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Schatten class Toeplitz operators on weighted
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ABSTRACT. For positive Toeplitz operators on Bergman spaces of the unit
ball, we determine exactly when membership in the Schatten classes S}, can
be characterized in terms of the Berezin transform.
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1. Introduction

Let C™ be the n-dimensional complex Euclidean space. For any two points
z=(z1,""",2n) and w = (w1, -+ ,wy,) in C™ we write

<Z,’LU> = Zl’L_Ul + -4 Zn'L_Una

and

|2l = V(2 2) = VIz + - + [
The set
B,={2€C":|z] <1}
is the open unit ball in C™. We denote by dv the usual Lebesgue volume measure
on B,,, normalized so that the volume of B,, is 1.
It is well-known that, for a real parameter «, we have

/ (1= [2[2)* do(z) < o

n
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if and only if @« > —1. Throughout this paper we fix a real parameter o with
a > —1 and write
dva (2) = ca(1 — |22 dv(2),
where ¢, is a positive constant chosen so that v, (B, ) = 1. The precise value of ¢,
is computable in terms of the gamma function, but it is not important for us.
Let H(B,,) denote the space of all holomorphic functions in B,,. The space

A% = L*(B,,,dv,) N H(B,)

is called a weighted Bergman space of B,,. It is a Hilbert space with the following
inner product inherited from L?(B,,, dv,,):

(f.9) = / £(2) §12) dva (2).

This will be the only inner product we use on A2 and the associated norm on A2
will be denoted by || f]|-
The orthogonal projection

P: L*(B,,dv,) — A%
is an integral operator. In fact,

Pf(z):/Bn 1 f(z?f;‘;fﬂm f € LBy, dve).

This formula enables us to extend the domain of the operator P, which is usually
called a Bergman projection, to the larger space L*(B,,, dv,). Thus P is an integral
operator that maps L!(B,, dv,) into H(B,).

More generally, if u is a complex Borel measure on B,, with |u|(B,) < oo, we
can densely define an integral operator

T,: A2 — H(B,)

by
B f(w) du(w)
T.f(2) = /an (1= (z, wy)ntita’

This is usually called the Toeplitz operator on A2 with symbol . In the case when
du(z) = o(z) dva(z), o € L'(B,,, dv,),

we write T, instead of T),. Naturally, 7}, is also called the Toeplitz operator on A2
with symbol .
A particularly interesting case is when ¢ € L>(B,,). In this case we can write

To(f)=Plef),  feA.

Since P is an orthogonal projection on L?(B,,, dv, ), the operator T, is bounded on
A, with [ To]| < ]l oo-

It is well-known that the operator T,,, and more generally, the operator 7},, can
turn out to be a bounded linear operator on A2 even when ¢ or u does not have
any boundedness property. More specifically, we say that T}, is bounded on A2 if
there exists a positive constant C' such that ||T,f|| < C| f|| for all f € H>(B,),
where H*°(B,,) consists of all bounded holomorphic functions in B,,. It is easy to
check that H>(B,,) is dense in A2.
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When p is nonnegative, the boundedness, and the compactness as well, of the
operator T, on A% can be characterized in terms of the following two averaging
functions.

For z € B,, we define

_ (1 _ |Z|2)n+1+a
f(z) = /Bn = <Z,IU>|2(n+1+O‘) dp(w).

The function p is usually called the Berezin transform of y. For z € B,, and r > 0

we define
=R D(z,r
NILIET
va(D(z,7))
where D(z,7) is the Bergman metric ball at z with radius r.
The following result was proved in [5] (for the case of bounded symmetric do-
mains).

Theorem 1. Suppose >0, p > 1, and r > 0. Then:
(a) T, is bounded on A2 if and only if [i is bounded on B, if and only if fi, is
bounded on B,,.
(b) T), is compact on A2 if and only if i € Co(By,) if and only if i € Co(By,).
(c) T, belongs to the Schatten class S, if and only if p € LP(B,,,d\) if and only
if i € LP(B,,, d)).
Here Cy(B,,) is the space of complex-valued continuous functions f on B,, such
that f(z) — 0 as |z| — 17, and
dv(z)
(1= [z?)n*!
is the Mo6bius invariant volume measure on B,,.

On the other hand, in the case of the unit disk D in the complex plane C, Daniel
Luecking proved the following result in [2].

d\(z) =

Theorem 2. Suppose i > 0, r > 0, and p > 0. Then T}, belongs to the Schatten
class Sy if and only if {fi-(ax)} € 1P, where {ax} is any hyperbolic lattice in the
unit disk.

