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Seiberg–Witten equations on certain
manifolds with cusps

Luca Fabrizio Di Cerbo

Abstract. We study the Seiberg–Witten equations on noncompact
manifolds diffeomorphic to the product of two hyperbolic Riemann sur-
faces. First, we show how to construct irreducible solutions of the
Seiberg–Witten equations for any metric of finite volume which has a
“nice” behavior at infinity. Then we compute the infimum of the L2-
norm of scalar curvature on these spaces and give nonexistence results
for Einstein metrics on blow-ups. This generalizes to the finite volume
setting some well-known results of LeBrun.
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5. Poincaré inequalities and convergence of 1-forms 498

6. Convergence of 2-forms 501

7. Biquard’s construction 503

8. Geometric applications 508

References 511

1. Introduction

In this paper we study the Seiberg–Witten equations on product manifolds
M = Σ × Σg, where Σ is a finite volume hyperbolic Riemann surface and
Σg a compact Riemann surface of genus g.

The main problem with Seiberg–Witten theory on noncompact manifold
is the lack of a satisfactory existence theory. Following Biquard [4], we solve
the SW equations on M by working on the compactification M . Here the
compactification M is the obvious one coming from the compactification of
Σ. More precisely, we produce an irreducible solution of the unperturbed

Received June 29, 2011.
2010 Mathematics Subject Classification. 53C21.
Key words and phrases. Seiberg–Witten equations, finite-volume Einstein metrics.
This work has been partially supported by the Simons Foundation.

ISSN 1076-9803/2011

491

http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2011/Vol17.htm


492 DI CERBO

SW equations on M as limit of solutions of the perturbed SW equations on
M . From the metric point of view, starting with (M, g) where g is assumed
to be of finite volume and with a “nice” behavior at infinity, one has to
construct a sequence (M, gj) of metric compactifications that approximate
(M, g) as j goes to infinity. The irreducible solution of the SW equations
on (M, g) is then constructed by a bootstrap argument with the solutions
of the SW equations on (M, gj) with suitably constructed perturbations.

When M = Σ× CP 1 this construction was carried out by Rollin in [21].
An outline of the paper follows. Section 2 describes explicitly the metric

compactifications (M, gj). These metrics are completely analogous to the
one used by Rollin and Biquard in [21] and [4]. Furthermore, few results
concerning the scalar curvatures and volumes of the spaces (M, gj) are given.

In Section 3 we recall some basic facts about the L2 cohomology of com-
plete noncompact manifolds. Moreover, a scalar curvature estimate for finite
volume manifolds which admits irreducible solutions of the unperturbed SW
equations is given.

In Section 4 we compute the L2-cohomology of (Σ × Σg, g) when g is a
metric C0 asymptotic to a product metric g−1+g2, where g−1 is a hyperbolic
metric on Σ and g2 any metric on Σg.

Sections 5 and 6 contain the uniform Poincaré inequalities on functions
and 1-forms needed for the bootstrap argument. Moreover the convergence,
as j goes to infinity, of the harmonic forms on (M, gj) is studied in detail.

In Section 7 the bootstrap argument is worked out. The existence result
so obtained is summarized in Theorem A.

In Section 8, Theorem A is applied to derive several geometrical conse-
quences. First, we give the sharp minimization of the Riemannian functional∫
s2gdµg on M , where by s we denote the scalar curvature. Second, an ob-

struction to the existence of Einstein metrics on blow-ups of M is given.
These results are summarized in Theorem B and Theorem C. These the-
orems are the finite volume generalization of some well-known results of
LeBrun for closed four-manifolds, see for example [16] and the bibliography
therein.

2. The metric compactifications

Let Σ be a finite volume hyperbolic Riemann surface and denote with Σg a
compact Riemann surface of genus g. In this chapter, we study the Seiberg–
Witten equations on manifolds that topologically are products of the form
Σ × Σg. Recall that Σ is conformally equivalent to a compact Riemann

surface Σ with a finite number of points removed, say {p1, . . . , pl}, satisfying
the condition that 2g(Σ)− 2 + l > 0. Conversely, given a compact Riemann
surface Σ and points {p1, . . . , pl} such that 2g(Σ) − 2 + l > 0, the open
Riemann surface Σ = Σ\{p1, . . . , pl} admits a finite volume real hyperbolic
metric. In summary, a finite volume hyperbolic Riemann surface (Σ, g−1)
is a manifold with finitely many cusps corresponding to the marked points
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of the associated compactification Σ. Our hyperbolic cusps are modeled on
R+ × S1 with the metric g−1 = dt2 + e−2tdθ2. We can now fix a metric g2
on the compact Riemann surface Σg and consider the Riemannian product
(Σ × Σg, g−1 + g2). For simplicity we define M = Σ × Σg. It is then clear
that M is a complete finite volume manifold with cusp ends modeled on
R+ × S1 × Σg with the metric g = dt2 + e−2tdθ2 + g2.

Definition 1. A metric g̃ on M of the form g−1+g2 will be called a standard
model.

We now want to study the natural compactification of M . It is clear
that each of the cusp end of M can be closed topologically as a manifold by
adding a compact genus g Riemann surface. Let us denote by N the disjoint
union of these embedded curves. Denoted with M the compactification of
M , we then have M\N ' M . If we know consider Σ and Σg as complex
manifolds, it is clear that M can be compactified as a complex manifold by
adding a finite number of genus g divisors with trivial self intersection.

