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Centered densities and fractal measures

G. A. Edgar

ABSTRACT. We have collected definitions and basic results for the (centered
ball) density in metric space with respect to an arbitrary Hausdorff function.
We have kept the definitions general: we do not assume the Hausdorff functions
are continuous or blanketed, and we do not assume the metric space is a subset
of Euclidean space. We discuss the covering measure (= centered Hausdorff
measure) and packing measure defined from these densities.
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Introduction

The Hausdorff measure and the packing measure have been used in the math-
ematical study of fractal geometry. In Euclidean space, and with the classical
Hausdorff functions, there are certain basic facts related to them. Here we will con-
sider their generalization to other metric spaces and other Hausdorff functions. We
must take extra care with the definitions for Hausdorff functions that are not con-
tinuous, or not blanketed. (We say ¢ is blanketed iff limsup,_, p(2t)/p(t) < o0.)
In many cases we will need to consider two or more variants of definitions.

Why do we even consider such general Hausdorff functions?
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(a) Discontinuous. When defining a Hausdorff function to fit a particular sit-
uation, it is sometimes artificial to impose continuity. For example when a
metric takes only a discrete set of values, the natural definitions may yield
Hausdorff functions that are piecewise constant.

(b) Unblanketed. An infinite-dimensional metric space (that is, a space with
Hausdorff dimension 400) may still admit a Hausdorff function ¢ for which
the Hausdorff measure (or covering measure, packing measure, etc.) is finite.
These “infinite-dimensional” Hausdorff functions ¢ satisfy lim; .o ¢(t)/t* =
0 for all real a. They are typically unblanketed [23, 3, 13, 14, 27].

The packing and covering measures complement each other nicely. So instead
of the usual Hausdorff measure, we have used primarily the covering measure. See
Proposition 4.24 for the relation to the Hausdorff measure. When generalizing state-
ments and definitions from Euclidean space to arbitrary metric space, there may
be multiple alternative versions which are equivalent in Euclidean space, but not in
metric spaces. For example, we will use ¢(r) rather than ¢(2r) or ¢( diam B, (zo)).

We begin with statements of the results to be considered for generalization. More
complete definitions are given below. Let s > 0 be real and d > 1 an integer.

0.1. Density theorem for covering measure ([30, Theorem 1.1(i)]). Write C*
for the s-dimensional covering measure (= centered Hausdorff measure). Let u be
a finite Borel measure on R? and write

D’ (z) = limsup #(B: ()

rmo (2r)°
for the s-dimensional upper density of p at = € R?. If E C R? is a Borel set, then
C*(E) inf D),(x) < u(E) < C*(E) sup D (x),
provided the products are not 0 times oco.

0.2. Density theorem for packing measure ([30, Theorem 1.1(ii)], [4]). Write
P# for the s-dimensional packing measure. Let p be a finite Borel measure on R
and write

s -

for the s-dimensional lower density of 1 at € R%. If E C R? is a Borel set, then
P4 (E) inf Qi(x) < u(E) < P*(E) sup Qi(x),
zEE zEE
provided the products are not 0 times oco.
0.3. Covering measure as fine variation. Let C(x,7) = (2r)%, and write v*

for the fine variation of this constituent function using the centered-ball basis. Then
for all Borel sets E C R? we have

Reference: [10].
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0.4. Packing measure as full variation. Let C(z,7) = (2r)*, and write V¢ for
the full variation of this constituent function using the centered-ball basis. Then
for all Borel sets E C R? we have

PS(E) =VY(E).
References: [28, 9].

0.5. Product inequalities. Let k,I > 1 be integers, and let s,t > 0 be real
numbers. There exists a constant ¢ > 0 such that for all Borel sets E C Rk, F C Rl,

C*(E)CY(F) < cC*TY(E x F),
C*THE x F) < cC*(E)P!(F),
C*(E)PY(F) < cP*™'(E x F),
P E x F) < ¢ P5(BE)PY(F).

Under good conditions, these inequalities hold with ¢ = 1. References: [2, 26,
20, 29, 15, 16, 21, 8]. Howroyd [20] discusses the generalization to metric space.
We will be interested in proofs using densities.

1. Basic definitions

We begin with definitions and basic results for the (centered ball) density in
metric space and an arbitrary Hausdorff function. In particular, we make an effort
to use the definitions that will apply in the case of metric space other than Euclidean
space, and Hausdorff functions other than simple powers. Sometimes our proofs
may seem overly pedantic, because there are many details to take care of. This is
particularly true when we attempt to use discontinuous Hausdorff functions.

Hausdorff function. A Hausdorff function is a function ¢ defined on an interval
(0,0) for some & > 0 such that:

e o(t) >0 for all t > 0.
o Ift; < to, then (p(tl) < (,O(tz).

The examples most often used are the Hausdorff functions of the form

(1) ps(t) = (20)°

for a constant s > 0. This is the one we use to discuss “dimension s” in the fractal
sense.

Write ¢(r+) for the right limit ¢(r+) = limy» ¢(t). Sometimes we may extend
the definition with the convention ¢(0) = 0. But the official definition includes only
(0,0); so, for example, when we say ¢ is “right-continuous” we mean to assert that
it is right-continuous at positive ¢, and not that it is right-continuous at 0. The
properties of Hausdorff functions that come into play [for densities or for fractal
measures| are those that depend on the values ¢(¢) for t near 0. But we may always
assume @ has domain (0, co) by choosing some ¢y > 0 in the domain, and stipulating
o(t) = p(to) for all t > to.



36 G. A. EDGAR

Other common examples of Hausdorff functions:

1\~
) o) =1 (log1)
1\ 1\ >
(3) p(t) =t <10g ;) (log log ;) ,
(4) p(t) = 2™
A Hausdorff function ¢ is called blanketed iff
: p(2t)
lim sup —= < o0,
o oD
or, equivalently, sup { ¢(2t)/¢(t) : 0 <t < §} < co. And of course
: p(at)
lim sup < 00
(t)

is true for one constant a > 1 if and only if it is true for all constants a > 1.
Note the Hausdorff functions of the forms (1), (2), (3) are blanketed, but (4) is not
blanketed. [The term “blanketed” is from Larman [24]—other terminology can be
found in the later literature.]

A Hausdorff function ¢ will be called right moderate iff

lim sup plrt)
r—0 (1)

Note that, in particular, if ¢ is right-continuous, then ¢ is right moderate. And if
 is blanketed, then ¢ is right moderate.

We allow discontinuous Hausdorff functions. But the discontinuity is important
only in the unblanketed case. When ¢ is blanketed, the possibility of discontinu-
ities only changes our fractal measures by at most a constant factor. Indeed, if
©(2t)/p(t) < M, then define

< 0

to get a continuous Hausdorff function ¢g satisfying p(t) < po(t) < p(2t) < Mp(t).
So our fractal measures such as C¥ all satisfy inequalities of the type C¥(E) <
C¥(E) < MC¥(E).

Metric space. We will usually write p for the metric in any metric space. Notation
for open and closed balls in the metric space X:

B.(a)={z e X :p(x,a)<r}, By(a)={z € X :p(x,a)<r}.

We will assume whenever convenient that our metric space is separable and com-
plete. Therefore, if p is any finite Borel measure on X and £ C X is a Borel
set,

w(E) =sup{ pu(F): F C E, F compact }
=inf{u(V): VD E,V open}.
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Uncountable limit points. A simple variant of the limsup and liminf will be
used below. They are the limsup and liminf if we ignore countable sets.
Suppose ¢(r) € R is defined for each r > 0. Then:

e ulimsup,_,,q(r) is the infimum of all & such that, for some n > 0, we have
q(r) < « for all but countably many r with 0 < r < 7.

e ulimsup,_,;¢q(r) > o means: for all € > 0 and all n > 0, there are uncount-
ably many r with 0 <r < n and ¢(r) > o — ¢.

e uliminf, .y ¢(r) is the supremum of all & such that, for some n > 0, we have
q(r) > « for all but countably many r with 0 < r < 7.

e uliminf, .o ¢(r) < a means: for all € > 0 and all n > 0, there are uncount-
ably many r with 0 < r <nand ¢(r) < a +¢.

Of course when ¢ is continuous, ulimsup ¢(r) = limsup¢(r) and uliminf ¢(r) =
liminf q(r).

2. Densities

Let X be a metric space, let a € X, let u be a finite Borel measure on X, and
let ¢ be a Hausdorff function. The upper @-density of p at a is

= . N(Br(a))
D7 (a) = limsup ————~.
() =P To0)
The lower @-density of 1 at a is
B,
D¥(a) = liminf M.
r—0 © 7’)

If @ is an isolated point, then B,.(a) = B,(a) = {a} for small enough 7, so we have:
o If u({a}) = 0, then D}, (a) = D% (a) = 0.
o If y({a}) > 0 and »(0+) = 0, then Erj(a) = D7 (a) = oo.
o If p({a}) > 0 and (0+) > 0, then Dj;(a) = Df(a) = p({a})/¢(0+).
Although it is not immediate from the definition, we do have (Corollary 2.3)
D#(a) < Dy (a).
In most cases it won’t matter whether we use open or closed balls; for example
it does not matter in cases when ¢ is continuous. But there are simple counterex-
amples showing that open and closed balls need not yield the same value for the

density when ¢ is discontinuous. Take X = R, and define p with point-mass 2%
at point 2% for k = 1,2,3,.... For one example, take ¢(r) = u(B,(0)) to get

B,.(0
limsupM =2>1=limsup
r—0 (1) r—0 ¢@(r)

For the other example, take ¢(r) = u(B,(0)) to get
B, (0 B,.(0
T CIAU) P .G CAC)
r—=0 o(r) 2 =0 p(r)
In both cases, the 1 is what we want. To ignore the countably many bad values,
we can use the “uncountable” liminf and limsup. More precisely:
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Theorem 2.1. Let X be a metric space, let a € X, and let p be a finite Borel
measure on X. Write:

Y M(Br(a)) — D%(a
D, —lnrrljélp o0 =D, (a)
Dy = ulimsup 'u(BT (a))
r—0 _‘P(T)
D3 = limsup M
r—0 ‘P(T)
M(ET (a))

Dy =ulimsup —————=.
r—0 o(r)

Then Dy = Dy = Dy < D3. All of them are equal provided ¢ is right-continuous.

Proof. Comparing ulimsup to limsup, we get D1 > Dy and D3 > Dy. Also,
B.(a) 2 B,(a), so D3 > Dy and Dy > D,. And B,(a) = B,(a) for all but
countably many r, so Dy = Ds.

Now we claim Dy > D;. Let a < D;. Let n > 0 be given. Then there exists
r < n such that u(B,(a))/e(r) > a. Now since lims . u(Bs(a)) = p(B,(a)), for
all s greater than r but sufficiently close to r we have

n(By(a)) > ap(r) > ap(s).

Thus, there are uncountably many s with 0 < s < n and p(Bs(a))/¢(s) > a. So
D4 > a. And therefore we conclude Dy > Ds.

So we have: D4 > Dl > DQ = D4, SO Dl = DQ = D4 < Dg.

Assume ¢ is right-continuous. Let o« > D;. There is 7 > 0 so that for all » < 7,
we have p(B(a)) < ap(r). Taking the limit of this from the right, for all » < n

we have pu(Br(a)) < ap(r). Thus limsup, o u(Br(a))/¢(r) < a. So D3 < a. This
shows D3 < D1, so that D3 agrees with the other three values. [l

Theorem 2.2. Let X be a metric space, let a € X, and let p be a finite Borel
measure on X . Write:

= limin 7M<BT(Q))
D= o
= ulimin M
B
. . /’L(ET‘(O’)) %]
D3 = 111;15(1)11’ o) = D% (a)

B,
D4 = uliminf M.
r—0 o(r)

Then D1 < Dy = D3 = Dy. All of them are equal provided ¢ is left-continuous.

Proof. Comparing uliminf to liminf, we get D; < Do and D3 < D4. Also,
B.(a) 2 B,(a), so D3 > Dy and Dy > D,. And B,(a) = B,(a) for all but
countably many r, so Dy = Ds.

Now we claim Ds > Dsy. Let o > Ds. Let n > 0 be given. Then there exists

r < n such that u(B,(a))/¢(r) < a. Now since limg , u(Bs(a)) = p(Br(a)), for
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all s less than r but sufficiently close to r we have

11(Bs(a)) < ap(r) < ap(s).
Thus, there are uncountably many s with 0 < s < n and p(Bs(a))/e(s) < a. So
D5 < . And therefore we conclude Dy < Ds.

So we have: DQ < Dg < D4 = DQ, SO D2 = D3 = D4 > Dl.

Assume ¢ is left-continuous. Let o < Ds. There is n > 0 so that for all » < 7,
we have (B, (a)) > awp(r). Taking the limit of this from the left, for all r < 7 we
have pu(Br(a)) > ap(r). Thus liminf, .o p(Br(a))/e(r) > a. So Dy > «. This
shows Dy > Ds, so that D; agrees with the other three values. O

Corollary 2.3. For alla € X, D7 (a) < Ei(a).
Proof. uliminf < ulim sup. O

Comparing the two theorems, we see a reason for using open balls in the definition
of the upper density and closed balls in the definition of the lower density. For the
nonstandard densities, write

A7 (a) = lim sup %,
Af(a) = liITrLiélf %.

Our densities satisfy
= N2
Af(a) < Df(a) < D,(a) <A, (a).

Proposition 2.4. The densities Ei(aj), Df (), Zi(x), and A (z) are Borel-
measurable functions of x.

Proof. [10, (1.1)] First we claim: for fixed » > 0, the function x — p(B,(x)) is
Borel measurable. Indeed, for any ¢ € R, we claim that

V={zeX:uB(z) >t}

is an open set. Let zo € V, so that u(B.(z0)) > t. Now u(B,_i/n(v0)) /
(B (o)), so there is n with u(B,_1/,,(z0)) > t. Then for any x € By ,(20), we
have B,.(x) 2 B,_1/n(x0), so u(B(x)) > w(By_1/n(w0)) > t. So x € V. This
shows that V is an open set. Thus, © — u(B,(z)) is Borel measurable (in fact,
lower semicontinuous).

Next we claim: for fixed 7 > 0, the function 2 +— u(B,(x)) is Borel measurable.
This could be proved similarly to the above (in fact, it is upper semicontinuous).
Or it can be deduced from the above, since

nlLH;o 1(Bri1/n(x)) = p(Br(z)).
Next we claim: for all z € X and all n > 0,
B, B,
sup 7M( (x)) :0<r<mnp=sup 7M( (x)) 0<r<nreQ,.
¢(r) p(r)
Inequality > is clear. Let oo < sup { p(B,())/¢(r) : 0 <r <n}. So there exists

ro € (0,n) with u(B,,(x))/¢(ro) > a. Now for all r < r( sufficiently close to ro we
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have u(B,(x)) > ap(rg) > ap(r); in particular there is a rational r that satisfies

this. So a < sup { u(B,(x))/e(r) : 0 <r <mn,r € Q}. This proves inequality <.
For each fixed r € Q, the function x — p(B,(x))/¢(r) is Borel measurable,

so the supremum over all » € QN (0,n) is Borel measurable. And the value

sup{ u(By(x))/p(r) : 0 <r <n} decreases as n > 0 decreases, so the limit may

be taken over rational 1. So we conclude that z — Ei (x) is Borel measurable.
Next we claim: for all z € X and all n > 0,

inf{%:O<r<n}:inf{u(frr()x)) O<7“<7],7“€Q}.

Inequality < is clear. Let o > inf { u(B,(2))/¢(r) : 0 <7 <mn}. So there exists
7o € (0,n) such that u(B,,(z))/¢(ro) < . Now for all r > rq sufficiently close to 7o
we have (B, (z)) < och(ro) < agp(r); in particular there is a rational r that satisfies
this. So o > inf { (B (2))/¢(r) : 0 <7 <n,7 € Q} This proves inequality > .

For each fixed r € (@, the function © — u(B,(x))/¢(r) is Borel measurable,
so the infimum over all » € QN (0,n) is Borel measurable. And the value
inf { (By(x))/e(r) : 0 <r <n} increases as n > 0 decreases, so the limit may
be taken over rational . So we conclude that x — D () is Borel measurable.

Now ¢ is nondecreasing, so it has only countably many discontinuities. Let J be
a countable set, dense in (0, c0), that includes all of the discontinuities of .

Next we claim: for all z € X and all n > 0,

sup M:O<r<n = sup #(Er(x)) 0<r<n,red ;.
o(r) o(r)

Inequality > is clear. Let ov < sup { u(B,(x))/¢(r) : 0 <7 <n}. So there exists
ro € (0,n) such that u(B,,(v))/¢(ro) > a. If rg € J, we are done. So assume
ro € J. Then ¢ is continuous at ro and ap(re) < p(By,(7)). So for all r > rg
sufficiently close to ro, we have ap(r) < pu(By,(x)) < u(B,(z)); in particular there
is 7 € JN(ro,n) that satisfies this. So sup { u(B,(2))/¢(r): 0 <r <n,reJ} > a.
This proves the inequality <.

