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Asymptotic dimension of coarse spaces
Bernd Grave

ABSTRACT. We consider asymptotic dimension in the general setting of coarse
spaces and prove some basic properties such as monotonicity, a formula for
the asymptotic dimension of finite unions and estimates for the asymptotic
dimension of the product of two coarse spaces.
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1. Coarse geometry

Originally (cf. [Gro93]) coarse geometry was studied in the concrete setting of
metric spaces. But it turned out that, similar to infinitesimal scale geometry (i.e.,
topology), there is an axiomatic description of large scale geometry.

Coarse concepts have applications, e.g., in geometric group theory. As a strik-
ing example, the strong Novikov conjecture for many groups can be proved using
methods from coarse geometry. This started out using the large scale geometry of
metric spaces, but one now observes that using general abstract coarse structures
offers greater flexibility which is frequently very useful. Compare [Yu98], [Wri04]
and [Mit01].

To make this paper self-contained I include a short discussion of the basic con-
cepts of coarse geometry. More information can be found in Roe’s textbook [Roe03]
and in [Gra06].

Definition 1 (Coarse structure). Let X be aset. A collection £ of subsets of X x X
is called a coarse structure, and the elements of £ will be called entourages, if the
following axioms are fulfilled:

(a) A subset of an entourage is an entourage.

(b) A finite union of entourages is an entourage.

(¢) The diagonal Ax := {(z,z) | z € X} is an entourage.
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(d) The inverse E~! of an entourage F is an entourage:
E7l={(y,x) € X x X | (z,y) € E}.
(e) The composition Fj Ey of entourages E; and Fs is an entourage:
E\Es :={(z,2) € X x X | Jyex(z,y) € E1 and (y,2) € Es}.

The pair (X, &) is called a coarse space.
A coarse space is called connected if every point of X x X is contained in an
entourage.

Definition 2 (Bounded sets). Let (X,E&) be a coarse space, A C X and E € &.
We define E[A] := {z € X | (z,a) € E for some a € A}. For a point z € X we will
write E(x) instead of E[{x}]. Sets of the form E(x) with z € X and F € & are
called bounded.

Definition 3. Let X be a set and M a collection of subsets of X x X. Since any
intersection of coarse structures on X is itself a coarse structure, we can make the
following definitions. We call the smallest coarse structure containing M, i.e., the
intersection of all coarse structures containing M, the coarse structure generated
by M. In the same way, define the connected coarse structure generated by M.

Definition 4. Let (X,Ex), (Y,Ey) be coarse spaces and f: X — Y a map.

e We call f coarsely proper if the inverse image of each bounded set is bounded.
e We call f coarsely uniform if the image of each entourage under the map
fxf: XxX—=Y xY is an entourage.

We call f a coarse map if it is coarsely proper and coarsely uniform.

We call f a coarse embedding if f is coarsely uniform and the inverse image
of an entourage under f x f is an entourage.

Definition 5 (Coarse equivalence). We call amap f: X — Y a coarse equivalence
if f is coarsely uniform and there exists a coarsely uniform map ¢g: ¥ — X such
that g o f is close! to idx and f o g is close to idy-.

2. Asymptotic dimension

In [Roe03], John Roe defined asymptotic dimension for coarse spaces in general.
We are now going to give another definition of asymptotic dimension for coarse
spaces which generalizes a different characterisation of asymptotic dimension for
metric spaces.

Definition 6 (Asymptotic dimension of coarse spaces). Let (X,£) be a coarse
space.
e Let L € £ be an entourage and U a cover of X. We say that U has appetite
L if for all x € X there exists a set U € U such that L(z) C U.
e We call a cover U uniformly bounded if Ay :=Jy¢y U X U is an entourage.
o Let n € N. We say asdim(X, &) < n if for every? entourage L € & there
exists a cover U of X such that:

ILet (X, &) be a coarse space and S a set. The maps f: S — X and g: S — X are called close
if {(f(s),9(s)) | s € S)}is an entourage.