Let us now consider a standard model g̃ on M . We want to construct
a sequence of metrics {g̃j} on M that approximate (M, g̃). More precisely,
choose coordinates on the cusp ends of M such that the metric g̃ is given
by g̃ = dt2 + e−2tdθ2 + g2 for t > 0. Then define

g̃j = dt2 + ϕ2
j (t)dθ

2 + g2

where ϕj(t) is a smooth warping function such that:

(1) ϕj(t) = e−t for t ∈ [0, j + 1],
(2) ϕj(t) = Tj − t for t ∈ [j + 1 + ε, Tj ],

where ε is a fixed number that can be chosen to be small, and Tj is an
appropriate number bigger than j + 1 + ε. Because of the second condition
above, g̃j is a smooth metric on M for any j. Moreover the metrics {g̃j} are
by construction isometric to g̃ on bigger and bigger compact sets of M . For
later convenience we want to prescribe in more details the behavior of ϕj(t)
in the interval t ∈ [j + 1, j + 1 + ε]. We require that ∂2t ϕj(t) decreases from

e−(j+1) to 0 in the interval [j + 1, j + 1 + δj ] where δj is a positive number
less than ε. Then for t ∈ [j + 1 + δj , ε], we make ∂2t ϕj very negative in
order to decrease ∂tϕj to −1 and smoothly glue ϕj(t) to the function Tj − t.
Moreover, by eventually letting the parameters δj go to zero as j goes to

infinity, we require
|∂tϕj |
ϕj

to be increasing in the interval [j + 1, j + 1 + δj ].

Finally, we require
|∂tϕj |
ϕj

to be bounded from above uniformly in j.

In summary, given a standard model g̃ for M we can always generate a
sequence of metrics {g̃j} on M approximating (M, g̃). A similar argument
shows that this is indeed the case for any metric g on M , that is asymptotic
to a standard model. For later convenience, we restrict ourself to metrics
that are asymptotic to a standard model at least in the C2 topology. More
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precisely, if g is such a metric we set

gj = (1− χj)g + χj g̃j

where χj(t) is a sequence of smooth increasing functions defined on the cusps
of M such that χj(t) = 0 if t ≤ j and χj(t) = 1 if t ≥ j + 1.

Proposition 2.1. The scalar curvature of the metrics {gj} can be expressed
as

sgj = sbgj − 2χj
∂2t ϕj
ϕj

where sbgj is a smooth function on M that can be bounded uniformly in j.

Proof. For t ≤ j, the metrics gj and g are isometric and therefore sgj = sg.

If t ∈ [j, j + 1], the metric gj is close in the C2 topology to g and then
sgj ≈ sg. Finally if t ≥ j+1, the scalar curvature function is explicitly given
by

sgj = sg̃j = sg2 − 2
∂2t ϕj
ϕj

. �

We conclude this section with a proposition regarding the volumes of the
Riemannian manifolds (M, gj).

Proposition 2.2. There exists a constant K > 0 such that

Volgj (M) ≤ K
for any j.

3. L2 Bochner lemma

We start with a review of some facts about L2-cohomology and its relation
to the space of L2-harmonic forms. For further details we refer to [1] and
the bibliography therein. Given a orientable noncompact manifold (M, g)
we have, when the differential d is restricted to an appropriate dense subset,
a Hilbert complex

· · · −→ L2Ωk−1
g (M) −→ L2Ωk

g(M) −→ L2Ωk+1
g (M) −→ · · ·

where the inner products on the exterior bundles are induced by g. Define
the maximal domain of d, at the k-th level, to be

Domk(d) =
{
α ∈ L2Ωk

g(M), dα ∈ L2Ωk+1
g (M)

}
where dα ∈ L2Ωk+1

g (M) is to be understood in the distributional sense. The

(reduced) L2-cohomology groups are then defined to be

Hk
2 (M) = Zkg (M)/dDomk−1(d),

where

Zk2 (M) =
{
α ∈ L2Ωk

g(M), dα = 0
}
.
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On (M, g) there is a Hodge–Kodaira decomposition

L2Ωk
g(M) = Hkg(M)⊕ dC∞c Ωk−1 ⊕ d∗C∞c Ωk+1,

where

Hkg(M) =
{
α ∈ L2Ωk

g(M), dα = 0, d∗α = 0
}
.

Moreover, if we assume (M, g) to be complete the maximal and minimal
domain of d coincide. In other words

dDomk−1(d) = dC∞c Ωk−1,

which implies

Hk
2 (M) = Hkg(M).

Here the completeness assumption is crucial in showing that if α ∈ L2Ωk
g(M)

with dα ∈ L2Ωk+1
g (M), we can generate a sequence {αn} ∈ C∞c Ωk(M) such

that ‖α− αn‖L2 + ‖dα− dαn‖L2 → 0.
Summarizing, if the manifold is complete, the harmonic L2-forms compute

the reduced L2-cohomology. Moreover, in this case the L2 harmonic forms
can be characterized as follows:

Hkg(M) =
{
α ∈ L2Ωk

2(M), (dd∗ + d∗d)α = 0
}
.

Finally, the orientability of M gives a duality isomorphism via the Hodge ∗
operator

Hkg(M) ' Hn−kg (M).

If the manifold M has dimension 4n it then makes sense to talk about L2 self-
dual and anti-self-dual forms on L2Ω2n

g (M). IfH2n
g (M) is finite-dimensional,

the concept of L2-signature is well-defined.
Let (M, g) be a complete finite-volume 4-manifold. Let L be a com-

plex line bundle on M . By extending the Chern–Weil theory for compact
manifolds, we can define the L2-Chern class of L. More precisely, given a
connection A on L such that FA ∈ L2Ω2

g(M), we may define

c1(L) =
i

2π
[FA]L2

where with FA we indicate the curvature of the given connection. It is an
interesting corollary of the L2-cohomology theory that, on complete mani-
folds, such an L2-cohomology element is connection independent as long as
we allow connections that differ by a 1-form in the maximal domain of the d
operator. More precisely, let A

′
be a connection on L such that A

′
= A+α

with α ∈ L2
1Ω

1
g(M). We then have FA′ = FA + dα and therefore by the

Hodge–Kodaira decomposition we conclude that i
2π [FA]L2 = i

2π [FA′ ]L2 .

