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Theta function and Bergman metric on
Abelian varieties

Xiaowei Wang and Hok Pun Yu

Abstract. In this note, we find explicit balanced embeddings for a
principally polarized Abelian variety. As a consequence, we are able to
give a very simple proof of the fact (cf. Donaldson, 2001) that balanced
metrics converge to the flat metric.
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1. Introduction

In [D], Donaldson proved the following beautiful result: Let (X,OX (1))
be a n-dimensional projective manifold, polarized by an ample line bundle
OX(1). Suppose that (X,OX(1)) has no continuous automorphisms and
there exists a constant scalar curvature Kähler (cscK) metric in the Kähler
class c1 (OX(1)). Then the projective embedding X ↪→ PH0 (X,OX(k))
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induced by OX(k) can always be balanced for k sufficiently large, that is,
for each large k there exists a basis

{
z
(k)
i

}
of H0 (X,OX(k)) such that∫

X

(
z
(k)
i z

(k)
j∣∣z(k)
∣∣2 − δij

Nk + 1

)
ωn

FS

n!
= 0

where Nk + 1 = dim H0(X,OX (1)) and ωFS is the Fubini–Study metric
on PNk . Moreover, if we let ωk denote ωFS/k induced from the balanced
embedding, then

(1) |ωk − ω∞|Cr(ω∞) = O(1/k),

where ω∞ is the cscK metric in the class c1(OX (1)) and |·|Cr(ω∞) is the
Cr-norm with respect to the metric ω∞. Since the condition of balanced
embedding is equivalent to the Chow stability in the geometric invariant
theory (GIT), Donaldson’s result gives an affirmative answer to one direc-
tion of the conjecture raised by Yau many years ago, that is the existence
of a cscK metric should be related to the stability of the polarized pair
(X,OX (1)) in the GIT sense.

As Donaldson pointed out, although Mumford proved that any smooth
Riemann surface is always Chow stable with respect to the canonical polar-
ization [Mum2], his theorem does not give a new proof of the uniformization
theorem. This is because we have to assume a priori that hyperbolic metric
exists on the Riemann surface in order to apply Donaldson’s convergence
result. So to get the a priori convergence of the balanced metrics for Rie-
mann surfaces remains a challenge for the moment. This is the motivation
of the current work. More precisely, in this note we prove the following:

Theorem 1. Let (AΩ,OAΩ
(1)) be a principally polarized Abelian variety of

dimension g with period matrix Ω = [I, Z]. For sufficiently large l ∈ N, the
projective embedding induced by a basis{

ϑ

[
a
b

]}
a,b∈(Z[1/l]/Z)g

for H0(AΩ,OAΩ
(l2)) (see Section 4 for the definition) is balanced. And if

we normalize the balanced metrics, each of them converges to the flat metric
on AΩ in Cr for any r > 0.

It was well-known that the balanced embeddings of PN are always isomet-
ric. There is no need to prove the convergence (1). The Abelian varieties are
the first example that we do need convergence. Convergence is proven by an
elementary method without using any asymptotic analysis of the Bergman
kernel as in [T], [R], [Z]. By the Abel–Jacobi theorem, every Riemann sur-
face can be embedded into its Jacobian which is principally polarized. This
work shall be regarded as the first step toward the proof of the a priori
C∞-convergence of the balanced metrics for high genus Riemann surfaces.
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2. Abelian varieties and Theta functions

In this section, we collect some basic facts about principally polarized
Abelian varieties and properties of Theta functions, which will be used in
the later sections. Good references for the materials presented here are [GH]
and [Mum1].

2.1. OAΩ
(1) and Theta function ϑ. Let Λ =SpanZ {λ1, · · · , λ2g} be a

lattice in Cg with its period matrix given by

Ω := [λ1, · · · , λ2g] = [I, Z]

where Z satisfies Zt = Z and Im Z > 0. Then Ag
Ω = Cg/Λ is the principally

polarized Abelian variety defined by Ω and the canonical factors {eα, eg+α}
for the principal polarization OAΩ

(1) → Ag
Ω are given by

ea (z) ≡ 1 and eg+α (z) = exp πi (−Zαα − 2zα) .