2An entourage I € £ is called symmetric if L = L~!'. We need to consider only symmetric
entourages which contain the diagonal, because for any entourage L € £ we have L C LU L™t U
Ax €€&.
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(1) The multiplicity u(U) is at most n + 1.
(2) U has appetite L.
(3) U is uniformly bounded.

The following is a redraft of Roe’s definition of asymptotic dimension.

Definition 7. Let (X,E) be a coarse space. We say asdimpee(X,E) < n if for
every entourage L € & there is a cover U of X such that:
(1) U=Uy U -+ U Upyiq.
(2) Each of the families Uy, . ..,U,+1 is L-disjoint (i.e., whenever A, B € U; and
A# B,then Ax B N L=0).
(3) U is uniformly bounded.

There is a small difference between Definition 7 and the definition given in
[Roe03]. In Roe’s original definition the cover U is supposed to be countable.
We will not make any assumptions on the cardinality of U.

A third version of asymptotic dimension will appear in Theorem 9.

Definition 8. asdimg,,(X,E) < n if for every entourage L € £ there is a cover U
of X such that:

(1) U =U; U -+ U Ups1, where each of the families U; consists of disjoint sets.
(2) U has appetite L.
(3) U is uniformly bounded.

Theorem 9. Let (X,E) be a coarse space. Then
asdim(X, &) = asdimpee (X, £) = asdimga, (X, E).

Proof. We first prove asdimpoe > asdimg,y,. Assume asdimpee(X,E) = n € N.
Let L be a symmetric entourage which contains the diagonal. For L? := LL € &,
there exists a cover U as in Definition 7. Since A x B N L? = ) is equivalent to
L[A| N L[B] = 0, the cover Uy, := {L[U] | U € U} meets all conditions required in
Definition 8. Note that (J;; LIU] X LU} € L (Uyeu U x U) L7 € €.

In a second step we have to prove asdimg,,, > asdim, but this is obvious, since
condition (1) of Definition 8 implies condition (1) of Definition 6.

It remains to prove asdim > asdimpq.. For this purpose we need to construct
a uniformly bounded cover V consisting of L-disjoint families from a uniformly
bounded cover U with appetite L™ 1. The idea is to take all intersections of n + 1
sets from U as one family, the intersections of exactly n sets from U as a second
family, etc. However, we have to ensure these families to be L-disjoint.

Assume that asdim(X,€) =n € N. Let L € £ be a symmetric entourage that
contains the diagonal. Let U be a uniformly bounded cover of X with appetite
L™t! and multiplicity at most n + 1. For an entourage E and U C X we define
Intp(U) := {& € X | E(x) C U}. Observe that E; C FE implies Intg, (U) C
Intg, (U). Some more definitions are needed to get V:

U ={Uyn---NnU; | U1,...,U; €U pairwise distinct}
S; = U Intyntz—i (U) and Sp4o = 0

Uel;
V; = {Inthl+2—i(U)\Si+1 | U e UZ}
V:i=ViU---UVpyi.
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Since {Intpn+1 (U) | U € U} is a cover of X, so is V. Actually, V is a refinement of
the cover Y. Therefore V is uniformly bounded.

It remains to prove that each of the families Vi,..., V41 is L-disjoint. Let
A, B € V; such that A # B. There are Ay,...,A4;,B1,...,B; € U such that
A=1Intpnt2-i (Al n--- ﬂAi)\Si+1 and B = Inth+2—i(Bl n--- ﬂBi)\SZ;H. The sets

