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Landstad’s characterization for full crossed
products

S. Kaliszewski and John Quigg

ABSTRACT. Full C*-crossed products by actions of locally compact groups are
characterized via the existence of suitable maximal coactions, in analogy with
Landstad’s characterization of reduced crossed products.
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1. Introduction

It (almost) goes without saying that two of the fundamental issues when dealing
with C*-dynamical systems are:

(1) When can a given C*-algebra be realized as a crossed product by a given

group?

(2) When is a given crossed product isomorphic to a given C*-algebra?

For reduced crossed products by actions of locally compact groups, Landstad ([7])
answered question (1) in terms of the existence of suitable reduced coactions. An
analogous solution for crossed products by reduced coactions was given by the
second author in [8].

Answers to question (2) can be derived from a large class of results which, in
various situations, show that an equivariant homomorphism between C*-algebras
is faithful if it is faithful on a certain subset of “fixed points” in its domain. Such
results exist for actions of compact groups (folklore), normal coactions of locally
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compact groups ([10], [8]), graph C*-algebras (gauge-invariant uniqueness theo-
rems), and dual coactions on reduced crossed products (also probably folklore —
see Theorem 4.1).

In this paper we answer questions (1) and (2) for full crossed products by actions
of locally compact groups (Theorem 3.2 and Corollary 4.4, respectively). In each
case, the answer involves the existence of a certain maximal coaction; this is natural,
since maximal coactions are precisely those for which full-crossed-product duality
holds. Also in each case, the answer is gotten by reducing to the situation of reduced
crossed products and normal coactions. (See Section 2 for more background on
coactions.) Although direct proofs almost certainly exist, this gives quicker results
because the reduced theorems (3.1 and 4.1) are easily derived from existing work
(mostly of Landstad) on reduced coactions.

In Section 5, we give an application which identifies AX x5 G/K, the crossed
product of a fixed-point algebra by a quotient group, with a corner of A x, G, for
K compact. This result was motivated by our ongoing study of Hecke C*-algebras
in terms of projections, initiated in [4].

2. Preliminaries

Throughout this paper, A and B denote C*-algebras, and G denotes a locally
compact group. We adopt the conventions of [2] for actions and normal coactions,
and of [1] for maximal coactions. To avoid ambiguity, we list here a few of our
notational conventions.

Actions. If a is an action of a locally compact group G on a C*-algebra A, we
denote the reduced crossed product by A X , G, the full crossed product by A x,
G, the canonical covariant homomorphism of (A4, G) into the multiplier algebra
M(A Xqo, G) by (i%,17), the canonical covariant homomorphism of (A4, G) into
M(A x4 G) by (i4,ic), and the regular representation by A: A x G — A %, G.
(Note that iy = Ay 0i4 and i, = Aoig.) When there is more than one action
around, we will write 7¢, and ig, for example, to distinguish the associated maps.
We identify G with its canonical image in M(C*(G)), and denote the left regular
representation of G' by A and the compact operators on L?(G) by K.

Coactions. We tacitly assume all our coactions are nondegenerate. If §: A —
M(A®C*(G)) is a coaction of G on A, we denote the crossed product by Ax;G and
the canonical covariant homomorphism of (A4, Cy(G)) into M(A x5 G) by (ja, ja)-
The integrated form of the covariant homomorphism

((d @A) 06,1 M): (4,Co(G)) — M(A®K)

(where M is the multiplication representation of Co(G) on L?(G)) is faithful.
For every action (4, «) of G there is a dual coaction (A X, G,@) of G, namely
the integrated form of the covariant pair
a—isla) ®1, a€ A,
st ig(s) ® s, sed.
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There is also a coaction (A X, G, &™) of G which is the integrated form of the pair
a— i (a)®1, a€ A,
s ig(s) ® A, seq.

The regular representation A is equivariant with respect to @ and a™.

For every coaction (A, 0) of G there is a dual action (A X5 G,0) of G, such that
for each s € G the automorphism J; is the integrated form of the covariant pair

ar— jala), a€ A,
f=dalps(f)), J € Co(G),
where ps(f)(t) = f(ts).

The crossed product is functorial; in particular, for every equivariant homomor-
phism ¢: (A, «) — (B, 3) between actions there is a unique equivariant homomor-

-~

phism ¢ X G: (A X, G,Q) — (B xg G, §) making the diagram

A 4 B

. B

commute, and for every equivariant homomorphism ¢: (A,0) — (B, ¢€) between
coactions there is a unique equivariant homomorphism

-~

X G: (Ax5G,6) — (B x.G,e)

making the diagram

B

M(A Xs G) WM(B Xe G)

commute.
For any coaction (A4, d), the canonical surjection is the map

Py:=(([doA)od) x (1o M)x(1®p)

of AxsG x5G onto A® K. § is mazimal if ® 4 is faithful, hence an isomorphism.
Thus maximality means that crossed-product duality holds for full crossed products.