It was observed in [3] that the condition {fi,(ar)} € I? is equivalent to fi, €
LP(D,d)), although no details were given there.

A natural problem arises now, namely, does part (c) in Theorem 1 remain valid
for 0 < p < 1 in the context of the unit ball? We completely settle the problem in
this paper. It turns out that the answer is affirmative in the case of the averaging
function fi,; this is not surprising in view Luecking’s theorem above for the unit
disk. However, the answer is trickier in the case of the Berezin transform pi; this
part of the solution is even new for the unit disk.

We state the main result of the paper as follows.

Theorem 3. Suppose >0, r >0, and 0 < p < 1. Then:
(a) T, belongs to the Schatten class S, if and only if [t € LP(B,,, d)).
(b) If p > n/(n+ 1+ «), then T, belongs to the Schatten class S, if and only if
o€ LP(B,,dN).
(¢) The cut-off point n/(n + 1+ «) above is best possible.



302 KEHE ZHU

In the next secton we gather the necessary technical results that will be needed for
the proof of our main result. Section 3 is devoted to the generalization of Luecking’s
theorem to the unit ball. The characterization of Schatten class Toeplitz operators
in terms of the Berezin transform is obtained in Section 4. We conclude the paper
in Section 5 with an extension of our results to products of balls, and in particular,
to the polydisk in C".

We are grateful to Boo Rim Choe and Hyungwoon Koo for detecting a mistake
in the first draft of the paper and for showing us how to correct the problem.

2. Preliminaries

All results in this section are known; we include them here for convenience of
reference. The references given here are not necessarily the original ones. We begin
with the following integral estimate which has become indispensible in this area of
analysis.

Lemma 4. Suppose t > —1 and

— w|?)* dv(w
toy= [ A=t ot

L= G

If s > 0, then there exists a positive constant C such that

C
I(z) < ————, z€DB,.
(1—z?)°
If s <0, then there exists a positive constant C such that I(z) < C for all z € B,,.
Proof. See [4] or [7]. O

Let Aut(B,,) denote the automorphism group of the unit ball. It is well-known
that Aut(B,,) is generated by two special classes of automorphisms: the unitary
transformations and the involutive automorphisms. Nothing needs to be said about
the unitary mappings. For every z € B,, there exists a unique automorphism ¢, of
B,, such that ¢.(0) = z and ¢, o p.(w) = w for all w € B,,. These maps ¢, are
called involutions of B,,, or involutive automorphisms. Explicit formulas are known
for them; see [4] or [7]. For example, in the case of the unit disk, we have

z—w

e w) = 1—zw’

Recall that the Bergman metric on the unit ball is given by
1+ | (w)]
1- |90z (w)l
For any z € B,, and r > 0 we introduce the Bergman metric ball
D(z,r) ={w e B, : f(w,z) <r}.
It is well-known that if 7 is fixed, then the weighted volume v, (D(z,r)) is compa-
rable to (1 — |z[?)"T1+%, See [7] for example.

A sequence {ay} in B, is called an r-lattice in the Bergman metric if the following
conditions are satisfied:

B(z,w) = %log

(a) The unit ball is covered by the Bergman metric balls {D(ag,r)}.
(b) B(ai,a;) >r/2 for all ¢ and j with 7 # j.
If {ay} is an r-lattice in B, then it also has the following properties:
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(¢) For any R > 0 there exists a positive integer N7 (depending on r and R) such
that every point in B,, belongs to at most Ny sets in {D(ax, R)}.

(d) For any R > 0 there exists a decomposition of {ay} into a finite number of
sequences {a;;}, 1 < j < Ny, such that B(ajk, ajm) > R for all k # m.

There are elementary constructions of r-lattices in B, .
The following result is usually referred to as the atomic decomposition for Berg-
man spaces. See [1] and [7].

Theorem 5. For any b > n+ (a+1)/2 there exists a positive constant ro with the
following property: if {ar} is any r-lattice in B,, with r < ro, then the Bergman
space A2 consists exactly of functions of the form

) i TG el
b 9
P (z,ar))

where {c.} € [2. Moreover, ||f||? is comparable to

Il flI? = inf {Z lek|? : {cx} satisfies (1)} :

k=1

As a matter of fact, if {ax} is any r-lattice in the Bergman metric, and if {cx}
is any sequence in /2, then the function f defined in (1) belongs to A% and

IF17 < C Y lenl?

k=1

for some positive constant C' that is independent of {¢x}. This part of Theorem 5
does not require r to be small.
We will also need the following estimate for the Bergman kernel function.