The associated L2-Chern number c21(L) is also well-defined. In fact, α ∈
Dom1(d) and then we can find a sequence {αn} ∈ C∞c Ωk(M) such that



496 DI CERBO

‖α− αn‖L2 + ‖dα− dαn‖L2 → 0. This implies that∫
M
FA′ ∧ FA′dµg = lim

n→∞

∫
M

(FA + dαn) ∧ (FA + dαn)dµg

=

∫
M
FA ∧ FAdµg.

The following lemma is an easy consequence of the Hodge–Kodaira de-
composition.

Lemma 3.1. Given L and A as above, we have∫
M
|F+
A |

2dµg ≥ 4π2(c+1 (L))2

where c+1 (L) is the self-dual part of the g-harmonic L2 representative of
[c1(L)].

Proof. We have∫
M
|F+
A |

2dµg = 2π2
∫
M
c1(L) ∧ c1(L)dµg +

1

2

∫
M
|FA|2dµg

= 2π2c21(L) +
1

2

∫
M
|FA|2dµg.

By Hodge–Kodaira decomposition, given any L2-cohomology class, we have
a unique harmonic representative that minimizes the L2-norm. Thus, given
FA ∈ L2Ω2

g(M), let us denote by ϕ its harmonic representative. We then
have

1

2

∫
M
|FA|2dµg ≥

1

2

∫
M
|ϕ|2dµg

which implies ∫
M
|F+
A |

2dµg ≥ 2π2c1(L)2 +
1

2

∫
M
|ϕ|2dµg

=

∫
M
|ϕ+|2dµg = 4π2(c+1 (L))2. �

We can now formulate the L2 analogue of the scalar curvature estimate
discovered in [13] for compact manifolds.

Theorem 3.2. Let (M4, g) be a finite volume Riemannian manifold where
g is C2 asymptotic to a standard model. Let (A,ψ) ∈ L2

1(M, g) be an irre-
ducible solution of the SW equations associated to a Spinc structure c with
determinant line bundle L. Then∫

M
s2gdµg ≥ 32π2(c+1 (L))2

with equality if and only if g has constant negative scalar curvature, and is
Kähler with respect to a complex structure compatible with c.
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Proof. Following the strategy outlined in [13], the proof reduces to an in-
tegration by parts using the completeness of g. �

4. L2-cohomology of products

Let (Σ, g−1) be a finite volume hyperbolic Riemann surface. Furthermore,
let (Σg, g2) be a genus g compact Riemann surface equipped with a fixed
metric. Let us consider (Σ×Σg, g−1 + g2), where by g−1 + g2 we denote the
product metric. We then want compute the L2 cohomology of (Σ × Σg, g)
when g is a metric “asymptotic” to the product metric g−1 + g2. Following
the definition of Section 2 a metric of the from g−1+g2 is referred as standard
metric or model. For simplicity let us define M := Σ× Σg. Let us start by
computing the L2-cohomology of M when equipped with a standard metric.

Regarding the L2-cohomology of (M, g−1 + g2), an L2-Künneth formula
argument [23] reduces the problem to the computation of the L2-cohomology
of a hyperbolic Riemann surface of finite topological type. This computation
can be achieved by using the following classical theorem.

Theorem 1 (Huber). Let (Σ, g) be a complete finite volume Riemann sur-
face with bounded curvature. Then Σ is conformally equivalent to a compact
Riemann surface Σ with a finite number of points removed.

Proof. See [10]. �

Corollary 4.1. Let (Σ, g−1) be a complete finite volume hyperbolic Riemann
surface. Then we have the isomorphism

H∗2 (Σ, g−1) ' H∗(Σ).

Proof. We clearly just have to prove that H1
2 (Σ) ' H1(Σ). Since Σ is

complete, the space of L2 harmonic forms computes the L2-cohomology.
Let (Σ\{p1, . . . , pl}, g) as in Theorem 1, where g = e2ug. Since the L2-
cohomology is conformally invariant in the middle dimension, we have that
H1
g(Σ\{p1, . . . , pl}) ' H1

g−1
(Σ). But now one can show that any harmonic

field in H1
g(Σ\{p1, . . . , pl}) can be smoothly extended across the cusp points.

For the proof of this simple analytical fact see [5]. We therefore have
H1
g(Σ\{p1, . . . , pl}) ' H1

g(Σ). The corollary is now a consequence of the
classical Hodge theorem for closed manifolds. �

We can now formulate the main result of this section.

Proposition 4.2. In the notation above, consider (M, g) where g is a Rie-
mannian metric C0 asymptotic a standard model. Then we have the iso-
morphism

H∗2 (M) ' H∗(M ;R).

Proof. The L2-cohomology is a quasi-isometric invariant. �
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5. Poincaré inequalities and convergence of 1-forms

We need to show that, given the sequence of metrics {gj}, we can find a
uniform Poincaré inequality on functions. We have the following lemma.

Lemma 5.1. Consider the metric g = dt2 + gt on the product [0,∞) ×N ,
such that the mean curvature of the cross-section N is uniformly bounded
from below by a positive constant h0. Then, for any function f we have∫

|∂tf |2dµg ≥ h20
∫
|f |2dµg + h0

∫
t=T
|f |2dµgt − h0

∫
t=0
|f |2dµgt .

Proof. See Lemma 4.1 in [4]. �

Using this lemma, we can now derive the desired uniform Poincaré in-
equality.

Proposition 5.2. There exists a positive constant c, independent of j, such
that ∫

M
|df |2dµgj ≥ c

∫
M
|f |2dµgj

for any function f on M such that
∫
M fdµgj = 0.

Proof. See Corollaire 4.3. in [4]. �

Next, we have to derive an uniform Poincaré inequality for 1-forms. Given
a 1-form α the following lemma holds:

Lemma 5.3. There exists T > 0 such that∫
N
|∇α|2 + Ricgj (α, α)dµgt ≥

∫
N
|∇∂tα|2dµgt

for any t ∈ [T, Tj).