For each fixed r € J, the function 2 — u(B,(z))/¢(r) is Borel measurable,
so the supremum over all r € J N (0,n) is Borel measurable. And the value
sup { u(B(x))/p(r) : 0 <r <n} decreases as n > 0 decreases, so the limit may
be taken over rational n. So we conclude that z — Z:j (x) is Borel measurable.

Next we claim: for all z € X and all n > 0,

inf{%:O<r<7]}:inf{%:0<r<n,rebf}.

Inequality < is clear. Let a > inf { (B, (2))/¢(r) : 0 <7 <n}. So there exists
ro € (0,m) such that u(B,,(z))/e(ro) < a. If ro € J, we are done. So assume
ro € J. Then ¢ is continuous at ro and aw(rg) > u(Br,(z)). So for all r < rg
sufficiently close to rg, we have ap(r) > (B, (x)) > p(By(x)); in particular there
is 7 € JN(0,70) that satisfies this. So inf { u(B,(x))/e(r): 0 <r<n,reJ} <a.
This proves the inequality > .

For each fixed r € J, the function = — u(B,(x))/¢(r) is Borel measurable,
so the infimum over all » € J N (0,n) is Borel measurable. And the value
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inf { (B (x))/e(r) : 0 <r <n} increases as > 0 decreases, so the limit may
be taken over rational 7. So we conclude that = — AZ(z) is Borel measurable. [

3. Variations

We will use the Thomson—Henstock type “full” and “fine” variations with respect
to the centered ball derivation basis ([17, 31, 32]). Sometimes we use open balls
and sometimes we use closed balls. As we have seen, the uncountable limit points
ulimsup and uliminf may be used in this connection. But we have gone to that
much trouble only to allow the possibility that the Hausdorff function ¢ is not
continuous.

A constituent is an ordered pair (z,r) with x € X and r > 0. It represents the
ball centered at z with radius . In a general metric space the center 2 and/or
radius 7 are not uniquely determined by the point-set B,.(x) or B,(z).

Let EC X. A centered closed ball packing of E is a collection m of constituents
such that € F for all (z,7) € 7, and p(z,2’) > r + ¢ for all (z,r),(2',7") € 7
with (z,7) # (2/,7"). Note that this implies that the corresponding closed balls
B, (x) are pairwise disjoint. But more than that: if X is embedded isometrically in
a larger metric space, and the constituents are interpreted to represent closed balls
in that metric space, they are still disjoint.

A centered closed ball relative packing of E is a collection 7 of constituents such
that z € E for all (z,7) € 7, and B,.(x) N B (2') = @ for all (z,7), (z/,7") € ™ with
(x,7) # (2',7"). This is called pseudo-packing in [30].

A centered closed ball weak packing of E is a collection 7 of constituents such
that © € E for all (z,r) € w, and p(x,2’) > r V' for all (z,r),(2',7") € 7 with
(z,7) # (2/,7"). Note that this is equivalent to 2’ ¢ B,.(z) and x & B,.(z'). This is
called pseudo-packing in [19].

If we just say “packing”, we will mean centered closed ball packing. Of course
in Euclidean space, p(z,2’) > r 4+ 7' is equivalent to B,(x) N B,(z') = @. So when
packing measure was defined, it did not matter which of these two definitions was
used. Any metric space X may be embedded isometrically into a larger metric
space in which B,.(z) N B,/ (2') = @ if and only if p(z,2’) > r +7'. Saint Raymond
& Tricot [30] used the term pseudo-packing for our relative packing, and showed
that (for blanketed Hausdorff functions and subsets of Euclidean space) the two
packing measures agree. Das [5] examines more general spaces where equality of
packing and pseudo-packing measures remains valid.

A centered open ball packing of E is a collection 7 of constituents such that z € F
for all (z,r) € 7, and p(z,2") > r+¢' for all (x,7), (¢, r") € 7w with (z,r) # (2',7).
Note that this implies that the corresponding open balls B,.(x) are pairwise disjoint,
even when interpreted in a larger metric space.

A centered open ball relative packing of E is a collection m of constituents such
that © € E for all (z,7) € m, and B,(z) N B, (2') = @ for all (z,r), (2/,7") € 7 with
(2,) # (2/,7").

A centered open ball weak packing of E is a collection 7 of constituents such
that « € E for all (z,r) € m, and p(z,2’) > r V¢’ for all (z,r),(2/,r") € © with
(z,7) # (z',7"). This is equivalent to 2’ € B,.(z) and = & B,/ (z').

Vitali theorems. Let X be a metric space, and let £ C X. A fine cover of E is
a collection 3 of constituents such that: x € E for every (x,r) € 3, and for every
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x € E and every § > 0, there exists r > 0 such that » < 0 and (x,r) € 8. A
collection (3 of constituents is a very fine cover of E iff: x € E for every (x,r) €
and for every § > 0 there are uncountably many r with 0 < r < § and (x,r) € §.

Next is a standard Vitali theorem. But care is taken to make sure the proof
allows the packing as defined here.

Theorem 3.1. Let X be a metric space, let E C X be a subset, and let 3 be a fine
cover of E. Then there exists either:

(a) an infinite (centered closed ball) packing {(x;, )} C B such that infr; > 0,
or

(b) a countable (possibly finite) centered closed ball packing {(x;,7;)} C B such
that for all n € N,

n o0
E\UBn(@) < |J Ban(w).
i=1 i=n+1
Proof. We define recursively a sequence (x,,,r,) of constituents and a decreasing
sequence of fine covers 3, C 3.
Let 81y = {(xz,r) € 8:r <1}. Then (3 is again a fine cover of E. Define

ty =sup{r:(z,r) €/},

and then choose (z1,71) € B1 with r; > t1/2. Now suppose (z1,71), (z2,72),...,
(zpn,rn) and By, O, ..., B, have been chosen. Let

Bnt1 ={(x,r) € By : plx,xy) >1 4710 }.

If B41 is empty, the construction terminates. If §,,41 is not empty, define

tny1r =sup{r: (z,7) € Bpy1 },

and choose (Ty11,7n+1) € Bnt1 with 7,41 > ¢,41/2. This completes the recursive
construction.

Consider the case where the construction terminates, say 3,+1 = @. We claim
that £ C U, By, (z;). Indeed, if x € E\ U], By, (%), then p(z,z;) —r; > 0 for
i=1,...,n, and thus

e=min{p(z,z;) —r;:1<i<n}>0

and there is (z,7) € (8, with 0 < r < €, 80 8,41 # . So in case the construction
terminates, (b) holds.

So suppose the construction does not terminate, and (a) is false. We must prove
(b). Fix j, and let = € E\U/_, By, (2;). We must prove that « € 72, | Bar, (2:).
Just as before, min { p(x,2;) —r;: 1 <i<j} > 0 and (; is a fine cover of E, so
there is ro > 0 with (z,79) € 1 and p(x,z;) >ro+m; fori=1,... ;.

Now 7, — 0, so there exists a least n with r,, < (1/2)ro. We claim that there is
1 < nwith p(z,z;) <ro+r;. Indeed, if not then (z,79) € By, S0 t,, > 10 > 21, > Ly,
a contradiction. This ¢ satisfies j < ¢ < n. Because ¢ < n, we have r; > (1/2)ro.
Then p(z,z;) < 7o+ r; < 3r;. That is, € Bs,., (x;) with i > j + 1 as claimed. O

We will need the following specialized variant later for weak packing. A fine
cover f3 is upward closed iff, for every sequence (z,,7,) € § such that x,, — = and
ry /' 1, it follows that (z,r) € f.
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Lemma 3.2. Let X be a metric space, let E C X be compact subset, let 3 be a
upward closed fine cover of E. Then there is a finite centered open ball weak packing
m™ C B such that E €, ,yer Br(@).

Proof. First, 81 = {(z,7) € B:r <1} is also a upward closed fine cover of E.
Because it is upward closed and E is compact, {7 : (z,7) € $1 } achieves a max-
imum value. Let (z1,71) € (1 be such that 11 = sup{r: (z,7) € 81 }. Next,
let B = {(x,7) € B1: p(x1,7) >1r1}. Now Ey = {z € E: p(x1,7) > r1 } is com-
pact, so 2 is a upward closed fine cover of Es. There is (z2,72) € (2 such that
ro =sup{r: (x,r) € B2 }. Note ro < ry, and {(z1,71), (x2,72)} is a centered open
ball weak packing for E. Next 85 = { (z,7) € f2 : p(x2, ) > ro } is a upward closed
fine cover of {x € F: p(x,x1) > 11, p(x,22) > 12 }. There is (x3,73) € [3 such
that 73 = sup{r: (z,7) € 83 }. Note rg < ro, and {(x1,7r1), (w2, r2), (x3,73)} is a
centered open ball weak packing for FE. Suppose that we have defined
{(z1,71),-..,(xn, )} a centered open ball weak packing, 1y > ro > -+ > 1.
Let Bni1 = {(x,r) : p(xn,x) >1ry }. If Bp1 = &, the construction terminates. If
not, choose (Zp41,7m+1) so that r,41 =sup{r: (z,7) € Bps1 }-

So if the construction never terminates, we end up with an infinite weak packing
7w = {(z;,7;)}. Note that (by compactness or total boundedness) r; — 0. We claim
that £ C (J;2, By,(z;). Let x € E. There is g < 1 so that (x,79) € 3. Since
r; — 0, there is a least m so that r,, < ro. Then we claim p(x;,z) < r; for some
1 < m: if not, then (z,79) € By, S0 4y > 10, a contradiction. But then p(x;, x) < r;
means = € By, (x;).

Finally, by compactness, this open cover has a finite subcover, so in fact there is
a finite weak packing that covers E. (That is, the construction terminates at some
finite stage.) O

Vitali properties. Let X be a metric space. Let u be a Borel measure on X.
Then we say that p has the Strong Vitali Property iff, for every Borel set E C X
and every fine cover 3 of F, there exists a (countable) centered closed ball packing
7 C 3 such that

p|E\N |J B | =o0.

(z,r)em

We say that the packing 7 almost covers the set E.

We say that the metric space X has the Strong Vitali Property (or SVP) iff every
finite Borel measure on X has the SVP. Das [5] argues that what we really want
is a property of the support of the measure p and not a property of the space X
itself.

Let X be a metric space. Let pu be a Borel measure on X. Then we say that
has the Weak Vitali Property iff, for every Borel set £ C X and every fine cover (3
of E, there exists a centered closed ball weak packing m C ( such that

p|E\N |J B | =o0.

(z,r)em

We say that the metric space X has the Weak Vitali Property (or WVP) iff every
finite Borel measure on X has the WVP.
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Vitali showed that Lebesgue measure in Euclidean space has the SVP. Besicov-
itch [1] generalized that to every finite measure so that (as defined here) Euclidean
space has the SVP. Davies [7] gave an example of a metric space where the SVP
fails. Larman [25] defined a notion of “finite-dimensional” metric space where the
Besicovitch proof will establish the SVP. Das [6] formulated a “Besicovitch weak-
packing property” that similarly implies the WVP.

The Strong Vitali Property yields a version for open ball packings if we use a
very fine cover.

Proposition 3.3. Let X be a metric space. Let p be a finite Borel measure on X .
Let E C X be a Borel set and let 3 be a very fine cover of E. Assume p has the
Strong Vitali Property. Then there is a centered open ball packing m C 8 such that

p|E\N |J Be@)] =0

(z,r)em

Proof. For a fixed point x, the sets

Sp(x) ={y e X :p(x,y) =1}

are pairwise disjoint closed sets. Thus, only countably many have positive measure.
Therefore

= { (x,r) € f: M(Sr(x)) = 0}

is a fine cover of E. Therefore, by the SVP, there exists a centered closed ball
packing 7 C ; with

Now 7 C 3, and = is also a centered open ball packing. Because of the definition of
B1, we have p(S,(z)) =0 for all (z,r) € m, and therefore p(E\ |JB(z)) =0. O

The same proof will show:

Proposition 3.4. Let X be a metric space. Let pu be a finite Borel measure on X .
Let E C X be a Borel set and let 3 be a very fine cover of E. Assume p has the
Weak Vitali Property. Then there is a centered open ball weak packing m C 3 such
that

p|E\N |J Be@)] =0

(z,r)eT

We can eliminate the WVP if we add a hypothesis on the fine cover 5. Recall
that a fine cover 8 is upward closed if, for every sequence (x,,r,) € [ such that
Zn — x and r, ' r, it follows that (z,r) € 3.

Proposition 3.5. Let X be a complete separable metric space, let E C X be a
Borel set, let u be a finite Borel measure, and let 3 be a upward closed fine cover of
E. Then there is a centered open ball weak packing = C 3 with pu(E\U, By (x)) = 0.
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Proof. There is a compact F' C E with u(F) > (1/2)u(E), and by Lemma 3.2
there is a weak packing {(z1,71),..., (Zn,,7n,)} € B with F C 2, By, (z;), so
w(E\UB, (i) < (1/2)u(E). Now E> = E\ ", By, (;) is compact, and

B2 ={(z,r) € B:x € Eyyr <min(p(z,21), ..., p(x,2n,)) }

is a upward closed fine cover of Es, so we may repeat to get a weak packing

{(3:?11-1-1’ T?’L1+1)v RS ($n2 ) TTL2)}
of By with pu(E\ U;?; Br,(2:)) < (1/4)u(E). Continue in this way. O

Example 3.6 (Ultrametric product space). We consider an example. We will use
it again many times. First (Example 3.7) it will provide an example showing that
the Strong Vitali Property in the sense of centered closed ball packings is not the
same as the sense of centered closed ball relative packings.

Begin with positive integers ki, ks,..., all > 2. For each n let G,, be a finite
set with k, elements. Let Q = []>~, G, be the infinite Cartesian product. Let
positive numbers p,, be given, with 1 > p; > py > --- and limp,, = 0. Cylinders
Q(x1,x9,...,2,) consist of all elements of ) where the first n coordinates have
these fixed values. Define a metric p on Q so that p(x,x) =0 and p(z,y) = p, if x
and y first differ in the nth coordinate. So 2 is a compact ultrametric space.

For m € N, write F,, for the collection of all subsets of the product €2 that
depend on the first m coordinates. That is, F,, consists of the sets that may be
written as a union cylinders Q(z1,x2,...,2,,) of generation m; or equivalently a
union of open balls of radius p,,.

Define the uniform measure p on €2 so that

u(Q(ajl, - ,xn)) = Tn»

where v, = 1/K,,, K,, = k1ks---k,. Note that any two cylinders in generation n
are isometric to each other, so if any of the common fractal measures happens to
be positive and finite on €2, then it must be a constant multiple of this uniform
measure. The open ball B,(z): for p,41 < 7 < p,, we have B,(z) = B, (z) =
B, .. (z) and p(B,(z)) = v,. The closed ball B,(z): For pn,41 <1 < py, we have
B,(z) = B,,.,,(z) = B,, () and u(B,(z)) = v,. In particular, u(B,, (z)) =
and (B, () = Yn-1-

Note. The Davies example, as in [7], can be thought of as an ultrametric product
space of this type, with extra points added so that certain balls (disjoint in the
relative sense but not in the absolute sense) are made nondisjoint, and therefore
so that it fails the SVP even in the relative sense. The set of points with only
peripheral coordinates is the product space.

Example 3.7 (Ultrametric product space: Failure of SVP). For each § > 0, there
are only finitely many distinct balls with radius > §. Closed balls are open sets.
For any two balls in €2, either they are disjoint or one contains the other. The SVP
in the sense of relative packings follows. But SVP in the sense used here is false in
Q for certain choices of k, and p,,, as we will see below.

In the space Q with p, = 1/2", the question of whether the uniform measure p
has the SVP depends on the sequence k,,. Bounded k,, is “finite-dimensional” and
unbounded k,, is “infinite-dimensional” in ways we will see.
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Proposition 3.8. Let Q) be an ultrametric product space with p, = 1/2™. Assume
{kn} is bounded. Then p has the SVP.

Proof. Say k, <k foralln. If 1/2" <r < 1/2"’1, then each closed ball of radius
r is the union of k,, < k closed balls of radius r/2.

If 3 is a fine cover of E, apply Theorem 3.1 to get a packing (z;,7;) C [ such
that

E\JBr(z:) S (J Bsr(xi)
i=1 i=n+1
for all n. Now the sets B,,(x,) are disjoint, so >_ u(B,, (x;)) < oo. Each ball of
radius 3r; is covered by at most k2 balls of radius r;, so > u(Bs,, (x;)) < co. So
we get pu(E\ U2, By, (z:)) = 0. O

Remark. € itself does not have the SVP. With k, = 2 for all n, we can take
a “biased coin” measure v and for E the set obeying the Strong Law of Large
Numbers for that measure. The set 3 of (x,7) where v(B,(z)) < (1/10)u(B,(z))
is a fine cover, but any packing = C 3 has > v(B,(z)) < 1/10.