Lemma 6. Suppose R is a positive radius and b is any real number. Then there
exists a positive constant C' such that

(1= (z,u)’
(1= (z,0))

for all z, u, and v in B,, with B(u,v) < R.

— 1| < CB(u,v)

As a consequence, we easily see that for any positive R there exists a positive
constant C' such that

(2) 071 < |1_<27u>| SC
11— (z,v)]
for all z, u, and v in B,, with S(u,v) < R.
Lemma 7. Suppose p > 0 and r > 0. Then there exists a positive constant C' such

that
C

lf(2)]P < W L(Z)T) | f(w)]? dv(w)
for all f € HB,,) and all z € B,,.
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We will also need a few results concerning Schatten class operators on a separable
Hilbert space. Recall that if T is a positive, compact operator on a separable Hilbert
space H, then there exists an orthonormal set {e;} in H and a sequence {\;} that
decreases to 0 such that

Ty = Z e {x, ep)eg
k

for all x € H. This is called the canonical decomposition of 7" and the numbers Ay
are called the singular values of T'. A positive operator T' belongs to the Schatten
class S,, where p > 0, if the sequence {A;} of its singular values belongs to the
sequence space [P. In this case, we write

1/p
T, = [Z Ai] :
k

More generally, a compact (not necessarily positive) operator T' on H belongs to
the Schatten class S, if the positive operator |T'| = (T*T)'/? belongs to S,. In this
case, we define || T, = [||T]|l,-

Lemma 8. Suppose A is a bounded surjective operator on H and T is any bounded
linear operator on H. Then T € Sy if and only if A"TA € S,,.

Proof. Each Schatten class S, is an ideal in the full algebra of bounded linear
operators on H. Therefore, if T' € S}, then the operator S = A*T'A is also in 5.
On the other hand, since A is surjective, it has bounded right inverse. Thus there
exists a bounded linear operator B on H such that AB = I, the identity operator
on H. It follows that T'= B*SB, so S € S, implies T" € .S),. O

Lemma 9. Suppose T is a bounded linear operator on H and {ey} is any orthonor-
mal basis of H. Then for any 0 < p < 2 we have

ITIE <D > [Teie)?.
i=1 j=1

Proof. See [2] for example. O

Lemma 10. Suppose T is a positive operator on H and {ey} is an orthonormal
basis for H. If 0 <p <1 and

oo
Z(Tek,ek>p < 00,
k=1

then T' belongs to the Schatten class S,.

Proof. See [6] for example. O

In the rest of the paper we use C' to denote a positive constant whose value may
change from one occurence to another.
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3. Characterization by [,

In this section we characterize Schatten class Toeplitz operators T}, on A% with
positive symbols p based on the averaging function ji,.. This was already done in
[5] for the unit ball when p > 1, and in [2] for the unit disk when p > 0. So the
important case here is when 0 < p < 1. The ideas of this section are clearly from

[2].

Lemma 11. Suppose p > 0, r > 0, 0 < p < 1, and iz, € LP(B,,d\). Then
T, €S,

Proof. Fix an r-lattice {ax} in the Bergman metric of B,,. If z € D(ag,r), then
D(ag,r) C D(z,2r) by the triangle inequality. Since v, (D(ag,r)) is comparable to
Vo (D(z,2r)) whenever z € D(ak,r), we can find a positive constant C', independent
of k, such that

w(D(ax,r)) pu(D(z,2r))
vaDar ) = ConDi2r)

pir(ax) = = Chiar(2)

for all z € D(ag,r). Also, for any fixed r > 0, there exists a constant C' > 0 such
that

C™'<A(D(z,7) <C
for all z € B,,. It follows that there exists a constant C' > 0 such that

Ar(ar)? < C / o (2)? dA(2)
D(a,r)

for all k. Recall that every point of B,, belongs to at most N of the sets D(ag,r).
So

ay,r)

y(ap)? < C Hor(2)P dN(z
i) Z/D( o ()P dA(2)

< CN/ Hor(2)P dA(z) < oo.
B

Fix a positive constant b > n+(n+14+«)/2. If 0 < ry < rp and ji,, € LP(B,,, d\),
then clearly f,, € LP(B,,,d)\). So by shrinking r if necessary, we may assume that
atomic decomposition for A% (Theorem 5) already holds on the lattice {a}.

