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Theta function and Bergman metric on
Abelian varieties

Xiaowei Wang and Hok Pun Yu

ABSTRACT. In this note, we find explicit balanced embeddings for a
principally polarized Abelian variety. As a consequence, we are able to
give a very simple proof of the fact (cf. Donaldson, 2001) that balanced
metrics converge to the flat metric.
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1. Introduction

In [D], Donaldson proved the following beautiful result: Let (X, Ox (1))
be a n-dimensional projective manifold, polarized by an ample line bundle
Ox(1). Suppose that (X,Ox(1)) has no continuous automorphisms and
there exists a constant scalar curvature Kéhler (cscK) metric in the Kéhler
class ¢ (Ox(1)). Then the projective embedding X «— PH? (X, Ox(k))
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induced by Ox (k) can always be balanced for k sufficiently large, that is,
for each large k there exists a basis {zz(k)} of H° (X, Ox(k)) such that

(k) (k) n
/ S R
X ‘Z(k)‘Q Np,+1] n!

where Nj, + 1 = dim H%(X,0x(1)) and wgs is the Fubini-Study metric
on PNk, Moreover, if we let wy, denote wpg /k induced from the balanced
embedding, then

(1) Wk = Wool o (s = O(1/F),

where woo is the cscK metric in the class ¢(Ox (1)) and |-|or(, ) is the
C"-norm with respect to the metric ws,. Since the condition of balanced
embedding is equivalent to the Chow stability in the geometric invariant
theory (GIT), Donaldson’s result gives an affirmative answer to one direc-
tion of the conjecture raised by Yau many years ago, that is the existence
of a cscK metric should be related to the stability of the polarized pair
(X,0x(1)) in the GIT sense.

As Donaldson pointed out, although Mumford proved that any smooth
Riemann surface is always Chow stable with respect to the canonical polar-
ization [Mum?2], his theorem does not give a new proof of the uniformization
theorem. This is because we have to assume a priori that hyperbolic metric
exists on the Riemann surface in order to apply Donaldson’s convergence
result. So to get the a priori convergence of the balanced metrics for Rie-
mann surfaces remains a challenge for the moment. This is the motivation
of the current work. More precisely, in this note we prove the following;:

Theorem 1. Let (Aq,Oa, (1)) be a principally polarized Abelian variety of
dimension g with period matriz Q@ = [I,Z]. For sufficiently large | € N, the
projective embedding induced by a basis

vz
a,be(Z[1)1)/2)9

for HY(Aq, Oa,(1%)) (see Section 4 for the definition) is balanced. And if
we normalize the balanced metrics, each of them converges to the flat metric
on Aq in C" for any r > 0.

It was well-known that the balanced embeddings of PV are always isomet-
ric. There is no need to prove the convergence (1). The Abelian varieties are
the first example that we do need convergence. Convergence is proven by an
elementary method without using any asymptotic analysis of the Bergman
kernel as in [T], [R], [Z]. By the Abel-Jacobi theorem, every Riemann sur-
face can be embedded into its Jacobian which is principally polarized. This
work shall be regarded as the first step toward the proof of the a priori
C*°-convergence of the balanced metrics for high genus Riemann surfaces.
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2. Abelian varieties and Theta functions

In this section, we collect some basic facts about principally polarized
Abelian varieties and properties of Theta functions, which will be used in
the later sections. Good references for the materials presented here are [GH]
and [Muml].

2.1. O4,(1) and Theta function 9. Let A =Spanz {1, -+, Az} be a
lattice in CY with its period matrix given by
Q= [>\17"' 7)‘29] = [I,Z]

where Z satisfies Z! = Z and Im Z > 0. Then AY, = C9/A is the principally
polarized Abelian variety defined by €2 and the canonical factors {eq, €g4a}
for the principal polarization O, (1) — Af) are given by

eq (2) =1 and egyq (2) = exp i (—Zaa — 22a) -
Notice that the canonical factors {eq,eg4q} satisfy

€g+8 (2 + Agra) €gta (2)
= exp ™ (—Zﬁg — 22’ﬁ — QZﬁa — Zaa — QZa)