Proposition 3.9. Let Q be an ultrametric product space with p, = 1/2™. Assume
kyn is unbounded. Then the uniform measure p fails the SVP.

Proof. Choose a sequence n; < ng < nz < --- so that ky;, > j2. Fix m € N.
Define a fine cover

P = { (z,7) :r =1/2""" for some j > m},

Let 7 C (3, be a centered closed ball packing. For a given j, if (z,1/2"+1),
(2',1/2"%1) both belong to 7, then p(x,2’) > 2/2%+t = 1/2% so p(x,2') >
1/2mi=1. Therefore z and 2’ differ in some coordinate from 1 to n; — 1. So for
fixed j, there are at most K, 1 consituents (z,r) in 7 with r = 1/2"". And the

measure fi(B,(x)) is vn,;. So for the entire packing m we have

il U B@) < XK =Y <Y
(z,r)em j=m P—— i=m

For large m this is < 1, so there is no packing C [, that almost covers 2. The
SVP fails for the measure pu. O

Recall that if any of the common fractal measures happens to be positive and
finite on £, then it must be a constant multiple of this uniform measure. So (at
least in these “infinite-dimenional” ultrametric product spaces) the Strong Vitali
Property fails for all of the measures we use in fractal geometry.

Sometimes the following proposition will be used in place of the SVP.

Proposition 3.10. Let 2 be an ultrametric product space with p, = 1/2". Assume
kn — oo. Let 3 be a fine cover of (. Then there is a centered closed ball packing
™ C B such that 32, e 1(Bar(2)) = 00.

Proof. If 1/2"*! <y < 1/2", write rt = 1/2" s0 2r* = 1/2""", so that B, () =
B,+(x) € F,, and Ba,(z) = Byt (x) € Frq.
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Claim. Let U € F,, and let 8* C 3 be a fine cover of U with r < 1/2™ for all
(z,7) € B*. Then there is a finite set 7 C §* such that

U= U By,+(xz) and  Bg,.+(x) are pairwise disjoint.
(z,r)em*

Note that { Ba,+(z) : (x,r) € 8} is an open cover of the compact set U. So
there is a finite subcover. By the ultrametric property, for any two balls, either
one contains the other or they are disjoint. So there is a further subcover that is
pairwise disjoint. This proves the claim.

We proceed recursively. To begin, let Uy = Q and mg € N so that k,, > 2 for all
n > mg. Now

ﬁ():{(xﬂ‘)eﬂ”"<2m—i+2}

is a fine cover of Q. Apply the claim to get a finite 7 C Gy with Bg,+ (z) pairwise
disjoint and union Uy. Let s; = min{r* —r: (z,r) € m; } > 0. Then

Z #(Bzr+ (33)) =1

For each (x,r) € m we have r < 1/2™m°%2 so p(B,+(z))/p(Bgy+ (z)) < 1/2. Thus
> p (B () < 1/2. Let
Ur=Uo\ |J Br+()
(z,r)EmL

So u(Ur) > 1/2.
Next, let my > mg so that: 1/2™ < s1; Uy € Fp,; and k,, > 3 for all n > m;.
Then

1
ﬁlz{(ﬁ,T)EﬂQZ$€U1,T<W}

is a fine cover of U;. Apply the claim to get a finite o C 1 with Bg,+ (x) pairwise
disjoint and union U;. Let s = min{r* —r: (z,r) € m Umz } > 0. Then

S n(Baes () = (1) > >

Let
Uy =Uy \ U B+ ().

(z,r)Ems
Then u(Uz) > (2/3)u(Uh) > (2/3)(1/2) = 1/3.
Continue. Let mo > my so that: 1/2™2 < s9; Uy € Fpp,; and k, > 4 for all
n > ms. Let
1
ﬂzz{($,r)eﬁll$€U2,T<W}.

As before get finite 73 C B2 and s3 with
1
S i(Bars () = pu(U) 2 5.
T3

Let
Us=U\ |J B(a),

(z,r)ems



48 G. A. EDGAR

so uw(Usz) > (3/4)u(Usz) > (3/4)(1/3) = 1/4. And so on.

After defining 7; recursively, let m = Uj‘;l m;. We claim 7 is a centered closed
ball packing. Let (z,r),(2',7") € m, r > /. If they are in the same 7}, then
By,+ ()N Byt (2') = @ so p(z,2’) > 2rt > r+7r’. On the other hand, if (z,7) € 7;
and (z/,7") € mj; with j* > j, then 2’ € B,y (z) so p(x,2') >rT =r+ (rt —7r) >
r+s; >r+ 1. Finally,

> w(Ba@) =Y. Y ulae@) 2 5

(z,r)em J=1 (z,r)em;

+oo=o00. O

> =

+

wl

Full variation. A gauge for E is a function A: E — (0,00). A packing 7 of F is
said to be A-fine iff r < A(x) for all (z,7) € .
We begin with a “constituent function” C': X x (0,00) — [0, 00). Define

Vi(E):sup Z C(x,r),

(z,r)eT
where the supremum is over all A-fine (centered closed ball) packings 7 of E. Note

that when A decreases, the value ‘72 (E) decreases. The (centered closed ball) full
variation of C on E is defined as the limit as A — 0:

VC(E) = inf { Vi(E) ¢ A is a gauge on E} .

Similar definitions may be given for V¢ (E) using centered open ball packings
and V¢ (E) using centered open ball weak packings. (Also centered closed ball weak
packings, but we do not use them here.) When the constituent function C'is of the

form C(x,r) = ¢(r) for some Hausdorff function ¢, we may write 7= V7, etc.

epe =C ad .
Proposition 3.11. V', V¢, and V¢ are metric outer measures.

Proof. [11, (1.1.16)]. The proof works in all three cases. O

—C ~ . .
Remark. V'~ < V¢ < V% since every centered closed ball packing is a centered

open ball packing, and every centered open ball packing is a centered open ball
. . . . =C
weak packing. If C(x,7) is left-continuous in r for every x, then then V¢ = V|

since in any centered open ball packing, we may approximate all of the balls from
inside by open balls as closely as we like.

Example 3.12 (Ultrametric product space: V7 (Q) < V¥(2)). Let Q = [[G,

be the ultrametric product space with k, = n? K, = (n!)?, v, = 1/(n!)?, and

pn = 1/2™. Let ¢ be the discontinuous Hausdorff function defined by o(r) = ,, for

1/271 < r < 1/2". We will show that V7(Q) = 0, V¥(Q) = 1 and V¥(Q) = .
We first show V#(Q) > 1. Let A be a gauge on €. Then

2n
is a fine cover of Q. Then {By,(z) : (x,7) € [} is an open cover of the compact set
), and there is a finite subcover. By the ultrametric property, there is a further
subcover such that the sets are disjoint. So we get a finite set 7 C 3 such that

By, () are disjoint with union 2. We claim 7 is a centered open ball cover of Q. If
(x,7), (2, r") € m, r > 7/, then &’ & Ba,(x), so p(x,a’) > 2r > r+ /. Thus 7 is a

52{(x,r):x€Q,r:i<A(a:) forsomen}



CENTERED DENSITIES AND FRACTAL MEASURES 49

A-fine centered open ball packing of . If r = 1/2", then u(Bay (7)) = Yn—1 = ¢(r).
Now 37, 1yer @(1) = 30 u(Bar(z)) = 1. So VL(2) > 1. This is true for all A, so
Vo) > 1.

Next we show V¥(Q) < 1. If 1/27Ft < r < 1/2" write 7T = 1/2". Then
o(r) = v = u(By+ (). Let m be a centered open ball packing. If (z,r), (2/,7") € 7,
r >’ then p(x,z') > r+r' > r, so p(z,2’) > r*. So the balls B,+(x) are pairwise

disjoint. Therefore
Z o(r) = ZM(Br+ (x)) <1.

(z,r)eT

Thus for all gauges A we have V() < 1,s0 V¥(Q) < 1.

Next we show V¥ (Q) = 0. Let A = 1/2™, constant. Let m be a A-fine centered
closed ball packing. For n > m, let m, = {(z,7):1/2""t <r <1/2"}, so that
= U, ™ If (x,r),(2',r") € m, for the same n, then p(z,2’) > r + 1’ >
2/27H1 = 1/2" so p(x,2') > 1/2"1. So z,2’ differ in some coordinate between 1
and n — 1. So 7, has at most K, _; elements. For 1/2’”rl < r < 1/2" we have
o(r) = v, = 1/(n!)%. Thus

Yo=Y ¥ en<d K=y CoDEoS Lo,

(z,r)em n=m (z,r)Emy, n=m n=m
So V7 (Q) < VA(Q) < ap. Take the limit on m to get V7 (Q) = 0.
From the following example, we get ‘7‘/’(9) = 0.

Example 3.13 (Ultrametric product space: V?(Q2)). Now consider the ultrametric
product space with k, — oo and p,, = 1/2", but no other restrictions. We claim
that

(5) V?(Q) = limsup K, (%) .
First we prove the upper bound. Let a > limsup K,,¢(1/2"). There exists
m so that for all n > m, we have K,p(1/2") < a. For 1/2"T! < r < 1/27,
write 7+ = 1/2". Then ¢(r) < p(1/2") < av, = ap(B.+(x)). Let A = 1/2™
be a constant gauge. Let m be a A-fine centered open ball weak packing. For
(z,7), (z',r") € © we have p(z,2') > r, so p(x,2') > T and thus 2/ & B,+(z). In
an ultrametric space, this means that the balls B,+(x) are pairwise disjoint. So

Y o) <a) u(Br() <o
(z,r)eT ™
So V¢(Q) < VE£(Q) < e

Now we prove the lower bound. Let a < limsup K,,p(1/2"™). Let a gauge A be
given. Now

1 1
6:{(x,7’) r < Ax), Ko (2—n> >a,r = on for somen}

is a fine cover of Q. So { B,(x) : (x,r) € 8} is an open cover of the compact set
Q. So there is a finite subcover. By the ultrametric property, there is a further
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subcover where the sets are disjoint. So we get a finite set 7 C  with | B,(z) = Q
as a disjoint union. This means that 7 is a centered open ball weak packing. And

ST o) > ad w(Bi(2) = ap(@) =o.

(z,r)eT
So VK(Q) > . This is true for any gauge, so V2(Q) > a.

Fine variation. Let X be a metric space, let F C X, and let C be a constituent
function. If 3 is a fine cover of E, define

vg = sup Z C(z,r),
(z,r)em
where the supremum is over all centered open ball packings 7 C 3, and
ﬁg = sup Z C(z,r),
(z,r)em
where the supremum is over all centered closed ball packings © C 3.

In order to deal with discontinous constituent functions, we must be able to
disregard countably many radii. Recall that a collection (8 of constituents is a very
fine cover of E iff:

(i) = € E for every (z,7) € .

(ii) For every x € F and every d > 0 there are uncountably many r with 0 <

r < ¢ and (z,r) € 4.

Proposition 3.14. Let X be a metric space, E C X, and C': X x (0,00) — [0,00).
Assume C(x,r) is nondecreasing in v for each x. Write:

S1 :inf{vg:ﬂ s a fine cover ofE},

Sy = inf{vg : B is a very fine cover ofE} ,

nginf{ﬁg:ﬁ is a fine cover ofE},

Sy = inf{ﬁg : B is a very fine cover ofE} .
Then S3 < S1 < So = S4. All of them are equal provided C(x, ) is right-continuous

i r for every x.

Proof. A very fine cover is fine, so S; < 5o and S3 < Sy. If 7 is a centered closed
ball packing, then it is also a centered open ball packing, so vﬁc > ﬂg, and therefore
S1 > S5 and Sy > S4.

Next we show Sy < Sy. Let t > S4. We will show that ¢ > S5. There is a very
fine cover 3 such that Eg < t. Let a > 1 be such that oa_)g < t. Now for each z,
the function C(z,r) is nondecreasing in r, so

B ={(z,r") : there exists (z,r) € f with r <r',C(z,r") < aC(z,7) }
is a very fine cover of E. In more detail: Fix . Write T'= {r: (z,7) € }. Then
TN (0,¢) is uncountable for every ¢ > 0. But
{reT:C(z,-) is not right-continuous at r }  is countable.
And for any r remaining after this countable set has been removed, there exist
uncountably many ' > r, with C'(z, ") < aC(x,r). Now suppose 7’ = {(zp,7,)} C
(' is a centered open ball packing. Then there exist r, < 7/, so that (z,,r,) €



CENTERED DENSITIES AND FRACTAL MEASURES 51

and C(zp,7],) < aC(xy, ) for all n. Then m = {(zy,r,)} C 0 is a centered closed
ball packing. So

ZC(xn,r;) < aZC(xn,rn) < at§ <t

This is true for all 7/, so vﬁc, < t. Therefore Sy < ¢t as claimed.
Finally, assume C' is right-continuous (in 7). Then we claim So < S3. Let ¢ > Ss.
We will show that ¢t > S5. There is a fine cover 3 such that ﬁg <t. Let « > 1 be

such that aﬂg < t. Now for each z, the function C(z,r) is right-continuous in 7.
Thus

B ={(z,r") : there exists (z,r) € f with r <r',C(z,r") < aC(z,7) }

is a very fine cover of E. The rest of this case is the same as the previous one, and
we conclude S < ¢ as claimed. O

For technical reasons, we adopt S = Sy as our definition, and recall that when
C is right continuous, they all agree.

Definition. The centered ball fine variation of C' on FE is
v (E) = inf { vg : B is a very fine cover of E }
= inf { Ug : B is a very fine cover of E} .

For the closed ball version with fine covers, we use Ss:

79 (E) = inf { ﬁg : B is a fine cover of E } .
And for Si:

5C(E):inf{vg:5isaﬁnecover0fE}.

When the constituent function is of the form C(z,r) = ¢(r) for some Hausdorff

function ¢, we may write v¢ = v%®, and so on.

C

o .
Proposition 3.15. Y, T, and v © are metric outer measures.

Proof. [11, (1.1.19)]. O
Proposition 3.16. Let X be a metric space, let C' be a constituent function, and
let EC X. Then vC(E) < V° (E).

Proof. Let A be a gauge on E. Then = {(z,r) : r < A(x) } is a very fine cover
of E. If # C 3 is a centered closed ball packing, then > C(z,r) < VZ(E). Take
the supremum on 7 to get ﬁg < VZ(E). Therefore v¢(E) < VZ(E). Take the
infimum on A to get v“(E) < VC(E). O
Example 3.17 (Ultrametric product space: A computation of v¥). Consider an

ultrametric product space Q = [[ G,,. Assume k,, — oo and p,, = 1/2". Let ¢ be
a Hausdorff function. Then the value of v¥(Q) is determined by whether

. 1
(6) inf K16 <W+>

is positive or zero. Note that (in this “infinite-dimensional” case) there is no ¢ such
that 0 < v?(2) < occ.
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Proposition 3.18. Let Q be an ultrametric Cartesian product space with k, — oo
and p, = 1/2"™. Assume (6) is 0. Then v?(2) = 0.
Proof. Fix ¢ > 0. Define nqy < ny < --- in N so that

1 €
Knjflgo (W‘f’) < 2_J

Let aj = 1/2"*! and b; > a; so close that Ky, _1¢(b;) < £/27. Then

B=« (z,7):7r € U(aj’bﬂ)
=1

is a very fine cover of Q0. Let m C 3 be a centered open ball packing. Write 7; =
{(z,7) : 7 € (a;,b;) } so that 7 = (J;2, m;. Now for a given j, if (z,r), (+',7') € 7,
then p(z,2') > r+1" > a; +a; = 1/2", so p(z,z') > 1/2" 1. So the open balls
Bl/znj_1 (z) are pairwise disjoint. Each of them has measure v,; 1 = 1/K,, 1, so
the number of elements of 7; is at most K, 1. Now

Yoeln =3 @ <ZKn]_1¢ J<>a=c

(z,r)eT Jj=1 (z,r)emn; Jj=

So, for this 3, we have vﬁ < e. Take the infimum on [ to get v¥(2) = 0. O

=

Proposition 3.19. Let Q be an ultrametric Cartesian product space with k, — oo
and pp, = 1/2™. Assume (6) is positive. Then v¥(Q) = co.

Proof. Write « for the positive infimum in (6). Let 8 be a very fine cover of €.
Then

5’={(x,r)eﬂ:r¢2in,n:1,2,...}

is also a very fine cover of 2. Apply Proposition 3.10 to get a centered closed ball
packing 7 C 3 so that Y u(Ba,(z)) = oo. Now if 1/2"" < r < 1/27, write
rt =1/2"so 2rt = 1/2"71. Then by the assumption

o) 2 ¢ (et ) 2 a1 = (B () = (B o).

