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Generalized Gevrey ultradistributions

Khaled Benmeriem and Chikh Bouzar

ABSTRACT. We first introduce new algebras of generalized functions
containing Gevrey ultradistributions and then develop a Gevrey microlo-
cal analysis suitable for these algebras. Finally, we give an application
through an extension of the well-known Hoérmander’s theorem on the
wave front of the product of two distributions.
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1. Introduction

The theory of generalized functions initiated by J. F. Colombeau (see
[4] and [5]) in connection with the problem of multiplication of Schwartz
distributions [22], has been developed and applied in nonlinear and linear
problems, [5], [19] and [18]. The recent book [9] gives further developments
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and applications of such generalized functions. Some methods of construct-
ing algebras of generalized functions of Colombeau type are given in [1], [9]
and [17].

Ultradistributions, important in theoretical as well applied fields (see [15],
[16] and [21]), are natural generalizations of Schwartz distributions, and
the problem of multiplication of ultradistributions is still posed. So, it is
natural to search for algebras of generalized functions containing spaces of
ultradistributions, to study and to apply them. This is the purpose of this
paper.

First, we introduce new differential algebras of generalized Gevrey ultra-
distributions G7 () defined on an open set Q2 of R as the quotient algebra

_ &)

gU(Q)_NU(Q) ’

where £7,(€2) is the space of (f:), € C™ (Q)]O’l] satisfying for every compact
subset K of Q, Voo € Z77',3k > 0,3c¢ > 0, Jeg € ]0,1], Ve < ¢,

sup |0% fe (z)] < cexp (kg_ﬁ) 7
zeK

and N7(Q) is the space of (f-). € C°(Q)1%U satisfying for every compact
subset K of Q,Va € ZT',Vk > 0,3c > 0, 3o € ]0,1], Ve < &,

sup |0% fe (z)] < cexp (—ks_ﬁ) .
reK

The functor Q@ — G7 () being a sheaf of differential algebras on R™, we
show that G7(€2) contains the space of Gevrey ultradistributions of order
(30 — 1), and the following diagram of embeddings is commutative:

E7(Q) g°(Q)
I
Dgo—l (Q)

We then develop a Gevrey microlocal analysis adapted to these algebras
in the spirit of [12], [21] and [18]. The starting point of the Gevrey microlocal
analysis in the framework of the algebra G7(2) consists first in introducing
the algebra of regular generalized Gevrey ultradistributions GZ°°(£2) and
then proving the following fundamental result:

G (Q) N DYy, (Q) = E°(Q).

The functor Q@ — G7°°(€) is a subsheaf of G7. This permits us to define
the generalized Gevrey singular support and then, with the help of the
Fourier transform, the generalized Gevrey wave front of f € G7(2), denoted
WY (f), and further to give its main properties, as WF7 (1)) = WF (T),
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it T e D5, 1(2)NGo(2), and
WEJ (P (x, D) f) CcWE](f) Vfeg?(Q),
if P(z,D)= > aq(z)D" is a partial differential operator with G7 (2)

laj<m

coefficients.

Let us note that in [3], the authors introduced a general well adapted local
and microlocal ultraregular analysis within the Colombeau algebra G(€2).

Finally, we give an application of the introduced generalized Gevrey mi-
crolocal analysis. The product of two generalized Gevrey ultradistributions
always exists, but there is no final description of the generalized wave front
of this product. Such a problem is also still posed in the Colombeau algebra.
In [13], the well-known result of Héormander on the wave front of the product
of two distributions has been extended to the case of two Colombeau gener-
alized functions. We show this result in the case of two generalized Gevrey
ultradistributions, namely we obtain the following result: let f,g € G7(Q),
satisfying Vz € Q, (2,0) ¢ WE7 (f) + WFY (g), then

WES (f9) € (WE (f)+ WES (9) UWE (f)UWF (g).

2. Generalized Gevrey ultradistributions

To define the algebra of generalized Gevrey ultradistributions, we first
introduce the algebra of moderate elements and its ideal of null elements
depending on the Gevrey order o > 1. The set €2 is a nonvoid subset of R™.

Definition 1. The space of moderate elements, denoted £7,(2), is the space
of (f:). € C>®(Q)101] satisfying for every compact subset K of Q, Vo €
27,3k > 0, 3¢ > 0,3¢9 € ]0,1], Ve < o,

(2.1) sup |0 f- (z)| < cexp (ks_Tl—l) .
zeK
The space of null elements, denoted N7 (£2), is the space of
(fo). € C=(Q)1Y
satisfying for every compact subset K of },Va € Z'',Vk > 0,dc > 0, Jeg €
10, 1], Ve < e,

(2.2) sup |0 f- (z)| < cexp (—ks_ﬁ) .
reK
The main properties of the spaces £7 (2) and N7(2) are given in the
following proposition.

Proposition 1. (1) The space of moderate elements E7, (2) is an algebra
stable under derivation.
(2) The space N°(Q) is an ideal of £2,(2).
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Proof. (1) Let (f:).,(g:). € £5,(2) and K be a compact subset of {2. Then
V3 e ZT, dk1 =k (ﬁ) >0,dc1 = (ﬁ) > 0, 3615 S ]0, 1], Ve < €183

(2.3) sup ‘8ﬁfe (m)‘ < c1 exp (k;lg_Tla) 7

zeK
V3 € 27, ke = ko (B) > 0,3ca = 3 (B) > 0,3e95 €]0,1],Ve < 95,
(2.4) sup ‘aﬁge (x)( < ey exp (k@g—ﬁ) .

zeK

Let o € Z'. Then

07 (.0) |<Z< )| s o @]

For
kE=max{ks (B): 0 < a}+max{ke (8): 0 < a},
e < min {e19,24;|8| < |af}

and x € K, we have
exp (—kf-:_ﬁ) 0% (fege) ( |_ ( )eXp —kye” 2= 1) ‘8“ Ofe (@ )(
( koe o~ 1) ‘8%5(35)‘

gﬁgo(ﬂ)cl (= B)ea (8) = e(a),

e, (fege). € £5,(2). It is clear, from (2.3) that for every compact subset
K of Q, V3 e 7, k1 =k (B+1) >0,3cr =1 (B+1) > 0,de15 € 10, 1]
such that Vo € K,Ve < 1,

‘8ﬁ (0fc) (az)‘ < cjexp (kzls_Tl—l) ,
e, (91.). € £5(9).
(2) If (g¢). € N7(2), for every compact subset K of Q, V3 € Z7,Vky >
07 EIC2 = C2 (ﬁa k2) > 07 3625 € ]07 1]>
|0%ge ()| < ez exp (—k:gs_Tl—l) Vo € K, Ve < e9g.

Let o € Z and k > 0. Then
1 o
exp (ke 21 )07 (fog2) (@)

< exp (kzs_Tl*l) Za: <g> ‘8a_ﬁfa (m)‘ ‘8ﬁ95 (m)‘ :

B=0
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Let ky = max {k1 (#);8 < a} + k and ¢ < min {e13,e93; 3 < a}, then Vx €
K,

exp (ks_m) 0% (fege) (z)] < 62::0 (ﬁ) [exp <_k1€_m)

X exp <k25_ﬁ> ‘8ﬁg5 (m)H

01 (@)

< “Vew (= B8) ea (B, ka) = ¢ (a, k),

which shows that (f.g:). € N7(Q) O

Remark 1. The algebra of moderate elements &7, (§2) is not necessary sta-
ble under o-ultradifferentiable operators, because the constant ¢ in (2.1)
depends on .

According to the topological construction of Colombeau type algebras of
generalized functions, we introduce the desired algebras.

Definition 2. The algebra of generalized Gevrey ultradistributions of order
o > 1, denoted G7(2), is the quotient algebra

_ &)
- N(Q)

A comparison of the structure of our algebras G7(€2) and the Colombeau
algebra G(2) is given in the following remark.

