € TZ such that Aj, — A in L?(X) with sup, Wq(A4) <
+o00. This combined with the assumption Ricg,(£2) > €go, implies the esti-
mates

(10.1) /X ([ Vgee 2 +ele|2 | 0

< /X [\vgoef‘k\zo+<Ric;0(9)eAk,eAk>gO]Q
< 07

for some uniform constant C'. The first uniform estimate combined with the
Relich-Kondrachov compactness result, H'(X) CC L?(X), implies that for
every subsequence of (e*);, there exists a subsubsequence convergent to e
in L?(X). We observe indeed that the assumption on the L?-convergence
Ay, — A implies that for every subsequence of (e*);, there exists a subsub-
sequence convergent to e? a.e. over X. We infer that e4* — e4 in L?(X).
Then the uniform estimates (10.1) imply that Vg, ek —s Ve weakly in
L*(X). We deduce
Wq(A4) < liminf Wq(Ag),

k——+o0
thanks to the weak lower semi-continuity of the L?-norm. We show now the
lower bound in the statement. For this purpose we observe the estimates

Wq(4) > /

X

[Tr]R (ee** —2A) +2log dggo - n] Q

d
2/ [n(1+10g5)+210g Vo —n] Q.
X Q

The last estimate follows from the fact that the convex function x — ce
2z admits a global minimum over R at the point —(loge)/2 in which takes
the value 1 4 loge. We infer the required lower bound. O

2

From now on we will assume that the polarization endomorphism K is
smooth. We define the vector spaces

Wheo(Ty,) = {A € Wh(X, Endyy (Tx)) | V| A= o},

Wheo(TK) = {A € Wh(Ty) | [VE,T,A] =0, T = Ry, K, ¥p € 220},
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We denote by ’IPK " the L%-closure of the set convex set ’]I‘K . The

following quite elementary lemma will be useful for convexity purposes.
Lemma 14. Let go € M such that Ricg,(Q) > 0. Then the L*-closed and
convex set T;Z’—H satisfies the inclusion

=K+
g0

where W17°°('IF£§’+) is the set of points A € Wl’oo(rJI‘ég) such that

r]I\ C Wl OO(TK+),

- =K
/X’UV!JOA|?JOQ</XTrR [U?Ric}, ()] @, VU € T,

Proof. We recall that for all A € Tf,ﬁ’** we have the inequality
‘VQOAEO < Trg, Ricg, (€2),

which implies the uniform estimate

1
(102) [ g Q] < | [ o Ricg 2]
for all p € N+. Let now A € T ot arbitrary and let (Ag)r C Tﬁg’++ be a
sequence L2-convergent to A. Applying the uniform estimate (10.2) to Ay
we infer that (10.2) holds also for A, by the weak L?P-compactness and the
weak lower semi-continuity of the L?P-norm. Furtermore taking the limit as
p — 400 in (10.2) we infer the uniform estimate

N

IV All = () < 5P [ Trg Ricy (D)7

for all A € 'IFK T It is clear at this point that A € L>(X,Endg,(Tx)).

Indeed con51der an arbitrary coordinate ball B C X with center a point
x = 0 such that |A|y,(0) < +00. Then for all v € B we have the inequalities

A (0) < Al 0+ [ (Tl Al (10,0,

< |Alg (0 / 1V go,0Algo (tv) dt
which show that A is bounded. In the last inequality we used the estimate
| <v90’A‘go=§>go | < |vgo,5A‘gov

for all £ € T'x ;. This last follows combining the elementary identities
2
§JAlG, = 2(Vg g4, A)y,
§‘|A’§0 =2 ‘A‘go 5“A|go =2 ’A‘go <V90‘A|go7€>go
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with the Cauchy—Schwarz inequality. It is also clear by the definition of the
convex set TK’++ that A € Wb OO(TK ). Moreover the inclusion Tég’++ C

’IPgD’+ implies that for all A € ’]I‘K " we have the inequality

/X|UVQOA§OQ</XT&~R [U?Ric, ()] Q, VU € TX.

Indeed this follows by the weak L?-compactness and the weak lower semi-
continuity of the L?-norm. By L2-density we infer the inclusion in the
statement of Lemma 14. O

We can show that the same result holds also for the closure of the set
’IPK+ However the proof of this case is slightly more complicated and we
omit it since we will not use it.