Therefore }_ ¢(r) = oo. Thus 77 = co. This holds for all very fine 3, so v¥(Q) =
0. g

Example 3.20 (Ultrametric product space: A computation of 7¥). Consider an
ultrametric product space Q = [[ G,. Assume k,, — oo and p,, = 1/2™. Let ¢ be
a Hausdorff function. Then the value of v¥(2) is determined by whether

. 1
(7) inf K10 <F>

is positive or zero. Note again that (in this “infinite-dimensional” case) there is no
¢ such that 0 < 7%(2) < oco.

Proposition 3.21. Let Q be an ultrametric Cartesian product space with k, — oo
and p, = 1/2"™. Assume (7) is 0. Then ©v%(Q2) = 0.
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Proof. Fix € > 0. Define n; < ns < --- in N so that

1 €
Knj—Z‘p <27]> < 2_j

ﬂ:{(a:,r):r:iforsomej}

Then

2Mi
is a fine cover of Q. Let m C (3 be a centered closed ball packing. Write m; =
{(z,r) 17 =1/2"} so that 7 = (J;2, m;. Now for a given j, if (z,7), («/,7') € 7,
then p(z,2') > r+1' =2/2"% =1/2"% "1 so p(x,2’) > 1/2"~2. So the open balls
Bl/znj_2 (z) are pairwise disjoint. Each of them has measure v,; 2 = 1/K,, 2, so
the number of elements of 7; is at most K,,; 2. Now

S o)=Y e <> K o (ZL) <Y i-e
j=1

(z,r)eT (z,r)em; Jj=1 Jj=1

So, for this 3, we have 17“5 < e. Take the infimum on (3 to get v¥(2) = 0. O

Proposition 3.22. Let Q be an ultrametric Cartesian product space with k,, — oo
and pp, = 1/2™. Assume (7) is positive. Then 7% (Q) = co.

Proof. Fix a with 0 < a < inf K,,_1¢(1/2""1). Let 8 be a fine cover of Q. By
Proposition 3.10 there is a centered closed-ball packing 7 C 8 with Y- p(Bar(z)) =
oco. But for 1/2"+1 < r < 1/2" we have By, () = By jon (x) and o(r) > ¢(1/2"1) >
aYn—1 = ap(Bi2n(2)) = ap(Ba(x)). Therefore

Yo owlr)za Y u(Ba(w) = oo,

(z,r)eT (z,r)eT

This shows 77 = co. The infimum on f gives us 7%(Q2) = oo. O

Example 3.23 (Ultrametric product space: Estimates for v #). Consider an ul-
trametric product space = [[G,,. Assume k, — oo and p, = 1/2". Let ¢ be a
Hausdorff function. Then

- 1 0 o 1
(8) lim inf K, 1 (W*) <v#(Q) < liminf K, 19 (27) :
Note the upper and lower bounds are not equal in general. But this case can have
a positive finite value.
Lower bound. Let o < liminf K,,_1p(1/2""1+). There is m € N so that for all
n > m, we have K,,_1¢(1/2""'4) > . Let 3 be any fine cover of Q. Then

{Bar(z): (z,7) € B,r <1/2™}

is an open cover of ). So it has a finite subcover { By, (z) : (z,7) € 51 }. By the
ultrametric property, for any two balls, either one contains the other or they are
disjoint. So there is a further subcover { By, (z) : (z,r) € B2 } such that the balls
By, (x) are pairwise disjoint. We claim that (2 is a centered open ball packing.
Indeed, if (z,7), (a',7") € B3, r > r', then Ba,(z) N By (2') = &, so p(x,2') > 2r >
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r + 1" as required. Now for (z,7) € (o, say 1/2"1 < < 1/2" n > m, we have
o(r) > @(1/2715) > a1 > app(Byjwes (x)) = apa(Bar (). So

Yo e za Y u(Ba(@) > a

(z,r)€B2 (z,r)EP2

Therefore f > a. Taking infimum on 3, we get 09(Q) > a.
Upper bound. Let o > liminf K,,_1¢(1/2™). So

1

s L s (L) 2a)

is a fine cover of . Let m C 8 be a centered open ball packing. If (z,r), (2/,r') € m,
then p(z,2') > r+ 1" > r = 1/2", say, so p(z,2') > 1/2"~! = 2r. Therefore
Bor(z) N By (2') = @. Now if » = 1/27, then ¢(r) = ¢(1/2") < ay,—1 =
ap(Byjan-1(z)) = ap(Ba (). So we have

Y e <a Y p(Bale) < a

(z,r)em (z,r)em

So v s < a. This shows that v 2 (Q) < a.

Example 3.24 (Ultrametric product space: Example for 52 (€2) <v #(Q) < v?(2)).
Let © be the ultrametric product space, Q = [[G,, with k, = n, K,, = nl,
vn = 1/n!, p, = 1/2". Define a discontinuous Hausdorff function ¢: For all n € N,
let p(r) = Y1 = 1/(n — 1)! for 1/2" < < 1/2". Let C(x,7) = ¢(r) be the
corresponding constituent function. Then by the last three examples, we get

7%(€) = 0,
vQ) =1,
v?(02) = 0.

I will almost never use v , but T kept it in the discussion because of the extra
possibility of positive finite value. But recall that for continuous ¢ it agrees with
v¥ and v¥, and therefore can have only values 0 and oo in the examples discussed
above.

In the blanketed case (or more generally the right moderate case) ¥ and v¥
differ by at most a constant factor. So in the situations where they are either 0 or
00, they are forced to be equal.

Proposition 3.25. Let X be a metric space and ¢ a right moderate Hausdorff
function. Then for all Borel sets E C X, we have v¥(E) < Muv¥(FE), where

M = lim Sup,_.o SO(T—’—)/SO(T)

Proof. If 3¥(E) = oo, there is nothing to prove, so assume 79(FE) < oo. Let
t > 9#(E). There is a fine cover 8 of E so that 77 < t. Choose a > 1 so that
avj < t. Then by the definition of M,

Bo = { (z,r) : there exists r’ with (z,r") € B,7" <r,o(r) < Map(r') }

is a very fine cover of E. Let {(z1,71), (22,72),...} C Bo be a centered closed ball
packing. For each (2;,7;), choose r’; so that (z;,7}) € B8, 7 <rj, (r;) < Map(r}).
Then {(z1,7), (x2,75),...} C [ is a centered closed ball packing, and ) ¢(r;) <
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MayZo(ry) < Mavj < Mt. This shows vf < Mt, and therefore v¥(E) < Mt.

Finally ¢ was arbitrary, so v?(E) < Mo?(E). O

4. Covering measure

The covering measure (or centered Hausdorff measure) is a variant of the Haus-
dorff measure. In classical cases, it is a fine variation for the centered open ball
base. Reference: [10]. We will discuss the extent to which that remains true in the
generality used here.

Let X be a metric space, and let A C X. A (centered open ball) cover of A is a
set 3 of constituents such that

AC U B, (z), and x € Afor all (z,7) € 5.
(z,r)EB

If § > 0, then we say the cover (3 is d-fine provided r < ¢ for all (z,7) € 5. [Do not
confuse two similar-sounding definitions: “d-fine cover” and “fine cover”.] Define

C{(A) = inf Z ©(r) : B is a d-fine cover of A 5,
(zr)ep
Cy(A) =supCf(A) = lim C{(A),
§>0 6—0

CP(A) =sup{CS(E): EC A}.

Outer measure C¥ is called the ¢-covering outer measure. When the Hausdorff func-
tion has the special form ¢(t) = (2¢t)® for all ¢, then C? is called the s-dimensional
covering outer measure and written C¥ = C?.

If A is totally bounded, then there is a finite d-fine cover of A for all § > 0. If A
is separable (so the Lindel6f property holds), then there is a countable J-fine cover
of A for all 6 > 0. But if A is not separable, then for small § we have C{(A) = oo,
s0 C§ (A) = 0o, so C#(A) = oo. For nonseparable sets, Hausdorff measure is always
infinite, so such sets are too large to be classified in this way.

Proposition 4.1. C¥ is a metric outer measure; C{ and C§ are countably subad-
ditive.

Proof. [30] The only (centered ball) cover of the empty set is the empty cover, so
CL(2)=0,CJ (@) =0, and C¥(2) = 0.

Suppose E C F. We claim that C#(F) < C?(F). if A C E, then A C F, so
C¢(F) > C¥(A). Take the supremum over all subsets A of E to obtain C¥(F) >
C¥(E).

Fix § > 0. We claim that C{ is countably subadditive. Suppose E = (J —, E,.
We claim that CY(E) < Y, CL(Ey). If >, CZ(E,) = oo, we are done. So assume
Y, CL(E,) < .

Let ¢ > 0. For each n € N, let 3,, be a d-fine centered open ball cover of E,, with

> el < B + 5

(z,r)EBn
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Then 8 = J,, B» is a d-fine cover of E. And

COE)< Y olr) =) o(r)
(w,r)ep n=1 (z,r)epg
<> (Cf(E ) (Z )
n=1 =1

This is true for all ¢ > 0. So C{(E) < ", CL(E,), as claimed.
Next we prove countable subadditivity for C5. Let E = (J-
0 >0,

FE,,. For each

n=1

Z ) <> el (B

Let § — 0 to obtain CJ(E) < ", CO( n)-
Now subadditivity for C?. Suppose E =J,~, E,. If AC E, then ANE, C E,
for each n and A =J,,(ANE,). So

Ce(A ZC“’AHE <> CH(E
n=1 n=1
Take the supremum over all A C E to obtain C¥(E) < > C¥(E,).

Finally, we prove the metric property. Suppose E, F' are sets with dist(F, F) =
e>0.If AC E and B C F, then also dist(A, B) > ¢. Now for ¢ < ¢/2, any d-fine
cover of AU B is the disjoint union of a d-fine cover of A with a J-fine cover of B.
So CZ(AUB) =Cf(A)+C{(B). Let 6 — 0 to obtain C§ (AU B) = C5(A) +C§ (B).
Then take the supremum over all A C E and B C F to obtain C#(F U F) =
C?(E) +C#(F). O

The extra step at the end of the definition, obtaining C¥ from C{, is awkward.
Use of the variation, below, avoids this. When ¢ is blanketed, the difference is at
most a constant factor.

Proposition 4.2. Assume that ¢ is blanketed. Then there is a constant M so that
for all Borel sets E C X, we have CJ(E) < C¥(E) < MC{§(E).

Proof. From the definition, CJ (E) < C?(E). If ¢ is blanketed, then there is 69 > 0
and a constant M so that ¢(2r)/¢(r) < M for all r < dg. If X is finite-dimensional,
then there is §p > 0 and a constant M so that for any r < 4, every ball of radus 2r
is contained in a union of at most M balls of radius r.

Let A C E and let § < dp. Let 8 be a d-fine (centered open ball) cover of E.

Then 1 = {(z,7) € 8: Br(x)NA# @} satisties A C (J;, B,(x). For each
(x,r) € B1, choose some point y € By (x)NA, call it y(x). Then By, (y(x)) 2 B, (z),
so B2 = { (y(x),2r) : (x,r) € 1 } is a 20-fine cover of A. So we get

> p2r) <MY p(r)
B2 B

Therefore CJ5(A) < M "5 ¢(r). Take the infimum on f to get Cg5(A) < MC;(E),
take the limit on § to get C§ (A) < MCJ(E), then take the supremum on A to get
C?(E) < MCJ(E). O
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Corollary 4.3. Assume that ¢ is blanketed. Then C¥(E) = 0 if and only if
CS(E) =0.

In Example 4.5, below, we see that this may fail for unblanketed ¢.

Example 4.4 (Ultrametric product space: Computation for C¥(Q2)). Let Q =
[1G» be an ultrametric product space with general p,, strictly decreasing to 0. Let
¢ be a Hausdorff function. Then we claim

(9) C?(Q) = liminf K, (ppi1+) -
Lower bound. Let a < liminf K,,(pn+1+). There is m so that

Kno(pni1+) > «

for all n > m. Let § < p,,. Then for any r < § there is n > m with p,11 < r < pp,
and we have B,(z) = By, (x), s0 u(By(@) = 1 < (1/a)@(pas1+) < (1/a)a(r).
Now if 3 is any J-fine centered open ball cover of €2, then

> elr)=ad p(Bi(x) >
(wr)ep B
So CZ(€Q) > a. Take the limit as § — 0 to get C¥(Q2) > C5(Q) > o

Upper bound. Let a > liminf K,,¢o(pp+1+). Let A C Q. Let 6 > 0. There are
n € N and r > p,41 so that p, < § and K,p(r) < a. There is a finite open cover
{B,(z;): 1 <i<k} consisting of k < K,, open balls all with the same radius. So
CL(A) < Kpp(r) < o Take the supremum on ¢ to get CJ(A) < «. Take the
supremum on A to get C¥(Q2) < a. O

Example 4.5 (Example with different nullsets for C¥ and C7’). This example can-
not be ultrametric, since in an ultrametric space every point of a ball is a center,
and thus we get C§ = C?.

For n € N, let G, be a set with n elements. Write Q,, = H?Zl Gj, so that @,

has n! elements, write Qo = H;’;l Q;, and

n=0
Itz € Gy,...,xn € Gy, then let Q(x1, ..., x,) be the “cylinder” consisting of those
elements of () that begin with these coordinates. [If k < n, then Q) is disjoint from
all Q(x1,...,2,).] Let p, = 1/4""1. Define a metric p on Q as follows: If x = y,
then p(z,y) = 0. If z and y both have length at least n, and first differ in coordinate
n, then p(z,y) = p,. If  has length at least n and y = (x1,...,2,—1) is the first
n — 1 coordinates of z, then p(x,y) = p, /2. Note that the restriction of this metric
to the subset Q is an ultrametric product space of the type we have considered
before, with p, = 1/4""1, k, = n, K,, = n!, 4, = 1/n!. The difference between Q
and Q) is that we have added countably many points to (0, to serve as centers of
balls.
Let

1
o) =1 (SEL0) s

using the Gamma function I'(t) = [;° v te " dv. So p(1/4") = 1/T(n+1) = 1/n!
and ¢ is a Hausdorff function.
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Proposition 4.6. Let Q be the metric space described above, and ¢ the Hausdorff
function defined above. Then C¥(Q) > 1 but CF(Q) = 0.

Proof. The subset Qo has C¥(Q) = 1 by Example 4.4. So C¥(Q) > 1.

On the other hand, for § > 0, and any n with 6 > p,/2, if § > r > p,, /2, then
the space @ is covered by the K,,_; balls with centers in @,—; and radius r. So
CL(Q) < Kn—1(r). Take the infimum over r > p, /2 to get

I'(n)

0 < Py _ 1M

GQ) < K’H‘p( 2 ) L(n+1/2)

and the limit on n to get C7(Q) = 0. This is true for all §, so CJ (Q) = 0. O

There is a variant of the covering measure with centered closed ball covers. A
collection 8 of constituents is a centered closed ball cover of E if: x € E for all
(z,7) € Band E C U, ,)ep Br(z). Define

Ci(A) = inf Z (r) : B is a 0-fine centered closed ball cover of A » ,
(z,r)€B
Cy(A) = supC§ (A) = lim Cj (A),
§>0 6—0

C%(A) :sup{ég(E);EgA}.

Example 4.7 (Ultrametric product space: Computation for C¥(Q)). Let Q =
[ G, be an ultrametric product space with p, = 1/2". Let ¢ be a Hausdorff
function. Then we claim

50 . 1
(10) C'(Q) = hmnlnf Ko <W) .

Lower bound. Let o < liminf K,,¢(1/2""1). There is m with K,,p(1/2"!) > «
for all n > m. Let 6 < 1/2™. Then for any r < § there is n > m with 1/2"+! <r <
1/2", and we have B, (z) = Bjgn+1(z), so p(Br(z)) = yn < (1/a)p(1/27F1) <
(1/a)o(r). Now if 3 is any d-fine centered closed ball cover of €, then

> o)z a Y w(Bi@) > o
(zr)ep B
So Cf(Q) > . Take the limit as § — 0 to get C*(Q) > C5(Q) > a.

Upper bound. Let a > liminf K,,p(1/2""1). Let A C Q. Let § > 0. There
exists n € N so that 1/2" < § and K,,p(1/2""1) < a. There is a finite open cover
{Bl/zn+1($i) 1< < k} consisting of k < K, closed balls all with the same
radius. So Cj (A) < K,p(1/2"1) < a. Take the supremum on § to get Cg (4) < o
Take the supremum on A to get C' () < a. O

Recall that a Hausdorff function ¢ is right moderate iff

lim sup plrt) < 00

r—0 @(T)

Proposition 4.8. Let X be a metric space, let ¢ be a Hausdorff function. For all
E C X, we have C*(E) < C?(E). If ¢ is right moderate, then there is a constant
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M so that for all E C X, we have C?(E) < MC”(E). And if ¢ is right-continuous,
then for all E C X we have C?(E) = C*(E).