G7(Q)

Remark 2. The Colombeau algebra G(f2) := %”(%2)), where &,,(Q2) is the

space of (f.). € C=(Q)% satisfying for every compact subset K of ©,
Vo€ 27,3k > 0,3c > 0, Jeg € ]0, 1], Ve < ¢,

sup [0° f. (z)| < e,
reK

and N () is the space of (f.). € C™ ()01 satisfying for every compact
subset K of Q,Va € ZT',Vk > 0,3c > 0, 3o € ]0,1],Ve < &,

sup |0%f. (z)] < ce*.
zeK
Due to the inequality
1
exp <—€_20—1) <eg, Ve €]0,1],

we have the strict inclusions N7 () C N7(Q) C N (Q) C ER(Q) CET(Q) C
E2(Q2), with o < 7.

We have the null characterization of the ideal N7 (2).



42 KHALED BENMERIEM AND CHIKH BOUZAR

Proposition 2. Let (uc), € £3,(R), then (uc), € N7 () if and only if for
every compact subset K of Q, Vk > 0,3c > 0, Jg¢ € ]0,1], Ve < o,

(2.5) sup | f= (z)| < cexp <_k5—ﬁ) ,
zeK

Proof. Let (u.). € &7,(Q) satisfy (2.5). We will show that (djuc), also
satisfy (2.5) when ¢ = 1,...,m, and then it will follow by induction that
(ue), € N7(Q).

Suppose that u. has real values. In the complex case we do the calculus
separately for the real and imaginary part of u.. Let K be a compact subset
of Q. For § = min (1,dist (K,09)), set L = K + B (0, %) Then

KccLccq.

By the moderateness of (ue)., we have 3k; > 0,3¢; > 0, Je; €]0,1],Ve < gy
(2.6) sup |8i2ue ()| < crexp (klz—:_Tl—l> .
reL
By the assumption (2.5), Vk > 0,3ce > 0, Jeg € ]0,1],Ve < &9
(2.7) sup |ue ()| < eg exp (— (2k + k) E_Tl—l) .
xeLl

N[>

Let x € K, e sufficiently small and r = exp (— (k + kl)s_ﬁ) <
Taylor’s formula, we have

e () = (ue (z + re;) —ue(2)) %que (

By

x + Ore;) r,

t

where ¢; is it vector of the canonical base of R™, hence (z + fre;) € L, and

then
1
105ue ()] < Jue (x + re;) — ue ()| 771 + 3 ‘@zuﬁ (z + Ore;)| r.

From (2.6) and (2.7): |uc (z +7re;) —ue (2)| 771 < caexp <_k5_T171) and
|02uc (x + Ore;)| 7 < c1exp (—kg_ﬁ)’ S0

|0jue (z)| < cexp (—kg‘ﬁ) 7
which gives the proof. -

Proposition 3. If P is a polynomial function and f = cl(f.). € G7(Q),
then P (f) = (P (fz)). + N7(Q) is a well-defined element of G7 ().

Proof. Let (f.). € £5,(Q), P(§) = > an&” and K be a compact subset
la]<m

of Q. Then we have Voo € Z', 3k = k (o) > 0, 3¢ = c¢(a) > 0,39 = € (a) €

]07 1] , Ve < e,

(2.8) sup 0% fe (z)| < cexp (ks_Tl—l) ,
zeK
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Let 8 € Z!, so
07P (1) @) < 3 laal [0°12 (@)
laj<m
By the Leibniz formula and (2.8), we obtain
Na,
‘5ﬁP (f:) (33)‘ < Z Cay (exp (kaﬁg_Tlfl)) e ’
laj<m
<6

where ¢, > 0 and n,, € Z. Hence
‘aﬂP (fe) (m)‘ < cexp (k‘z—:_ﬁ) .
One can easily cheek that if (f;). € N7(), then (P (f.)). € N7(Q). O

The space of functions slowly increasing, denoted Ops (K™), is the space
of C*°-functions all derivatives growing at most like some power of |z, as
|z| — 400, where K™ ~ R™ or R?™,

Corollary 4. If v € Oy (K™) and f = (f1, fo,---, fm) € G7(Q)™, then
vo fi:=(vo fo). + N9(Q) is a well-defined element of G7(£2).

3. Generalized point values

The ring of Gevrey generalized complex numbers, denoted C?, is defined
by the quotient

o_ &0
¢ =

where
& = {(ag)8 e %3k > 0,3¢ > 0,3 € 10, 1], such that
Ve < e, |ac| < cexp (ks_ﬁ”
and
0= {(as)g e Cl%U: vk > 0,3¢ > 0,3e9 €]0,1], such that
Ve < e, |ae| < cexp (—ks_Tlfl) }

It is not difficult to see that £ is an algebra and N is an ideal of £J. The
ring C? motivates the following, easy to prove, result.

Proposition 5. If u € G7(Q2) and x € Q, then the element u(x) represented
by (ue(x)), is an element of C? independent of the representative (u.). of u.



44 KHALED BENMERIEM AND CHIKH BOUZAR

A generalized Gevrey ultradistribution is not defined by its point values.
We give here an example of a generalized Gevrey ultradistribution f =
[(fo).] € N7 (R), but [(fz (z)).] € N for every x € R. Let ¢ € D (R) such
that ¢ (0) # 0. For € € )0, 1], define

fe(x) = zexp (—E_Tl—l) © (E) , T €ER.
5
It is clear that (f.). € &7, (R). Let K be a compact neighborhood of 0, then
1
sup /()| > | (0)] = exp (~~77 ) [ (0)],

which shows that (f:). ¢ N7 (R). For any x¢ € R, there exists £ such that
¢ (%) =0,Ve < e, ie., f(x0) € NG
In order to give a solution to this situation, set

(3.1) Q9=
{(':UE)E e Q%1 3k > 0,3¢ > 0,3e9 > 0,Ve < o, |2ze| < Ceka*ﬁ } ‘
Define in €2, the equivalence relation ~ by
(32) =z~
= Vk>0,3¢> 0,39 > 0,Ve <o, |z —ye| < o—ke TT

Definition 3. The set 27 = 9,/ ~ is called the set of generalized Gevrey
points. The set of compactly supported Gevrey points is defined by

(3.3) Q7 =

{i = [(we),.] € Q7 : 3K a compact set of 2, Jeg > 0,Ve < g,z € K} .
Remark 3. It is easy to see that the Qg—property does not depend on the
choice of the representative.

Proposition 6. Let f € G7(Q) and T = [(z.),] € QF, then the generalized
Gevrey point value of f at z, i.e.,

[ (@) = [(f (ze)).]

18 a well-defined element of the algebra of generalized Gevrey complex num-
bers C°.

Proof. Let f € G7(Q2) and = = [(x.),.] € Q9 there exists a compact subset
K of  such that z, € K for € small, then 3k > 0,dc > 0,3eg > 0,Ve < gg,

|fe ()| < sup |fe (z)| < cexp (ks_Tlfl) )
zeK

Therefore (f- (z.)). € £, and it is clear that if f € N7(Q), then (f: (z.)), €
N§, ie., f(Z) does not depend on the choice of the representative (f;)

e
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Let now = = [(z.).] ~ ¥ = [(y¢).], then Vk > 0,3¢ > 0,3eg > 0,Ve < g,
|xe — ye| < cexp (—ks_ﬁ) .
Since (f:). € £7(Q2), so for every compact subset K of Q, Vj € {1,m},3k; >
0,dcj > 0,3e; > 0,Ve < ¢y,

K
81‘]'

sup
zeK

e (2)

1
< cjexp (kjs_ 2071) .
We have

> [
|fe (z2) = fe (ye)| < [2e — vel dt,
j=17"

<a%f> (e +t (3 — 2))

and z. + t (y. — x<) remains within some compact subset K of € for e < &'.

Let k' > 0, then for k + k' = supk; and ¢ < min (¢/,e0,¢;5 : 4= 1,m), we
J

have

‘fa (‘Ts) — fe (yg)‘ < cexp (—kj,g_Tl—l> ,
which gives (fe (z:) — fe (y:-:))g € N(‘)T- 0

The characterization of nullity of f € G7(Q2) is given by the following
theorem.

Theorem 7. Let f € G7 (). Then
F=0inG%(Q) < f(T)=0inC° for all T € Q°.