Lemma 15. Consider any go € M such that Ricg (2) > 0. Then the

natural integral extension Wq : T;(O’++ — R of the functional Wgq is

lower semi-continuous, uniformly bounded from below and convex over the
L?-closed and convex set Ty,

Proof. Thanks to Lemma 13 we just need to show the convexity of the

T~
++ — IR. We consider for this purpose

an arbitrary segment t € [0,1] — At =A+tV e ’IPKJF+ C Whee(T gng).
In particular the fact that A; € W oo(’]I‘é(o) combined Wlth the expression

natural integral extension Wgq :

Wa(4,) = / [ |V eV gy Ar]? + T, (27 €2 Ric), () — 2 4) }Q
X

dV,
+/ |: g 90 :| Q,
e Q

implies that the function ¢ € [0,1] — Wq(A;) € R is of class C™ over the
time interval [0,1]. Moreover et € Whee(TE) for all t € [0,1] thanks to
the argument in the proof of Lemma 4. This is all we need in order to apply
to Ay € Whe (’]I‘é(o) the first order computations in the proof of Lemma 12
which provide the second variation formula

d2

22 Waldd)

= 4/X{Tr]R [(Ve)?Ric; ()] — \VeAtvgoAt\zo}Q

+2/ VoMV + [V Vet 2+ 2(V Ty, Ty (), |0

> 4/ { Tr, [(Ve)?Rict, (Q)] - \VeAtvgoAt\jo} Q,
X
thanks to the Cauchy—Schwarz and Jensen’s inequalities. We show now that

A —K
(10.3) Uet €T,
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for all U € T,y and all A € Ty . Indeed let (4;); C oot and (U;); C

Tfo be two sequences convergent respectively to A and U in the L?-topology.
From a computation in the proof of Lemma 14 we know that the uniform
estimate

2 .
|vgoAj|go < Trp RlCZO (Q),
combined with the convergence a.e. implies the sequence (A;); is bounded in

norm L. We infer the L?-convergence T;g 5 Upet — Ue? € Tfo thanks
to the dominated convergence theorem. We observe now that the property
(10.3) applied to Vet combined with the fact that A; € Wl’oo(Tég’Jr) for
all ¢ € [0,1] provides the inequality

d2

@WQ (At) 2 07

over the time interval [0, 1], which shows the required convexity statement.
O

The convexity statement over the dg-convex set i;(go) in the main the-
orem 1 follows directly from Lemma 15 due to the fact that the change of
variables

5t 1 - R
g € Sxlg) — A = —7log(gy'g) € Ty,

represents a (dg, L?)-isometry map (where L? denotes the constant L2-
product 4 [ () % Q) which in particular send all dg-geodesics segments

te[0,1] — g = ge e Ti(g),

in to linear segments ¢ € [0,1] — A; := A —tv;/2 € Tﬁ’++.

11. On the exponentially fast convergence of the
Soliton-Ricci-flow

Lemma 16. Let gy € 55+ and let (g¢)i=0 C XKk (go) be a solution of the

Q-SRF with initial data go. If there exist § € Rsq such that Ricg, (2) > dg;
for all times t > 0, then the Q-SRF converges exponentially fast with all its
space deriwatives to a Q-ShRS grs € Xk (g0) as t — +oo.

Proof. Time deriving the Q-SRF equation by means of (2.3) we infer the
evolution formula

2Gr = =04, gt — 241,
and thus the evolution equation

d e o o
(11.1) 2 0r = —Dg gt — 247 —2(37)°
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Using this we can compute the evolution of | g gt =197 |§t = Tr, (¢7)%. Indeed
we define the heat operator

d
Q Q
Dg, = RAg, +2,

and we observe the elementary identity
Q.2 Q . . %12
Agt |gt gt 2 <Agtgz<a g:>g -2 |vgtg;5k gt*
We infer the evolution formula
Q-2 Cx12 .12 - %\ 3
Dgt|gt|gt = -2 |Vgt9:|gt —4 ’gt|gt - 4TTR(9::)
< —01gul3,

thanks to the Q-SRF equation and thanks to the assumption Ricg, () > dg;.
Applying the scalar maximum principle we infer the exponential estimate

(11'2) |gt|gt < Sip |90|90 e 02 )

for all ¢ > 0. In its turn this implies the convergence of the integral

+o0
/ |gt|gtdt g 07
0

and thus the uniform estimate
(11.3) e “g0 < g1 < g0,

for all ¢ > 0, (see [Ch-Kn]). Thus the convergence of the integral

+oo
/ |9t]godt < 400,
0

implies the existence of the metric

—+00
9003:90+/ gtdt7
0

thanks to Bochner’s theorem. (The positivity of the metric g follows from
the estimate e~ “ gy < gt.) Moreover the estimate

+oo
|90 — 9tlgo </ |Gs]gods < C'e™,
t

implies the exponential convergence of the Q-SRF to go, in the uniform
topology. We show now the C!(X)-convergence. Indeed the fact that
(9:)i=0 C Sk (go) implies g, € FX for all times ¢ > 0 thanks to the identity
(5.2).