Proof. If U, ;e Br(z) 2 A, then J, B.,(z) 2 A. Therefore C*(E) < C?(E).
Conversely, assume ¢ is right moderate. Then there exist M and e so that
o(r+)/e(r) < M for all r < e. If § < e and {(xy,r,)} is a d-fine centered closed
ball cover of A, then there exist r], > 7, so that ), < 2d and Y ¢(r,) < MY @(ry).
If ¢ is right-continuous, M may be chosen as close to 1 as we like. But {(x,,,7/,)} is a
centered open ball cover of A. So Cos(A) < MCs(A). Therefore C¥(E) < MC’(E).
And if ¢ is right-continuous, C¢(E) < C*(E). O

Example 4.9 (Ultrametric product space: C*(€2) < C#(€2)). Consider the product
space Q with k, = n, K, = nl, p, = 1/2", v, = 1/K,, = 1/n!. Let ¢ be the
discontinuous Hausdorff function defined by ¢(r) = 7, for 1/2"+1 < » < 1/27,
Then by (9) and (10) we have C?(Q) =1 and C7(Q) = 0.

Covering measure and fine variation. In the classical case, we have C¥ = v?.
Now we will consider this in greater generality.

Theorem 4.10. Let X be a metric space, and let ¢ be a Hausdorff function. Let
C(xz,7r) = o(r) and let v¥ = v© be its fine variation. Then for all Borel sets E, we
have v¥(E) < C?(E).

Proof. [10, Theorem 3.1] (a) First we prove: If C¥(E) = 0, then v?(E) = 0.
Assume C?(E) = 0. Let ¢ > 0. Now C¥(F) = 0. For each n € N we have
Cf/n(E) = 0. So there is a centered open ball cover

ﬁn - {(xinarin) RS N}
of E with r;, < 1/n and

€
Now for each ¢ and n let

Bin = {(y,7) : p(y, Tin) <7 < Tin }.
Then

is a very fine cover of E. Let m C § be a packing. For each i,n, there is at most
one element of §;, in 7, because the balls B,.(y) for (y,r) € B;, are disjoint but all
contain the point x;,. Thus

> ) <Y elrin) <Y gy <
(z,r)em i,n n
Thus vy <e. So v¥(E) < e. But £ > 0 was arbitrary, so v¥(E) = 0.

(b) Now we prove that v¥(E) < C?(E). If C?(E) = oo, there is nothing to prove,
so assume C¥(E) < co. Let p be the restriction of C¥ to E; that is, u(A) = C*(ANE)
for all sets A C X. Then u is a finite metric outer measure.
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We will decompose E using the density EZJ. Fix a number o > 1. Write
Elz{ZIIEEIEi(x)SO[_S},
Egz{er:Ei(x)>a_3}.

Consider first Fy. For n € N write

1
Fn:{xEElz <a_2forallr<—}.

o(r) n

Then F,, increases to E; as n — oo since a2 > a3,
We claim that C¥(F,) = 0. If § < 1/n, then when F,, is covered by a d-fine cover
B, we have

Z ) > o? Z,u ) > a’p UB > a?u(F,) = o*C?(F,).

(z,r)€B ¢

Therefore CZ (F,,) > a?C#(F,). Let § — 0 to obtain CJ(F,,) > a?C#(F,). Therefore
C#¢(F,) > a?C?(F,). Now C¥(F,) < oo and a? > 1, so C¥(F,) = 0.

Thus C?(F,) = 0 for all n. By countable subadditivity, we conclude that
C?(Ey) = 0. By part (a), v?(E;) =0 as well.

Next consider the set Ey. From Theorem 2.1, D} (z) = ulimsup (B, (x))/¢(r).
Now a~* < a~3, so the set

o(r)

is a very fine cover of Es. Now, if 7 C ( is a packing, then

Yo <a4ZC*" x) N E) < o'C?(E).

(z,r)em

8= { (x,r) consituent : x € Eo, M >a? }

This is true for all packings 7 C 3, so v < aC¥(E), and thus v¥(Fy) < o*C?(E).
Combining the two parts, we have

v?(E) < v?(Ey) +v?(Ey) <0+ a*C?(E).
Take the infimum over all & > 1 to obtain v¥(E) < C¥(E). O

Remark. The same argument may be adapted for the centered closed ball covering
measure C* . It will establish the inequality where v¥(E) is replaced by 7% (E) = S5
of Proposition 3.14. The upper density in the proof is replaced by Z:j = D3 of
Theorem 2.1. The result is 7% (E) < C*(E).

Theorem 4.11. Let X be a metric space, and let ¢ be a Hausdorff function. Let
C(z,r) = ¢(r) and let v¥ = v be its fine variation. Assume that ¢ is blanketed.
Then for all Borel sets E, we have v¥(E) = C?(E).

Proof. [10, Theorem 3.1] Because of the previous theorem, it suffices to show
C?(E) <v?(E). If v¥(E) = oo, there is nothing to prove. So assume v#(E) < o0.
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Let A C (0,00) be the set of points r such that ¢ is not right-continuous at r. so
A is countable. Let 8 be a very fine cover of E with vg < o0. Let 6 > 0. Then

ﬁlz{(x,r)eﬁzr<g,r¢A}

is a fine cover of E. Apply Theorem 3.1 to 1 to get a packing {(zn,7m,)} C 8.
Note that limsup,, r, > 0 is impossible, since > o(r,) < vg < o0; so we have for
alln € N
E\{JBn(@) < |J Barlzi).
1=n-+1

i}
1C-

Now ¢ is right-continuous at each r;. Let a > 1, and choose 7} > r; so that v} < §/3
and Y (1) < ad ¢(r;). Thus we get open covers

E C LnJ Bré (3}1) U [j BBT;(Q:’L)
i=1 i=n+1

Now since ¢ is blanketed, we may write

CL(E) <> w(rh)+ Y ¢(3r).
i=1 i=n+1

Now > ¢(3r]) < oo, so taking the limit on n, we get 5 (E) < 322, ¢(r}) < av.
Let o — 1 and 6 — 0 to get C§'(E) < vj. Take the infimum over 3 to get C'(E) <
v?(E). Take the supremum of this over all subsets to get C¥(E) < v¥(E). O

Theorem 4.12. Let X be a metric space, and let ¢ be a Hausdorff function. Let
C(z,7) = p(r) and let 7¥ = 5 be its (closed ball) fine variation. Assume that ¢
is blanketed. Then for all Borel sets E, we have 79 (E) = C* (E).

Proof. [10, Theorem 3.1] It suffices to show C* (E) < o¥(E). If 7% (E) = oo, there
is nothing to prove. So assume ¥ (F) < oo. Let (3 be a fine cover of E with v§ < oo.
Let § > 0. Then

3

is a fine cover of E. Apply Theorem 3.1 to 31 to get a packing {(zn,r,)} C S.
Thus we get centered closed ball covers

ﬂlz{(x,r)eﬁ:r<é}

E C 0 E” ((Ez) @] G .§3”({Ei).
=1

1=n-+1

Now ¢ is blanketed, so write

CLE) <Y olr)+ Y o(3r).
i=1 i=n+1

Now 3" ¢(3r;) < o0, so taking the limit on n, we get Cy (E) < 3.0, ¢(ri) < vj.
Take the infimum over 3 to get Cjy (E) < #¥(E). Take the supremum of this over
all subsets to get C*(E) < 0¥ (E). O



62 G. A. EDGAR

Example 4.13 (Ultrametric product space: v¥ () # C#(Q2)). Consider the exam-
ple Q with k, = n, K,, = n!, p, = 1/2", ~, = 1/nl, with the Hausdorff function
o(r) =y, for 1/2"F1 < r < 1/2". We saw above that C¥(Q) = 1. And v?(Q) =0
by Proposition 3.19. So this is an example with v¥(Q) # C%(€2). O

Example 4.14 (Ultrametric product space: o (2) # C* (2)). Consider again the
example Q with k, = n, K, = nl, p, = 1/2", v, = 1/n!, with the Hausdorff
function @(r) = v, for 1/2"t1 < 7 < 1/2". Then C*(2) = 1 by (10) and
7%(Q) = 0 by Proposition 3.19. So this is an example with 7% (Q) # C*(Q). O

Note. The failure of v¥ = C¥ in the unblanketed case may be an indication that
one of the definitions is wrong, and should be altered somehow (in a way that makes
no difference in the blanketed case). But which one? Perhaps the density theorem
will show whether we should consider v¥ or C¥ to be the “correct” measure.

Density theorem.
Theorem 4.15. Let X be a metric space, let ¢ be a Hausdorff function, let yu be a
finite Borel measure on X, and let E C X be a Borel set.

(a) Then

u(B) < C7(E) sup Dy (),

except when the product is 0 times co.
(b) Assume ¢ is blanketed. Then

C?(B) inf DJ(x) < u(E).

Proof. [30, Theorem 1.1], [11, Theorem 1.5.13] (a) We will prove
p(E) < C?(E) sup Dy (x).

If sup 5:; (x) = oo, this is immediate. So assume sup Ei(a:) < 00. Let h be such
that D/ () < h < oo for all z € E. We must show that (E) < hC?(E). For
n €N, let

B,
En:{er:L () <hfora11r<l}.
n

o(r)

The sets E,, increase to E. Let § < 1/n and let 8 be a é-fine cover of E,,. Then

p(UBe@) | > 3 u(E,)
B

S =

> el 23 Y u(B) >
B

(z,r)€B

Therefore C{(E,) > (1/h)u(Ey). Let 6 — 0, so (1/h)u(E,) < CJ(E,) < C#(E).
Let n — oo to obtain (1/h)u(E) < C?(E), as required.

(b) Apply Theorem 4.18(a), below, and use Theorem 4.11 to replace v¥ by
C». O
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Remark. The closed version is the same, using C* and density A,
Corollary 4.16. Let X be a metric space, let ¢ be a Hausdorff function, and let
E C X be a Borel set.

(a) If there is a finite Borel measure p such that sup,cp Ei(x) =k < o0, then
C#(E) > p(E)/k.
(b) Assume ¢ is blanketed. If there is a finite Borel measure p such that

4
zueleDM(x) =k>0,

then C¥(E) < u(E)/k.
Corollary 4.17. Let X be a metric space, let ¢ be a Hausdorff function, and let

E C X be a Borel set such that C¥(E) < oo. Write u for the restriction of C¥ to
E. Then:

(a) C“"{er:Ei(x}<1}:0.
(b) If ¢ is blanketed, then C‘/’{x ekl Ei(x) > 1} =0.

Proof. (a)Let a < 1. Write E, = {x ekl Ei(x) <o« } Then sup,¢ . Ei(x) <

a, so by Theorem 4.15(a), C?(E,) = p(FE.) < aC?(E,). Now C¥(E,) < oo and
a < 1, so we have C¥(E,) = 0. This is true for all @ < 1, so taking a countable

union we have C“’{a: €E:D/(x) < 1} =0.

(b) Let @« > 1. Write E,, = {a: ck: Ei(x) >« } Then inf,cp, Di(x) > a, 80
by Theorem 4.15(b), C¥(E,) = u(E.) > aC¥(E,). Now C?(E,) < oo and « > 1,
so we have C?(E,) = 0. This is true for all &« > 1, so taking a countable union we

haveC@{er:E:j(a:)>1}:0. O

Remark. These corollaries also hold for C* and density er.

Use the fine variation. In case ¢ is not blanketed, maybe it is better to use v¥
itself, instead of C¥. This time the extra condition is needed for the upper bound.

Theorem 4.18. Let X be a metric space, let ¢ be a Hausdorff function, let y be a
finite Borel measure on X, and let E C X be a Borel set.
(a) Then
e B
vH(E) inf D, () < p(E).
(b) Assume p has the Strong Vitali Property. Then
p(E) <v?(E) sup Dy (v),
reE
except when the product is 0 times co.

(c) Assume that ¢ is blanketed. Then
u(E) < v?(E) sup Dy (x),
r€E

except when the product is 0 times co.
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Proof. (a) If inf Ei(x) = 0 we are done. So assume inf Ei(x) > 0. Let h be a

constant such that 0 < h < Eﬁ(a:) for all z € E. We must show hv?(E) < u(FE).
Let V O E be an open set. Then

(B (x))

ﬁz{(x,r) reFE, e

>h,0<7’<dist(x,X\V)}

is a very fine cover of E. Let m C /3 be a centered open ball packing. Then

> el <3 S u(Bi) = 5 (UB ) < 2u(V).

(z,r)em

Take the supremum on 7 to get v < (1/h)u(V). Therefore v¥(E) < (1/h)u(V).
Take the infimum on V to get v?(E) < (1/h)u(E), as claimed.

(b) If sup Eﬁ(x) = oo there is nothing to prove. So assume sup Ei(x) < oo.
Let h be a constant such that Ei(x) < h < oo for all z € E. We must prove
w(E) < hv?(E). Let 8 be a very fine cover of E. Then

S e e, MB(@)
61—{(7)65' (p(?“) <h}

is also a very fine cover of E. By the Strong Vitali Property, there is a centered
closed ball packing = C 1 such that p(E \ U, Br(x)) = 0. Then

Yo hZu (B ( % <U§r($)> > %H(E)-

(z,r)em

Therefore 77 > (1/h)u(E). This holds for all 3, so v#(E) > (1/h)u(E) as required.
(c) Apply Theorems 4.11 and 4.15(a). O

Remark. The same result holds for 9% with density Zi.

Corollary 4.19. Let X be a metric space, let ¢ be a Hausdorff function, and let
E C X be a Borel set.

(a) Assume there is a finite Borel measure p such that sup,cp Ew( )=k < o0.
Assume ¢ is blanketed or u has the SVP. Then v¥?(E) > u(E )/k

(b) Assume there is a finite Borel measure j such that 1nfweED () =k >0.
Then v?(E) < u(E)/k.

Corollary 4.20. Let X be a metric space, let ¢ be a Hausdorff function, and let
E C X be a Borel set such that v?(E) < oco. Write p for the restriction of v¥ to
E.

(a) Thenv“"{xEE:Ei(x) > 1} =0.
(b) Assume either ¢ is blanketed or u has the SVP. Then

“°{x€E:5jj(x)<1}:0.
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Remark. Corollaries also hold for 7% with density Z:j.

Example 4.21 (Davies example). Inequalities above have been proved with extra
assumptions, such as the Strong Vitali Property. In situations where the SVP fails,
some of these inequalities also may fail.

The example (due to R. Davies) discussed in [12] is a compact metric space
in which the SVP fails. We follow the notation of [12]. The set P is the set of
eventually peripheral points. The measure p is the uniform measure. Numbers
Vn (rapidly decreasing to zero) are measures of cylinders in generation n. The
measures p, po are used to show the failure of the SVP: in fact, 2u1 (B, (u)) =
2u2(By(u)) = p(By(u)) for all balls with radius r < 1, but 2u1 (P) = 4/3 > u(P) =
1> 2u5(P) = 2/3.

Proposition 4.22. Let ¢ be a right-continuous Hausdorff function such that
@(1/2") = 2.
Then Ei(u) =1 for allu e P, C¥(P) > 4/3, and v¥(P) < 2/3.

Proof. Let uw € P. Since u is eventually peripheral, there is m so that for all
n > m, the component u,, is peripheral. Now if r < 1/2™ choose n so that

1 cr< 1
— r .
on - 2n—1

Then B, (u) = Bj/an(u) consists of two cylinders in generation n, so (B, (u)) =
29 So

(r) (r)
When taking the limsup, among all 7 in this interval, we want to make the ratio as

large as possible, so we should take r as small as possible. Since we have assumed
 is right-continuous, we may let r = 1/2™. So

) 2%
D7 (u) = limsup —+— = 1.
g no p(1/2)

Now 1, 2p1, 2p12 agree on balls, so their upper densities are all the same. Applying
Theorem 4.15(a) with measure 2u;, we get C¥(P) > 2u,(P) = 4/3. Applying
Theorem 4.18(a) with measure 29, we get v?(P) < 2us(P) = 2/3. O

This example illustrates:

v?(P) #C¥(P) (Theorem 4.11),
C?(P) inf, D (x) Z p(P)  (Theorem 4.15(b)),

w(P) £ v?(P) sup Ei(x) (Theorem 4.18(b)).
reP
[In fact, I think it is probably true that C¥(P) = oo and v¥(P) = 0. Is the proper
choice of Hausdorff function in the absense of SVP clear? Should we attempt, for
example, to arrange upper density = 17 But for which measure?]
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Example 4.23 (Ultrametric product space). Consider again the example Q with
kn =n, K, =nl, p, =1/2", v, = 1/n!, with the Hausdorff function ¢(r) = ~,, for
1/2"*1 < < 1/2". Then

v?(Q) # C¥(2) (Theorem 4.11),

1(Q) £ v?(Q) sup D, (x)  (Theorem 4.18(b)).