Proof. It is easy to see that if f € N (Q), then f (%) € N7,VZ € QJ.
Suppose that f # 0 in G7(Q). Then by the characterization of N7 () we
have, there exists a compact subset K of 2,3k > 0,Ve > 0,Veg > 0, de < gg,

1
sup ‘fa (m)\ > cexp (—kg_—20—1> )
K
So there exists a sequence e, \, 0 and zy, € K such that Vm € Z,

(3.4) forn ()] > xp (—m) |

For € > 0 we set z. = 2, when e,41 < e < &y,. We have (z.). € Qf, with

values in K, so = = [(z.),.] € Q7 and (3.4) means that (f- (x)). € N, ie.,
F(@) #£0inCo. 0

4. Embedding of Gevrey ultradistributions with
compact support

We recall some definitions and results on Gevrey ultradistributions (see
[15], [16] or [21]).
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Definition 4. A function f € E7(Q), if f € C°°(Q2) and for every compact
subset K of 2, e > 0,Va € ZT,

sup 0% f (z)] < 1 ()7
zeK

Obviously we have EY(Q) € E7(Q) if 1 <t < 0. It is well-known that
EL1(Q) = A(Q) is the space of all real analytic functions in Q. Denote by
D?(Q) the space E7(2) N C°(€2). Then D7(Q2) is nontrivial if and only if
o > 1. The topological dual of D7(2), denoted D/ (), is called the space
of Gevrey ultradistributions of order o. The space E! () is the topological
dual of E7(Q2) and is identified with the space of Gevrey ultradistributions
with compact support.

Definition 5. A differential operator of infinite order
P(D)= Y a,D?
VGZT

is called a o-ultradifferential operator, if for every h > 0 there exist ¢ > 0
such that Vy € Z",

(1) o) <
. ay| < 7 -
BCl
The importance of o-ultradifferential operators lies in the following result.

Proposition 8. Let T € E/ (), 0 > 1 and suppT C K. Then there exist
a o-ultradifferential operator

P(D)= ) a,D7,
VEZT
M >0 and continuous functions f, € Co (K) such that
sup [ fy (z)] < M,

veZZﬂmGKT
— Y
T = E a,D7f,.
VEZT

The space S@(R™), o > 1 (see [10]) is the space of functions ¢ €
C*° (R™) such that Vb > 0, we have

|$|\ﬁ|
42 lelhe= e [ i 0% @)l de < oo
+

a,

Lemma 9. There exists ¢ € S (R™) satisfying

/(;S(ac) dr =1 and /xo‘gb (x)dr =0, VaeZT\{0}.



GENERALIZED GEVREY ULTRADISTRIBUTIONS 47

Proof. For an example of function ¢ € S@) satisfying these conditions,
take the Fourier transform of a function of the class D@ (R™) equal 1
in a neighborhood of the origin. Here D) (R™) denotes the projective
Gevrey space of order o, i.e., D (R™) = E@) (R™) N C§° (R™), where
f e E@ (R™), if f € C™ (R™) and for every compact subset K of R™,Vb >
0,3c > 0,Va € ZT7,

sup |0°f (z)] < eblel (al)7. O
zeK

Definition 6. The net ¢. = ¢ ¢ (./e),e € ]0,1], where ¢ satisfies the
conditions of Lemma 9, is called a net of mollifiers.

The space E7(2) is embedded into G7(£2) by the standard canonical in-
jection

(4.3) I:E7(Q) — G°(Q)
fr—=1lfl=cl(fe),

where f. = f, Ve €]0,1].
The following proposition gives the natural embedding of Gevrey ultra-
distributions into G7 ().

Theorem 10. The map
(4.4) Jo: By, () — G7(Q)

T [T] = d ((T * ¢€)/Q)E
18 an embedding.

Proof. Let T' € E}_ () with suppT C K. Then there exists an (30 — 1)-

ultradifferential operator P (D) = > a,D" and continuous functions f,
VEZT
with supp f, C K,Vy € Z7', and  sup |f, (x)| < M, such that
NELT 2K
T=> a,Df,.
VGZT
We have

_hl
o6 @)= Y a0 [h ) Do) dy

NEZT
Let o € Z'. Then
0 (T2 £ 3 @y [ 1y o e (D746 () .
NEZT
From (4.1) and the inequality
(4.5) (B4 a)lt < 2F+alattprt v > 1,
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we have, Vh > 0,dc > 0, such that
N phl 1 o
0 (T 0 (2))| € 3 ey [ U ot 2l D770 ()] dy

’yEZT

9Bo-Dly+alphl 1

< 1301 v+l
< Z co AT T ohta b

D7 (y)]
bhtel (v + a)lo

x/|f~,<a:+e-:y>|

Then for h > %,

1 (23"bh)‘7+0“ 1
o el
e 107 (T 6. )] < 9], Mcwezzm2 Rerr=pern
+
< cexp (kls_Tl—l> ,
i.e.,
(16) 07 (T % 6x (2))] < (o) exp (a7

1
where k; = (20 — 1) (2°7bh) 2 7.
Suppose that (T * ¢.). € N7(Q2). Then for every compact subset L of €,
de > 0, Vk > 0, 359 €]0, 1],

(4.7) IT % ¢ (z)] < cexp (—ke—ﬁ) . Va e LVe < e
Let y € D3*71(Q) and x = 1 in a neighborhood of K. Then Vi) € E37~1 (Q),
(T0) = (L) =ty [ (T %62) (@) x (@) () do
Consequently, from (4.7), we obtain
[ @ i@

which gives (T',¢) = 0. O
Remark 4. We have ¢ (a) = a!37~! 9y, Mc in (4.6).

1
< cexp (—ks_%—l) , Ve <egp,

In order to show the commutativity of the following diagram of embed-
dings
D7(€) ——G7 ()

S

Eéo—l (Q)7

we have to prove the following fundamental result.
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Proposition 11. Let f € D?(2) and (¢.). be a net of mollifiers. Then
(F = x02)) €N ().
Proof. Let f € D7(Q). Then there exists a constant ¢ > 0, such that

0°F (2)] < 7 Va e 2V € Q.

Let o € Z''. Taylor’s formula and the properties of ¢. give

oo -nw =X [ 0" 05 (€) 6 (1) .
|8|=N
where z < £ < z 4 ey. Consequently, for b > (0, we have
0% (f % de = (@) < Y /' 07 £ ()]l W)l dy
|8|=N
< al’eN Z 1201901 +ﬁb|ﬁ/| a—l—ﬁ""
|8|=N
‘y‘\ﬁ\
< i 19 W)y

Let £ >0 and T > 0. Then
|80¢ (f * ¢E - f) (.’E)| < al? (EN20—1)N (k20'—1T)

ola+p8| (1.20—1 5] ‘aOH_ﬁf (£)|
X IﬁZN/z (k*~1oT) NeTei

18]
b“?ﬂﬁ.a 9 ()| dy

< al’ (EN20 l)N (k20'—1T)

(07 g g— ﬁ
x clllly, (2701 3 (272 1eT) P o,
|Bl=N

hence, taking 27?7~ 1bTc < -, with a > 1, we obtain
(45) 157 + 6 ) ()] < o (N2o1) (717

18]
% cllél, @) a N 3 < )

1B]=N
< 6l et (N2 (274r) N,

-N

-N

—N

1

Let g9 € ]0,1] such that ;7 '8¢ < 1 and take 7' > 2%°~1. Then

1
(Tm - 1) >1> %sm,%? < 0.
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In particular, we have

lna€2171 _1T2171 lna€2171 _1>1
k k ’

Then, there exists N = N (g) € Z", such that
lna52 171 - < N < lna52 171 - T27171
k k ’

(4.9) | < l%agﬁiw < T

ie.,

which gives

1 N2o-1 1 20—-1
CL_N S exp (—kE 2‘71_1) and E];}QUTT S <m> < 1,

if we choose Ina > 1. Finally, from (4.8), we have

(4.10) 0% (f % 6 = f) (@)] < coxp (—ke 7)),

ie, fxd.— f e N7(Q). O
From the proof (see (4.8)) we obtained in fact the following result.