Fix an orthonormal basis {e;} for A% and define an operator

A: A2 A2
by
A (Z Ck8k> = chhk,
k=1 k=1
where

(1 _ |ak|2)b7(n+1+a)/2
(1= (z,ax))’
By Theorem 5, A is a bounded and surjective operator on A%. According to

Lemma 8, the Toeplitz operator 1), will be in S, if we can show that the oper-
ator T = A*T), A belongs to Sp,. By Lemma 10, we just need to verify the following

hk (Z) =
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condition:
(3) S = Z Tek, ek
k=1
It is clear that

(Tex, ex) = (Tl hi) = / (i (2)[2 dp(2).

Bn

Since {D(a;,r)} is an open cover of B,,, we have

(Te,er) < Z/ |he(2))? dp(2).

(aj,r)

By Lemma 6, there exists a positive constant C' such that

(Teg, ex) < CZlhk (a;)]*u(D(ag,r)).

Jj=1

Since 0 < p < 1, an application of Hélder’s inequality gives

(Teg,ex)’ < CZ |h(a;)[* (D (az, ).

Recall that v (D(aj,r)) is comparable to (1 — |a;|?)" ", So there is another
constant C' > 0 such that

(Tep, e < O3 (1~ ag PO (a2 o a1y

j=1

By Fubini’s theorem, we have

5 < C 31— [P o Zm (a).

j=1
For each 7 > 1 we consider the sum

0 e _ 2\p(2b—n—1—a)
N S (L= Jaxf?)
SJ ];“lk(ad” Z |1_ <aj,ak>|2Pb .

k=1

By Lemma 7, there is a constant C' > 0 such that

1 - C / dv(z)
|1 - <aj7ak>|2pb N ’U(D(akar)) D(ay,r) |1 - <aj72>|2pb

for all j and k. Since v(D(ax,r)) is comparable to (1 — |ag|?)"*!, and 1 — |2|? is
comparable to 1 — |ay|? for z € D(ak, ), we obtain

S; < CZ /
Since every point of B,, belongs to at most N of the sets D(ag,r), we obtain

S oN 1 _ |Z| p(2b n—1l—a)—(n+1) J
< .
e

|Z|2)p(2b7n717a)7(n+1)

1— (a;,z)]2pb
j

dv(z).

D(ak,r)
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By Lemma 4, there is a positive constant C' such that

S < ¢
TS T P

for all j > 1. It follows that

S<CY fir(ag)’ < oo

j=1
This completes the proof of Lemma 11. O

Lemma 12. Suppose T, € S, 0 < p < 1, and {ax} is an r-lattice in the Bergman
metric of B,,. Then the sequence {ji,(ax)} is in IP.

Proof. Fix a sufficiently large positive radius R and partition the lattice {ay} into
N subsequences such that the Bergman metric between any two points in each
subsequence is at least R. Let {(;} be such a subsequence and define a measure v
on B,, as follows:

dv(z) = Z Xk(2) dp(z),
k=1

where x is the characteristic function of D((, 7). We assume that R > 2r, so that
the Bergman metric balls {D((x, )} are disjoint.

Since T}, € S, and 0 < v < i, we must also have 1), € S,. In fact, 0 < 7T, <T,
implies 0 < T} < T}, which in turn implies that |7, , < [|7}[p-

Fix an orthonormal basis {ey} for A% and define an operator A on A% by

Z Ckek‘| = Z crh,
k=1 k=1
where b is a sufficiently large positive constant and
1— 2\(2b—n—1—a)/2
R e 0
(1—(2.Gk))

Since T}, € Sp, we also have T' = A*T, A € S, with
IT|lp < 1AIPIT -

A

Here the boundedness of A on A2 follows from the remarks after Theorem 5; all
that is needed is the fact that {(;} is separated in the Bergman metric. In fact, we
can find a positive constant C (that only depends on r, b, and «, but not on the
particular subsequence {(;} of {aj} being used) such that

175 < CIT,ll}-

We split the operator T as T = D + E, where D is the diagonal operator on A2
defined by

Df:Z<Tekvek><fvek>eka fEAiv
k=1
and £ =T — D. By the triangle inequality, we have

(4) 115 = I1D15 = I Bl
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Since D is a positive diagonal operator, we have

o0 o0

DI} = Z<T€k,€k>’) = Z(T By, hi)?

| |
\
=
R“
_m
QU
T
I—l

The last inequality follows from (2) In particular, the constant C' only depends on
r, b, and «. Since v = p on each D({,r), we obtain

() DI = Cy Zﬁr(Ck)”
k=1

On the other hand, according to Lemma 9, we have

|\E|\p<ZZ| Eej,en)[? = (Tyhy, hi)l?

k=1 j=1 £k

—Z/ i (2) dv(2)

J#k

<Z[/ (2)] du(z )r.