Remark. Consider the same example with Hausdorff function ¢(r) = =, for
1/2"1 < < 1/2". Then

Q) ACTQ),  w(®) £7°(Q) sup Ay

Hausdorff measure. Our “centered Hausdorfl measures” C¥ are meant to fulfill
the role of the usual Hausdorff measures H¥. When ¢ is blanketed, the two are
within a constant factor. This will be verified next. But when ¢ is not blanketed,
they need not be within a constant factor, and they need not vanish simultaneously.

Let X be a metric space, let ¢ be a Hausdorff function, and let £ C X. For
0 >0, let

HE(E) = infz p(diam 4;),
i=1
where the infimum is over all countable families (4;) such that £ C [J;2, A; and
diam A; < 6. Let

H?(E) =sup H{ (A).
6>0
Proposition 4.24.  (a) H¥(E) > C’(E).
(b) If o(2r)/o(r) < M for allr > 0, then H?(E) < MC (E) and (1/M)C#?(E) <
HP(E) < MC¥(E).

Proof. (a) Let E C X and § > 0. Let E C |JA; with diam A; < §. Because we
will take the infimum, we may assume A; N E # & for all i. Choose z; € A; N E
and r; = diam A;. Then A C B, (x;), so {(x;,7;)} is a d-fine centered closed ball
cover of E. So Y. ¢(diam 4;) = S o(r;) > Ci (E). Take the infimum over all (A;)
to get HE(E) > CL(E). Let § — 0 to get H?(E) > C4(E). And take supremum
over subsets to get H?(E) > C’ (E).

(b) Let E C X and § > 0. Let {(x;,7;)} be a d-fine centered closed ball cover of
E. Now diam B, (z;) < 2r;, so

HE(B) <Y p(diam By, (2:)) <Y ¢(2ri) < MY o(r).
Therefore HE5(E) < MCj (E), so H?(E) < MCy (E) < MCY(E). 0

Remark. Let €2 be the ultrametric product space with k,, = n, K,, = nl, v, = 1/nl,
pn = 1/2" and let ¢ be the Hausdorff function with (1) = v,,—1 for pp11 < r < py.
Then C¥(Q) = 1, H#(Q) = 1, but C¥(Q) = co. Of course ¢ is not blanketed and
not right moderate.
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5. Packing measure

The packing measure began with Tricot [33]. (But see Hewitt & Stromberg [18,
Exercise (10.51), p. 145].) We will show that it is a full variation for the centered
closed ball base.

Let X be a metric space, and A C X. A (centered closed ball) packing of A is a
set 7 of constituents such that x € A for all (z,r) € 7, and p(x,2’) > r + 1’ for all
(x,r), (@, r") € m with (x,r) # (/,r"). If 6 > 0, then we say the packing 7 is J-fine
provided r < ¢ for all (x,r) € m. Define

P35 (A) = sup Z ©(r) : mis a o-fine packing of A 5,

(z,r)em

=p BN IR TI
Po(A) = nf Ps (A) = lim P5 (4),

PP (4) = inf{ S PEE)Ac | B } .

Outer measure P” is called the p-packing outer measure. When the Hausdorff func-

tion has the special form o(t) = (2t)* for all £, then P* is called the s-dimensional
. . =@ —s
packing outer measure and written P~ =P .

As before, if P¥(E) < oo for any Hausdorff function, then E must be separable.

Proposition 5.1. If P} (E) < oo, then E is totally bounded.

Proof. Assume F is not totally bounded. There there is r > 0 and an infinite
r-separated set {x,}. Then for all 6 < r/2, the set {(z,,d/2)} is a d-fine packing,
so P (E) = oo. Thus Pg(E) = . O

=

Proposition 5.2. P" is a metric outer measure.

Proof. [9] The only packing of the empty set is the empty packing, and an empty
sum has the value zero. So Py (@) = 0 for all §, and P (@) = 0. Then @ C U, En
where all B, = @, so P’ (2) = 0.

If AC B, and B C >, E,, then also A CJ>°, E,, so P*(A) < P*(B).

Suppose A = |2, A;. We must show that P (A4) < 3°° P (A;). I, P7(A4)
is infinite, then there is nothing to do. So assume ). PP(A;) < 00. Let e >0
be given. For each i, there exist sets F,;, n € N, so that 4; C |J,, En; and
>on fg(Em-) < 73¢(Ai) +¢/2°. Then A C |J,U,, Eni, which may be rearranged
into a single series, so

=P =¥ =¥ € =¥
P (A < ;;7’0 (Eni) < ; (77 (Aj) + 5) = (;”P (Al)> +e.
This holds for any & > 0, so P*(A) < 3, P (A;).

Let A, B C X and dist(A4, B) =& > 0. For any § > 0 with § < /2, the union of
any packing of A with any packing of B is a packing of AU B. So 73§(A UB) =
P5(A) + P35 (B), so Py (AU B) = Py (A) +P§(B). Let AUB C |2, E,. Now
for each n, we have dist(E, N A, E, N B) > ¢, so Py (En) > Py (E, N (AU B)) =
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PL(E, N A) + P (E, N B). Thus
iﬁf zz Py (En N A) i Pi(E, N B) > P (A) + P (B).
n=1 n=1 n—1
This is true for all covers E,,, so P* (AU B) > P (A) + P*(B). 0

Corollary 5.3. All Borel sets are measurable for the outer measures P’

Theorem 5.4 (The Closure Theorem). Let E C X, and let E be the closure of E.
Then Py (E) = Py (E).

Proof. In the definition of P (E) it is enough to use finite packings because of the
sup. (The sum of a series of nonnegative terms is the supremum of the subseries
with finitely many terms.) Any packing of E is a packing of E, so P (E) < P (E).

Conversely, let 6 > 0 and let 7 be any finite d-fine packing for the closure E.
Then

e=inf{r+7r" —p(x,2'): (x,r), (@' ,7") € m,(x,7) # (2',7")} > 0.

For every (z,7) € m, we have x € E, so there is y € E with p(y, ) < £/2. For each
such x, choose such a y and call it y(z). Let 7' = { (y(x),r) : (z,r) € 7 }. Then 7/
is a packing for E, since if (z,7), (¢/,7") € 7 we have

p(y(x),y(x")) < p(y(x), =) + p(y(a"),2") + p(z, 2")
24—24—(,0( )y —r—1")+ (r+1r")
<e—e+r+r=r+7r.

So for every finite d-fine packing 7 of E there corresponds a d-fine packing 7’ of
E with the same value for S ¢(r). This shows that Py (E) > Py (E). Taking the
limit as § — 0, we obtain Py, (E) > Pg (E). O

Note in our definition of 73(“; we have used our current definition of packing
[if (x,7),(z',7") € =, then p(x,z’) > r + '] and not the “relative packing” [if
(z,7), (',7") € 7, then B,(z)N B, (2') = @]. Example 5.18, below, shows that the
Closure Theorem may fail when relative packings are used.

Theorem 5.5. The outer measure P° is reqular in the sense that: for every set
E C X, there is a Borel set B O E with P¥(B) = P(E). In fact, B may be
chosen to be an F,s-set.

Proof. If P*(E) = oo, choose B = X. Now assume P’ (E) < oo. For any n € N,
there is a countable cover E C [ J;2, Ap; with

n

S P (An) < PP(E) + —.
=1

Now

U:J
38
CS

3
I
=
-
Il
-
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is an Fs-set, B D E, and for every n € N, we have B C |J;2, Ay, so

_ o _ o _ 1
i=1 i=1
But n is arbitrary, so P (B) < P’ (E) and therefore P*(B) = P (E). O

Corollary 5.6. If E, /' E, then P*(E,) — P*(E).

Proof. (This is a standard consequence of regularity.) Because Borel sets are
measurable, the result is true in the case the sets E,, are Borel sets. Now suppose the
E,, are arbitrary sets. Then there exist Borel sets B,, D E,, with ’ﬁw(Bn) =P (En).
Then define
o0
= () Bm.

Then C,, 2 NX_, Em = Ey, and P7(C,) < P7(B,) = P7(E,) < P7(C,). But
C, increase, So we have

lim inf P¥(E,,) = lim inf P*( < U ) (E).

And P?(E,) < PY(E) for all n, so lim,, .o, P* (E,) = P*(E). =

Identifying packing measure with the full variation does not require any special
assumptions (such as blanketed or Strong Vitali Property).
Theorem 5.7. Let X be a metric space, let ¢ be a Hausdorff function. Then P
is the full variation V* = i for the constituent function C(xz,r) = p(r).
Proof. Let £ C X. Let 6 > 0. Then the constant function A(z) = § is a gauge,
and VA (E) = P;(E). So V(E) < P (E). Now if E = J>2, E,, then we have,
since V7 is an outer measure,

<> VB <D Pi(En)

This is true for all countable covers of E, so V' (E) < P¥(E).
On the other hand, suppose a gauge A for the set F is given. For each n € N|
let

En:{xEE:A(x)>l}.

n

So VA(E) 2 VA(Ew) 2 Vin(En) = Pij(Ba) = Pg(En) 2 P*(En). Now
E, / E asn — oo, so by Corollary 5.6, lim,, .o P’ (E,) = P*(E). Therefore
Vi(E) > P?(E). This is true for all gauges A, so V¥ (E) > P7(E). O

Example 5.8 (Ultrametric product space: Upper and lower bounds for ’ﬁw). Let
Q = [[ Gy be an ultrametric product space with p, = 1/2" and k, — oo. We
will prove some elementary bounds for the packing measure P (©2). There is a gap
between the conditions for the upper and lower bounds, however, so this is not a
complete analysis.
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Lower bound.

(11) If limsup K,,—1¢ <in —> > 0, then P” () = oo.

n—oo 2

Let 0 < o < limsup K,,—1p(1/2™ —). Let A be a gauge on 2. Then

1 1
B = { (x,r) :r < A(z), Kn—19(r) > a, for some n with o1 <7< g }

is a fine cover of 2. Apply Proposition 3.10 to get a centered closed ball packing
7 C B with Y u(Ba,(z)) = co. Now for (x,r) € 7 C 8 with 1/2"T1 <7 < 1/2" we
have ¢(r) > ayn_1 = ap(Ba, (). So 3 ¢(r) = co. Therefore V5 (Q2) = co. This
is true for all A, so P7(Q) = V7 (Q) = co.

Upper bound.

00 1 _
(12) If Z Kn_1¢ <2—n —) < 00, then P7(€) = 0.

n=2

Let m € N. Let A = 1/2™ be a constant gauge. Let m be a A-fine centered closed
ball cover of €. For each n, let m, = {(z,r) € w:1/2"" <r <1/2"} so that
7=, m. Now for a given n, if (x,r),(z/,7") € T, then p(z,2’) > r+1' >

n=m

2/2n*t1 = 1/2" so that p(x,2’) > 1/2"1. So there are at most K, _; members of
mn. For 1/27T1 < < 1/2™ we have p(r) < ¢(1/2" —). So

;w(r) < gKn_w (2% —) = .

This shows V¥ (€2) < VA (Q) < ay,. Take the limit on m to get V¥ (Q) = 0. Recall
that V¥ = P”.

Density theorem. Next we see how the lower density may be used for computa-
tion of the packing measure.

Theorem 5.9. Let X be a metric space, let u be a finite Borel measure on X, let
@ be a Hausdorff function, and let E C X be a Borel set.
(a) Then
— )
P(E) inf Dii(z) < u(E).

(b) If p has the Strong Vitali Property, then
w(E) < P7(E) sup Df (x),
zEE

provided this product is not 0 times oco.
(¢) If the Hausdorff function is blanketed, then even if yu fails the Strong Vitali
Property,

u(E) < CPY(E) sup D (),

provided this product is not 0 times oo, where C' = limsup,_,, ¢(3t)/¢(t).

Proof. (a) If inf,cp DY (r) = 0, the claimed inequality is trivial, so we may assume
infyep DY (v) > 0. Let h > 0 be a constant such that D (z) > h for all z € E. We
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must show that hP" (E)
V 2 E such that u(V) <

M(Er(ﬁ))
o(r)

Then A is a gauge for E. Let 7 be a A-fine packing of E. Then |J, B,(z) is a
disjoint union of closed sets contained in V', and

Z p(r) < %ZM(ET(:C)) < %M(V).

(z,r)eT

< u(E). Let € > 0 be given. Then there is an open set
w(E) +e. For x € E, let A(z) > 0 be so small that

> h for all r < A(z), and A(z) < dist(z, S\ V).

This shows that
— _ 1 1
PA(E) < VA(E) < (V) < + (u(E) +<).
Let € — 0 to obtain P¥(E) < (1/h)u(E) as required.
(b) Assume p has the Strong Vitali Property. If sup,cp D (z) = oo, then
either the inequality claimed is trivial, or has the form 0 times oco. So assume
sup,ep DY (r) < oo. Let h < oo satisfy D (z) < h for all x € E. We must show

that u(E) < kP’ (E). Let A be a gauge on E. Then
B,
ﬁ:{(x,r):er,r<A(a:),M§h}

Is a fine cover of E. By the Strong Vitali Property, there is a packing 7 C § of £
with (E) = p(ENU, Br(z)). Thus

wE) = p <E N UE@)) <> u(Br(x)) <h Y e(r)

So u(E) < hVX(E). Take the limit on a and A to get u(E) < hP¥(E), as required.

(c) Now let C' = limsup,_,, ¢(3t)/¢(t). Again we may assume sup,cp D (z) <
0. Let h < oo satisfy D (z) < h for all z € E, and let C; > C. We will show that
w(E) < hCyP7(E). Let A be a gauge on E. We will show that u(E) < hC1V A (E).
If VX (E) = oo, then this is trivial. So we may assume V'x (E) < co. Now

8= { (x,r):x € E,r<Az), #(Bar () <h (31) < }

pBr) T ()
is a fine cover of E. Next we will apply Theorem 3.1 with the fine cover 5. Now,
for any packing {(x;,r;)} C 8 we have Y p(r;) < VX(E_) < 00, and thus r; — 0.
So there is a packing {(x;,7;)} C 3 such that E C |J;2, Bsy, (z;). Thus

i Bgr Z;) <hZ<p3m <h012<pm
=1 1=1 1=1

So u(E) < hC,VA(E) as required. O
Corollary 5.10. Let X be a metric space, let ¢ be a Hausdorff function, and let
E C X be a Borel set.

(a) Assume there is a finite Borel measure pi such that sup,c i D7 (7) = k < oo.
Assume pi has the SVP. Then P (E) > u(E)/k.
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(a') Assume there is a finite Borel measure p such that sup,¢p D (z) = k < oo.
Assume o satisfies o(3r)/p(r) < C. Then P (E) > u(E)/(kC).
(b) Assume there is a finite Borel measure ju such that infyep Df(z) =k > 0.
Then PY(E) < u(E)/k.
Corollary 5.11. Let X be a metric space, let ¢ be a Hausdorff function, and let
E C X be a Borel set such that Pw(E) < 0. Write p for the restriction of PY to
E.
(a) Then P {z € E:D%(zx)>1}=0.
(b) Assume p has the SVP. Then P {zeE: Df(z) <1 }=o.
(b') Assume @ satisfies o(3r)/@(r) < C. Then P° {zeE:Df(x) <1/C} =0.

Open packing measure. Let X be a metric space, and A C X. A centered open
ball packing of A is a set m of constituents such that x € A for all (z,r) € m, and
p(x,x’) > r+7r for all (z,r), (z',r") € m with (z,r) # (2/,r'). If § > 0, then we say
the packing 7 is §-fine provided r < § for all (z,r) € w. Define

P (A) = sup Z ©(r) : 7 is a 0-fine centered open ball packing of A 5,
(z,r)em

® _ » _ ®
Py (A) = gg Py (A) = %lf(l) Py (A),

PP(A) = inf{ iﬁﬁ(]ﬂn) LAC [j E, } .
n=1 n=1

This has many of the same properties as the closed version P¥. But not all.
In general, P (Q) < P?(Q). If ¢ is left-continuous, then P* = P¢, since any
centered open ball packing can be approximated from inside by a centered closed
ball packing. Example 3.12 is a case with P*(€2) < P#(Q). To see this, combine
the results of Example 3.12 with Theorems 5.7 and 5.20.

Proposition 5.12. If Py (E) < oo, then E is totally bounded.
Proposition 5.13. P¥ is a metric outer measure.
Corollary 5.14. All Borel sets are measurable for the outer measures P¥.

However: It is not necessarily true that Pg(E) = P§(E). This is true when ¢
is left-continuous (since Py = P¢), or when X is ultrametric (since every point in
a ball is a center of the ball). This difficulty is the reason we have taken the closed
packing measure as the primary definition, not the open packing measure.