Corollary 12. Let f € D?(Q2). Then for every compact subset K of Q,Vk >

0,3¢ > 0,30 € ]0,1] ,Va € ZT, Ve < o,

(4.11) sup [0° (f « 6. — f) ()] < dFal exp (ke 7 7).
zeK
5. Sheaf properties of G”

Let € be an open subset of Q and let f = (f.). + N7(Q) € G7(Q2), the
restriction of f to @', denoted f/qy, is defined as

(ferr) + N7 (@) € 67 ().
Theorem 13. The functor Q — G (Q) is a sheaf of differential algebras on
R™,

Proof. Let © be a nonvoid open of R™ and (£2)),c, be an open covering
of 2. We have to show the properties

(S1) If f,g € G7(Q2) such that f/o, = g/q,,VA € A, then f =g.
(S2) If for each X € A, we have fy € G7 (), such that

f)\/QAmQM = fM/QAmQu for all A\, u € A with Q\ N QM # ¢,
then there exists a unique f € G7 () with f/q, = f\, VA € A.
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To show (S1), take K a compact subset of 2. Then there exist compact
sets K1, Ko, ..., K,, and indices A1, Ao, ..., A\, € A such that

m
Kcl|JKi and K;cQ,,
i=1
where (f: — g). satisfies the N7-estimate on each K;. Then it satisfies the
N-estimate on K which means (f: — g-). € N7(Q).
To show (S2), let (Xj)(;il be a C*°-partition of unity subordinate to the
covering (£2)),cp- Set

f=(f)e + N7(Q),
where fo = > x;fre and ( f>\].€)E is a representative of fy,. Moreover, we
=1

set fi,e =0 on Q\QA]., so that x;fx;e is € on all of 2. First let K be a
compact subset of . Then K; = K Nsuppx; is a compact subset of {2y,

and (f>\ 5) (QA ) Then (Xij]-e) satisfies &7 -estimate on each Kj,
and x; () = 0 on K except for a finite number of j, i.e., 3N > 0, such that

ngfu ngfxg , VreK.

So (3 xjfxse) satisfies £ -estimates on K, which means (f;). € £7,(€). It

remains to show that f,o, = f),VA € A. Let K be a compact subset of {2y,
N

choose N > 0 in such a way that > x; () = 1 on a neighborhood Q' of K
j=1

with €’ compact in Q. For = € K,

fe (@) = Pe (@ ng (Fye (2) = frc (2)) -

Since (j}\].E — fAe) e N°? (QA]. ﬂQA) and K; = K Nsuppy; is a compact
N

subset of 2N Qy,, then | > x; (f,\j6 — f,\e) satisfies the N7-estimate on
j=1

K. The uniqueness of such f € G (€2) follows from (S1).

Now it is legitimate to introduce the support of f € G7(Q2) as in the
classical case.

Definition 7. The support of f € G7(2), denoted suppy f, is the comple-
ment of the largest open set U such that f,; = 0.

As in [9], we construct the embedding of D _;(£2) into G7(£2) using the
sheaf properties of G7. First, choose some covering (£2)),, of € such that

each 0, is a compact subset of 2. Let (1))),c, be a family of elements of
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D?(Q2) ¢ D3 ~1(Q) with ¢, = 1 in some neighborhood of 2. For each A
we define

Iyt D3y (Q) — G7 (Qn)
T [T]y = (3T * 62) 1, )

-

One can easily show that ((z/;)\T* ¢E)/Q>\) € &7 (2)) (see the proof of
€

Theorem 10) and that the family (J) (T))yc, is coherent, i.e.,

J)\ (T)/QAOQH - Ju (T)/Q)\OQM ,V)\, 'LI/ € A

Then if (Xj);il is a smooth partition of unity subordinate to (£2)),.,, the
preceding theorem allows the embedding

(5.1) Jo : D3y 1(92) — G7()

T [T]=cl | > x; (va,T *¢c)

j=1

We can also embed directly D5, () into G7(€2) (see [6] for the case
D'(Q) and G(Q)). Indeed, let ¢ € D7 (B(0,2)), 0 < ¢ < 1,90 =1 on
B (0,1) and take ¢ € S, define the function p. by

(5.2) e (2) = (1>m¢ (£)o(apme).

It is easy to prove that, dc > 0, such that Vo € Z7,

sup |0%p. (z)| < delFlarog—m=lal,
TE€R™

Define the injective map
(5.3) J: Dy, 1 () — G7(Q)
T— [T =cl((T*p:).)-

Proposition 14. The map J coincides on Ef,_ () with Jy.

Proof. We have to show that for T € E5,_; (), the net (T  (p: — ¢:)), €
N7 (Q). For z|lne| < 1, we have 0% (p. — ¢.) () = 0, Yo € ZT'. For
x|lne| > 1, we have

0 (p- = 62) (x) = 1076 (2) (o (¢ <) = 1)

S —|8] la=Bl 584 (L) ga—8
T |6z—:1€ ne| a¢(€)a o (z[Ing]).
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Then, ¢ > 0,Vb > 0,Vy € ZT7,
|8a (pe - (be) ($)|
e\l o
< b\’y\+|a|+1€—m—|a|a!a,y!a <_> 4™ Z C|a—ﬁ\+1b|“f|+\ﬁ\+1
||

|8]=1

e\l
x e 1Pl ell*=Al g17 (o — B)17417 <—>

]

(03
< ek cmm—lol 717 (¢ ey 4 e 3 18T sl
18]=1
x e 1P Inell*=A 817 (o — B)17417 (e Ine] ).

So, de > 0,Vb > 0,V € ZT7,
(5'4) ‘804 (pa _ ¢5) (.T)‘ < b\2ﬂ/|+\a\+lc\2~/+a|+1€|2fy\—|a\—m |ln€‘\2’y| al® (2,}/)!0.
As e €]0,1], we have |In¢|® <!, then Vy € Z7,
|ln.€|‘27‘ <eg Ml
then (5.4) gives 3¢ > 0,Vb > 0,V € Z",
- < plltHlal+1 2y+al+1 10 19 lvl=lal-m
0% (pe — &) ()| < b c al? (29)%e )
Since
(29)17 < 2711120,
then for N = |v|, we obtain
fe’ o 2N+|a|+1 2N+|a|+192No 1o AT120 ~N—|a|—m
€ € = . .
0% (p= — ¢2) (x)] < b ¢ 277l NI e
< 2—N (22U+1b2c2)NN!2U€N « (bc)\aH-l a!06—|a\—m
< clh|a\+1a!0€—\a|—m exp (_ (220+1b2c2)_i E—%) 7
where ¢ = ¢b > 27" and h = cb. Then for any k take b > 0 and ¢

n>0
sufficiently small such that

el exp (— (22”+1b202)_% s_i) < exp (—ks_ﬁ) .
Then we have Vk > 0,3h > 0,3eg € |0, 1] such that Ve < &,

(5.5) 0% (pe — ¢2) ()]
< bl a7 exp (—ke_%) < 7 exp (—ks_ﬁ) .
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As Ef () C EL(Q2), 3L a compact subset of € such that Yh > 0,3c > 0,
and

hlal
KT (y),(pe —¢:) (x —y))| <c sup —
a€Z yel Q.

|a; (pe — ¢<) (x — y)‘ :
So for x € K, y € L and by (5.5), we obtain

|(T % (pe — @) (x)| < cexp <—k5_ﬁ) 7
which proves that (T * (p. — ¢.)), € N(Q). -

The sheaf properties of G and the proof of Proposition 14 show that the
embedding J, coincides with the embedding J. Summing up, we have the
following commutative diagram

E7(Q) —=G7 (Q).

|

Dgo—l (Q)

Definition 8. The space of elements of G (2) with compact support is
denoted G&(€2).

As in the case of Colombeau generalized functions, it is not difficult to
prove the following result.

Proposition 15. The space G&(S2) is the space of elements f of G (Q)
satisfying: there exists a representative (fa)se}o,l] and a compact subset K

of Q such that supp f. C K, Ve €]0,1].