J#k

p

For any j and k we write

m=4mwmmmn
Then

ey f (o)l duz),

(C‘L T)

and by Lemma 6, there exists a positive constant C' (depending on r, b, and «)
such that

@AOmewmwmw>

ZL«lWWMmmmmm

Here in the last inequality we used the fact that v, (D((,7)) is comparable to
(1 _ |Ci|2)n+1+a'
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Since 0 < p < 1, we apply Holder’s inequality to get

\Lin|P < CZ 1 — |G )P By (G ) o (G) P B (G )P

i=1

Combining this with Fubini’s theorem, we obtain
1215 < OZ (1= |G )y (G)P

where

L= i (G)he(G)IP

7k

_Z 1_|CJ 1_|Ck|

Z (G- (G

)} pb—p(n+l+a)/2

for all 7 > 1. Let
Q= D(¢n,7) x D(G,7) C By x By,
J#k
Since the union above is a disjoint one, we can find a positive constant C' (depending
on r, b, and «) such that

pb—n—1—p(n+l1+a)/2
I; < C// (1= =0 = ) b dv(z) dv(w).
|1— (2, G)II1 = (w, Gi)]

By assumption, we have

QCGr={(z,w) €B, xB, : B(z,w) > R—2r}.

Therefore,
9 )} pb—p(n+l+a)/2

[(1—2*)(1 = |w|
L <cC d\(z) d\(w).
//GR |1_ z Cz>||1 <w’Ci>”pb

Making the change of variables z = ¢¢, (v) and w = ¢, (v), we obtain

n< o=y [ P dutu) o),

where
[(1 = uf2)(1 — o)) Pt/

[|1 — (u, GH||1 — (v, Ci>|]pb—p(n+1+a)
We can assume b is large enough so that

pb>n+1+pn+1+a)/2.

F(u,v) =

Since
(1= [ul)(1 = [v]?) <41 = (u, ()T = (v, 6],

there exists another positive constant C' (independent of R) such that

(nt1ta dv(u) dv(v)
I < CO(1 = |¢]?)~Pinttt )//GR (11— {u, G [ — (v Ci>|]n+1—p(n+1+a)/2'
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Choose t € (1,00) and s € (1,00) (independent of R) such that

14 1 1
p(n @) -

A=t 1- 1, -+-=1
{n+ 5 n+1, t+s

By Holder’s inequality, the integral

// dv(u) dv(v)
Gr [|1— (u, G| — (v, ] TP

is less than or equal to
[/n /n 1-— <uflz(>1rjﬁv£vzv,<i>|4 ' [v*(Gr)]",

v(Gr) = / [ o) av(e)

Since A < n+1, we apply Lemma 4 to find another positive constant C' (independent
of R) such that

w

where

1
s

I; < C(1—|G|») P [v*(GR)]
We conclude that there exists a constant Cy > 0 (independent of R) such that

IEIL < C2 [v*(GR)] ™ Y 1ir(Gi)P-
i=1
Combining this with (4) and (5), we obtain

ITIE > (C1 = Co [v*(GR)] ") D (G

i=1
where C7 and Cy are positive constant independent of R. If we chose R large
enough so that

Ci— Oy [U2(GR)}% > 0,

then we could find a positive constant C' (independent of p) such that
D1 (G) < CITp-
i=1

Since this holds for each one of the N subsequences of {a,}, we obtain

(6) > fir(an)” < CN||T,l

n=1

for all positive Borel measures p such that
o0
> fir(an)? < oo.
n=1

An easy approximation argument then shows that (6) actually holds for all positive
Borel measures p. This completes the proof of Lemma 12. 0



SCHATTEN CLASS TOEPLITZ OPERATORS 311

Lemma 13. Suppose p is a positive Borel measure on B,, and r > 0. If for every
2r-lattice {ax} in the Bergman metric we have

> fiar(ax)? < oo,
k=1

then fi, € LP(B,,, d\).

Proof. Fix an r-lattice {a;} in the Bergman metric and partition it into N sub-
sequences {a;jr}, 1 < j < N, such that each subsequence is a 2r-lattice in the
Bergman metric. We have

S (@) = 303 Farlag)? < oc,
k=1

=1 k=1

[

because each subsequence {a;x} is a 2r-lattice. We now show that the integral

1= [ Aty
B
is finite.