The proof of this lemma consists in a rather lengthy but elementary com-
putation. This computation is based on an idea of Biquard [4], see also [21].
For the analytical details we refer to [6].

Observe now that for [t1, t2] ⊂ [T, Tj ]∫
∂{[t1,t2]×N}

|α|2dµgj =

∫
[t1,t2]×N

∂t(|α|2dµgt)dt

=

∫
[t1,t2]×N

∂t|α|2dµgtdt+

∫
[t1,t2]×N

|α|2∂tdµgtdt

=

∫
[t1,t2]×N

∂t|α|2dµgj − 2

∫
[t1,t2]×N

h|α|2dµgj .

We then obtain∫
[t1,t2]×N

∂t|α|2dµgj ≥
∫
∂{[t1,t2]×N}

|α|2dµgj + 2h0

∫
[t1,t2]×N

|α|2dµgj .
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where h0 is a uniform lower bound for the mean curvature. But now

∂t|α|2 = 2(α,∇∂tα) ≤ 2|α||∇∂tα| ≤ h0|α|2 +
1

h0
|∇∂tα|2

which then implies

∫
[t1,t2]×N

|∇∂tα|2dµgj ≥ h0
∫
∂{[t1,t2]×N}

|α|2dµgj + h20

∫
[t1,t2]×N

|α|2dµgj .

(1)

We summarize the discussion above into the following lemma.

Lemma 5.4. There exist positive numbers c > 0, T > 0 such that∫
[t1,t2]×N

|dα|2 + |d∗gjα|2dµgj ≥ c
∫
[t1,t2]×N

|α|2dµgj

for any [t1, t2] ⊂ [T, Tj) and α with support contained in [t1, t2]×N .

Proof. Combining (1) and Lemma 5.3, the result follows from the well-
known Bochner formula for 1-forms. �

The above lemma is almost the desired uniform Poincaré inequality. To
conclude the proof we need few results concerning the convergence of har-
monic 1-forms.

Proposition 5.5. Let [a] ∈ H1
dR(M) and {αj} be the sequence of harmonic

representatives with respect the metrics {gj}. Then {αj} converges, with
respect to the C∞ topology on compact sets, to a harmonic 1-form α ∈
L2Ω1

g(M).

Proof. See Proposition 4.4. in [4]. �

It is now possible to refine Proposition 5.5 and analyze the convergence
in more details. Notice that β can be chosen as follows:

β = βc + γ

where βc is a smooth closed 1-form with support not intersecting the cusp
points {p1, . . . , pl} and γ ∈ H1(Σg;R). The metric g is C2 asymptotic to a
standard model, as a result

lim
t→∞

d∗gγ = 0

since γ can be chosen harmonic with respect to the metric g2. Furthermore,
given ε > 0 we can find T big enough that limj→∞ ‖d∗jγ‖L2

gj
(t≥T ) ≤ ε.

In other words we proved:

Lemma 5.6. Given ε > 0, there exists T big enough such that∫
t≥T
|d∗β|2dµg ≤ ε,

∫
t≥T
|d∗jβ|2dµgj ≤ ε.

We can now prove:
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Lemma 5.7. Given ε > 0, there exists T big enough such that∫
t≥T
|α|2dµg ≤ ε,

∫
t≥T
|αj |2dµgj ≤ ε.

Proof. Recall that by construction αj = β + dfj , thus∫
t≥T
|dfj |2dµgj =

∫
t=T

fj ∧ ∗dfj −
∫
t≥T

(d∗dfj , fj)dµgj .

But now

d∗jαj = d∗jβ + d∗jdfj = 0 =⇒ d∗jdfj = −d∗jβ,
thus ∫

t≥T
|dfj |2dµgj =

∫
t=T

fj ∧ ∗dfj +

∫
t≥T

(d∗β, fj)dµgj .

By the Cauchy inequality∫
t≥T

(d∗β, fj)dµgj ≤ ‖fj‖L2
gj
‖d∗jβ‖L2

gj
(t≥T )

and then this term can be made arbitrarily small. It remains to study the
term

∫
t=T fj ∧ ∗dfj . Recall that fj → f in the C∞ topology on compact

sets. Thus, for a fixed T∫
t=T

fj ∧ ∗dfj →
∫
t=T

f ∧ ∗df.

It remains to show that
∫
t=T f ∧∗df can be made arbitrarily small by taking

T big enough. Define the function F (s) =
∫
t=s f ∗ df , since f ∈ L2

1 we

have F (s) ∈ L1(R+) and then we can find a sequence {sk} → ∞ such that
F (sk)→ 0. �

Proposition 5.8. There exists c > 0 independent of j such that∫
M
|dα|2 + |d∗gjα|2dµgj ≥ c

∫
M
|α|2dµgj

for any α ⊥ H1
gj .

Proof. Let us proceed by contradiction. Assume the existence of a sequence
{αj} ∈ (H1

gj )
⊥ such that ‖αj‖L2(gj) = 1 and for which∫

M
|dαj |2 + |d∗gjαj |2dµgj −→ 0

as j → ∞. By eventually passing to a subsequence, a diagonal argument
shows that {αj} converges, with respect to the C∞ topology on compact
sets, to a 1-form α ∈ L2Ω1

g(M). By construction α ∈ H1
g(M). On the other

hand, Lemma 5.7 combined with the isomorphism H1
2 (M) ' H1(M) gives

that α ∈ (H1
g)
⊥. We conclude that α = 0. Lemma 5.4 can now be easily

applied to derive a contradiction. �
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6. Convergence of 2-forms

In this section we have to study the convergence of 2-forms. The first
result is completely analogous to the case of 1-forms.