6. Equalities in G7(2)

In G7(£2), we have the strong equality, denoted =, between two elements
f=1(f:).) and g = [(g-).], which means that

(fe — g:). € N7(Q).
One can easily check that if K is a compact subset of  and f = [(f:).] €
G7 (), then ( [y f- (2) dw)edeﬁnes an element of C°.

We define the equality in the sense of ultradistributions, denoted ftv, where
t € |o,30 — 1], by

o= ([@-a@e@i) eaf voe Do),

€
and we say that f equals g in the sense of ultradistributions.
We say that f = [(f:).] is associated to g = [(g:).], denoted f =~ g, if

lim [ (f: = gc) (z) ¢ (x)de =0, vy € D7 1(Q).

e—0
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In particular, we say that f = [(f:).] € G7 (Q) is associated to the Gevrey
ultradistribution 7' € Ef_,(2), denoted f ~ T, if

lim / fe ()0 (z)dx = (T,4), Vo € D¥1Q).

The main relationship between these inequalities is given by the following
results. The proof is left to the reader.

Proposition 16. Let f,g € G°(), T € E5,_1(Q), and t € [0,30 — 1].

Then:
(1) f
(2) T

g=flg=flg=f~y
0ing°(Q) = T=0inE,_, ().

7. Regular generalized Gevrey ultradistributions

To develop a local and a microlocal analysis with respect to a “good
space of regular elements” one needs first to define these regular elements,
the notion of singular support and its microlocalization with respect to the
class of regular elements.

Definition 9. The space of regular elements, denoted &7,°°(12), is the space

of (fz). € (€ (€)%Y satisfying, for every compact subset K of Q, 3k > 0,
Je > 0,30 €]0,1] ,Ya € ZT7, Ve < ¢,

1
sup ‘8afa (x)| < c|°“+1a!" exp (kg_ 2071> .
zeK

Proposition 17. (1) The space £7°° (Q) is an algebra stable under the
action of o-ultradifferential operators.
(2) The space N7 (Q) := N7(Q) N ERT(Q) is an ideal of E57° ().

Proof. (1) Let (f.).,(g:). € Em°(Q) and K be a compact subset of Q.
Then Jk; > 0,3c; > 0,31 € ]0,1] such that Vo € K,Va € Z17,Ve < ¢y,

0% - ()] < 1l exp (ke 7).

We have also Jko > 0,3co > 0,3ey € ]0,1] such that Vz € K,Va €
77 \Ve < g9,

109 ()] < a1 exp (kas—ﬁ) :
Let o € Z'. Then

@< (5)

B=0

Pt ()

(5—}0 9ge (x)‘-
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Let ¢ < min (e1,e2) and k = ki + k2. Then we have Va € ZT',Vr € K,

exp (ke 7T ) 10" (fg2) (2)

3 ()T g ] P
- 52:) (g) o1 )
<2 (e + &)l

Le., (f).(g:). € En°(Q).
Now let P (D) = > a,D" be a c-ultradifferential operator, then Yh >
0,3b > 0, such that

exp (~ke 7T ) [0 (P (D) . (#))

< exp (i) Y v o o)

o o
ez Y17 ol
1 golatylpl .
< bexp (_k15 2"‘1) Z et 097 f. ()]
VGZT
<b Z 20|a+“/lh\’v\c|1a+“f|7

7€ZT

hence, for 29hc; < %, we have

exp (k1) O%. 0% (P (D) f- (2))] < ¢ (27e),

which shows that (P (D) f.). € En°° ().
(2) The fact that No®°(Q) = N7 (Q) N ERT(Q) C £2() and N9(Q) is
an ideal of £7 () implies that N©°°(Q) is an ideal of £7,°°(Q). O

Now, we define the Gevrey regular elements of G7(€2).

Definition 10. The algebra of regular generalized Gevrey ultradistributions
of order o > 1, denoted G7° (Q2), is the quotient algebra
Em- (9)
Go>e(Q) = .
oyoo(Q)
It is clear that E7(Q2) — G7°°(Q2) and that G7*° is subpresheaf of G7.
Proposition 18. G is a subsheaf of G.

Proof. Let 2 be a nonvoid open subset of R™ and (£2)),., be an open
covering of 2. We have to show the properties:
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(S1) If f,g € G7°°(Q) such that f/o, = g/a,,VA € A, then f = g.
(S2) If for each A € A, we have f\ € GZ> (2,), such that

f)‘/Q)\nQu = fH/QAnQu for all A\, u € A with Q)N QH % ¢,
then there exists a unique f € G2*°(Q) with f/o, = f\, VA € A,

The property (S1) is evident. To show (S2), let (Xj)]o-il be a E7-partition
of unity subordinate to the covering (£2))c,. Define

fi=(fo): + N7=(),

o
where f. = 21 Xj /e and ( f%‘f)e is a representative of f),. Moreover, we

set fi,e =0 on Q\Q,, so that x;fi,c is € on all of Q.

Let K be a compact subset of 2. Then K; = K Nsupp x; is a compact
subset of Q, (f)‘jf)a e &R (Q)\j), and (Xjf)\ja) satisfies &p;° -estimates
on each K;. We have x; (z) = 0 on K except for a finite number of j, i.e.,
dN > 0, such that

ZXJfM ZX]f)\s , VzeK.

o (Z Xi [ E) satisfies &7, -estimates on all K, which means
(fo). € ER(Q).
It remains now to show that f/q, = fi,VA € A. Let K be a compact subset
N
of Qy, choose N > 0 in such a way that ) x;(z) =1 on a neighborhood

j=1
Q' of K with €' a compact subset of ). For z € K,

f ( f)\e ZX] f)\e ) f)\e(m))

Since (fAjE — fAE) € N9 (QAJ. N Q)\) and K; = K Nsuppx; is a compact
N

subset of 2Ny, (Z X (fAjE — fAE) satisfies the A7 and &7, estimates
j=1

on K. The uniqueness of such f € G%°°() follows from (S1). O

The above proposition motivates the following definition.

Definition 11. We define the G%*°-singular support of a generalized Gevrey
ultradistribution f € G7(€2), denoted o-singsupp,, (f), as the complement of
the largest open set €’ such that f € G7> ().

The following result is a Paley—Wiener type characterization of G7°°(2).
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Proposition 19. Let f = cl(f.). € GZ(Y). Then f is reqular if and only
if k1 > 0,3ky > 0,dc > 0,3e1 > 0,Ve < g1, such that

(L) IFE) O] < cexp (s P T ko fel7), vEER™,

where F (fe) denote Fourier transform of fe.

Proof. Suppose that f = cl(f.). € G&(Q2) N G7>(Q). Then Ik; > 0,3¢; >
0,de1 >0, Va € Z'!, Vo € K,Ve < 1, supp f: C K, such that

|0% f| < c|1a‘+10z!” exp (klz—:_Tlfl) .
Consequently we have, Vo € Z'",
€117 () O < | [ o (-i06) 071 ().
Then dc > 0,Ve < e,

€17 (£2) (©) < e exp (ke ).
For a € Z', AN € Z such that

N N
— <lao| < —+1,
o o
SO
¥ 1
|£|? |-7:(f€) (£)| < C‘a|+1 |a||a\0 exp (k‘lg 20—1)
< NFINN exp (kle_Tl—l) '
Hence 3¢ > 0,VN € ZT,
|f(fa) (f)‘ < cN—i-l ‘§|_g Nlexp (kls_ﬁ) ,
which gives
L L 1 _
7@l (5 167 ) <o (=) T2
or
/ 1 1 1
|F(f2) (&) < exp | ke 21 — o GEAR

i.e., we have (7.1).
Suppose now that (7.1) is valid. Then Ve < g,

1 o 1
0°f- @) < crexp (k2 1) [ leexp (<o) e
Due to the inequality tN < Nlexp (t),Vt > 0, then 3z = ¢ (ko) such that

k‘g 1 o
€% exp <—3 |g|a> < celare.
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Then
0% fe (x)| < crexp (/flfi_ﬁ) cfa!”/exp <—% |§‘;> d¢
< o101 exp (klg_qu) 7

where ¢ = max (cl [ exp (—% |§\%) df,@), Le., f € G7®(Q). O

Remark 5. It is easy to see if f = cl(f;). € GZ(Q2), then Jk; > 0,3c >
0,3eg > 0,Vks > 0,Ve < g,