Notice that the canonical factors {eα, eg+α} satisfy

eg+β (z + λg+α) eg+α (z)

= exp πi (−Zββ − 2zβ − 2Zβα − Zαα − 2zα)

= eg+α (z + λg+β) eg+β (z) .

Let {x1, · · · , xg, y1, · · · , yg} be the coordinates of the basis dual to

{λ1, · · · , λ2g} ⊂ Cg.

Then the first Chern class of OAΩ
(1) is given by

ω :=
g∑

α=1

dxα ∧ dyα

=
∑
α,β

(Im Z)αβ dzα ∧ dzβ ∈ ∧1,1 (AΩ)

where

zα = xα + Zαβyβ

zα = xα + Zαβyβ

and (Im Z)αβ is the inverse of ImZ. The unique global holomorphic section
(up to scalar multiplication) of OAΩ

(1) is then given by

ϑ (z,Ω) :=
∑

m∈Zg

exp πi
(
mtZm + 2mtz

)
.
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In particular, ϑ satisfies

ϑ (z + m,Ω) = ϑ (z,Ω)

ϑ (z + Zm,Ω) = exp−πi
(
mtZm + 2mtz

)
ϑ (z,Ω)

for any m ∈ Zg.

2.2. Metric on OAΩ
(1). Let h be any Hermitian metric on OAΩ

(1), then
it must satisfy

h (z) |ϑ (z)|2 = h (z + Zm) |ϑ (z + Zm)|2 and h (z + m) = h (z)

for all m ∈ Zg. Since ϑ (z + Zm,Ω) = exp−πi
(
mtZm + 2mtz

)
ϑ (z,Ω),

this implies that

h (z) = h (z + Zm)
∣∣exp−πi

(
mtZm + 2mtz

)∣∣2
= h (z + Zm) exp−πi

(
mtZm − mtZm + 2mt (z − z)

)
= h (z + Zm) exp 2π

(
mtIm Zm + 2mty

)
.

Now if in addition we require the curvature form of h to be

ω = dzt (Im Z)−1 dz,

that is, ∂∂ log h = ω, then this will force h to take the following form:

h (z) = exp−2π
(

yt (Im Z)−1 y +
cty

2

)
= exp

π

2

(
(z − z)t (Im Z)−1 (z − z) + cti (z − z)

)
for some c ∈ Rg. On the other hand, the identity

h (z + Zm) = exp
π

2

(
(z − z + 2iIm Zm)t (Im Z)−1 (z − z + 2iIm Zm)

+ cti (z − z + 2iIm Zm)
)

= h (z) exp
(−2πmtIm Zm + 2πmti (z − z) − πctIm Zm

)
= h (z) exp−2π

(
mtIm Zm + 2mty

)
implies

ctIm Zm = 0 for all m ∈ Zg,

i.e., c = 0. Hence we obtain:

Proposition 2 (cf. [GH]). The only metric on OAΩ
(1) with curvature ω,

up to a scalar multiple, is given by

h (z) := exp−2πyt (Im Z)−1 y.

Moreover, we have

h (z + Za) = h (z) exp 2π
(−atIm Za − 2aty

)
for all a ∈ Rg.
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3. Finite Heisenberg groups

In this section, we recall the construction of irreducible representations
of finite Heisenberg groups presented in [Mum]. They will supply the key
ingredient of finding a balanced embedding AΩ ⊂ Pl2g−1.

Let V be the complex vector space of entire functions on Cg. For a, b ∈ Rg

and f ∈ V, we introduce two operators on V:

Sbf(z) := f(z + b),

Tαf(z) := exp πi(atZa + 2atz)f(z + Za).