Since {D(ax,r)} is an open cover of B,,, we have

1<y [ merae
k=1 D(ak,r)

< M D(ak,r)) sup{fir(2)? : z € D(ag,r)}.
k=1
There exists a positive constant C' such that A(D(ay,r)) < C for all k& > 1. Also,
it z € D(ag, ), then by the triangle inequality, D(z,r) C D(ag,2r). Combining
this with the fact that v, (D(ag,2r)) and v, (D(z,7)) are comparable whenever
z € D(ay,r), we can find another positive constant C' such that

I<CY figp(ar) < oo.
k=1

This completes the proof of Lemma 13. (]

As a consequence of the three lemmas above, we have proved the main result of
the section.

Theorem 14. Suppose p is a positive Borel measure on B,,, 0 <p < 1, and r > 0.
Then the following conditions are equivalent.

(a) T, € Sp.

(b) i € LP(B,,,dN).

(¢) {fir(ag)} € 1P for some r-lattice {ay}.

(d) {fr(ax)} € 1P for every r-lattice {ay}.

Since the condition T}, € S, does not involve r, we see that fi, € L?(B,,,d\) for
some r > 0 if and only if 11, € LP(B,,, d\) for every r > 0. The same remark applies
to the characterizations in (c¢) and (d) above.
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4. Characterization by u

In this section we consider the problem of characterizing membership of T}, in
the Schatten classes by integral properties of the Berezin transform p. It turns out
that this cannot be done for the full range 0 < p < 1. We will exhibit an obvious
obstruction, and we will then show that this obstruction is the only one.

First observe that if p is a positive Borel measure with compact support in B,,,
then the function fi,.(z) is also compactly supported in B,,, so the condition

/ Ar(2)? dA(z) < oo
is satisfied for all p > 0. By Theorem 14, the operator 7}, belongs to the Schatten
class S, for every p > 0.

On the other hand, if p is any positive Borel measure on B,, with u(B,) > 0,
then an elementary estimate shows that

ﬁ(Z) = (]— - |Z|2)n+1+a/ |1 _ <Zd1/f)§1|12}2n+l+a)

M(BTL) n e
> m(l _ |Z|2) +lta

It follows that
/ (z)? dA(2) = oo
B,

whenever p(n + 1+ «) < n. Therefore, in the range 0 < p < n/(n+ 1+ ), it is
not possible to characterize the membership of 1), in S, in terms of the Berezin
transform g. Our next result shows that this is the only obstruction.

Theorem 15. Suppose u is a positive Borel measure on B, and
n/(n+1+a)<p<l.
Then T, € Sy if and only if t € LP(B,,, d\).

Proof. Fix any positive radius r. For any z € B,, we have
_ - (1 _ |Z|2)n+l+o¢
M(Z) - /]B}n |1 _ <Z’w>|2(n+1+a) dM(w)

- / (1 o |z|2)n+1+o¢
D

(o) |1 — (2, w)[2(nF1+0) dp(w).

By Lemma 6, there exists a positive constant C' such that

(1= |yt c
1= (o, w) P15 = 0 (D(z,7))

for all z € B, and all w € D(z,r). It follows that Cp,.(z) < u(z) for all z €
B,,. So the condition 1 € L?(B,,,d\) implies i, € LP(B,,,d\), which, in view of
Theorem 14, implies that 7}, € S,. This argument works regardless of the range of

p-



SCHATTEN CLASS TOEPLITZ OPERATORS 313

Next we suppose that T, € S,,. Fix an r-lattice {a} in the Bergman metric and
estimate the Berezin transform g as follows.

‘Zl(z) N / (1 _ |Z|2)n+l+a dlu(w)

5, 1L = Gz, w) 0150

2)n+1+a

3 (-]
: d
= ;/D ak 1”) |]. - <Z7w>|2(n+1+a) M(U})

— |22ttt
CZ |1 — (z,a3)|% oriray MDD (ak, 7).