Thus we have the identities [K, ¢;] = 0 and [K,V,_g¢5] = 0, which imply
in their turn [V, g%, gf] = 0. By the variation formula (3.19) we deduce the
identity

(11.4) Vng;tk = vgogz;ka



886 NEFTON PALI

for all 7,¢ > 0. This combined with (11.1) provides the equalities

2 (V) = 2V 1 i
= =V Ag00 =2V d; =2V (3
= — Ay, Vg, i — Ric;, () V3
— 2,07 — 447 Vi
We justify the last equality. We pick geodesic coordinates centered at an
arbitrary space time point (zg, o), let (ex)r be the coordinate local tangent

frame and let &, be local vector fields with constant coeflicients defined in
a neighborhood of 3. We expand at the space time point (xg,tp) the term

Vgt@A;’tg;f = VeV Vanerdi + VaeVaener = Vg, 0f
+ vgt,ivgt,Vgtft 9:
= —Vgiex Varer Vot 9 + Vo eVgiek ™ vgtg;ﬁk
+ vgtyvgtftvgtyﬁ g + VeV St vgtg:v

thanks to the identity (3.6) and [Ry,, Vg, 07] =0, [Ry,, 471 =0, [ex, &] = 0.
Moreover at the space time point (zg,ty) we have the identity

vgt,ek V;Q?(ek, g, 77) = vgt,ek [vgt,ek vgtg: (57 77)}
= Vover Ve (Voo 9 1)
— Vaien [Vgtg:(vgt,ekg? m) + V. 9; (& Vgt,emﬂ
= Ve [Vgt,ek Ve 91— Vi (Vg €k, 77)]
= VrerVarer Ve 9t 1= V9 (Vgier Vg €k,m),

which combined with the previous expression implies the formula
Vi Ay, df = Ay V.07 + Ric), (Q) e Vg, 47
Thus

2 (Vo di) = —AL NV, 0f — GF 9 V05 — 3V, 07 — 43,V 4,07,

by the Q2-SRF equation. We use this to compute the evolution of the norm
squared

sk |2 .k .k
‘vgtgt ’gt - Tr]R (vgz,ekgt vghg;lezgt) .
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Indeed at time ¢y we have the identities
d 12 d - - . -
% |vgtgt ‘gt = TI‘]R 2ep @ (vgtgt ) vgt,ekgt - vgmekgt Vgt,g;*ekgt
- - TI']R |:2 ek - A;Ztvgtg: vgt,ekg: + 2 vgt,g;“ekg: vgt,ekg;tk]
- TI']R |:3 Vgt,ekg;fk ng,ekg;fk =+ 49fvgt,ek§7;&k vgt,ekgﬂ
. . Lx1(2
= (AL Y0di Vo)~ 3IV0il,
~2(4 o Vaudi +207 Vo Vi)
t

This combined with the elementary identity
NVt 5, = 2( 85 Vi Vol ) —21V50i;,
implies the evolution formula
05V dil5 = —21V5,6: 15, — 61V4.9¢17,
— (45 o Vodt + 231V 03 V07 )
[(4 + 8vn)lgelg, — 6] IVg.9iT5,
(Ce™ — 6)|Vgdr

gt

<
2

< |35

thanks to the uniform exponential estimate (11.2). An application of the

scalar maximum principle implies the estimate

(11.5) V4,01 ]g < Cre™,

for all ¢t > 0, where C'; > 0 is a constant uniform in time. By abuse of
notation we will allays denote by C or C such type of constants. Moreover
the identity (11.4) for 7 = ¢ combined with (11.3) provides the exponential
estimate

Vaodilgo < Cre™.

We observe now the trivial decomposition
1. —_ . 1 .
Vo (go 19t) = Vg, (90 1gt) g + 90 9tV gt -

Thus if we set Ny := |V, (g5 "9t)|g We infer the first order differential in-
equality

Ny < v/ Ny ‘gﬂgo + \/ﬁ|galgt|go| Vgogﬂgo

<
< CNyet 4 Ce_2t,
and thus

t
N; < ¢C Joeds [NO + C’/ e_2sds} < e’ (No + C),
0
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by Gronwall’s inequality. 