S 1 m
(12)  IF) )] < cexp (e @ T + kg7 ) Ve € R
The algebra G7°°(Q) plays the same role as the Oberguggenberger subal-
gebra of regular elements G*°(Q2) in the Colombeau algebra G(Q2) (see [19]).
Theorem 20. We have
G7(Q) N Dy, (Q) = E7(Q).
Proof. Let S € GZ°(Q) N Dj, (). For any fixed zo € 2 we take ¢ €
D3~ (Q) with ¢ = 1 on neighborhood U of zg. Then T = %S € Ej__,().
Let ¢. be a net of mollifiers with ¢ = ¢ and let xy € D7 () such that y = 1 on
K =suppv. As [T] € GZ*°(Q), k1 > 0,3ky > 0,3c; > 0,31 > 0,Ve < &4,
1 1
[F (O (T * 6c)) (€)] < exelrs 777 Rkl
Thus
[F (X (T ¢¢)) (&) = F (T) (§)]
= |F (X (T ¢e)) (§) = F (XT) (§)]

= [(T @), (x @)+ 6. (@) = (x @) ) )]

As Ef () C EL(Q), 3L a compact subset of  such that Yh > 0,3c > 0,
and

F (T #02)) (©) — F (T) ©)
h (o2 (vl 6 (@) - x 1)) |-

<c sup ——
o
aeZ xel

We have ey € D?(Q). From Corollary 12, Vkz > 0,3cy > 0,3n > 0,Ve <
,

|af

)
sup ?
e ael O

1
_ T 20—1
< cpehee ;

Oy (X (z) T b (z) — x () e—z‘ggc)

so there exists ¢ = ¢’ (k3) > 0, such that

|F(T) (&) = F (x (T % ¢2)) ()] < c/e—kga_Tlfl.
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Let ¢ < min (n,e1). Then

[F(T) O < [F(T) () = F (X (T 62)) ()] + 1F (X (T * b)) ()]

Scle—kgefﬁ +Clek1€7ﬁ—k2|§|%_
I 20—1 k
TakeczmaX(C/,Cl);ff: <711> 7r€]0,k2[and ks = - 1T .
(ka =) [€]7 2

Then 36 > 0,3c > 0 such that

F(T) ()] < ced1El7,

which means T' = ¢S € E?(Q2). As ¢» = 1 on the neighborhood U of z,
S € E? (U). Consequently S € E? (), which proves

Go®(Q)N DL, () C E7(Q).

We have E7(Q) C E3°~1(Q) C D}, () and E°(Q) C G7*(Q), so
E°(Q) C G7"°(Q) N DS, ().

Consequently we have

G () N D, 4 (Q) = E7 (Q). O

8. Generalized Gevrey wave front

The aim of this section is to introduce the generalized Gevrey wave front
of a generalized Gevrey ultradistribution and to give its main properties.

Definition 12. We define 37 (f) € R™\ {0}, f € G&(9), as the comple-
ment of the set of points having a conic neighborhood I' such that 3k; >
0,3ky > 0,3c > 0,30 € ]0,1],VE € T, Ve < g,

(8.1) F () ()] < cexp (ke 7T~k [¢]7)

The following essential properties of Zg (f) are sufficient to define later
the generalized Gevrey wave front of generalized Gevrey ultradistributions.

Proposition 21. For every f € G& (Q2), we have:

(1) The set 327 (f) is a closed come.

(2) 225 (f) =0+ fegme(Q).

(3) 2og (f) € 220 (), Vv € E7(Q).
Proof. One can easily, from the definition and Proposition 19, prove the
assertions (1) and (2).

Let us suppose that & ¢ Zg (f), then 3" a conic neighborhood of
&0, k1 > 0,3ko > 0,dc; > 0,deq € ]0, 1], VE el Ve <eq,

(8:2) F () (©)] < cvexp (kue 71 — kalé]7 ).
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Let x € D?(Q2), x = 1 on neighborhood of supp f, so x1» € D?(£2), hence
dks > 0,dcy > 0,V€ € R™,

(8.3) F ) (©)] < coexp (ks €]7) -

Let A be a conic neighborhood of &y such that A € T'. We have, for a fixed
£ €A,

/f () (m) F ) (€ — ) diy

+ [ FUIF ) € =) dn
where
A={nermle—nl> <o (gl +nl-)},
B={ner™lc—nls >3 (Il +nl)}.
4

We choose § sufficiently small that A C ' and
Then for ¢ < g4,

(8.4) ‘ |7 mF e - dn‘

5 < Inl <27¢],vn € A.

1
< ¢ exp <k1€ 27— 1——|§\ >‘/ exp (—k3|{ —nl|° )dﬁ‘

< cexp <k15_2°11 -5 |£|5> .

As f € gg«(ﬂ), from (7.2), Jes > 0,3p1 > 0,3eg € ]0, 1],V/L2 > 0,V¢€ €
R™ Ve < €9, such that

F () O] < caexp (e @7 + pzle])

hence, for ¢ < min (e1,3), we have

/ F(£2) () F () (€ — ) dn‘

__1 1 1
< coc3 €xp (ule 20*) / exp (ug Inle —k3|&— 77\“) dn
B
1 1 1 1
< cexp <N15 20—1> / exp (Nz Inle — ksd (Ifl“ + \W)) dn
B

Then, taking po < ksd, we obtain

/ F(fo) () F (x) (€ —n) d??' < cexp (MN—Z—TI* - k35|€|%) .
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Consequently, (8.4) and (8.5) give o & > 7 (¢ f). O

Definition 13. Let f € G7(2) and xp € Q. The cone of o-singular direc-
tions of f at xo, denoted > 7, (f), is

®6) Y ()
= {ZZ (¢f): ¢ € D? () and ¢ =1 on a neighborhood of xo} .
Lemma 22. Let f € G7 (1), then
Z;wo (f) =0 <= =g ¢ o-singsupp, (f).

Proof. Let ¢ ¢ o-singsupp,, (f), i.e., 3U C Q an open neighborhood of xq
such that f € G»°° (U). Let ¢ € D?(U) such that ¢ = 1 on a neighborhood
of zg. Then ¢f € G7*°(Q2). Hence, from Proposition 21, Y27 (¢f) = 0, i.e.,
7. () =

Suppose now >°7 (f) = 0. Let r > 0 such that B (zo,2r) C 2 and let
1 € D7 (B (x9,2r))such that 0 <v¢ < land+ =1on B (zg,r). Let ¢; () =
¥ (37(z — 20) + ). Then it is clear that supp (¢;) C B (o, :2,;) C Q and
Yj=1on B (mo, 3%) We have V¢ € D7 () with ¢ = 1 on a neighborhood
U of xg, 3j € Z" such that supp (¢);) C U, then v;f. = ¥;j¢f. and from

Proposition 21, we have
> W) Sy (6,

which gives
(8.7) N (X wn) =o.
JEZT

We have ¢; = 1 on supp (¥;+1), then 3°7 (¥j11f) C 327 (1 f), so from
(8.7), there exists n € Z* sufficiently large such that (¢, f) € G7 (),
then f € G (B (a;o, 3%)), which means. z¢ ¢ o-singsupp,, (f). O

Now, we are ready to give the definition of the generalized Gevrey wave
front.

Definition 14. A point (g, o) € WFy (f) C QxR™ {0} if & ¢ >°7 . (f)s
i.e., there exists ¢ € D7(Q),¢(x) = 1 neighborhood of xy, and conic
neighborhood T of &, 3k; > 0,3ke > 0,3c > 0,3eg € |0, 1], such that
V¢ € I, Ve < g,

F (64 ()] < cexp (ke 21 — kplg]7 ).

The main properties of the generalized Gevrey wave front W F] are sub-
sumed in the following proposition.