Proposition 6.1. Let [a] ∈ H2
dR(M) and {αj} be the sequence of harmonic

representatives with respect the sequence of metrics {gj}. Then {αj} con-
verges, with respect to the C∞ topology on compact sets, to a harmonic
2-forms α ∈ L2Ω2

g(M).

Proof. Given an element a ∈ H2
dR(M), take a smooth representative of the

form β = βc + γ where βc is a closed 2-form with support not intersecting
the cusp points and γ ∈ H2(Σg;R). Given gj , let αj be the harmonic
representative of the cohomology class determined by a. By the Hodge
decomposition theorem we can write αj = β + dσj with σj ∈ (H1

gj )
⊥ such

that d∗jσj = 0. Thus

0 = d∗jβ + d∗jdσj =⇒ d∗dσj = −d∗jβ.

Taking the global L2 inner product of d∗dσj with σj we obtain the estimate

(d∗dσj , σj)L2(gj) = ‖dσj‖2L2 = −
∫
M

(σj , d
∗β)dµgj(2)

≤ ‖σj‖L2(gj)‖d
∗β‖L2(gj).

By Proposition 5.8, we conclude that

‖σj‖2L2(gj)
≤ c‖dσj‖2L2(gj)

.(3)

Combining (2) and (3) we then obtain

‖σj‖2L2(gj)
≤ c‖dσj‖2L2(gj)

≤ c‖σj‖L2(gj)‖d
∗jβ‖L2(gj).

Since ‖d∗jβ‖L2(gj) is bounded independently of j, we conclude that the same

is true for ‖σj‖L2(gj) and ‖dσj‖L2(gj). By the elliptic regularity, we conclude

that ‖σj‖L2
1(gj)

is uniformly bounded. Now a standard diagonal argument

allows us to conclude that, up to a subsequence, {σj} weakly converges to
an element σ ∈ L2

1. Using the elliptic equation

∆
gj
Hσj = −d∗jβ

and a bootstrapping argument it is possible to show that σj → σ in the C∞

topology on compact sets. This proves the proposition. �

We know want to obtain a refinement of Proposition 6.1. We begin with
the following simple lemma.

Lemma 6.2. Given ε > 0, there exists T big enough such that∫
t≥T
|d∗gβ|2dµg ≤ ε,

∫
t≥T
|d∗jβ|2dµgj ≤ ε.
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Proof. Since β = βc + γ with γ a fixed element in H2(Σg;R), the lemma
follows from the definition of the metrics {gj}. �

An analogous result holds for the 2-forms {dσj}.
Lemma 6.3. Given ε > 0, there exists T big enough such that∫

t≥T
|dσ|2dµg ≤ ε,

∫
t≥T
|dσj |2dµgj ≤ ε.

Proof. The first inequality follows easily from the fact that α ∈ L2Ω2
g(M).

By Lemma 6.2, given ε > 0 we can find T such that

‖σj‖L2(gj)

{∫
t≥T
|d∗β|2dµgj

} 1
2

≤ ε

2

independently of the index j. Now∫
t≥T
|dσj |2dµgj =

∫
t=T

σj ∧ ∗jdσj −
∫
t≥T

(d∗jdσj , σj)dµgj

but d∗jdσj = −d∗jβ, thus∫
t≥T
|dσj |2dµgj ≤

ε

2
+

∣∣∣∣∫
t=T

σj ∧ ∗jdσj
∣∣∣∣.

Since σj → σ in the C∞ topology on compact sets, we have that
∫
t=T σj ∧

∗jdσj →
∫
t=T σ ∧ ∗gdσ. But now σ ∈ L2

1(g) and therefore we can conclude
the proof of the proposition. �

Lemma 6.4. σ is orthogonal to the harmonic 1-form on (M, g).

Proof. By construction we have σj ∈ (H1
gj )
⊥. Recall that fixed a cohomol-

ogy element [a] ∈ H1
dR(M), denoted by {γj} the sequence of the harmonic

representatives with respect to the {gj}, given ε > 0 we can chose T such that∫
t≥T |γj |

2dµgj ≤ ε. Now, given γ ∈ H1
g we want to show that (σ, γ)L2(g) = 0.

Since H1
dR(M) = H1

g(M), we can find a sequence of harmonic 1-forms {γj}
such that γj → γ in the C∞ topology on compact sets. Let K be a compact
set in M , then ∣∣∣∣∫

M\K
(σj , γj)dµj

∣∣∣∣ ≤ ‖σj‖L2
gj
‖γj‖L2

gj
(M\K)(4)

can be made arbitrarily small by choosing the compact K big enough. Since
(σj , γj)L2(M,gj)

= 0, we have∫
K

(σj , γj)dµgj = −
∫
M\K

(σj , γj)dµgj

and then the integral
∫
K(σj , γj)dµgj can be made arbitrarily small. On the

other hand∣∣∣∣∫
M

(σ, γ)dµg

∣∣∣∣ ≤ ∣∣∣∣∫
K

(σ, γ)dµg

∣∣∣∣+ ‖σ‖L2(M,g)‖γ‖L2
g(M\K).
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Since γ ∈ L2Ω1
g(M) we conclude that σ ∈ (H1

g)
⊥. �

We now want to study the intersection form of (M, gj) and eventually
show the convergence to the L2 intersection form of (M, g). Recall the
isomorphism H2

dR(M) ' H2(M), moreover given [a] ∈ H2
dR(M) we can

generate {αj} ∈ H2
gj (M) that converges in the C∞ topology on compact

sets to a α ∈ H2
g(M). We also have that, fixed a compact set K, then

∗j = ∗g for j big enough. As a result

H+gj ⊕H−gj → H+g ⊕H−g .

Indeed

αj = α
+j

j + α
−j

j =
αj + ∗jαj

2
+
αj − ∗jαj

2
→ α+g + α−g = αg.