It is clear that they obey the following rules

Sb1 ◦ Sb2 = Sb1+b2

Ta1 ◦ Ta2 = Ta1+a2 .

for ai, bi ∈ Rg. On the other hand,

Sb (Taf) (z) = (Taf) (z + b)

= exp πi
(
atZa + 2at (z + b)

)
f (z + b + Za)

and

Ta (Sbf) (z) = exp πi
(
atZa + 2atz

)
(Sbf) (z + Za)

= exp πi
(
atZa + 2atz

)
f (z + b + Za) ,

implies the following commutative relation

Sb ◦ Ta = exp 2πiatbTa ◦ Sb.

Recall that the 2g + 1 dimensional Heisenberg group G is U(1) × Rg × Rg

with the multiplication defined by

(λ, a, b)
(
λ′, a′, b′

)
=
(
λλ′ exp 2πibta′, a + a′, b + b′

)
.

It has a natural action on V via

((λ, a, b) · f) (z)

= λ (Ta ◦ Sbf) (z)

= λ exp πi
(
atZa + 2atz

)
f (z + Za + b)

since

(λ, a, b)
((

λ′, a′, b′
) · f) (z)

= λλ′ (Ta ◦ Sb ◦ Ta′ ◦ Sb′f) (z)

= λλ′ exp 2πibta′ (Ta+a′ ◦ Sb+b′f) (z) .
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To make this representation unitary, we introduce a norm on V

‖f‖2 :=
∫

Cg

|f |2 h (z) ωg

=
∫

Cg

|f |2 exp
(
−2πyt (ImZ)−1 y

)
ωg.

Proposition 3. For ∀a, b ∈ Rg, we have

h (z) |Sbf |2 =
(
h |f |2

)
(z + b) ,

h (z) |Taf |2 = h (z + Za) |f (z + Za)|2 .

Proof. For a, b ∈ Rg, we have

h (z) |Sbf |2 = h (z) |f (z + b)|2 = h (z + b) |f (z + b)|2

and

h (z) |Taf (z)|2 = h (z)
∣∣exp πi

(
atZa + 2atz

)
f (z + Za)

∣∣2
= h (z) exp 2π

(−atIm Za − 2aty
) |f (z + Za)|2

= h (z + Za) |f (z + Za)|2 . �

Corollary 4. For any a, b ∈ Rg,Sb and Ta are unitary operators on (V, ‖·‖).
In particular, the action of G on (V, ‖·‖) is unitary.

Proof. The only thing we need to check is that

‖Taf‖2 =
∫

Cg

|Taf (z)|2 h (z)ωg

=
∫

Cg

|f (z + Za)|2 h (z + Za)ωg

=
∫

Cg

|f (z)|2 h (z) ωg

= ‖f‖2 . �

Remark 5. The G action on V is the classical Stone–Von Neumann repre-
sentation.

Let us introduce a discrete subgroup of G
Γ := {(1, a, b) ∈ G|a, b ∈ Zg} .

Now ϑ (z,Ω), up to scalars, can be characterized as the unique Γ-invariant
entire function on Cg. For a fixed l ∈ N, let

lΓ := {(1, a, b) ∈ G | a, b ∈ (lZ)g} ⊂ Γ

and let Vl be the set of entire functions f (z) on Cg, invariant under the
action of lΓ. That is, f ∈ Vl if and only if for any a, b ∈ (lZ)g, we have
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f (z) = Sbf (z) := f (z + b) ,

f (z) = Tαf (z) := exp πi
(
atZa + 2atz

)
f (z + Za) .

To get a good basis of Vl, we need the following:

Proposition 6. f ∈ Vl if and only if

f (z) =
∑

n∈(Z[1/l])g

cn exp πi
(
ntZn + 2ntz

)
such that cn = cm if n − m ∈ (lZ)g. In particular, dimVl = l2g.