= €gta (2 + Ag18) €g+5 (2) .-
Let {x1, -+ ,24,y1, -+ ,Yq} be the coordinates of the basis dual to
{1, A} C CY.
Then the first Chern class of O 4, (1) is given by

i
Mm

dxe N dye

Q
Il
—

(Im Z)*° dzo A dZg € A (AQ)

L
@

where
Za = %o+ Zaﬁyﬁ
Za = To + Zaﬁyﬁ

and (Im Z )o‘ﬁ is the inverse of Im Z. The unique global holomorphic section
(up to scalar multiplication) of O4,, (1) is then given by

9 (z,Q) = Z expmi (m'Zm+2m'z).

meZ9
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In particular, ¢ satisfies
I (z+m,Q)=19(209)
O (z+ Zm, Q) = exp—mi (m'Zm +2m'z) 9 (2,9Q)
for any m € 7Z9.

2.2. Metric on O 4, (1). Let h be any Hermitian metric on Q4 (1), then
it must satisfy

h(2)]9(2)]> = h(z+ Zm) |9 (z + Zm)[> and h(z +m) = h(2)

for all m € Z9. Since ¥ (z+ Zm,Q) = exp—wi (m'Zm+ 2m'z) 9 (z,9Q),
this implies that

h(z) = h(z+ Zm) |exp —7i (m' Zm + 2m'z) ‘2
= h(z+ Zm)exp —mi (m'Zm — m'Zm + 2m* (z — 2))
= h(z+ Zm)exp 2r (m'Im Zm + 2m'y) .
Now if in addition we require the curvature form of h to be
w=dz (Im2Z) ' dz,
that is, 901og h = w, then this will force h to take the following form:

t -1 cty
h(z) =exp—2n |y (ImZ) y+7

— exp g ((z 2 (ImZ) (2 - 2) + iz — z))
for some ¢ € RY. On the other hand, the identity
h(z+ Zm) = exp g ((z 24 2%ImZm) (Im Z) ™" (2 — 2 + 2ilm Zm)
+cli(z — Z + 2ilm Zm))
= h(z)exp (—2rm'Im Zm + 2rm"i (2 — Z) — 7c'Im Zm)
= h(z) exp —2m (m'Im Zm + 2m'y)
implies
AIm Zm = 0 for all m € Z9,

i.e., ¢ = 0. Hence we obtain:

Proposition 2 (cf. [GH]). The only metric on Oa, (1) with curvature w,
up to a scalar multiple, is given by

h(z) :=exp—2my' (Im Z) ' y.
Moreover, we have
h(z+ Za) = h(z) exp 27 (—a'lm Za — 2a'y)
for all a € RY.
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3. Finite Heisenberg groups

In this section, we recall the construction of irreducible representations
of finite Heisenberg groups presented in [Mum]|. They will supply the key
ingredient of finding a balanced embedding Aq C pl*-1,

Let V be the complex vector space of entire functions on CY. For a,b € RY
and f € V, we introduce two operators on V:

6bf(z) = f(Z + b)7
Tuf(2) = expmi(a'Za + 2a'2) f (2 + Za).
It is clear that they obey the following rules

Sp, 0 Sy, = Gy 4b,
Tay ©%ay = Zaytas-

for a;,b; € RY. On the other hand,

6y (%af) (2) = (Zaf) (2 + D)
=expmi(a'Za+2a" (z+ b)) f (z+ b+ Za)
and
To (6uf) (2) = expmi (a'Za + 24a'2) (&, f) (2 + Za)
=expmi (a'Za+2d'z) f(z+ b+ Za),
implies the following commutative relation
Sy 0T, = exp 2mialbT, o Sp.