By [1, Theorem 3.3], every coaction (A,d) has a maximalization; i.e., there is
a maximal coaction (A™,d™) and an equivariant surjection ¥: (A™, ™) — (A,0)
such that the induced map ¥ x G: A™ xgm G — A x5 G is an isomorphism. More-
over, the maximalization is essentially unique in the sense that if (C,€) is another
maximalization with equivariant surjection ¢, then there is an equivariant isomor-
phism x making the diagram

(Am 5m) = (C,e)



4 S. KALISZEWSKI AND JOHN QUIGG

commute. We remark that the construction of the maximalization in [1] is not
functorial — it involves a choice of a minimal projection in K. Fischer ([3]) has
given a functorial version, even for coactions of quantum groups, but we will not
need this here.

A coaction (A, d) normal if j4 is faithful; equivalently, if (id ® A) o ¢ is faithful.
By [1, Proposition 2.2], normality is equivalent to crossed-product duality holding
for reduced crossed products; i.e., ¢ is normal if and only if the canonical surjection
® 4 factors through an isomorphism of the reduced double crossed product:

Ax;Gx5G 245 AgK.

g

AX(;GXSTG

1R

By [9, Proposition 2.6], every coaction (A,d) has a normalization, i.e., there is a
normal coaction (A™,§™) and an equivariant surjection ¢ 4: (A,0) — (A™, ™) such
that the induced map 4 X G: A x5 G — A Xg» G is an isomorphism. We have

kerv 4 = ker ja,

and in fact the construction in [9] uses A™ = ja(A).

Normalization is functorial; in particular, for every equivariant homomorphism
v: (A,0) — (B, €) between coactions there is a unique equivariant homomorphism
©™ making the diagram

(A,8) —2— (B,e)

o |+

(Anv 5n) — (an en)
(7]

commute, and if ¢ is an isomorphism then so is ¢™ ([1, Lemma 2.1]).
If (B, «) is an action of G, then the coaction (B x, G, &) is maximal, the coaction
(B Xq,r G,a") is normal, and the regular representation
A: (B Xo G @) = (B xq, G, a")

is both a maximalization of (B X, G,&™) and a normalization of (B x, G, @) ([2,
Proposition A.61], [1, Proposition 3.4]).

3. Characterization

We begin with a version, in modern language, of Landstad’s characterization,
including a version of his uniqueness clause.

Theorem 3.1 (Landstad). Let A be a C*-algebra and let G be a locally compact
group. There exist an action (B, G, o) and an isomorphism 0: A — B x,, G if and
only if there exist a normal coaction § of G on A and a strictly continuous unitary
homomorphism u: G — M(A) such that

d(ug) =us ®s forallseQq.

Given 0 and u as above, B, «, and 0 can be chosen such that 0 is 6-Q™ equivariant
and 0 ow = i"; moreover, if (C,G, 3) is another action and 0: A — C x5, G is a
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5—3" equivariant isomorphism such that o ou = ig’r, then there is an isomorphism
v: (B,a) — (C, ) such that (¢ X, G) o =o0o.

Proof. We must show that what Landstad actually proved in [7] implies the above
theorem. First of all, Landstad worked with reduced coactions, which involve the
reduced group C*-algebra C}(G) rather than C*(G). However, as shown in [9],
(nondegenerate) reduced coactions are in 1-1 correspondence with normal (full)
coactions, with the same crossed products, so we can safely state Landstad’s re-
sults in terms of normal coactions. Careful examination of Landstad’s proof of [7,
Theorem 3] shows that, given ¢ and w as in our hypotheses, there exist an action
(B, «) and an equivariant isomorphism

0: (A,8) = (B Xq, G,a")

such that 0 o u = iy". Conversely, given B, «, and 6 as in our hypotheses, one can
easily construct § and u from @™ and i¢;" using 6.

However, Landstad’s uniqueness clause is stated differently from ours. Trans-
lating into our notation, his uniqueness is in the form of a characterization of the
image of B in the multipliers of the reduced crossed product. Specifically, it states
that

ip(B) ={ce M(B Xq,G)|a"(c)=c®1,
s +— Adig"(s)(c) is norm continuous,
and cigy" (f),ig" (f)c € B Xq, G for all f e C.(G)}.
It follows that
0 ' oih(B) ={a€ M(A)|da)=a®]1,
s +— Adug(a) is norm continuous,
and au(f),u(f)a € A for all f € C.(G)}.