Proposition 23. Let f € G7(2). Then:
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(1) The projection of WEY (f) on Q is o-singsupp,, (f).

(2) If f € G&(Y), then the projection of WEZ (f) on R™\ {0} is > 7 (f)-
(3) Ya e ZI', WEF7 (0“f) C WEJ (f).

(4) Vg € G2 (), WF] (gf) C WEF ().

Proof. (1) and (2) hold from the definition, Proposition 21 and Lemma 22.
(3) Let (w0,&) & WFEY (f), then 3¢ € D?(Q2),¢ = 1 on a neighborhood

U of x, there exist a conic neighborhood I' of &, 3k; > 0,3ky > 0,3c; >
0,3ep € ]0, 1], such that V¢ € T', Ve < &,

(8.8) F (0O < erexp (ke =T — ko Je] 7).
We have, for ¢» € D? (U) such that ¢ (z¢) = 1,

\F ($0fe) (€)= [F (9 (v fe)) (§) — F ((9¢) fo) (&)
< [E[F (9o fe) (O] + [F ((09) ofe) (6] -

As WF7 (¥ f) C WF7 (f), (8.8) holds for both
IF (Yo fe) (§)] and |F ((9¢) ¢fe) (€)]-
So
€117 (6£.) ()] < clél exp (k=77 — ka7
< cdexp (klg_ﬁ — ks |£|%) ,
with ¢ > 0,k3 > 0 such that |¢] < ¢ exp (ko — k3) |£|§ Hence (8.8) holds
for |F (¥0f.) (¢)|, which proves (xg,&y) ¢ WE7 (Of).
(4) Let (wo,80) ¢ WF] (f). Then 3¢ € D?(£2),¢ =1 on a neighborhood

U of xg, there exists a conic neighborhood I" of &, dk; > 0,3ks > 0,dc; >
0,3ep € ]0, 1], such that V¢ € T', Ve < &,

1 1
F (6 ()1 < crexp (ke 7 — ko J¢]7 ) .
Let ¢ € D7(Q) and ¢» = 1 on supp ¢. Then F (¢g. fz) = F (¥g:) * F (o f:).
We have ¢g € G2°(Q) N GZ(Q), then Jep > 0, kg > 0,3ky > 0,31 >
0,V¢ € R™ Ve < gy,

IF (6g2) (€)] < coexp (hoe™ T — k€7 )

SO

F(bge12) ( / F(642) () F (bge) (1 — €) dn
/ F(61.) (n) F (ge) (4 — €) i,



64 KHALED BENMERIEM AND CHIKH BOUZAR

where A and B are the same as in the proof of Proposition 21. By (7.2), we
have Je > 0,3p1 > 0,Vug > 0,dex > 0,V€ € R™, Ve < g9,

1 1
F(6:) ()] < cexp (e 77 + palél7 ).
The same steps as in Proposition 21 finish the proof. O
Corollary 24. Let P (z,D) = > aq(x) D" be a partial differential oper-

laj<m

ator with G¥°(Q) coefficients, then
WE] (P (x, D) f) Cc WEJ(f) Vfegi(Q).

Remark 6. The reverse inclusion will give a generalized Gevrey microlocal
hypoellipticity of linear partial differential operators with regular Gevrey
generalized coefficients. The case of generalized G°°-microlocal hypoelliptic-
ity in Colombeau algebra has been studied recently in [14]. The generalized
G°°-microlocal hypoellipticity of microelliptic generalized pseudodifferential
operators has been tackled in [8], and lastly in [7] this result was extended to

the level of basic functionals in the dual of Colombeau algebra £ (QC(Q), ((NI) .

We need the following lemma to show the relationship between WF7 (T)
and WF? (T), when T € D5 __, ().

Lemma 25. Let ¢ € D? (B(0,2)),0< ¢ <1and ¢ =1 on B(0,1), and
let o € S©). Then 3¢ > 0,3 > 0, Igg > 0,Ve € ]0,50],VE € R™,

1 1
B2 (€)] < ee™ e TR,

where p; (x) = (%)m ¢ (£) ¢ (z|lnel), and p denotes the Fourier transform
of p.

Proof. We have, for ¢ sufficiently small,
g™ < |lne|”™ < 1.

Let £ € R™. Then

@ =me™ | [ G- () ans

IIne|

[ dee-me ()],

{mle=nl= <67 (&7 +1nl7)},
{mle=nl= > 6% (eI +Inl")}-

where

A
B
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We choose § sufficiently small such that I¢] < |n| < 27|¢|,Vn € A. Since

20’
€S9 e D), then 3k, ko > 0,3cy, ez > 0,VE € R™,

60| < coexp (<kulgl7) and (B < cvexp (~halé]?).
So

n=mne ™| [ Gee-me ()

1 1
Inel~= |¢]
< cjcg €xp <—kzw> /GXP (—/ﬂéé 1€ — 77‘§> dn.

Let z =e(n—¢&). Then

_ ko _1 1 1
Iy <ce ™exp 5 lne|” 7 [£|~ /exp (—kl \z|o> dz
1 1
< ce"™exp (—vfs? |§|3) .
For I, we have

L= |1ne|—m'/B$<e<a—n>>¢<i) dn'

IInel
1 1 11
<crc [ exp (~hiet I~ al* ~haflnel > nf* ) dy
B
11 11 11
< cricpenp (~hade? [€]7) [ exp(<kude? fnl? — kallnel* fnl*) dn
B
1 1 1 1
< c1c9 exp (—kl&—:? |£|0) / exp (—ksF |77|ff) dn
B
1L
< ce ™exp (—UEE |§|a) .
Consequently, d¢ > 0,dv > 0,3eg > 0,,Ve < gg such that
~ —-m 1.1 m
72 ()] < e exp (—veT [¢]7 ) Ve € R™ O
We have the following important result.

Theorem 26. Let T € Dj,_,(Q) NG (Q). Then WE? (T) = WF (T).
Proof. Let S € £, () C EL(Q2) and ¢ € D7(€2). We have

(5 % 62)) (€) = F (w5) (&)
= |(s@). (v @ e )+ b (@)~ (v (@) e )]
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Then dL a compact subset of € such that VA > 0,3¢c > 0,
|7 (¥ (5 ¢2)) (&) = F (¥5) (§)]

. (08 (¢ @) e 5 6e (@) — 6 () 7))

<c sup ——
o
a€Z xel (e}

We have e~ € D?(Q). Corollary 12 gives, Vko > 0,3co > 0,3 > 0,Ve <
,

|af

c
(8.9) sup 2—'
aezm zel 7

oy (1/1 (x) 0T Quse (z) — o (2) e—igz)

1
— T 20—1
< cgehos

so Vko > 0,3c¢ > 0,3n > 0,Ve < 1, such that

1
(8.10) [F (18) (&) = F (¥ (S ¢e)) (€)] < e *7
Let T € D3, () N G7(Q) and (wo,80) ¢ WFJ (T). Then there exist
x € D?7(Q), x (x) =1 in a neighborhood of z¢, and a conic neighborhood I'
of &, k1 > 0,3ke > 0,3c; > 0,3ep € ]0, 1[, such that V¢ € T', Ve < &,

L 1
25-T _ky¢|

(8.11) IF (X (T * pe)) (§)] < ereh
Let ¥ € D7(Q2) equal 1 in neighborhood of zy such that for sufficiently
small € we have Yy = 1 on suppy + B (0, ﬁ), and let ¢ € D7 (B (0,2)),
0 < ¢ <1land ¢ =1 on B(0,1). Then there exists g < 1, such that
Ve < €o,

(T # pe) () = & (XT * pe) (x),
where p. () = Eimgp(a: lnel) ¢ (g) As xT € Ej,_1(2), then, from Propo-
sition 14,
(T *pe) (2) = (XT * pe) () = ¢ (XT * ¢c) (@) -
Let € < min (n,g9) and £ € I'. We have
[F (T ()] < [FWT) (§) = F (& (T pe)) (O] + [F (x (T * p2)) (€]
< |FWXT) (€) = F (¥ (XT * <)) ()] + [F (X (T * pe)) (€] -

Then by (8.10)and (8.11), we obtain

_ L 1
=T —kafé|7

1
|F (T) ()] < e 0= 77 4 ey

k 20—1
_____l__ff) , T € thghkm =
(ko — 1) [€]°

Then 3§ > 0,dc > 0, such that

k1T
kg——r‘

Take ¢ = max (c,c1), € = <

F () (€)] < ce™I7
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which proves that (xo,&0) ¢ WF (T), i.e., WEF? (T) C WE] (T).