7. Biquard’s construction

In this section we show how to construct an irreducible solution of the
Seiberg–Witten equations on (M, g), for any metric g asymptotic to a stan-
dard model g̃.

Fix a Spinc structure on M , with determinant line bundle L, and let g
be a cuspidal metric on M\Σ that is assumed to be C2 asymptotic to a
standard model. Let {gj} be the sequence of metrics on M approximating
(M, g) constructed in Section 2. Let (Aj , ψj) be a solution of the perturbed

Seiberg–Witten equations on (M, gj){
DAjψj = 0

F+
Aj

+ i2πω+
j = q(ψj)

where ωj = i
2πFBj and Bj is the connection 1-form on the line bundleOM (Σ)

given by

Bj = d− iχj(∂tϕj)dθ.
The idea is to show that, up to gauge transformations, the (Aj , ψj) con-
verge in the C∞ topology on compact sets to a solution of the unperturbed
Seiberg–Witten equations on (M, g),{

DAψ = 0,

F+
A = q(ψ),

where A = C + a with C is a fixed smooth connection on L⊗O(−Σ), and
a ∈ L2

1(Ω
1
g(M)) with d∗a = 0.

Lemma 7.1. We have the decomposition

sgj = sbgj − 2χj
∂2t ϕj
ϕj

FBj = −iχj
∂2t ϕj
ϕj

dt ∧ ϕjdθ + F bj
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with sbgj and F bj bounded independently of j.

Proof. See Proposition 2.1. �

Since i2πωj = −FBj , we can rewrite the perturbed Seiberg–Witten equa-
tions as follows: {

DAjψj = 0,

F+
Aj
− F+

Bj
= q(ψj).

Recall that in the case under consideration, the twisted Licherowicz formula
[11] reads as follows

D2
Aj
ψj = ∇∗Aj

∇Ajψj +
sgj
4
ψj +

1

2
F+
Aj
· ψj .

By using the SW equations we have

0 = ∇∗Aj
∇Ajψj +

sgj
4
ψj +

|ψj |2

4
ψj +

1

2
F+
Bj
· ψj .

Keeping into account the decomposition given in Lemma 7.1 we obtain

0 = ∇∗Aj
∇Ajψj + Pjψj + P bj ψj +

|ψj |2

4
ψj

where

Pjψj = −1

2
χj
∂2t ϕj
ϕj

ψj −
i

2
χj
∂2t ϕj
ϕj

(dt ∧ ϕjdθ)+ · ψj

with P bj uniformly bounded in j. Now, it can be explicitly checked that for

a metric of the form dt2 +ϕ2
jdθ

2 + g2 the self-dual form (dt∧ϕjdθ)+ acts by
Clifford multiplication with eigenvalues ±i. The eigenvalues of the operator

Pj are then given by 0 and −χj ∂
2
t ϕj

ϕj
.

Lemma 7.2. There exists a constant K > 0 such that

|ψj(x)|2 ≤ K

for every j and x ∈M .

Proof. Given a point x ∈M choose an orthonormal frame {ei} centered at
x such that ∇ejei|x = 0. We then compute

−
∑
i

ei(ei〈ψj , ψj〉)x

= −
∑
i

{〈∇ei∇eiψj , ψj〉+ 2〈∇eiψj ,∇eiψj〉+ 〈ψj ,∇ei∇eiψj〉}.

Since ∇2
ei,eiψj = ∇ei∇eiψj and ∇∗Aj

∇Aj = −
∑

i∇2
ei,ei we have

∆|ψj |2 + 2|∇Ajψj |2 = 2Re〈∇∗Aj
∇Ajψj , ψj〉.
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Thus, if xj is a maximum point for |ψj |2 we have ∆|ψj |2xj ≥ 0 and therefore

Re〈∇∗Aj
∇Ajψj , ψj〉 ≥ 0. In conclusion

0 = Re〈∇∗Aj
∇Ajψj , ψj〉xj + Re〈{Pj + P bj }ψj , ψj〉xj +

|ψj |4xj
4

≥ Re〈{Pj + P bj }ψj , ψj〉xj +
|ψj |4xj

4
.

By construction the operator Pj +P bj is uniformly bounded from below, the
proof is then complete. �

Since F+
Aj
− F+

Bj
= q(ψj) and by Lemma 7.2 the norms of the ψj are

uniformly bounded, a similar estimate holds for F+
Aj
− F+

Bj
.

Lemma 7.3. There exists a constant K > 0 such that

‖∇Ajψj‖L2(M,gj)
≤ K

for any j.

Proof. We have

0 =

∫
M

Re〈∇∗Aj
∇Ajψj , ψj〉dµgj +

∫
M

Re〈{P bj + Pj}ψj , ψj〉dµgj

+
1

2

∫
M

Re〈q(ψj)ψj , ψj〉dµgj

= ‖∇Ajψj‖2L2(M,gj)
+

∫
M

Re〈{P bj + Pj}ψj , ψj〉dµgj +
1

4

∫
M
|ψj |4dµgj

but now ∫
M

Re〈{P bj + Pj}ψj , ψj〉dµgj ≥ −k‖ψj‖2L2(M,gj)

which then implies

‖∇Ajψj‖2L2(M,gj)
≤ k‖ψj‖2L2(M,gj)

− 1

4
‖ψj‖4L2(M,gj)

≤ k‖ψj‖2L2(M,gj)
.