The last step above follows from Lemma 6. Since v, (D(ag,r)) is comparable to
(1 — |ag|?)" 1<, we obtain another positive constant C' such that

S (L ) Jaye
1= (2, ap)Pritray Hrih

IN

C

[i(z)

NgERINg

CY (1=l )P i (a).

k

I
=

Here we have used the well-known identity
(1 —lal?)(1 —[2)
1= {za)*

which can be found in [4] and [7] for example.
When 0 < p < 1, an application of Holder’s inequality leads to

i(2)” < O (1= [ga (2)P)" " G (an).
k=1

1—|pa(2)? = a,w € B,,

It follows that

oo

[ aerae <c > oy ) [ (1= len PP )

n n

Since A is invariant under the action of automorphisms, we have

/ (1 [ (2) 20140 4 (2) = / (1 |21+ ga ()

n n

for all k. The last integral above can be written as

/ (1= |22t 1+ =) gy )
B,

which is finite because of the assumption that p(n + 1 + a) > n.
Therefore, there exists a positive constant C' such that

/ w(z)P dA(z <CZ“T ag)?
B

This combined with Lemma 12 shows that the condition 7, € S, implies the
condition g € L?(B,,,dX). The proof of Theorem 15 is now complete. O



314 KEHE ZHU

Once again, we recall that Theorem 15 above was shown in [5] to hold for all
p > 1 as well. We have now completed the proof of our main result which was
stated as Theorem 3 in the introduction.

5. Further generalizations

We can combine the main results of [5], [2], and the previous sections as follows.
Theorem 16. Suppose p is a positive Borel measure on B,, 0 < p < oo, and
0 <7 < o0. Then the following conditions are equivalent.

(a) T, € Sp.
(b) i € LP(B,,,dN).

(¢) {fir(ag)} € 1P for every r-lattice {ax}.
(d) {pr(ax)} € 1P for some r-lattice {ay}.

Moreover, if p>n/(n+ 1+ «), then the above conditions are also equivalent to
(e) me LP(B,,dN).

Proof. Everything has been proved except conditions (c¢) and (d) for p > 1 in the
case of higher dimensions. But this follows from exactly the same arguments used
in [2] together with the high-dimensional preliminaries included in Section 2. We
leave the details to the interested reader. O

Our main result remains valid for certain other domains in C". In particular,
our result holds for the polydisk in C™. We will now make this precise.
Suppose n =nj + - - - + ny,, where each ny is a positive integer. Let

k=1

be the product of m unit balls. When each n; = 1, the resulting domain is the
polydisk in C™.
Suppose ai > —1 for each 1 < k < m. Consider the measure

dvoz(Z) = d’Ual (Zl) e d’Uam (Zm)v

where a point Z € C" is written as Z = (Z1,- -+, Zpm), with each Z, € C", and
dvg, is the normalized volume measure on B,,, defined in the introduction.
We define a weighted Bergman space on €2 by

A%(Q) = H(Q) N L*(, dv,,),

where H(2) is the space of holomorphic functions in €.
If p is a finite Borel measure on 2, then the Toeplitz operator

T, : A2(Q) — H(Q)
is densely defined by
T1(2) = | KalZW)FOV) du(W),
where

Ko(Z,W) =[] Ko, (Zk, W),
k=1

and each Ko, (Zy, Wy,) is the reproducing kernel of A2, (B, ).



SCHATTEN CLASS TOEPLITZ OPERATORS 315

The averaging function g, with respect to the Bergman metric is defined exactly
as before, and the Berezin transform of p is simply defined by

~ |Ko(Z,W)|?
Z)= | —/———=—dp(W Z € Q.
10 = [ R W ze
We can now state the corresponding theorems for €.

Theorem 17. Suppose p is a positive Borel measure on Q, p > 0, and r > 0.
Then:
(a) T, is bounded on A%(Q) if and only if fi, € L°°(Q).
(b) T, is compact on A%(Y) if and only if [i,(Z) — 0 as Z approaches the full
boundary of 2.
(¢c) T, is in the Schatten class S, if and only if [i, € LP (€, d)), where

dv(Z
0@ = 1 =

k=1

m

1s the Mébius invariant volume measure on 2.

Theorem 18. Suppose i is a positive Borel measure on 2, p > 0, and {ay} is an
r-lattice in the Bergman metric of 2. Then:
(a) T, is bounded on A%(Q) if and only if {fi.(ak)} € 1°°.
(b) T,, is compact on A%(Q) if and only if {fir(ar)} € co, where cg is the space of
sequences that tend 0.
(c) T, is in the Schatten class Sy if and only if {fir(ax)} € IP.

Conditions (a) and (b) here warrant some comments, because I believe they have
not appeared explicitly before. First, if 7}, is bounded (or compact), then by [5],
Hy is in L2°(Q) (or Co(£2)). So {fir(ax)} € 1°° (or co).