Aq,...,A; are supposed to be pairwise distinct as are the sets By, ..., B;.
Let (a,b) € Ax B N L and observe the following facts:
(1) a,bé Sip1
(2) a € ACIntpn+i-i(A;N---NA;)
(3) b € BClIntpnti-i(BiN---NB;)
(4) a € L[B] C L[Intgn+2-:(By N---N By)]
(5) b € L[A] C LIntpnt2-:(A1 N--- N A)].
Since
Lintys (U)] = {z | Fyex I (y) C Uz € Ly)} € {o| LV (x) C U}
=Int ;-1 (U),

we get the following conclusions from (4) and (5):

a € Intynii—: (Bl n---N Bz)

be Intynsi-i (Al n---N Az)
Finally a,b € Intpn42-c+1 (A1 N---NA;NB1N---NB;). Since A # B, we know that
the set {A1,...,4;,B1,...,B;} contains at least i + 1 elements. Thus a,b € S; 1,
but this is a contradiction to (1). O
Theorem 10. If f: (X,€) — (Y, F) is a coarse embedding, then

asdim(X, &) < asdim(Y, F).
Proof. Suppose that n := asdim(Y,F) < co. Let E € £ be an entourage and set
F = f x f(E). Note that E C (f x f)~!(F). There is a uniformly bounded cover

U of Y with appetite F' and multiplicity at most n+ 1. The inverse image of U is a
uniformly bounded cover of X with appetite E and the same multiplicity as 4. [

Corollary 11 (Monotonicity of asymptotic dimension). Let (X,€) be a coarse
space and A C X. Note that the inclusion map is a coarse embedding. Hence

asdim(A4, &l 4) < asdim(X, E).
Corollary 12 (Coarse invariance of asymptotic dimension). Given a coarse equiv-
alence f: (X,Ex) — (Y, Ey), we have
asdim(X, £x) = asdim(Y, &y ).
Definition 13. Let (X, &) be a coarse space and A C X. We call A a substantial
part of X if asdim(A, £]4) = asdim(X, E).
For a coarsely uniform map (X,&) — (Y, F) which is also injective, there is no

relation between the asymptotic dimensions of (X, &) and (Y, F).

Example 14. Let (X, £) be a coarse space. Observe that the power set P(XxX) is
a coarse structure on X. The map id: (X, &) — (X, P(X x X)) is coarsely uniform,
but asdim(X, &) > 0 = asdim(X, P(X x X)).



ASYMPTOTIC DIMENSION OF COARSE SPACES 253

Example 15. Let n € {2,3,...}. By £ we denote the coarse structure com-
ing from the one-point compactification® of R™ and by Euel the bounded coarse
structure* corresponding to the euclidean metric of R™. It follows that the map
id: (R, Eenal) — (R™, E.) is coarse, but asdim(R™, Eeyel) = n > 1 = asdim(R™, E.).

Proof. Since Eque C £, the map id is coarsely uniform. A set B is bounded with
respect to Egyel if and only if B is precompact. The same is true for £.. Thus id is
coarsely proper.

It remains to prove asdim(R"”,£) = 1. For this we refer to Example 9.7 of
[Roe03]. O

Proposition 16. Let (X,E) be a coarse space and E., the connected coarse struc-
ture generated by €. Then asdim(X, &) = asdim(X, Ecp).

Proof. Suppose n := asdim(X, &) < 0o. Let E € € C &, There is a cover U
of X with appetite £ and multiplicity at most n + 1 which is uniformly bounded
with respect to &.,. Each U € U can be written as the disjoint union of finitely
many sets Uy,...,U, which are bounded with respect to £ and such that the
union of any two of the sets Uy,..., Uy is not bounded with respect to £. De-
fine comp(U) := {Uy,..., Uy} and observe that U’ := |J;;¢,, comp(U) is a cover of
X with multiplicity at most n+ 1. Furthermore, U’ has appetite F and is uniformly
bounded with respect to £. Hence asdim(X, &) < n.