Proof. For any f ∈ Vl, by the invariance of f under the action of Sl, it has
expansion

f (z) =
∑

n∈(Z[1/l])g

cn exp 2πintz.

On the other hand, for m ∈ (lZ)g, Tmf = f implies that

Tmf (z) = exp πi
(
mtZm + 2mtz

)
f (z + Zm)

= exp πi
(
mtZm + 2mtz

) ∑
n∈(Z[1/l])g

cn exp 2πint (z + Zm)

=
∑

n∈(Z[1/l])g

cn exp πi (m + 2n)t Zm exp 2πi (n + m)t z

= f (z)

=
∑

n∈(Z[1/l])g

cn+m exp 2πi (n + m)t z

hence we have

cn+m = cn exp πi (m + 2n)t Zm

= cn exp
(
πimtZm + 2ntZm

)
= cn exp

(
πi (n + m)t Z (n + m) − ntZn

)
which means

cn+m exp
(−πi (n + m)t Z (n + m)

)
= cn exp

(−πintZn
)
.

So if we define c′n := cn exp
(−πintZn

)
then

f (z) =
∑

n∈(Z[1/l])g

cn exp 2πintz

=
∑

n∈(Z[1/l])g

c′n exp πi
(
ntZn + 2ntz

)
and c′n = c′m for n − m ∈ (lZ)g. �
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Let μm ⊂ U(1) denote the subgroup of mth roots of 1. For l ∈ N, let

Gl := {(λ, a, b) ∈ G | λ ∈ μl2; a, b ∈ (Z [1/l])g} /lΓ

= μl2 ×
(

Z [1/l]
lZ

)g

×
(

Z [1/l]
lZ

)g

with the multiplication induced from G. Now for a, b ∈ (Z [1/l])g, the ele-
ments Sb,Ta ∈ G commute with lΓ, (since for a′ ∈ (Z [1/l])g and b ∈ lΓ we
have exp 2πibta′ = 1) hence they act on Vl. This descends to an action of
Gl on Vl, and the generators Sb,Ta,∀a, b ∈ (Z [1/l])g act on Vl as follows:

Sb

⎛⎝ ∑
n∈(Z[1/l])g

cn exp πi
(
ntZn + 2ntz

)⎞⎠
=

∑
n∈(Z[1/l])g

cn exp πi
(
ntZn + 2nt (z + b)

)
=

∑
n∈(Z[1/l])g

cn exp 2πintb exp πi
(
ntZn + 2ntz

)
and

Ta

⎛⎝ ∑
n∈(Z[1/l])g

cn exp πi
(
ntZn + 2ntz

)⎞⎠
= exp πi

(
atZa + 2atz

) ∑
n∈(Z[1/l])g

cn exp πi
(
ntZn + 2nt (z + Za)

)
=

∑
n∈(Z[1/l])g

cn exp πi
(
(n + a)t Z (n + a) + 2 (n + a)t z

)
=

∑
n∈(Z[1/l])g

cn−a exp πi
(
ntZn + 2ntz

)
.

This motivates us to introduce a basis for Vl:

sc (z,Ω) :=
∑

n∈c+(lZ)g

exp πi
(
ntZn + 2ntz

)
for c ∈

(
Z [1/l]

lZ

)g

.

A direct calculation implies the following lemma from which we obtain the
irreducibility of the Gl action on Vl.

Lemma 7. For any a, b ∈ Z [1/l], we have

Sbsc = exp
(
2btcπi

)
sc,

Tasc = sc+a.
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4. Main theorem

Now we are ready to introduce the basis
{

ϑ

[
a
b

]}
of H0

(
AΩ,OAΩ

(
l2
))

whose induced projective embedding is balanced.

In [Mum], Mumford introduces the following:

Definition 8. For a, b ∈ Qg,

ϑ

[
a
b

]
(z,Ω) := (Sb ◦ Ta) ϑ (z,Ω)

= exp πi
(
atZa + 2at (z + b)

)
ϑ (z + Za + b,Ω)

=
∑

m∈Zg

exp πi
(
(m + a)t Z (m + a) + 2 (m + a)t (z + b)

)
.