On the other hand, if {fi.(ax)} € I (or ¢o) for some r-lattice {ax}, then
{fiar(ar)} € 1°° (or ¢p) as well. This is because we can find a positive integer N,
indepedent of j, such that every set D(aj,2r) can be covered by at most N of the
sets in {D(ay,r)}. If z € D(ay,r), then D(z,7) C D(ak,2r). Since vy (D(z,r)) is
comparable to v, (D(ag, 2r)) whenever z € D(ay, ), we can find a constant C' > 0,
independent of k, such that ji,(z) < Cpiy(ag, 2r) for all k and all z € D(ay,r). This
shows that i, € L>(Q) (or Co(2)).

Theorem 19. Suppose u is a positive Borel measure on ) and

(7) p > max <

Then:
(a) T, is bounded on A2(Q) if and only if i € L>=(12).
(b) T, is compact on A%(Q) if and only if i(Z) — 0 as Z approaches the full
boundary of 2.
(¢) Tu € Sp if and only if 1 € LP(Q, dN).

Moreover, part (¢) above becomes false if p does not satisfy condition (7).

23

— 1 <k<m]).
ne + 14 ay

The main obstacle to a generalization of our results to arbitrary bounded sym-
metric domains is the validity of Lemma 4, which is known to be false for general
bounded symmetric domains. When p > 1, the approach taken in [5] does not
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involve the usage of Lemma 4. In conclusion, it is still an open problem whether
part (c) of Theorems 17, 18, and 19, in the case 0 < p < 1, can be extended to
domains more general than products of balls.

References

[1] CorrmAN, R. R.; ROCHBERG, R. Representation theorems for holomorphic and harmonic
functions in LP. Astérisque 77 (1980) 11-66. MR0604369 (82j:32015), Zbl 0472.46040.

[2] LUECKING, DANIEL H. Trace ideal criteria for Toeplitz operators. J. Funct. Anal. 73 (1987)
345-368. MR0899655 (88m:47046), Zbl 0618.47018.

[3] LueckING, DANIEL H.; Zuu, KeHE. Composition operators belonging to the Schatten ideals.
Amer. J. Math. 114 (1992) 1127-1145. MR1183534 (93i:47032), Zbl 0792.47032.

[4] RupIN, WALTER. Function theory in the unit ball of C"™. Grundlehren der Mathema-
tischen Wissenschaften, 241. Springer-Verlag, New York, 1980. MR0601594 (82i:32002),
Zbl 0495.32001.

[5] Znu, KEeHE. Positive Toeplitz operators on weighted Bergman spaces of bounded symmetric
domains. J. Operator Theory 20 (1988) 329-357. MR1004127 (92f:47022), Zbl 0676.47016.

(6] Zuu, KEHE. Operator theory in function spaces (second edition). Mathematical Surveys
and Monographs, 138. American Mathematical Society, Providence, Rhode Island, 2007.
MR2311536, Zbl 0706.47019.

[7] Znu, KEHE. Spaces of holomorphic functions in the unit ball. Graduate Texts in Mathematics,
226. Springer-Verlag, New York, 2005. MR2115155 (2006d:46035), Zbl 1067.32005.

DEPARTMENT OF MATHEMATICS, UNIVERSITY AT ALBANY, ALBANY, NY 12222, USA
kzhu@math.albany.edu

This paper is available via http://nyjm.albany.edu/j/2007/13-15.html.


http://nyjm.albany.edu/j/2007/13-15.html
mailto:kzhu@math.albany.edu
http://www.emis.de/cgi-bin/MATH-item?1067.32005
http://www.ams.org/mathscinet-getitem?mr=2115155
http://www.emis.de/cgi-bin/MATH-item?0706.47019
http://www.ams.org/mathscinet-getitem?mr=2311536
http://www.emis.de/cgi-bin/MATH-item?0676.47016
http://www.ams.org/mathscinet-getitem?mr=1004127
http://www.emis.de/cgi-bin/MATH-item?0495.32001
http://www.ams.org/mathscinet-getitem?mr=0601594
http://www.emis.de/cgi-bin/MATH-item?0792.47032
http://www.ams.org/mathscinet-getitem?mr=1183534
http://www.emis.de/cgi-bin/MATH-item?0618.47018
http://www.ams.org/mathscinet-getitem?mr=0899655
http://www.emis.de/cgi-bin/MATH-item?0472.46040
http://www.ams.org/mathscinet-getitem?mr=0604369


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