Example 5.15 (Failure of the Closure Theorem). This counterexample cannot
be ultrametric, so we describe a different one. Begin with a sequence of positive
integers k,, > 2 increasing to oo so that

oo

(13) Z,%j <

=1

N | =

For each n, let G, be a set with k,, elements, including the distinguished element
0. The space @ is the cartesian product @ = [[>7 | G,,. For z € Q we write x =
(x1,22,...). Cylinders Q(x1, ..., z,) are those elements with the first n coordinates
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as specified. For a finite initial segment (z1, ..., z,), extend using the distinguished
element to get 7(z1,...,2,) = (21,...,2,,0,0,...), which will be called the tag of
the cylinder Q(z1,...,z,). Let T'C @ be the set of all tags, that is all sequences
eventually 0. So T is a countable set.

Define the metric on @ as follows. For s € G, if s = 0 is the distinguished
symbol, then let 6(s) = 0, but for all others s # 0, then let 8(s) = 1. Now let
x,y € Q. If © =y, then p(z,y) = 0. If x # y, let coordinate n be the first one
where they disagree. That is,

= (T1, s T, Tn, Tytly - - - ),
Yy = (xla'Haxnflaynaynﬁ*la"')a

where x,, # y,. Define

1 o0
p(x,y) = 2_n + Z
k=n+1 k=n+1

We may check that this defines a metric on @. I like to think of the terms in the
definition in this way: First, Y27 . 6(x))/2" is the distance from z to the tag
7(x1,...,Tpn_1,Ty), second 1/2" is the distance from the tag 7(z1,...,Tn_1,Zn)
to the sibling tag 7(x1,...,2Zn-1,Yn), and finally Zzoznﬂ O(yr)/2" is the distance

from the tag 7(z1,...,Zn_1,Yn) to the point y.

Note that the diameter of the cylinder Q(x1,...,2,—-1) is 3/2", and that maxi-
mum value is achieved only if x,, # y,, xx # 0 for all Kk > n 4+ 1, and yi # 0 for all
k > n+ 1. In particular, the diameter of @ itself is 3/2.

Write K, = k1 - ka -+ kn, 7 = 1/K,, and define the uniform measure p so that
M(Q(xl, . ,xn)) =, for all cylinders of generation n. And u(Q) =~ = 1.

Let a discontinuous Hausdorff function ¢ be defined by:

0(x =0
., 5 o

1 3 3
QO(T):K—, fOI'WST<—

n 2n’
The countable subset T C @ of tags is dense in ). But we will show that
Pg(T) <1/2 and P(Q) > 1, so that PJ(T) < Py (T).

Proposition 5.16. P (Q) > 1.

Proof. Let § > 0. There is n so that 3/2"*! < §. For each x1,...,2,, choose an
extension using symbols other than 0, call it o(x1,...,2,). There are K,, of these.
The distance between any two is > 3/2". Using these as centers and 3/2"! as
radius, we get a centered open ball weak packing. So

PHQ = Ko (5057 ) =1
Take the limit as § — 0 to get P (Q) > 1. O
Proposition 5.17. PJ(T) < 1/2.
Proof. Write -
SREEDY ki

In particular, since vy = 1, we have oy < 1/2 by (13). For n,m € N, we claim
that if { (u;,r;):1<i<m} is a centered open ball packing for a cylinder T' N
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Q(z1,...,2,-1) with m constituents, with all radii r; < 3/2", then Y./, ¢(r;) <
ay,. We prove this by induction on m. If m = 1, then since r1 < 3/2" we get

1
o(11) < Yn = Yn-1 T <an
mn

Let m > 1 and assume the result is known for all smaller values of m. Consider
the k,, daughter cylinders Q(z1,...,x,_1,2,) obtained by adding one more letter
to 1,...,Tp—1. If all m of the centers are in the same daughter, then (because
the diameter 3/2"%! of that daughter is not achieved in T') all of the radii are
< 3/2"*L we may keep the same value of > ¢(r;) by replacing one constituent
(u1,71) by another with center in a different daughter, and the same radius r1; this
is possible since there are elements of 1" in that daughter at least this far from the
tag of that daughter. So, in estimating > ¢(r;) we may assume that not all of the
centers are in the same daughter. Say there are m; in the first daugher, ms in the
second, and so on. Of course m = Zfﬁl my and m; < m.

Consider the case where some r; > 3/ 27+1 Because this is a packing, and no
two points of the cylinder have distance > 3/2", there can be at most one r; this
large. Say it is 1. Then the ball B, (u1) includes the entire daughter, so all other
centers are in other daughters and all other radii are < (3/2") —r; < 3/2""1. So
the portion of the packing in each daughter satisfies the induction hypothesis, and
we have

m oo

1
D (ri) < @(r) + (n = Dangs <+ D
i=1 j=n+1""7
1 = 1
= Tn—1 H Z _J = Op
Jj=n+1

Now consider the case where all 7; < 3/2""1. Then we may apply the induction
hypothesis to each of the daughters, to get

o 60r) < kntnsr =k 32 7 <A1 D =
i=1 j=n+1 "7 j=n "

This completes the inductive proof. It follows that for any 3/2-fine finite packing
7 of T we have > ¢(r) < a; < 1/2. Therefore Py (T) < 1/2. O

Example 5.18 (Relative closed ball packing, failure of the Closure Theorem).
Write 735" for a packing measure defined using relative centered closed ball packings:
that is with condition p(z, 2’) > r+7' replaced by B,.(x)NB,(2') = @. The Closure
Theorem P¢(A) = P¢(A) may fail. The Closure Theorem is correct if ¢ is left-
continuous or if A is complete. So our counterexample is an incomplete metric
space. (This example was placed here because it is similar to the metric space of
Example 5.15, above.)
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Begin with a sequence k, > 2 of positive integers increasing to oo so that
>-n 1/kn < 00. For each n, let G,, be a set with k,, elements, including the distin-
guished element 0. The space and subset are

Q= { (x1,29,...) € H Gy, : x, = 0 for infinitely manyn}
n=1

T= { (x1,22,...) € H G, : &, = 0 for all but finitely manyn}.
n=1

Given 1 € G1,...,x, € Gy, the cylinder Q(z1,...,2,) consists of the elements of
Q@ with the first n coordinates as specified.

Write K,, = kiks---ky, so that there are K,, cylinders Q(x1,...,x,) of gen-
eration n. Write 7, = 1/K,,, and then define the uniform measure p so that
w(Q(x1,...,2,)) = v, for cylinders of generation n. In restricting @ to those x
with infinitely many zeros, we leave out only a countable set, a set of measure zero
for u, so p is in fact countably additive even on the subset @ of the product.

Define the metric p on @ as follows. For s € G, let 6(s) = 0 if s is not the
distinguished element 0, and #(0) = 1. Now let 2,y € Q. If 2 = y, then p(z,y) = 0.
If & # y, let coordinate n be the first one where they disagree. That is,

Tr = (xlawanflaxnax?’hl»lw")a
Yy = (xlawanflaynaynﬁ*la"')a

and z, # y,. Define

= O(z; = 0y,
play)= (ij) + ) (Qyj]).
j=n-+1 j=n+1
This defines a metric on @: Because z and y have infinitely many coordinates 0,
p(z,y) > 0. And p(z,y) < 1/2""!, with strict inequality when z,y & T. The
subset A =@\ T is dense in Q.
Define a Hausdorff function by

1 1
(p(’l"):’yn for ZST<F
Proposition 5.19. Let Q, A, and ¢ be as defined. Then 7/539(14) =0 but ”ﬁ(‘f(Z) >

1.

Proof. Of course A = @, the whole space. Let n be a natural number. For
1 € Giy...,xy € Gy, let 7(z1,...,2,) = (21,...,2,,0,0,...). We have

Byjon (T(ZIJl, . ,xn)) =Q(x1,...,Tn),
so there is a (relative) packing made up of K, pairwise disjoint closed balls of
radius 1/2". For § > 1/2" we have P{(Q) > K,p(1/2") = 1. As § — 0 we may
let 7 — 0o, and we have P (Q) > 1.

Now we consider A = @ \ T. Let 7 be a relative packing. That is: for all
(x,7) € m we have € A, and for all (z,r), (2',7") € m with (z,7) # (2/,7), we
have B,.(z) N B (2') = @.

Consider (x,7) € m, x = (x1,22,...), 7 > 1/2". Then not only does B,(x) D
Q(z1,...,2,), but for every s € G,, we have B,.(x) N Q(z1,...,2,_1,5) # &. So
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no other (2/,7') € m can have 2’ € Q(x1,...,2,-1) and v’ > 1/2". Thus, in the
packing 7 there are at most K,_; different (x,r) with » > 1/2". In particular,
there are at most K, different (z,7) € m with 1/2" <r < 1/2"~! and for these
we have ¢(r) < ~,. Now if 7 is d-fine and 1/2™ > ¢, then

o0 o0 1
Yoo < Y Knaplm)= > —
(z,r)em n=m+1 n=m+1 "
So 73§°(A) < Yoottt 1/kn, and therefore in the limit we get PE(A) = 0. O

Properties of P¥. I do not know in general whether P¥ is regular. Or whether
P?(E) = V¥(E). But at least half of the following results remain, with essentially
the same proofs:

Theorem 5.20. Let X be a metric space, let ¢ be a Hausdorff function. Then
V#(E) < P¥(E).

Theorem 5.21. Let X be a metric space, let i1 be a finite Borel measure on X, let
@ be a Hausdorff function, and let E C X be a Borel set. Then

VE(E) inf Af(x) < u(E).

Corollary 5.22. Let X be a metric space, let ¢ be a Hausdorff function, and
let E C X be a Borel set. Assume there is a finite Borel measure p such that
sup,cp D (z) =k > 0. Then V¥(E) < u(E)/k.

Corollary 5.23. Let X be a metric space, let ¢ be a Hausdorff function, and let
E C X be a Borel set such that V¥ (E) < oo. Write u for the restriction of V¥ to
E. Then V¢ {z € E: Af(z) > 1} =0.

Example 5.24 (Ultrametric product space: Bounds for P#(Q2)). Let  be the
ultrametric product space with p, = 1/2".
Lower bound.

2

By (11) we have P*(2) = oo, so P#(Q) = oc.
Upper bound.

1
If limsup K,,_1¢ <—n —) > 0, then P?(2) = oo.

- 1
If ZKn_lgo (2—n> < 00, then P¥(Q2) = 0.
n=2

Let m € N, and § < 1/2"™. Let m be a d-fine centered open ball packing of €.
Let m, = { (z,7) € :1/2""1 < <1/2"} so that # = |J,—,, mn. For given n, if
(x,7), (2',1") € 7y, then p(x,2’) > 1 +1" > 2/27F1 = 1/2" 50 p(z,2') > 1/27 L.
Thus there are at most K, 1 elements in m,. For 1/2"t! < r < 1/2" we have

p(r) < p(1/2"). So

D e < i Kn 1 <2in> = Q.

(z,r)em n=m

This shows Pg () < PL(Q) < . Take the limit on m to get P (A) = 0. So
PP (Q) = 0.



CENTERED DENSITIES AND FRACTAL MEASURES 77

Weak packing. Let X be a metric space, and A C X. A (centered open ball)
weak packing of A is a set w of constituents such that € A for all (z,r) € 7, and
p(x,x’) > rvir! for all (z,r), (2',r") € m with (x,7) # (2/,7"). If § > 0, then we say
the weak packing 7 is 0-fine provided r < ¢ for all (x,r) € 7. Define

ﬁg’(A) = sup Z @(r) : mis a J-fine weak packing of A » ,

(z,r)em

P§(A) = inf PP(A) = lim PY(A),

ﬁw(A):inf{iﬁ(f(En):AC D En}

Packing and weak packing measures are within a constant factor of each other
when ¢ is blanketed.
The next few properties of P¥ have the same proofs as P¥.

Proposition 5.25. If ﬁg’(E) < 00, then E is totally bounded.
Proposition 5.26. P¥ is a metric outer measure.

Corollary 5.27. All Borel sets are measurable for the outer measure Pe.
Theorem 5.28. V¢(E) < P¢(E).

A reason to consider the weak packing measure is that this density inequality
does not require SVP:

Theorem 5.29. Let X be a complete separable metric space, let u be a finite Borel
measure on X, let ¢ be a Hausdorff function, and let E C X be a Borel set. Then

W(E) < P?(E) sup DY (z),
xelR

provided this product is not 0 times 0.

Proof. If sup,cp Dj;(z) = 0o, then either the inequality claimed is trivial, or has
the form 0 times co. So assume sup, ¢ Df (z) < oo. Let h < oo satisfy D (z) < h

for all # € E. We must show that u(E) < hP?(E). Let § > 0. Then

B=< (z,7):x € E,r <4, 7H<Br(m)) <h
()
is a fine cover of E.

We claim that § is upward closed. Let (z,,7,) € § with z,, € E, z,, — © € E,
and r, /" r. First, r < §. Given € > 0, there is ' < r so that u(B,.(x)) >
w(By(x)) —¢; and for n large we have p(z,,z) < (r—1")/2 and r —r, < (r —71")/2,
so that B, (z,) 2 B,(x) and therefore u(B,., (x,)) > u(B.(x)) —e. So

w(Br(z)) < u(Br, (x0)) + € < hp(rn) + € < ho(r) +e.

This is true for all € > 0, so u(By(z)) < he(r). Therefore (z,7) € 5.
By Proposition 3.5, there is a weak packing {(z,,7,)} C 81 of E with p(E \
U,, Br, (%)) = 0. Thus

p(E) <> (B, (xn)) <h Y @lrn).
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So w(E) < hP{(E). But § was arbitrary, so u(E) < hPJ(E). Finally, u is
countably subadditive, so we get p(E) < hP?(E), as required. O
Corollary 5.30. Let X be a metric space, let ¢ be a Hausdorff function, and

let E C X be a Borel set. Asiume there is a finite Borel measure p such that
sup,ep D) (x) =k < oo. Then P¥(E) > u(E)/k.

Corollary 5.31. Let X be a metric space, let ¢ be a Hausdorff function, and let
E C X be a Borel set such that 77“"( ) < co. Write u for the restriction of P¥ to
E. Then P?{x € E:D%(x) <1} =0.

Summary of the density inequalities. In the summary table, we list the in-
equalities with the conditions used in the proofs. And of course we can imagine
many other combinations that have not been considered. And there are many more
inequalities with constant c.

[1 means “p is blanketed”, 2 means “u has the Strong Vitali Property”]

u(E) < C?(E) sup D), (x)

) ) ()
w(E) < v?(E) sup D7, (x) lor2
) ) (z) Lor2
(

6. Product inequalities
In this section we intend to discuss the product inequalities 0.5:
C*(B)CH(F) < ¢ C™H(E x F),
CH(ExF)<c ( )P'(F),
C(E)P'(F) (B xF),
P ExF)<c 7?5( )P (F).

To what extent do these generalize to metric spaces, and to general (possibly dis-
continuous) Hausdorff functions? Howroyd [20] has a fairly complete discussion of

<c
<
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this. Here we will try to see to what extent the density inequalities are relevant.
However, my attempt to use densities here has been a disappointment.

We can think of certain density inequalities as “local” versions of the product
inequalities. For example, the inequality ’ﬁS—H(E xF)<e¢P’ (E)ft(F) is a con-
sequence of a density inequality ¢ Qﬁfy(x, y) > D7 () D¥(y). The advantages of
the density approach over the traditional one include the local nature of the in-
equality, and the use of a single unified method for all four of the inequalities. The
disadvantages include the inability to handle sets of measure 0 or co. (In fact, this
disadvantage goes back to Marstrand [26] in the first study of Hausdorff dimension
of products.)

To overcome the problem of measure zero, we will have to add extra nullset
lemmas in certain cases. To overcome the problem of infinite measure, we will
require semifiniteness.

Let X be a metric space, and let  be a Borel measure on X. Then pu is semifinite
iff for every Borel set E C X with u(E) = oo, there exists a Borel set F' C E with
0 < pu(F) < co. We say p is semifinite on A iff the restriction of p to A is semifinite.
That is, the above holds for subsets £ C A.

Once p is semifinite, the conclusion can be improved: if X is a complete separable
metric space and p is semifinite, then for every Borel set E C X we have

p(E) =sup{ p(F): F' C E, F compact } .
Here are the relevant semifiniteness results from the literature:

Theorem 6.1 (Howroyd [19, Corollary 7]). Let X be a complete separable metric
space, and let ¢ be a blanketed Hausdorff function. Then C¥ is semifinite.

Theorem 6.2 (Joyce & Preiss [22, Theorem 1, Corollary 1]). Let X be a complete
separable metric space, and let ¢ be an arbitrary Hausdorff function. Then P? is
semifinite. If @ is blanketed, then PY s semifinite.

There are examples of Hausdorff functions ¢ and spaces X where the Hausdorff
measure H¥ is not semifinite. I have not checked whether these examples will also
provide C¥ not semifinite. And how about v#?