They satisfy the following properties:

Proposition 9 ([Mum]). For a, a′, b, b′ ∈ (Z [1/l])g and p, q ∈ Zg, we have:

(1) ϑ

[
0
0

]
(z,Ω) = ϑ (z,Ω).

(2) Sb′ϑ

[
a
b

]
= ϑ

[
a

b + b′

]
.

(3) Ta′ϑ

[
a
b

]
= exp

(−2πibta′
)
ϑ

[
a′ + a

b

]
.

(4) ϑ

[
a + p
b + q

]
= exp

(
2πiatq

)
ϑ

[
a
b

]
.

(5)

h (z)
∣∣∣∣ϑ [ a

b

]
(z,Ω)

∣∣∣∣2 = h |ϑ|2 (z + Za + b) .

Notice that

ϑ

[
0
0

]
= ϑ (z)

=
∑

m∈Zg

exp πi
(
mtZm + 2mtz

)
=

∑
p∈(Z/lZ)g

∑
n∈p+(lZ)g

exp πi
(
ntZn + 2ntz

)
=

∑
p∈(Z/lZ)g

sp
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implies that

ϑ

[
a
b

]
= SbTaϑ

=
∑

p∈(Z/lZ)g

(Sb ◦ Tasp) (z)

=
∑

p∈(Z/lZ)g

exp
(
2πibt (p + a)

)
sp+a.

For a fixed k, denote εk := (0, · · · ,
kth

1 , · · · 0) ∈ Zg, let

ϑ̃a :=
{

ϑ

[
a

q/l

]}
q∈(Z/lZ)g

and s̃a := {sp+a}p∈(Z/lZ)g

be lg-dimensional vectors, then we have

ϑ̃a = Uas̃a

with
Ua =

{
exp 2πiqt (p + a) /l

}
q,p∈(Z/lZ)g .

Lemma 10. For any r ∈ (Z/lZ)g∑
p∈(Z/lZ)g

exp 2πirtp/l = 0.

Proof. For simplicity let us first assume that r is primitive, that is r is not
a multiple of some element in (Z/lZ)g, then we have the following exact
sequence of Abelian groups

0 −→ ker r −→ (Z/lZ)g r·−→ Z/lZ −→ 0

and ker r ∼= (Z/lZ)g−1. For any p ∈ (Z/lZ)g, we have a decomposition of
p = p� + p⊥ with p� ∈ ker r and p⊥ ∈ ker r⊥. Thus we obtain∑

p∈(Z/lZ)g

exp 2πirtp/l =
∑

q∈ker r

∑
p∈ker r⊥

exp 2πirt (q + p) /l

=
∑

q∈ker r

∑
p∈ker r⊥

exp 2πirtp/l

= lg−1
∑

p∈ker r⊥
exp 2πirtp/l

= 0.

where we have used the fact that
l−1∑
k=0

exp 2πiak/l = 0 for any 0 ≤ a ≤ l − 1.

for the last identity.
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If r is not primitive, then it is a multiple of a primitive vector r0 ∈ (Z/lZ)g.
We may replace r by r0 and use the same argument. The details are left to
the readers. �

Corollary 11. Ua/l
g/2 is a lg × lg-unitary matrix, i.e., Ua/l

g/2 ∈ U (lg).