Since by Proposition 2.2 the volumes of the Riemannian manifolds (M, gj)
are uniformly bounded, the lemma follows from Lemma 7.2. �

Define Cj = Aj −Bj and let C be a fixed smooth connection on the line
bundle L⊗O(−Σ). By the Hodge decomposition theorem we can write

Cj = C + ηj + βj

where ηj is gj-harmonic and βj ∈ (H1
gj )
⊥. Thus

F+
Cj

= q(ψj) = F+
C + d+βj .
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Since C is a fixed connection 1-form, ‖FC‖L2(M,gj)
is uniformly bounded in

the index j. As a result, there exists K > 0 such that

‖d+βj‖L2(M,gj)
≤ K

for any j. By the Stokes’ theorem

‖d+βj‖2L2(M,gj)
= ‖d−βj‖2L2(M,gj)

and we then obtain an uniform upper bound on ‖dβj‖L2(M,gj)
. By Gauge

fixing we can always assume d∗βj = 0. The Poincaré inequality given in
Proposition 5.8 can then be used to conclude that

c‖βj‖2L2(M,gj)
≤ ‖dβj‖2L2(M,gj)

≤ 2K.

By a diagonal argument we can now extract a weak limit

βj ⇀ β

with β ∈ L2
1(M, g). Similarly we extract a weak limit

ηj ⇀ η

with η ∈ L2(M, g) and harmonic with respect to g, see Proposition 5.5.
Define aj = ηj + βj that by construction satisfies d∗aj = 0. If we fix a

compact set K ⊂M , there exists j0 such that for any j ≥ j0 the connection
1-form Bj restricted to K is zero. Thus, for any j ≥ j0 we have Aj = Cj and

then C = Aj − aj . We know that aj is uniformly bounded in L2(M, gj), by
using Lemma 7.3 we conclude that ‖∇Cψj‖2L2(K,gj)

is bounded independently

of j. On this compact set K we can therefore extract a weak limit of the
sequence {ψj} ⇀ ψ. By using a diagonal argument and recalling that in
a Hilbert space the norm is lower semicontinuous with respect the weak
convergence, we obtain a weak limit ψ ∈ L2

1(M, g).
Recall that on any compact set K, for j big enough we have F+

Aj
= q(ψj).

Since

∇F+
Aj

= ∇Ajψj ⊗ ψ∗j + ψj ⊗∇Ajψ
∗
j − Re〈∇Ajψj , ψj〉Id

we conclude that ‖∇F+
Aj
‖L2(K,gj) is uniformly bounded. In summary we

have an L2
1 bound on F+

Aj
. Consider now the first order elliptic operator

d+ ⊕ d∗. By the elliptic Lp estimates we obtain

c‖aj‖L2
2(K,gj)

≤ ‖aj‖L2(K,gj) + ‖(d+ ⊕ d∗)aj‖L2
1(K,gj)

≤ ‖aj‖L2(K,gj) + ‖d+βj‖L2
1(K,gj)

which gives us an uniform L2
2 bound on aj . Since C = Aj − aj on K, we

can write

0 = DAjψj = DC+ajψj = DCψj +
1

2
aj · ψj ,



SEIBERG–WITTEN EQUATIONS ON CERTAIN MANIFOLDS WITH CUSPS 507

in other words

DCψj = −1

2
aj · ψj .(5)

Combining the L2
2 bound on aj and the L∞ bound on ψj with the Sobolev

multiplication L2
2 ⊗ Lp → L4, for p big enough, we obtain a L4 bound on

−1
2aj ·ψj , that is exactly the forcing term in the first order elliptic equation

given in 5. By the elliptic Lp estimates we then obtain

c‖ψj‖L4
1
≤ ‖ψj‖L4 + ‖f‖4

where we define f = −1
2aj ·ψj . This shows ψj ∈ L4

1 that combined with the

Sobolev multiplication L2
2 ⊗ L4

1 → L3
1 can be used to obtain a L3

1 estimate
on f . By applying again the elliptic Lp estimate we obtain

c‖ψj‖L3
2
≤ ‖ψj‖L2 + ‖f‖L3

1
.

Now the Sobolev multiplication L2
2 ⊗ L3

2 → L2
2 combined with the fact that

ψj ∈ L3
2, we obtain a L2

2 bound on f . Once more the Lp elliptic estimates
gives us

c‖ψj‖L2
3
≤ ‖ψj‖L2 + ‖f‖L2

2
.

By using the Sobolev multiplication L2
3 ⊗ L2

3 → L2
3 we then obtain a L2

3

bound on q(ψj) and therefore by the Seiberg–Witten equations on F+
Aj

. But

now a L2
3 estimate on F+

Aj
gives us a analogous estimate on d+aj . The

argument can now be reiterated to obtain an estimate on ‖ψj‖L2
k

for any k.

Then by the Sobolev embedding L2
k ↪→ Ck−3 we conclude that the ψj are

indeed smooth. A completely analogous argument can now be used to show
the C∞ on compact sets of the {ψj}.

Let us summarize the discussion above into a theorem.

Theorem A. Fix a Spinc structure on M with determinant line bundle L.
Let g be a metric on M asymptotic to a standard model in the C2 topology,
and let {gj} the sequence of metrics on M that approximate g. Let {(Aj , gj)}
be the sequence of solutions of the SW equations with perturbations {F+

Bj
}

on {(M, gj)}. Then, up to gauge transformations, the solutions {(Aj , ψj)}
converge, in the C∞ topology on compact sets, to a solution (A,ψ) of the
unperturbed SW equations on (M, g) such that:

• A=C+a where C is a fixed smooth connection on L⊗O(−Σ), d∗a = 0
and a ∈ L2

1(Ω
1
g(M)).

• ψ ∈ L2
1(M, g) and there exists K > 0 such that supx∈M |ψ(x)| ≤ K.
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8. Geometric applications

For a compact oriented 4-manifold N , the Gauss–Bonnet and Hirzebruch
theorems state that

χ(N) =

∫
N
E(g)dµg, σ(N) =

∫
N
L(g)dµg

where E(g) and L(g) are respectively the Euler and signature forms associ-
ated to the metric g.