Wen & Wen [34] show: for every Hausdorff function ¢ that is not blanketed,
there is a compact metric space X where P* is not semifinite. They use relative
packings, what about absolute packings?

Let X and Y be two metric spaces. The Cartesian product space X x Y may
be metrized in more than one way. We will use the mazimum metric defined by

p((x1,41), (22,y2)) = max {p(x1,z2), p(y1,y2)} -

Although this is not the metric to make the product R¥ x R! of two Euclidean spaces
into Euclidean space RF*! it is within a constant factor. To use the Euclidean
metric in any of our product results 0.5, the constant ¢ on the right-hand side will
need to be adjusted. In particular, we usually do not have ¢ = 1 when the Euclidean
metric is used for R**'. But (when the Hausdorff function is blanketed), changing
the metric by at most a constant factor will change the measures C%, 73@, etc. also
only by at most a constant factor.
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When we use the maximum metric, we have an easy description for balls in the
product:

Br((xvy)) = B, (ZIJ) X Br(y)a
ET((x,y)) =B, (x) x B, (y)
6a. Generalizing C*(E)C!(F) < C*t*(E x F).

If ¢ and ¢ are two Hausdorfl functions, define ¢ by (p)(r) = @(r)uw(r).
Of course ¢ is also a Hausdorff function. In particular, if ¢(r) = (2r)° and

P(r) = (2r)", then pi(r) = (2r)**".
For this generalization, we use the inequality

e 1(Br(2)) (B (y)) i su (B (z)) i e (B ()
mm\Tom e ]S Lﬁpl o(r) ] vl e
so that

(14) DY (x,y) < Di(x) Dy (y).

Theorem 6.3. Let X and Y be complete separable metric, let X X Y have the
mazximum metric, let E C X and F C Y be Borel sets, and let v, 1 be two
Hausdorff functions. Assume v?(E) < oo and v¥(F) < co. Then

v?(E) v¥(F) < C?Y(E x F).

Proof. Let u be the restriction of v¥ to E. That is, u(A4) = v¥(E N A) for all A.
Then p is a finite Borel measure on X. Similarly, let v be the restriction of v¥ to
F, a finite Borel measure on Y. Now by Corollary 4.20(a) we have Ei(x) <1 for
almost all x € E. Write

Elz{er;Ejj(x)g}, W(Ey) = u(E).
Similarly, we have El,f (y) <1 for almost all y € F. Write
Flz{yeF;Bf(y)gl}, V(1) = v(F).

Now the product measure p X v is a finite Borel measure on X x Y. For (z,y) €
Ey x Fy, we have from (14) that o) ((z,y)) < 1. Therefore, by Corollary 4.16(a),

we have MXV
CP (B x F1) > (u x v)(Er x Fy) = p(Ev) v(F1) = u(E) v(F),
so that C¥¥(E x F) > C?¥(Ey x F1) > u(E) v(F) = v?(E)v¥(F). O

Corollary 6.4. Let X and Y be complete separable metric, let X x Y have the
maximum metric, let E C X and F C Y be Borel sets, and let v, ¥ be two
Hausdorff functions. Assume v¥ is semifinite on E and v¥ is semifinite on F.
Then

v (B) vY(F) < C?Y(E x F).
Proof. Let E; C E be compact with v?(F;) < oo and let F; C F be compact with
v¥(F}) < co. Then by the theorem, we have

VP (Ey) oY (Fy) < CPY(Ey x Fy) <C?Y(E x F).

Taking supremum over F; and Fy we get v?(E) v¥(F) < C¥¥(E x F) using the
semifiniteness. O
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The previous inequalities have v¥ on one side and C¥ on the other. With added
hypotheses, we may prove inequalities with the same type of measure on both sides.

Proposition 6.5. Let X and Y be complete separable metric spaces, let X XY
have the mazimum metric, let E C X and F CY be Borel sets, and let @, 1 be
two Hausdorff functions. Assume that @ and ¢ are blanketed. Assume C?(E) < 0o
and C¥(F) < co. Then

C?(F)CY(F) < C*¥(E x F).

Proposition 6.6. Let X and Y be complete separable metric, let X XY have the
maximum metric, let E C X and FF CY be Borel sets, and let p, 1 be two Hausdorff
functions. Assume either that X XY has the SVP or that o is blanketed. Assume
v?(E) < oo and vV (F) < co. Then

v (E) v (F) < v¥¥(E x F).
Varying the hypotheses appropriately, we can get other variants, such as
v (E) CY(F) < C?Y(E x F),
v (E) CY(F) < v¥¥(E x F),
CP(F) CY(F) <v®¥(E x F).

Remark. The results are also true with C_w, %, etc. For this, we use the inequality

e 1(Br(x)) pu(Br(y)) su (B (z)) su (B (y))
P T ]Slrfﬁ’l o) ]1Tfﬁ’l ) ]
so that

(15) A% (2,y) < BY(2) BL ().

6b. Generalizing C°1*(E x F) < C*(E)P!(F).
For this generalization, we use the inequality

imsu M(Br(x)) M(Br(y)) ulimsu 7M<Br(x)) ulimin 7M<Br(y))
Rt e T ]Z Lﬁpl o(r) ] Lofl o) ]
so that

(16) D%, (x,y) > D% (x) DY(y).

The proofs then proceed much as before.

Theorem 6.7. Let X and Y be complete separable metric, let X X Y have the
maximum metric, and let v, ¥ be two Hausdorff functions.

v?Y(E x F) < C?(E) PY(F).

is true for all Borel sets E C X and F CY provided it is true in the “null” cases
when one of the factors on the right is zero.

Proof. If either C¥(E) = oo or P¥(F) = oo, then there is nothing to prove.
So assume both are finite. Write pu for the restriction of C¥ to E and v for the
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restriction of P¥ to F. By Corollaries 4.17(a) and 5.31 we have pu(E;) = p(E) and
v(Fy) = v(F), where

Elz{er:Efj(a;)z1}, Flz{yeF:Q}f(y)z1}.

So on the set By x F; we have Eiiy(x,y) > 1 by (16). Therefore, by Corol-

lary 4.19(b) we conclude v¥¥(E; x Fy) < C?(E)P¥(F). Finally, by our assumption
for the “null” case, we get the result with £ x F. O

As before, with proper hypotheses we can prove variants, such as the ones below.

Proposition 6.8. Let X and Y be complete separable metric, let X XY have the
maximum metric, and let o, ¥ be two Hausdorff functions. Assume that'Y has the
SVP. Assume that o is blanketed. Then

=Y

C*Y(E x F) <C?(E)P"(F).

is true for all Borel sets E C X and F CY provided it is true in the “null” cases
when one of the factors on the right is zero.

A variant will use the inequality

o [wB@) kB L [eBe)] | [(Bw)
! T_’Op gO(’f’) 1/’(7“) ‘| Z ! T—S>0p 2] T‘) ] 1r~>0f [ (T‘) ]
so that

(17) A7 (2,y) > A% (z) DY(y).

Proposition 6.9. Let X and Y be complete separable metric, let X XY have the
maximum metric, and let @, ¥ be two Hausdorff functions. Then

7°Y(E x F) < C*(E) P¥(F).

is true for all Borel sets E C X and F CY provided it is true in the “null” cases
when one of the factors on the right is zero.

Nullset lemmas. Of course the assumption of the “null” case is a blemish on this
proof. Under the right conditions there are “nullset lemmas” to prove these cases.
But I do not know proofs in terms of densities. As a sample, the nullset lemmas for
the inequality C_w}(E x F) < C*(E)P¥(F) are given next. But (as far as I know,
in general) nullset lemmas are unfortunately no simpler to prove than the general
theorems.

Lemma 6.10. Let X and Y be complete separable metric spaces, l_et v, ¥ be
Hausdorff functions, let E C X, F C Y be Borel sets. Assume C*(E) = 0

and P¥(F) < co. Then C_ﬁw(E x F) = 0. If oy is blanketed we may conclude
CY(Ex F)=0.

Proof. First, ’ﬁw(F) < 00, so F' is the union of countably many sets F), with
”ﬁép(Fn) < 0o0. So we may assume ﬁg’(F) < oo. By Proposition 5.25, F' is totally
bounded. There is 6 > 0 so that 75[?’(F) < 0.

Let € > 0 be given. Write ¢; = 6/ﬁg}(F)
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Now C¥(E) = 0, so Cj (E) = 0. There is a centered closed ball cover {(z;,7;)}
of E with r; < ¢ such that ), p(r;) < ;. For each i, by the total boundedness
of F there is a maximal finite set {y;; : 1 < j < K; } subject to p(yij, ysjr) > 5 for
all j # j'. So { (yij,7:) : 1 <j < K;} is a centered closed ball weak packing with
equal radii, and F = U; By, (yi;). So we have Kyp(r;) < PY(F). Now we may form
a cover for the product £ x F:

o0

K;
Ex F C U U @i, Yi5)-

But
~ K; %)
ZZWNM) < MPEA(F)ZQO(W) <e
i=1 j=1 i=1

This is true for every e, so C_}w(E x F) = 0. Thus (?gw(E x F) =0. If pi is
blanketed, then by Corollary 4.3 we get C¥¥(E x F) = 0. O

Lemma 6.11. Let X and Y be complete separable metric spaces, let w, ¥ be
Hausdorff functions, let E C X, F C Y be Borel sets. Assume c” (F) <
and P¥(F) = 0. Then C_gw(E x F) = 0. If py is blanketed, we may conclude
CV(Ex F)=0.

Proof. Let ¢ > 0 be given. First, Cj (E) < C*(E) < co. Fix a number ¢ > Cj (E).
Let 51 = ¢/c. Now PY(F) = 0, so there exist sets F,, with F C |JF, such that
S PY(F,) < 1. Choose numbers p, > Py (F,) with an < e1. Fix n. There
exists § > 0 (depending on n) so that 755 (F,) < pn. Now Cy(E) < C5(E) < ¢, so
there is a centered closed ball cover {(z;,7;)} of E with r; < 6 and Y ¢(r;) < c.
Now by Proposition 5.25 F), is totally bounded, so for each i there is a maximal finite
ri-separated set {y;; : 1 < j < K; } C F,. (That is: with p(ys;, yi;») > r; for j # j’
and the set is maximal subject to that restriction.) So {(yu,rz) 1<j<K;}is
a centered closed ball Weak packing of F,, so K;¥(r;) < P& (F,) < pn. By the

maximality, F;, C UFl r:(Yij). So we have a d-fine cover of E x F:
0 K;
ExF, C U U By, (%, yi5))-
i=1j=1
But Zfil K;p(r;) < epn. So Efw(E x F,,) < ¢pp. This is true for all small enough
4, SO 550 1/J(E x F,) < ¢p,. This is true for all n and C_g b is countably subadditive,

50 CZY(E x F) < ¢S py < e. This holds for all € > 0, so C5(E x F) = 0. If v
is blanketed, then by Corollary 4.3 we get C*¥(E x F) = 0. O

Example 6.12 (Ultrametric product space: Counterexample for a nullset lemma:
CPY(X xY) < C?(X)PY(Y) fails in general). Let X be the ultrametric product
space with k, = 2, K,, = 2". Let Y be the ultrametric product space with k!, = n?,
K! = (n!)3. These are compact metric spaces. Let ¢ be the Hausdorff function
with ¢(r) = 1/(n2") for all r with 1/2"+1 < < 1/2". Let ¢ be the Hausdorff
function with ¢(r) = n/(n!)3 for all r with 1/2"*1 < r < 1/2". Let E = X and
F =Y. These are Borel sets. The Cartesian product X x Y is another ultrametric
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product space with &k = 2n3, K/ = 2"(n!)3. The product ¢ is the Hausdorff
function with oo (r) = 1/(2"(n!)3) for all r with 1/2"T < r < 1/2". But we claim
C?(E) = P’(F) = 0 and C*¥(E x F) > 0. Indeed:

(a) Knpp(1/2™) =2"/(n2") — 0, so by (9) we have C¥(X) = 0.

(b) K/ _qw(1/2" =) = ((n — 1)1)3n/(n!)® = 1/n? and 3. 1/n? < oo, so by (12)

we have P7(Y) = V¥ (V) = 0.
(c) Klp(1/27T14) = (27(n!)3)/(2"(n!)?) = 1, so by (9) we have
CPY(X xY) > 1.

6c. Generalizing C*(E)P!(F) < P*TY(E x F).

For this generalization, we use the inequality

imin M(Br(x)) M(Br(y)) ulimsu —M(Br(x)) ulimin (Br(y))
nhm it e(r) ¥(r) 1§ 1H§p[ (r) ] im inf (1)
so that

(18) D¢ (x,y) < Dfi(2) DY (y).

Theorem 6.13. Let X and Y be complete separable metric, let X XY have the
maximum metric, let E C X and FF C'Y be Borel sets, and let v, 1 be two Hausdorff

functions. Assume v?(E) < oo and 73w(F) < 0. Then
v?(E) PV (F) < P#Y(E x F).

Proof. Let p be the restriction of v¥ to E and v the restriction of 731/1 to F.
By Corollary 4.20(a), we have D:j(x) < 1 almost everywhere on E. By Corol-

lary 5.11(a), we have D¥(y) < 1 almost everywhere on F. Write
Elz{erzﬁﬁ(x)gl}, Flz{yeF:Q;f(y)gl},

so u(E1) = u(E) and v(Fy) = v(F'). Therefore, by (18), for all (x,y) € By x Fy we
have D¢V (z,y) < 1. So by Corollary 5.30 we have

PPY(Er x F1) > (1 x v)(Br x Fy) = p(By)v(Fy) = p(B)v(F),
so that P#Y(E x F) > P#U(Ey x Fy) > u(E)w(F) = v#(E)P" (F). O

And of course with hypotheses we can prove variants, such as the following.

Theorem 6.14. Let X and Y be complete separable metric, let X XY have the
mazimum metric, let E C X and F C 'Y be Borel sets, and let p, 1 be two
Hausdorff functions. Assume that ¢ is blanketed. Assume X x Y has the SVP.

Assume C?(F) < oo and 73w(F) < 0. Then

c?(B) PV(F) < PV (B x F).
For the alternate densities, we get a variant
o TuB@) wBw)] _ [eBa)] )
lim inf <limsup | ——% | liminf
e OO B Co N It i T B il RS

so that _
ARY (z,y) < Df(x) AL(y).

=pxv
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But we have not done density inequalities for the density A7 (z), so we do not yet
have a way to apply it.

Proposition 6.15. Let X and Y be complete separable metric, let X XY have the
maximum metric, let E C X and FF CY be Borel sets, and let p, 1 be two Hausdorff

functions. Assume X xY has the SVP. Assume v?(E) < oo and ’ﬁw(F) < oo.
Then

v (E) PV (F) < PV (E x F).

As before, we may avoid the restriction to finite measure by adding hypotheses
to make the semifiniteness theorems applicable.

6d. Generalizing P*1tt(E x F) < P*(E)P!(F).
For this generalization, we use the inequality

win 1(B(z)) wu(Br(y)) _— (B (x)) _— 1(B:(y))
R P TS ]erﬂof ) ]%Ofl ) ]
so that

(19) D7V (x,y) > Df(x) DY (y).

Theorem 6.16. Let X and Y be complete separable metric, let X XY have the
maximum metric, and let @, ¥ be two Hausdorff functions. Then

PPY(E x F) < PP(E) P¥(F)

for all Borel sets E C X and F CY provided it is true in the “null” cases when
one of the factors on the right is zero.

Proof. If P#(E) = oo or P¥(F) = oo, there is nothing to prove, so assume they
are both finite. Let u be the restriction of P¥ to E and v the restriction of P¥ to
F. By Corollary 5.31 we have D¥(z) > 1 almost everywhere on E and DY(y) >1
almost everywhere on F. So if

Ey={xze€E:Df(x)>1}, Flz{yeF:QL”(y)zl},

then u(F) = p(E1) and v(F) = v(Fy). Then by (19), for every (z,y) € Ey X
Fy we have D?Y (z,y) > 1. So by Corollary 5.10(b) we have P(E x ) <
w(E)v(F) = P?(E)PY(F). By the assumption for the “null” cases, we get the
result with E' x F. ]

Variants are possible, for example:

Theorem 6.17. Let X and Y be complete separable metric, let X XY have the
mazximum metric, and let ¢, 1 be two Hausdorff functions. Assume that X and Y
both have the SVP. Then

P(E x F) < PY(E) P (F)

for all Borel sets E C X and F CY provided it is true in the “null” cases when
one of the factors on the right is zero.
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As usual, there is a variant

B, (x B B, (x B
lim inf ,u( r( )) H( T(y)) > liminf 7( r( )) lim inf 7'“( T(y))
r—0 e(r) ¥(r) r—0 e(r) =0 ¥(r)
so that
(20) ARY(@,y) > Af () AY(y).
But we have not proved density inequalities that can be applied to this case.
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