We must verify that this implies our uniqueness clause. Suppose we also have an
action (C, 8) and an isomorphism o: (4,8) — (C' xg, G, f") such that cou = i;".
Then we have

o toig(C)={ae M(A)|é(a)=a®1,
s +— Adwus(a) is norm continuous,
and au(f),u(f)a € A for all f € C.(G).}.
Thus 0! (i%(B)) and o~ (if,(C)) are the same subalgebra of M(A), so

pi=ip toogof toil
is an isomorphism of B onto C; it follows from the definitions that ¢ is equivariant
for the actions o and 3, and that ¢ x,, G =c o071, O

Here is our version of Landstad’s characterization for full crossed products:

Theorem 3.2. Let A be a C*-algebra and let G be a locally compact group. There
exist an action (B,G,a) and an isomorphism 6: A — B X, G if and only if there
exist a mazimal coaction 6 of G on A and a strictly continuous unitary homomor-
phism u: G — M(A) such that

d(us) =us ®s forallsed.
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Given ¢ and u as above, B, «, and 0 can be chosen such that 6 is - equivariant
and A, o0ou = ig’r, where Ay : B Xo G — B X, G is the regular representation;
moreover, if (C,G, ) is another action and 0: A — C xg G is a - equivariant

isomorphism such that Agooou = ig’r, then there is an isomorphism ¢: (B, a) —
(C,B) such that Ago (p x G)o =Agoo.

Proof. For the forward implication, J and u are easily constructed from & and i
using 6. For the reverse implication, let ¢: (A,d§) — (A™,0™) be the normalization.
Then u" := Y ou: G — M(A™) is a strictly continuous unitary homomorphism
such that

0" (uy) =ul @ s,
so by Theorem 3.1 there exist an action (B, «) and an isomorphism we will call
6™: (A", 0™) — (B Xqa,» G,@") such that 0" o u™ = ig;". Note that
0" otp: (A, 6) = (B xq, G,Q")
is maximalization of (B X, G,a").
On the other hand, A,: (B X4 G,@) — (B X4, G,&™) is also a maximaliza-

tion of (B X4, G,@"). Thus, by uniqueness of maximalizations, there exists an
isomorphism € making the diagram

(A,6) —% = (B x. G,Q)

q |-

(A",6") = (B Xqr G,@")

commute, and we have Ay ofou=0"opou=0"ou" =iy".

For the uniqueness, suppose we have another action (C,G, ) and an isomor-
phism o: (A4,8) — (C xg G, ) such that Agoogou = zgr Since the regular
representation Ag: (C x5 G, E) — (C xs, G, 3") is a normalization, by functorial-
ity of normalization we have an isomorphism ¢” making the diagram

(A,0) —=— (C x4 G, )

| I

o o~

(Anaén) % (C X3,r G, ﬂn)

commute. Thus (with 4™ = v o u as above) we have

J”ou"zonoﬂzou:Agoaou:ig’r,

o

so by Theorem 3.1 there is an isomorphism ¢: (B, a) — (C, ) such that
Ago(pxG)ob=(px,G)obf" =0"=Agoo. O

4. Fidelity

We begin with a fidelity criterion for homomorphisms of reduced crossed prod-
ucts. This result is probably folklore; we could not find it in the literature, so we
include a proof for completeness.
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Theorem 4.1. Let (B,a) be an action of a locally compact group G, and let
¢: B Xqr G — A be a surjective homomorphism. Then ¢ is an isomorphism
if and only if poi'y is faithful and there exists a normal coaction § of G on A such
that ¢ is Q"™ — 0 equivariant.

Proof. For the forward implication, ¢ o i} is clearly faithful, and ¢ is easily con-
structed from @™ using ¢. We adapt to our purposes a trick of Landstad [6] for
the reverse implication. Let (7, u) be a covariant homomorphism of (B, G, «) into
M(A) such that

TXxu=wolN,: Bx,G— A.
Since the coaction ¢ is normal, the homomorphism
T:=(1d®A)o0d: A— MARK)

is faithful. Elementary computations using equivariance of m X u with respect to &
and § show that

To(mxu)=(Txu)@XNoca=(mT®1)x (u®dN),

which is unitarily equivalent to the homomorphism Ind 7 induced from 7 (see, e.g.,
[2, Lemma A.18]). Since

T=(rXu)oig=polA,0ip=gpoipy
is faithful by hypothesis, Ind 7 is a regular representation. Thus
To(mXxu)=Topol,
has the same kernel as A, so 7 o ¢ is faithful, hence so is . O

In order to deduce an analogous fidelity result for full crossed products, we will
need the following lemmas:

Lemma 4.2. Let (A,G,0) be a coaction, with normalization

(A,8) > (A", 5m).
Then ) is 1-1 on
M(AY = {a € M(A) | 6(a) = a®1}.