Recall that the 2¢g + 1 dimensional Heisenberg group G is U(1) x RY x RYI
with the multiplication defined by

(A, a,b) (N,d', b)) = (AN exp2mib'a’,a+a',b+ V).
It has a natural action on V via
(A a,b) - f)(2)
= A (T, 06Guf)(2)
= Xexpmi (a'Za+2a'z) f (2 + Za + b)
since
()‘7 a, b) ((>\/7 CL/, b/) : f) (Z)
= AN (T 06,0%, 0By f)(2)
= M exp 2mib'a’ (Tyra 0 Sy f) (2).
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To make this representation unitary, we introduce a norm on V
2 2
91 5= [ 1fEh )
Co

= |f|2 exp (—27ryt (Im2)~* y) wY.
Cy
Proposition 3. For Va,b € RY, we have
R(2) [8uf1? = (BIS1P) (2 4+ 1),
h(z)|Zaf” = h(z+ Za)|f (2 + Za)|*.
Proof. For a,b € RY, we have
h(2)18uf1> = h(2)|f (z+b)]* = h(z+b)|f (z+ )|
and
h(2)|Zaf (2)]* = h(2) lexpmi (a'Za+2a'z) f (2 + Za)‘2
= h(z)exp2m (—a'lm Za — 2a'y) | f (= + Za)|?
=h(z+ Za)|f (z + Za)|*. 0

Corollary 4. For any a,b € RY, &, and ¥, are unitary operators on (V, ||-]).
In particular, the action of G on (V,||-||) is unitary.

Proof. The only thing we need to check is that
15 f12 = [ 15af P () o
Cy
:/ |f (z+ Za)|* h (2 + Za) w9
Cy9

=/ G h(2) e
Cy
— £ 0

Remark 5. The G action on V is the classical Stone-Von Neumann repre-
sentation.

Let us introduce a discrete subgroup of G
I':={(1,a,b) € Gla,b € Z9}.

Now ¥ (z,€2), up to scalars, can be characterized as the unique I'-invariant
entire function on CY9. For a fixed [ € N, let

ID:={(1,a,b) €G |a,be (1Z)%} c T

and let V; be the set of entire functions f(z) on CY, invariant under the
action of [I. That is, f € V; if and only if for any a,b € (IZ)?, we have
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f(2) =6uf (2) :=f(z+D),
f(2) =%af(2):=expmi(a'Za+2a'z) f (2 + Za).
To get a good basis of V;, we need the following:
Proposition 6. f € V; if and only if
f(z)= Z cnexpmi (n'Zn + 2n'z)
ne(Z[1/1])?
such that ¢, = ¢y, if n —m € (1Z). In particular, dimV; = [9.

Proof. For any f € V;, by the invariance of f under the action of &;, it has
expansion

f(z)= Z Cn exp 2min' 2.

ne(Z[1/1)?
On the other hand, for m € (IZ)?, ,,f = f implies that
T f (2) = expmi (m'Zm +2m'z) f (z + Zm)
= expmi (m'Zm + 2m'z) Z cnexp 2mint (z + Zm)
ne(Z[1/1)?

= Z cnexp i (m + 2n)t Zmexp 2mi (n +m)' 2
ne(Z[1/1))?

=f(2)

= Z Crtm €xp 270 (n 4+ m)" 2
ne(Z[1/1)?

hence we have
Cntm = Cpexp i (m + 2n)t Zm
= ¢, eXp (m’th m+2n'Z m)
= cpexp (i (n+ m)t Z (n+m) — n'Zn)
which means
Cnmexp (—mi (n+m)" Z (n+m)) = cyexp (—min'Zn).
So if we define ¢, := ¢, exp (—m’nth) then
f(z)= Z Cn exp 2min'z
ne(Z[1/1)?
= Z ¢, exp i (nth + 2ntz)
ne(Z[1/1)?

and ¢, = ¢, for n —m € (1Z)". O
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Let g1, C U(1) denote the subgroup of m!” roots of 1. For [ € N, let

G ={(\a,b) €G A€ peiabe (Z[1/1])’} /iU
_ ZL/ON  (Z[/N?
= M2 X <Z—Z> X ZT
with the multiplication induced from G. Now for a,b € (Z[1/1])?, the ele-
ments &y, %, € G commute with (T, (since for o’ € (Z[1/1])? and b € IT we

have exp 2mib'a’ = 1) hence they act on V;. This descends to an action of
G; on V;, and the generators &y, T,,Va,b € (Z[1/1])? act on V; as follows:

Sy Z Cp, €XP T (nth + Zntz)
ne(Z[1/1)?
— Z cnexpmi (n'Zn +2n' (z + b))
n€(Z[1/1)?
= Z Cp, €Xp 2minth exp 7t (ntZ n + Zntz)
ne(Z[1/1)?

and

Ta Z Cp, €XP Tl (nth + Zntz)
ne(Z[1/1)?
= expmi (a'Za + 2a'z) Z cnexpmi (n'Zn+2n' (2 4+ Za))
ne(Z[1/1))?