Proof. Since Ua = diag
[
exp 2πiqta/l

]
U′

a with U′
a :=

{
exp 2πiqtp/l

}
, all we

need to show is that U′
a is unitary, which follows from the above lemma. �

In conclusion, we have:

Proposition 12.⎡⎢⎢⎢⎢⎣
ϑ̃0

ϑ̃ε1

...
ϑ̃(1−1/l)

Pg
i=1 εi

⎤⎥⎥⎥⎥⎦=

⎡⎢⎢⎢⎣
U0 0 0
0 Uε1

. . .
0 U(1−1/l)

Pg
i=1 εg

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

s̃0

s̃ε1

...
s̃(1−1/l)

Pg
i=1 εg

⎤⎥⎥⎥⎦
where Ua ∈ U (lg) for each a ∈

(
Z[1/l]

Z

)g
. In particular, we have

∑
a,b∈

“
Z[1/l]

Z

”g

∣∣∣∣ϑ [ a
b

]
(z,Ω)

∣∣∣∣2 = lg
∑

p∈(Z/lZ)g

∑
a∈

“
Z[1/l]

Z

”
|sp+a (z)|2 .

The next lemma gives a geometric interpretation of the space Vl.

Lemma 13. Let

l∗ : AΩ −→ AΩ

z �−→ lz

be the rescaling map. Then deg l∗OAΩ
(1) = l2 and

Vl = H0 (l∗OAΩ
(1)) = H0

(OAΩ

(
l2
))

.

Proof. Let

l∗ : C/Λ −→ C/Λ
z �−→ lz

be the rescaling map and let
{
e′α, e′g+α

}
be the canonical factor associated

with l∗OAΩ
(1). Then we have

e′α (z) = 1 = el2

α (z) and e′g+α (z) = exp πi
(−Zαal

2 − 2zαl2
)

= el2

g+α (z) .

In fact, OAΩ
(1) is a symmetric line bundle, which means

l∗OAΩ
(1) = OAΩ

(
l2
)
.

On the other hand, for f ∈ Vl we have

f (l (z + m)) = f (lz + lm) = f (lz) for m ∈ Zg
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and

f (l (z + λg+α)) = exp πi
(−Zααl2 − 2zαl2

)
f (lz)

= e′g+α (z) f (lz)

= el2

g+α (z) f (lz) .

Thus f ∈ H0 (l∗OAΩ
(1)) = H0

(OAΩ

(
l2
))

. A dimension count then implies

ϕ : Vl −→ H0
(
AΩ,O (

l2
))

f (z) �−→ f (lz)

is an isomorphism. �
Now we introduce an inner product on Vl.

Definition 14. For f (z) ∈ Vl we define

|f (z)|2h :=
∫

DlΛ

|f (z)|2 h (z) ωn

where DΛ is the fundamental domain associated to Λ. In particular,

|ϑ0,0 (z)|2h :=
∫

DlΛ

|ϑ (z)|2 h (z) ωg = l2g

∫
DΛ

|ϑ (z)|2 h (z) ωg.

It possesses the following properties.

Lemma 15. For a, b ∈ (Z [1/l])g, we have:
(1)

h (z) |(Sbf) (z)|2 =
(
h |f |2

)
(z + b) ,

h (z) |(Taf) (z)|2 =
(
h |f |2

)
(z + Za) .

(2) The actions {Sb,Ta} are unitary with respect to the L2-metric induced
from h.

(3)
{

sc

lg/2|ϑ|h

}
c∈

“
Z[1/l]

lZ

”g forms an orthonormal basis of (Vl, |·|h).

Proof. Part (1) is a special case of Proposition 3.
For part (2), we have

‖Sbf (z)‖2
h =

∫
DlΛ

|f (z + b)|2 h (z + b) ωg =
∫

DlΛ

|f (z)|2 h (z) ωg

‖Taf (z)‖2
h =

∫
DlΛ

|f (z + Za)|2 h (z + Za)ωg =
∫

DlΛ

|f (z)|2 h (z) ωg.

For part (3), since {Sc}c∈
“

Z[1/l]
lZ

”g forms a family of commuting operators,

the eigenvectors {sc}c∈
“

Z[1/l]
lZ

”g are mutually orthogonal. On the other hand

Lemma 7 implies that for all a, c ∈ (Z [1/l])g

|sc+a|2h = |Tasc|2h = |sc|2h .
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If we set c = −a then we have

|sc|2h = |s0|2h .