Proof. By [2, Proposition A.61], we can take ¢ = (id®\)od, so that for a € M(A)°
we have

Y(a)=(1d®@N)(0(a) =>(1{dN)(e®1)=a®1,
which is 0 if and only if a is. (]
Lemma 4.3. Let (C,G,¢) and (A, G, ) be mazimal coactions, and let
(C7 6) L (Aa 6)

be a surjective equivariant homomorphism. If the normalization @™ is an isomor-
phism, then so is @.
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Proof. By [1, Lemma 2.1], we have a commutative diagram of normalizations

C A

ve| 2

cn — A",

Applying functoriality of crossed products, we get a commutative diagram

CoK weid A®K
o | = >3,
Cx.Gx:G PXCGXG AXsGx5G
Yo xGxG | o | haxGXG
C" Xen G x G — XX An 50 G x5, G

where the lower two vertical arrows are isomorphisms by definition of normalization,
and the upper two vertical arrows (the canonical surjections) are isomorphisms
because € and ¢ are maximal. Assuming that ¢" (and hence ¢" x G x G) is an
isomorphism, it follows that ¢ ® id is an isomorphism, and therefore so is . O

Corollary 4.4. Let (B,«) be an action of a locally compact group G, and let
p: B xo G — A be a surjective homomorphism. Then ¢ is an isomorphism if
and only if poip is faithful and there exists a maximal coaction § of G on A such
that o is Q-0 equivariant.

Proof. The forward implication is straightforward. For the reverse implication, by
[1, Lemma 2.1], the equivariant homomorphism ¢ fits into a commutative diagram

(B x4 G, @) ——= (A,9)

g

(B Xq, G,a") —— (A™,0™),
©

where the vertical arrows are normalizations. It is easily verified that ¢ oig(B) C
M(A)°, so ¢ is 1-1 on the range of p oip by Lemma 4.2. Since o ip is faithful,
so is

ploig=¢"oAyoip=1opoip.
Thus Theorem 4.1 tells us that ¢™ is an isomorphism, and it follows from Lemma 4.3
that ¢ is also an isomorphism. g

5. Application

We apply Corollary 4.4 to the following situation: let a be an action of G on A,
and let K be a compact normal subgroup of G. Normalize the Haar measure on
G so that K has measure 1, making the characteristic function X a projection in
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C*(@). Let AX denote the fixed-point subalgebra of A under K. Then the action
of G leaves A invariant, so there is a unique action 3 of G/K on AX such that
Bsk (a) = as(a) for alla € AX. Let p = ig(Xx), which is a projection in M(Ax,G)
which commutes with i4(AX). (Recall that (i4,ig) denotes the canonical covariant
homomorphism of (4, G, «) into M(A X, G).) Routine calculations show that the
maps

o: AK 5 Ax, G 7: G/K — M(A x4 Q)
o(a) =ia(a)p T(sK) =ig(s)p

give a covariant homomorphism (o, 7) of (A%, G/K, 3) to M(A x,, G). Moreover,
the integrated form 6 := o x 7 is a surjection of AX x5 G/K onto p(A x, G)p.

Corollary 5.1. With the above hypotheses and notation, the map
0: A% x5 G/K — p(A x, G)p
is an isomorphism.

Proof. It remains to show that 6 is injective, and to do this we aim to apply
Corollary 4.4. The dual coaction & of G on A x, G is maximal by [1, Proposi-
tion 3.4]. Moreover, @ restricts to a coaction a| := (id ® ¢) oa of G/K on A x, G
(where ¢: C*(G) — C*(G/K) denotes the quotient homomorphism), and by [5,
Corollary 7.2] this coaction is also maximal.

The projection p is invariant under the coaction @, hence under @|, so by the
elementary lemma below the restriction § of @| to the corner p(4A x, G)p is a
maximal coaction. Routine calculations verify that o = (0 ® id) o B, so 6 is 5—5
equivariant. 6 o ip = o is evidently injective, so @ is injective by Corollary 4.4. [

Lemma 5.2. Let § be a maximal coaction of G on A, and let p be an invariant

projection in M(A). Then €: = 6|pap s a mazimal coaction of G on the corner
pAp.
Proof. Let B := pAp. Routine calculations show that € is a coaction of G on

B. For maximality, as in the proof of [1, Proposition 3.5], the canonical surjection
Pp: Bx.Gx:G — B®K can be identified with a restriction of ® 4, and therefore
®p is injective because ® 4 is. (|
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