= Z cnexpmi((n+a)' Z(n+a)+2(n+a) 2)

ne(Z1/1))?
= Z Cn—aexpmi (n'Zn + 2n'z) .

ne(Z1/1))?

This motivates us to introduce a basis for V;:

Z[1/11\*
Sc(2,Q) == Z expmi (n'Zn+2n'z) for c € <£7/]> .
nec+(12)?

A direct calculation implies the following lemma from which we obtain the
irreducibility of the G; action on V.

Lemma 7. For any a,b € Z[1/l], we have

Gps. = exp (2btcm') Se,

TaSe = Scta-
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4. Main theorem

27

Now we are ready to introduce the basis {19 [ Z } } of HY (AQ, Oaq, (12))

whose induced projective embedding is balanced.

In [Mum], Mumford introduces the following:

Definition 8. For a,b € QY,

¥ [ Z } (2,Q) == (Gp 0 T,) I (2,Q)

=expmi (a'Za+2da" (2 + b))V (2 + Za+b,Q)
= Z expri (m+a)' Z (m+a) +2(m+a) (2 +0)).

meZ9

They satisfy the following properties:

Proposition 9 ([Mum]). For a,d’,b,t/ € (Z[1/1]) and p,q € 79, we have:

(1) 0[0 ] (2,Q) =9 (2,Q).

w e[ 2] =02, ]

(3) T { ) ] — exp (—2mib! ')19{

(4)&[215]_@13 2mialq) 19[ }
(5)

2

h(2) =h[9)? (24 Za+b).

19{2](,2,9)

Notice that

19{8]:19(@

= Z exp i (thm + 2mtz)
mezZ9

= Z Z exp i (nth + 2ntz)

pE(Z/1Z)9 nep+(7Z)7

- Y

pE(Z/12)9
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implies that
0 { Z ] = G, T,

= Y (B0 (2)

pe(Z/12)?
— Z exp (2mib" (p + a)) Spta-
pe(Z/1Z)7
kth
For a fixed k, denote ¢ := (0,---, 1,---0) € Z9, let

a ~
V= {19 [ q/l ]}qe(z/m)g and 8, = {Sp+a}p€(Z/lZ)g

be [9-dimensional vectors, then we have

Vg = UgSq
with
U, = {exp2mig’ (p+ a) /l}q’pe(z/lz)g .
Lemma 10. For any r € (Z/IZ)?
Z exp 2mir'p/l = 0.
pE(Z/1Z)9

Proof. For simplicity let us first assume that r is primitive, that is r is not
a multiple of some element in (Z/IZ)?, then we have the following exact
sequence of Abelian groups

0 — kerr — (2/I2)! 5 ZJIZ — 0

and kerr 2 (Z/I1Z)?"'. For any p € (Z/IZ)?, we have a decomposition of
p=p' +p- withp’ € kerr and p* € ker r-. Thus we obtain

Z exp 2mirtp/l = Z Z exp 2mirt (¢ +p) /1

pe(Z)1Z)9 q€ker r pcker rt
= Z Z exp 2mirtp/l
qEker r pcker rt
=9t Z exp 2mir'p/l
peker rt
=0.
where we have used the fact that
-1
Zepom’ak‘/Z =0forany 0 <a<Il-1.
k=0

for the last identity.
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If 7 is not primitive, then it is a multiple of a primitive vector ro € (Z/IZ)".
We may replace r by rg and use the same argument. The details are left to
the readers. (]

Corollary 11. 8,/19/2 is a 19 x 19-unitary matriz, i.e., /192 € U (19).