Set n := asdim(X,€&). Let E € &, be a symmetric entourage. This implies
that E = E'U (A1 X Ap(1)) U+ U (Ag X Agqy) with B/ € £, k € N, Ay,..., Ay
bounded subsets of X (not necessarily pairwise distinct) and o a permutation of the
set {1,...,k} with the additional property coo =id. Set M := AxUA?U---UA?
and observe that E” := (E' U Ax)M € £. Let U"” be a cover of X which is
uniformly bounded with respect to £ and which has appetite E” and multiplicity
at most n+ 1. Note that there are sets Uy, ..., Ux € U"” such that E'[A;]UA; C U;.
We define the cover U :=U" U{U; U--- UU}\{Uy,...,Ux} of X. Observe that U
is uniformly bounded with respect to &, and has multiplicity at most n + 1.

Moreover, U has appetite E. To see this, let z € X. If z € A;, then

E(x) = E'(x) U Ay CU; UUqy) CULU--- U Uy
If o g {AyU---UAg}, then E(z) = E'(z) C E'(2). O

Proposition 17 (Asymptotic dimension of finite unions). Let (X,€) be a coarse
space and A, B C X with AUB = X. Then

asdim(X, &) = max{asdim(4, ] 4), asdim(B, E|p)}.

3Let X be a Hausdorff space and X a compactification of X, i.e., X is a dense and open subset
of the compact set X. The collection

Ex ={ECXxX|ECXxXUAg}

of all subsets £ C X x X, whose closure meets the boundary (XxX)\(X xX) only in the diagonal,
is a connected coarse structure on X.
4Let (X, d) be a metric space. Set A, := {(z,y) € X x X | d(x,y) < r} and define

Eqg={ECX xX|FECA, for some r > 0}.

It is easy to verify that £y is the (connected) coarse structure generated by {A, | r > 0}. It is
called the bounded coarse structure corresponding to the metric space (X, d).
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Proof. The proof of > follows from monotonicity. To see < , we generalize an
argument of Bell and Dranishnikov (see [BDO01]).

Let n be the maximum of asdim(A, €] 4) and asdim(B, £|p) and take a symmetric
entourage L € £ which contains Ax. For Y C P(X) and V C X we define

NVU) =Vu |J U
Uvelu
LNUXV#)

There is a uniformly bounded cover U = Uy U- - -UU,, 11 of A consisting of L-disjoint
families U;. Moreover, there is a uniformly bounded cover ¥V = V; U--- U V,, 41 of
B consisting of (LAy LAy L)-disjoint families V;. For ¢ € {1,...,n+ 1} set

Wi = {NL(V,U) |V eVYU{U el | LNU x V =@ for all V € V;}.

Observe that Np(V,U;) C AyL[V]. Hence, we get a uniformly bounded cover
W =Wy U---UW,41 of X where W; is L-disjoint for 1 < i < n+ 1. This proves
asdim(X, &) < n. O

Proposition 18 (Asymptotic dimension of coproducts). Let A be any set and let

(X, EN) be a coarse space for every A € A. Define X := [ Xx. If (X,&) is
AEA
the coproduct in the category of coarse spaces and uniformly bounded maps, then
asdim (X, £) = sup asdim(Xy, &y).
AEA

Proof. Set n := sup asdim(X}, £,). Monotonicity of asymptotic dimension implies
AEA
asdim(X, &) > n.

We will now prove asdim(X, &) < n. Take an entourage L € £ which contains
Ax. Then thereare \,...,\y € Aand Ly, € £y, such that L = Ly, U---UL), UAx.
For i € {1,...,k} choose a uniformly bounded cover U, of X, with appetite
Ly, and multiplicity at most asdim(Xy,,&,) + 1. For A € A\{\1,..., g} set
Uy = {{z} | € X\}. The union U := [J ., Un is a uniformly bounded cover of
X with appetite L whose multiplicity does not exceed n + 1. O

Definition 19. Fori € {1,... k} let (X;,&;) be a coarse space. By p;: X1 x -+ %
X — X; we denote the projection to the i-th factor. The product coarse structure
is defined as follows:

Ev k&= {EC (X1 % xXp)?| (s x pi)(E) € & forie{l,... . k}}.