Suppose (zo,&y) ¢ WF? (T), then there exist y € D7 (Q),x(x) =1 in
a neighborhood of xg, a conic neighborhood I' of &y, dA > 0,3¢; > 0, such
that V&€ € T,

(8.12) F (T (€)] < cre eI

Let also ¢ € D?(2) equal 1 in neighborhood of z( such that for sufficiently
2 > Then there exists g < 1,

? |lneg|

small € we have y = 1 on suppy + B (0
such that Ve < &g,

V(T *pe) (z) = (XT * pe) (2) -
We have

F (T p2)) (€) = / F @) (€ — 1) F (CT) (n) F (pe) () .

Let A be a conic neighborhood of &, such that A C T'. For a fixed £ € A, we
have

F () (XT % p2)) (€) = /A F (@) (€ —n) F () (0) F (pe) () dy
+ /B F ) (€ —n) F(XT) (n) F (pe) () d,

where
a={nle—n <s (ke +ml)},
B={nlc—nl=>6(lg +Inl°)}-

€l

We choose ¢ sufficiently small such that A C I" and %

¥ € D7 (), then Jp > 0,3ey > 0,V € R™,

F @) ()] < caexp (—nlél?).

Then Je > 0,3ep € 0, 1], Ve < e,

< |n| < 27 |€|. Since

(8.13)

/A F@) (€ —n) FOT) (1) F (02) () dn‘

A1 1
< cexp (=316 )| [ o (-l —€1%) £ o) ).
From Lemma 25, 3cg > 0,3v > 0, Jg¢ > 0, such that Ve € ]0,e¢],

1 1
|F (p:) (€)] < eze™™e 7717 e e R™.
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Then dc > 0, such that

| F@E=nF ) F ) ) dn‘
< ce M exp <—% Ié\(l’) /AeXp (—u n— §|5> exp (—%i \77\5) dn.

We have 3k > 0,Ve € ]0, &¢],

(8.14) e " exp (—I/E% |77|%) < exp (kz—:_Tlfl) ,

SO

815) | [ £ e-nF a0 F () ) dn‘

1 by 1
< cexp (ke_m—g\ﬂa).
As xT € E,_1(Q) C EL(), then VI > 0,3c > 0,V{ € R™,
F () ()] < cexp (11¢]7)

hence, we have

[ Fo) - nFanmF () man

< Lnlz — puln — €7 ) |F (p2) | d

_C/Be><p< Inle —pln—E| )I (pe)|dn

< e Mexp (—pd €] I — ud) [nl= — vew |n|7 ) dn.

<de exp( 10 [€] )/Bexp(( pé) [nl= —ves || ) n

Then, taking | — ud = —a < 0 and using (8.14), we obtain for a constant
c >0,

16) | [ F)E-0F 6D 0 F (0 () dn‘

< cexp (k:s_Tl*l - ,u5|£|%) .

Consequently, (8.15) and (8.16) give 3¢ > 0,3k; > 0,3ke > 0,

(817)  IF@(T#p) (€ < cexp (ke 1 —kalé]7 ).

which gives that (z9,&0) € WFy (T), so WFJ (T) C WF? (T') which ends
the proof. O
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9. Generalized Hormander’s theorem

To extend the generalized Hérmander’s result on the wave front set of the
product, define WE? (f) + WFE] (g), where f,g € G7(£2), as the set

{(z.6+m);(2,6) e WE] (f),(z,n) € WF] (9)} -

We recall the following fundamental lemma (see [13] for the proof).

Lemma 27. Let Y, >, be closed cones in R™\ {0}, with 0 ¢ > 1 +> 5.
Then:

=< R"\{0}

(1) 21+ = (22120 U U,

(2) For any open conic neighborhood I of 3, + >, in R™\ {0}, one can
find open conic neighborhoods of T'1, T'y in R™\ {0} of, respectively,

> 1,29, such that
I'+TeCT.

The principal result of this section is the following theorem.
Theorem 28. Let f,g € G7(2), such that Vx € Q,
(9.1) (z,0) ¢ WEF] (f) + WF] (g).
Then
(92)  WE(fg) € (WE] (f) + WE] (9)) UWE] (f)UWF] (g).

Proof. Let (z,&) ¢ (WEZ (f)+WFZ (9)) UWEZ (f) UWFS (g). Then

36 € D7 (), 6 (w0) = 1, &0 ¢ (7 (6F) + 327 (99)) U S () U 525 (99)-
From (9.1) we have 0 ¢ > 7 (¢f) + >_7 (#9), so by Lemma 27 (1), we have

So¢ (3 @N+> (69) U (AU (¢9)
i & R™\{0}
= Zg (of) + Zg (¢9)
Let T'g be an open conic neighborhood of 377 (¢f) + >°7 (¢g) in R™\ {0}

such that & ¢ I'p. Then from Lemma 27 (2) there exist open cones I'; and
Iy in R™\ {0} such that

S @hHcly Y (ég9)CTe and TitTyCT.

Define I' = R"™\Ty, so

(9.3) I'nTy=0 and (I —Ty)NT; =0.



70 KHALED BENMERIEM AND CHIKH BOUZAR

Let £ € T and € € ]0,1].
F(9f09:) (§) = (F (ofe) * F (¢9:)) (€)

= [ F(of)(&—n)F (¢g:) (n)dn

1)
+ . F(of) (€ —n) F (¢ge) (n) dn

=1 (§)+12(8).
From (9.3), dc; > 0,3kq, ky > 0,3e1 > 0 such that Ve < e1,Vn € Ty,

1 1
Fof) (=) <crexp (ke 77 — ke =7 ),
and from (7.2) Jeg > 0,3Fks > 0,Vky > 0,3ey > 0,V € R™, Ve < g9,

__1 1
1 (69:) ()] < caexp (ks + k| )

Let v > 0 sufficiently small such that | — 77|% >y <|£|é + |17|%) ,Vn € Iy.

Hence for ¢ < min (e1,e2),
1 1
1 (©)] < ereaexp (ki + ks) e T — kay ]
1 1
< [ exp (<t lnl* + Kl ) i

Take k4 < koy. Then

1 1
(9.4) L ()] < ¢ exp (K™% T — Kyle|- ).
Let r > 0,

I (€) = / F(84) (€ — 1) F (dg2) (m) di
rsn{in|<rlgl}

+ / F(01:) (€ ) F (dg:) (n) dn
rsn{inl=rigl}
= In1 (§) + 122 () -

Choose r sufficiently small such that {|17|% <r |£|%} = ¢ —n ¢TIy Then

1 1 1 1
E=nl- = L=r)[¢[- = (1=2r)[f]= + [n[~, so Jezg > 0,3\, A2, A3 >
0,deg > 0 such that Ve < e3,

__1 1 1
a1 (O] < csexp (i) [exp (<hal€ = af¥ ~ dalal? ) ay
1 1 1
nemm 1 =16l ) [exp (<X lnl? ) dn

< \ —ﬁ_x 1
< czexp (A % 2 €17 ) -

< czexp

/N
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1 1
It [nf* > r[¢]5, we have n|% > 2 ETIET

0,Vus > 0,9e4 > 0 such that Ve < g4,

_ 1 1 1
121 (§)| < caexp (me %*1) /eXp (m 1§ —nle — 3 |77|f’) dn

, and then Jecg > 0, Jpq, pug >

1 1 1 1
< cyexp (me %*1) /eXp (m € —nle — pslnls — psr |£|f’) dn,
if we take po sufficiently small we obtain
/ | — et e
1121 (§)] < cjexp (k35 i 5 |§‘”) )

which finishes the proof. O
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