Proof. Since 4, = diag [exp 2mig'a/l] U], with &, := {exp 27ig'p/l}, all we
need to show is that 4/, is unitary, which follows from the above lemma. O

In conclusion, we have:

Proposition 12.

go ﬂ() 0 0 go
J., 0 i, 5,
P15 - 0 UCERYID >IN I CCREY/)D S i)

where U, € U (19) for each a € (%)g. In particular, we have

2
> pli]eo - Y e

a,be(%)g pe(Z)1Z)? ae(%)

The next lemma gives a geometric interpretation of the space V;.
Lemma 13. Let
I*: Ag — Agq

zr—lz

be the rescaling map. Then degl*Oa, (1) = 1% and
Vi=H("0a,(1)) = H® (Oag (1))
Proof. Let
I*:C/A — C/A
z—lz

be the rescaling map and let {e’a, €y +a} be the canonical factor associated
with 1Oy, (1). Then we have

l2

e (z)=1= elj (2) and €, ., (z) = expmi (—ZOlal2 - 22al2) = €g1a (2)-

« gta

In fact, O4,(1) is a symmetric line bundle, which means
I*Oun(1) = 04, (17).
On the other hand, for f € V; we have
fl(z+m))=f(lz+1m) = f(lz) for m € 7
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and
(24 Agta)) = expmi (—Zml2 — 2zal2) f(12)
g—i—a( )f (ZZ)
= ehia (2) £ (12).
Thus f € H° (1I*Oa,(1)) = H? (O, (1?)). A dimension count then implies
¢V, — H° (4,0 (1%))
f(z) — f(lz)
is an isomorphism. O

Now we introduce an inner product on V;.
Definition 14. For f (z) € V; we define

F@E= [ PG
Dia
where Dy is the fundamental domain associated to A. In particular,
oo = [ WG = [ e
Dya Da

It possesses the following properties.
Lemma 15. For a,b € (Z[1/1])?, we have:
(1)

B () (&) ) = (hIFI) (z+),

B () (Zaf) )P = (RIP) 2 + Za).

(2) The actions {Sy, Ty} are unitary with respect to the L?-metric induced
from h.

(3) {W;W} (Z[l/l )9 forms an orthonormal basis of (Vi,||;,).

Proof. Part (1) is a special case of Proposition 3.
For part (2), we have

IIbe(z)IIZZ/DZAIf(Z+b)l2h(Z+b)wg=/D | () h(z)wf

IA

H‘Zaf(Z)HiZ/ \f(Z+Za)\2h(Z+Za)wg=/ |f () (2) 0

Dia 1N
For part (3), since {GC} ( 7 /l]>g forms a family of commuting operators,

the eigenvectors {sc} ( [ /l]>g are mutually orthogonal. On the other hand
Lemma 7 implies that for all a,c € (Z[1/1])Y

‘3c+a|i = ‘(ZaSCﬁL = |SC|h’



THETA FUNCTION AND BERGMAN METRIC 31

If we set ¢ = —a then we have
2 2
|8c|h = |80|h-
This implies
2 2 2
9], = Z |spl, =19 |s0l}, - .
pE(Z/1Z2)?

Now let
d:Aqg — pl*-1

z— [sc (lz)]ce(ml/zl )’

be the projective embedding induced by {SC}CE( 20 /l])g. Then ®*wpg is in-
¥4
variant under the action of &, and ¥, for a,b € (ZZLZ/”)Q since both &; and
T, are unitary. The Fubini—Study metric is given by
Fa2)? .
IF @2)llps = | =g ®w

A0 X lse (12)]

This together with the identities
R N&F) ()P = (hIFP) (2 +0)
B () |(Taf) P = (R1FP) (2 + Za)

and

Spse| = [se|
D Tasel® =) lsel”
(& C

would imply
(Suf) (12)?
Q Dclse (l2)|2
BRI
Ao Do | (Gpse) (lz)‘z h(lz)
(n171?) @tz +)

- /A (o hlsel?) (12 +b)