If (X,€) is a coarse space, we will sometimes write £** for the product coarse
structure on X*.

It is easy to prove that & * - - % & actually is a coarse structure. The product
coarse structure & x - - - x & is connected if and only if the coarse structures &; are
connected. Moreover, we have the following formulas:

AX1><---><Xk = AXl X oo X AX;C
(Ey x -+ X Eg)(E} x -+ x E,) = E1E} x --- X ExE}.

One remark on our notation: If £ C X x X, we should not confuse the compo-
sition E¥ = E--- E and the product EX* = E x --- x E.
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Proposition 20 (Asymptotic dimension of products). Let (X,Ex) and (Y,Ey) be
coarse spaces. Then

asdim(X x Y, Ex * &) < asdim(X, Ex) + asdim(Y, Ey ),
asdim(X,Ex) <asdim(X x Y, Ex &)  if YV #0.

Proof. Compare [Roe03] for the special case of bounded coarse structures.

Set n := asdim(X) and m := asdim(Y). Let E € Ex * &y. There are sym-
metric entourages Fx € £x and Ey € &y containing the diagonals Ax and Ay
respectively such that £ C EFx X Fy.

There is a uniformly bounded cover U of X with appetite E;’{”‘mﬂ and mul-
tiplicity () < n 4+ 1. There is also a uniformly bounded cover V of Y with
appetite B3 and multiplicity (V) < m + 1. We get a uniformly bounded
cover U x V :={U xV | U €U,V € V} of X x Y with appetite E"T™+1 and
multiplicity < (n+1)-(m+1) =n-m+n+m-+ 1. Thus, we need to improve the
multiplicity.

We proceed similar as in the proof of Theorem 9 and begin with some definitions.
Let k€ {2,...,n+m+ 2}. Set

Ay ={Uin---NU, xViN---NV, |
p+q=FkU; €U, V; €V pairwise distinct }
By, = U Intgnimis—x(A) and  Bpimiz =0
A€eA

Wy = {IntE1L+m+3—k(U)\Bk+1 | U e Ak}

W= W2 U---uU W’n+m+2-
Notice that W is a uniformly bounded cover of X x Y consisting of the n +m + 1
disjoint families Wa, ..., Wy ym+y2. It remains to prove that W is E-disjoint for
kEe{2,....n+m+2}.

For this purpose let M, N € W, with M # N and suppose M x N N E # 0.

Choose ((zar,ynm)s (N, yn)) € MXN N E. There are pas, g € Nwith par+qu = k
and My, ..., My, €U, My,...,M; €V such that

M :IntEn+m+3fk(M1 ﬂ~~ﬂMpM X M{ N---NM )\Bk—i-l-

qm

=:MM’

Similarly, there are py,gn € N with py + gy = k and sets Ny,...,Np, € U and
Ni,..., Ny, €V such that

N = IntEn+m+3—k(N1 N "'ONPN X N{ ﬂ“-ﬂN;N)\Bk_;,_l.

=:NN'

Observe that the following relations hold:

(a5 ynr) € Brsa
(a:M,yM) eM - IntEn,+7n+2—k(MM/)
(Z‘M,yM) € E[N] - E[IntEn/+m,+3—k(NN/)] - IntEn,+7n,+2—k(NN/).

It follows that (zar,ym) € Intgnimis—ern (MM’ N NN'). Since M # N, the
set {Mj, ..., M{,...,M! Ny,. Ny,...,N; } contains at least k+1

Pm o qn? ce9fYPND
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different elements. Hence (x 7, yar) € Brt1. But this is a contradiction to what we
found before. O

The equality asdim(X x Y) = asdim(X) + asdim(Y’) is not true in general.
Compare [BL] and Corollary 5.9 of [Gra06].
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