This implies

|ϑ|2h =
∑

p∈(Z/lZ)g

|sp|2h = lg |s0|2h . �

Now let

Φ : AΩ −→ Pl2g−1

z �−→ [sc (lz)]
c∈

“
Z[1/l]

lZ

”g

be the projective embedding induced by {sc}c∈
“

Z[1/l]
lZ

”g . Then Φ∗ωFS is in-

variant under the action of Sb and Ta for a, b ∈
(

Z[1/l]
lZ

)g
since both Sb and

Ta are unitary. The Fubini–Study metric is given by

‖f (lz)‖2
FS :=

∫
AΩ

|f (lz)|2∑
c |sc (lz)|2 Φ∗ωFS.

This together with the identities

h (z) |(Sbf) (z)|2 =
(
h |f |2

)
(z + b)

h (z) |(Taf) (z)|2 =
(
h |f |2

)
(z + Za)

and

|Sbsc| = |sc|∑
c

|Tasc|2 =
∑

c

|sc|2

would imply

‖(Sbf) (lz)‖2
FS =

∫
AΩ

|(Sbf) (lz)|2∑
c |sc (lz)|2 Φ∗ωFS

=
∫

AΩ

|(Slbf) (lz)|2 h (lz)∑
c |(Sbsc) (lz)|2 h (lz)

Φ∗ωFS

=
∫

AΩ

(
h |f |2

)
(lz + b)(∑

c h |sc|2
)

(lz + b)
(Sb ◦ Φ)∗ ωFS

=
∫

AΩ

{
|f |2∑
c |sc|2

Φ∗ωFS

}
(lz + b)

= ‖f (lz)‖2
FS ,
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and

‖(Taf) (lz)‖2
FS =

∫
AΩ

|(Taf) (lz)|2∑
c |sc (lz)|2 Φ∗ωFS

=
∫

AΩ

|(Taf) (lz)|2 h (lz)∑
c |(Tasc) (lz)|2 h (lz)

(Ta ◦ Φ)∗ ωFS

=
∫

AΩ

{
|f |2∑
c |sc|2

Φ∗ωFS

}
(lz + Za)

= ‖f (lz)‖2
FS .

Hence we obtain the following:

Proposition 16. For a, b ∈ (Z [1/l])g:

(1) Sb,Ta are unitary operators acting on (Vl, ‖·‖FS).
(2) The action {sc}c∈

“
Z[1/l]

lZ

”g is an orthonormal basis for (Vl, ‖·‖FS).

Recall from [D] that a projective embedding of ϕ : AΩ → Pl2g−1 is called
balanced if we have ∫

AΩ

(
zizj

|z|2 − δij

l2g

)
ϕ∗ωg

FS = 0.

Corollary 17. The embedding defined by

Θ : AΩ −→ Pl2g−1

z �−→
[
ϑ

[
a
b

]
(z,Ω)

]
a,b∈

“
Z[1/l]

Z

”g

is balanced.

Proof. It follows from the fact that{
lg/2sc

‖ϑ‖FS

}
c∈

“
Z[1/l]

lZ

”g

forms an orthonormal basis for (Vl, ‖·‖FS), and the map Φ and Θ differ by
an unitary transformation. �

Remark 18. Geometrically, the finite Heisenberg group Gl acts on the em-
bedding leaving ImΦ invariant. And {Sb,Ta} acts on Φ (AΩ) via transla-
tions under the group law. Although we can not get a homomorphism from
AΩ to U(l2), we do have Gl ⊂ U(l2).

Finally, we are ready to state our main result.
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Theorem 19.∑
a,b∈

“
Z[1/l]

Z

”g

∣∣∣∣ϑ [ a
b

]
(z,Ω)

∣∣∣∣2 = lg
∑

p∈(Z/lZ)g

∑
a∈

“
Z[1/l]

Z

”
|sp+a (z)|2 .

lim
l→∞

l−g
∑

p∈(Z/lZ)g

∑
a∈

“
Z[1/l]

Z

”g

|sp+a (z)|2 h (z) =
∫

AΩ

|ϑ (z)|2 h (z) dx ∧ dy.