—/ |f‘2 d*w (lz+b)
B Aq Zc|5c|2 o

= [If (12)llzs

1(&uf) (12) 2 = /A B urs

6(, (e} (I))* WFS
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and

s [ NP
IEan) @)l = | S

_ |(Taf) (1) 1 (I2)
A0 X, |(Tase) (12)* 1 (1)

—/ 7T P*w (lz+ Za)
B Aq Zc|5c‘2 o

= [If (12) s

Hence we obtain the following:

(‘Za (¢} Q))* WFS

Proposition 16. For a,b € (Z[1/1]):
(1) &, %, are unitary operators acting on (Vi ||-||pg)-
(2) The action {Sc}c€<z[1ﬂ]>g is an orthonormal basis for (Vi, ||-|lpg)-
-

Recall from [D] that a projective embedding of ¢ : Ag — P* -1 is called

balanced if we have
ZiZj 5ij> . g
- = wpg = 0.
/Aﬂ<|z|2 po ) ¥ LS

Corollary 17. The embedding defined by

©:Aq — Pl2g_1

o {ﬁ [ b ] (Z’Q)L,be(zw)g

Z

s balanced.

Proof. It follows from the fact that

{19/236}
9] g e

forms an orthonormal basis for (V, ||-||pg), and the map ® and © differ by
an unitary transformation. O

Remark 18. Geometrically, the finite Heisenberg group G; acts on the em-
bedding leaving Im @ invariant. And {S,%,} acts on ® (Aq) via transla-
tions under the group law. Although we can not get a homomorphism from
Aq to U(I?), we do have G, C U(?).

Finally, we are ready to state our main result.
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Theorem 19.

Y. D (A

abe(20)° PE(Z/1Z)" e ()

me Y Y |8p+a(z)|2h(z):/A 19 ()2 b (2) da A dy.

pe(Z/1Z)9 ae(zuz/u)g

To prove this we need the following elementary lemma.

Lemma 20. Let f be a smooth real-valued doubly periodic function on CY
with period matriz Q= (I,Z) € Mgyxa4 (C). Let Do C C9 be a fundamental
domain. Then

det Tm Z
% Y fz+Za+b)
be(Z[l/l])

_ W -3 R
_/Dﬂf()detl Z+O(l ) forl— o

where weg ==Y, dz; \ dZ; is the standard Kdhler form on C9.

Proof. By performing affine transformations, we may assume that Z = il.
First, we notice that f being smooth implies that

1 )
llig)lo 29 Z fz+ai+b) = - fwy
abE( [1/l]>

for any fixed z € Dg. Moreover we have that

1 , _
7 > f(z+az+b)—/D fwl,| <C173
be( [1/11) @

with C' being a constant depending only on the sup-norm of the second
derivative of f but not on z. In particular, this implies

1

2 > flztai+b)— | ful,|<Cl? O
be(Z[l/l]) Do

Proof of Theorem 19. By Proposition 3, we have

Zﬁ[i](lz)2

h(lz)
a,b

=> W (z+ar+b) h(lz+ar +Db)
a,b
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hence

Y sl )P R(2)

pE(Z/lZ) ([1/1)
= >
be( [1/1])

=> [W(z+ Za+b)*h(lz+ Za+Db).
a,b

2
h(lz)

0[ H(ZZ,Q)

By Lemma 20, we have

lim Vol (Aq)

l—o0 l2g

> W01z +ar + ) h(lz + ar +b)

Hence

Jim 179 > > spra (2)P R (12)
pe(z/1z)? , ( [1/l]>
1

= ——— z 2 z €T .
—Vol(AQ)/AQw JPh(z)de ndy. O

Corollary 21. The balanced metric @}“wps/ﬂ converges to wy, the flat met-
ric on Aq, as a C* function as | — oco.

Proof. Let hrg denote the Fubini-Study metric on Oz (l2) induced via
the embedding ©. Then

2

hl
ZpE(Z/lZ)g Zae (Z[l/l]

Z

hrs =

) |sp+a (12)]* B (12)

On the other hand
@l wFs 88 log hFS

12 12
) 00 log <ZPE(Z/ZZ)9 ZaE<M> |spra (12)° B (lz)>
— 8dlogh — T
90 log (19 ||9 o (1973
L gl o)

l2
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