For noncompact manifolds the above curvature integrals might be not
defined or dependent on the choice of the metric. Nevertheless, if the man-
ifold has finite volume and bounded curvature these curvature integrals are
defined. In this case it remains to study their metric dependence. Here, we
want to compute

χ(M, g) =

∫
M
E(g)dµg, σ(M, g) =

∫
M
L(g)dµg

when g is a metric C2 asymptotic to a standard model for M . The idea is
to approximate the metric g with the sequence of metrics {gj} on M . We
then have

χ(M, g) = lim
j→∞

∫
t≤j+1

E(gj)dµgj , σ(M, g) =

∫
t≤j+1

L(gj)dµgj .

Thus

χ(M, g) = χ(M)− lim
j→∞

∫
t≥j+1

E(g̃j)dµg̃j

and

σ(M, g) = σ(M)− lim
j→∞

∫
t≥j+1

L(g̃j)dµg̃j .

In other words, the characteristic numbers of (M, g) are computed in terms
of χ(M) and σ(M) plus a contribution coming from the cusps. More pre-
cisely we have the following proposition.

Proposition 8.1. Let M be equipped with a metric g asymptotic in the C2

topology to a standard model. Then, we have the equalities

χ(M, g) = χ(M)− lχ(Σg), σ(M, g) = σ(M) = 0,

where l is the number of cusp ends of M .

Proof. See Proposition 3.4. in [4]. �

A simple Mayer–Vietoris argument can now be used to show that

χ(M) = χ(M)− lχ(Σg).

We then conclude that χ(M, g) = χ(M). This discussion can then be sum-
marized into the following proposition.
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Proposition 8.2. The Gauss–Bonnet theorem is valid on (M, g) for any
metric g asymptotic in the C2 topology to a standard model.

We can now study the Riemannian functional
∫
M s2gdµg restricted to the

space of metrics asymptotic to a standard model.

Theorem B. Let M be equipped with a metric g asymptotic to a standard
model in the C2 topology. Then

1

32π2

∫
M
s2gdµg ≥ 2χ(Σ) · χ(Σg)

with equality if and only if g is the product of two -1 hyperbolic metrics on
Σ and Σg.

Proof. Let us consider the standard Spinc structure associated to the com-
plex structure of M . Theorem A can be used to construct an irreducible
solution of the SW equations on (M, g). Furthermore, by applying Theo-
rem 3.2 we conclude that

1

32π2

∫
M
s2gdµg ≥ (c1(K

−1
M
− Σ)+)2.

By the adjunction formula we have

(c1(K
−1
M
− Σ)+)2 ≥ (c1(K

−1
M
− Σ))2 = 2(χ(M) + 2(g − 1)l)

where l is the number of cusp ends. By Propositions 8.1 and 8.2

χ(M) = χ(M) + 2l(g − 1),

and we conclude that
1

32π2

∫
M
s2gdµg ≥ 2χ(Σ) · χ(Σg)

with equality if and only if g is Kähler with constant negative scalar cur-
vature and the harmonic representative of c1(L) is self-dual. The latter
condition implies that g is Kähler–Einstein. We can now apply Theorem A
for a Spinc structure of complex type compatible the reversed oriented M .
This implies that g must be Kähler–Einstein with respect to the commuting
complex structures J and J on M . This implies that g is the product of two
hyperbolic −1 metrics on Σ and Σg. �

Finally, we present an obstruction for Einstein metrics on blow-ups.

Theorem C. Let (M, g) as above. Let M
′
be obtained from M by blowing up

k points. If k ≥ 4
3χ(Σ)χ(Σg), then M

′
does not admit a cuspidal Einstein

metric.

Proof. By a result of Morgan–Friedman [7], we know that the manifold

M]kCP 2 admits at least 2k different Spinc structures with determinant line
bundles

L = K−1
M
± E1 ± · · · ± Ek
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for which the SW equations have irreducible solutions for each metric. Since

(c1(L)+)2 = (c1(M)+ ± E+
1 ± · · · ± E

+
k )2

= (c1(M)+)2 + 2
∑
i

ci(M)+ · ±E+
i +

(∑
i

±E+
i

)2

we can chose a Spinc structure whose determinant line bundle satisfies

(c1(L)+)2 ≥ (c1(M)+)2 ≥ c1(M)2 = c21(M).

We can now apply Theorem A for any of the Spinc structure above and with
respect to the metric g on M

′
. We then construct 2k irreducible solutions

(A,ψ) ∈ L2
1(M

′
, g), where A = C + a with C a fixed smooth connection

on L ⊗ O(−Σ) and a ∈ L2
1(Ω

1
g(M

′
)). By appropriately choosing the Spinc

structure and using Theorem 3.2 we compute

1

32π2

∫
M ′

s2dµg ≥ (c1(L⊗O(−Σ))+)2

≥ (c1(L)+)2 + Σ2 + 2KM · Σ
≥ c21(M) + 2KM · Σ

where in the last inequality we used the fact that Σ has trivial self intersec-
tion. By the adjunction formula we have∫

M ′
s2dµg ≥ c21(M) + 4l(g − 1)

= 2χ(M) + 4l(g − 1),

where k is the number of distinct components of the divisor Σ. By an obvious
modification of Proposition 8.1 one has

χ(M
′
, g) = χ(M) + k + 2l(g − 1)

σ(M
′
, g) = −k

Thus, if we assume g to be Einstein

c21(M) + 4l(g − 1)− k = 2χ(M
′
) + 3σ(M

′
)

=
1

4π2

∫
M ′

2|W+|2 +
s2

24
dµg

≥ 1

96π2

∫
M ′

s2dµg

≥ 1

3
(c21(M) + 4l(g − 1))

so that

2

3
(c21(M) + 4l(g − 1)) ≥ k.
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In other words if

k >
4

3
(χ(Σ) · χ(Σg))

we cannot have a cuspidal Einstein metric on M]kCP 2. The equality case
can also be included and the proof goes as in the compact case. For more
details, see [16]. The proof is then complete. �
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