To prove this we need the following elementary lemma.

Lemma 20. Let f be a smooth real-valued doubly periodic function on Cg

with period matrix Ω = (I, Z) ∈ Mg×2g (C). Let DΩ ⊂ Cg be a fundamental
domain. Then

det Im Z

l2g

∑
a,b∈

“
Z[1/l]

Z

”g

f (lz + Za + b)

=
∫

DΩ

f (z)
ωg

Cg

det Im Z
+ O

(
l−3

)
for l → ∞

where ωCg :=
∑

i dzi ∧ dzi is the standard Kähler form on Cg.

Proof. By performing affine transformations, we may assume that Z = iI.
First, we notice that f being smooth implies that

lim
l→∞

1
l2g

∑
a,b∈

“
Z[1/l]

Z

”g

f (z + ai + b) =
∫

DΩ

fωg
Cg

for any fixed z ∈ DΩ. Moreover we have that∣∣∣∣∣∣∣∣
1
l2g

∑
a,b∈

“
Z[1/l]

Z

”g

f (z + ai + b) −
∫

DΩ

fωg
Cg

∣∣∣∣∣∣∣∣ ≤ Cl−3

with C being a constant depending only on the sup-norm of the second
derivative of f but not on z. In particular, this implies∣∣∣∣∣∣∣∣

1
l2g

∑
a,b∈

“
Z[1/l]

Z

”g

f (lz + ai + b) −
∫

DΩ

fωg
Cg

∣∣∣∣∣∣∣∣ ≤ Cl−3. �

Proof of Theorem 19. By Proposition 3, we have∑
a,b

∣∣∣∣ϑ [ a
b

]
(lz)

∣∣∣∣2 h (lz)

=
∑
a,b

|ϑ (lz + aτ + b)|2 h (lz + aτ + b)
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hence

lg
∑

p∈(Z/lZ)g

∑
a∈

“
Z[1/l]

Z

”g

|sp+a (lz)|2 h (lz)

=
∑

a,b∈
“

Z[1/l]
Z

”g

∣∣∣∣ϑ [ a
b

]
(lz,Ω)

∣∣∣∣2 h (lz)

=
∑
a,b

|ϑ (lz + Za + b)|2 h (lz + Za + b) .

By Lemma 20, we have

lim
l→∞

Vol (AΩ)
l2g

∑
a,b

|ϑ (lz + aτ + b)|2 h (lz + aτ + b)

=
∫

AΩ

|ϑ (z)|2 h (z)ωg.

Hence

lim
l→∞

l−g
∑

p∈(Z/lZ)g

∑
a∈

“
Z[1/l]

Z

”
|sp+a (lz)|2 h (lz)

=
1

Vol (AΩ)

∫
AΩ

|ϑ (z)|2 h (z) dx ∧ dy. �

Corollary 21. The balanced metric Θ∗
l ωFS/l

2 converges to ω0, the flat met-
ric on AΩ, as a C∞ function as l → ∞.

Proof. Let hFS denote the Fubini–Study metric on OAΩ

(
l2
)

induced via
the embedding Θ. Then

hFS =
hl2∑

p∈(Z/lZ)g

∑
a∈

“
Z[1/l]

Z

” |sp+a (lz)|2 h (lz)
.

On the other hand

Θ∗
l ωFS

l2
=

∂∂ log hFS

l2

= ∂∂ log h −
∂∂ log

(∑
p∈(Z/lZ)g

∑
a∈

“
Z[1/l]

Z

” |sp+a (lz)|2 h (lz)
)

l2

= ω0 −
∂∂ log

(
lg ‖ϑ‖h + O

(
lg−3

))
l2

→ ω0.

�
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