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ABSTRACT. If the differential expressions P and L are polynomials (over C)
of another differential expression they will obviously commute. To have a
P which does not arise in this way but satisfies [P, L] = 0 is rare. Yet the
question of when it happens has received a lot of attention since Lax presented
his description of the KdV hierarchy by Lax pairs (P, L). In this paper the
question is answered in the case where the given expression L has matrix-
valued coefficients which are rational functions bounded at infinity or simply
periodic functions bounded at the end of the period strip: if Ly = zy has
only meromorphic solutions then there exists a P such that [P, L] = 0 while
P and L are not both polynomials of any other differential expression. The
result is applied to the AKNS hierarchy where L = JD + Q is a first order
expression whose coefficients J and @ are 2 X 2 matrices. It is therefore an
elementary exercise to determine whether a given matrix @ with rational or
simply periodic coefficients is a stationary solution of an equation in the AKNS

hierarchy.
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10 Rudi Weikard

1. Introduction

Consider the differential expression
d’ﬂ
L=Qogo+  +0Qn

When does a differential expression P exist which commutes with L? This question
has drawn attention for well over one hundred years and its relationship with com-
pletely integrable systems of partial differential equations has led to a heightened
interest in the past quarter century. A recent survey [10] by F. Gesztesy and myself
tries to capture a part of that story and might be consulted for further references.

If L = d?/dz? + q the problem is related to the Korteweg-de Vries (KdV) hierar-
chy which, according to Lax [17], can be represented as the hierarchy of equations
¢t = [Pant1, L] for n =0,1,..., where Py, is a certain differential expression of
order 2n + 1. The stationary solutions of these equations give rise to commuting
differential expressions and play an important role in the solution of the Cauchy
problem of the famous KdV equation (the case n = 1). Relying on a classical result
of Picard [21], Gesztesy and myself discovered in [8] that, when ¢ is an elliptic func-
tion, the existence of an expression Ps, 41 which commutes with L is equivalent to
the property that for all z € C all solutions of the equation Ly = zy are meromor-
phic functions of the independent variable. This discovery was since generalized to
cover certain 2 x 2 first order systems with elliptic coefficients (see [9]) and scalar
n-th order equations with rational and simply periodic coefficients (see [24]).

According to the famous results of Burchnall and Chaundy in [1] and [2] a
commuting pair of scalar differential expressions is associated with an algebraic
curve and this fact has been one of the main avenues of attack on the problems
posed by this kind of integrable systems (Its and Matveev [13], Krichever [14], [15],
[16]). For this reason such differential expressions or their coefficients have been
called algebro-geometric.

In this paper I will consider the case where the coefficients Qq, ..., @, of L
are m X m matrices with rational or simply periodic entries. First let us make the
following definition.!

Definition 1. A pair (P, L) of differential expressions is called a pair of nontrivially
commuting differential expressions if [P, L] = 0 while there exists no differential
expression A such that both P and L are in C[A].

I will give sufficient conditions for the coefficients ¢); which guarantee the exis-
tence of a P such that (P, L) is a nontrivially commuting pair when mn is larger
than one.?2 Theorem 1 covers the rational case while Theorem 2 covers the periodic
case. These results are then applied to the AKNS hierarchy to obtain a character-
ization of all rational and simply periodic algebro-geometric AKNS potentials (see
Theorem 3).

The main ingredients in the proofs are generalizations of theorems by Halphen
[12] and Floquet [6], [7] which determine the structure of the solutions of Ly = zy.

IThe definition is motivated by the following observation. The expressions P and L commute
if they are both polynomials of another differential expression A, i.e., if P,L € C[A]. Note that
this does not happen in the case discussed above, i.e., when L = d?/dxz? +q and P is of odd order,
unless ¢ is constant.

2When m =n =1 and [P, L] = 0 then P is necessarily a polynomial of L.
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The original theorems cover the scalar case. The generalizations, which are quoted
in Appendix A, are proven in [11] and [25], respectively.

Algebro-geometric differential expressions with matrix coefficients have attracted
a lot of attention in the past. The papers by Cherednik [3], Dickey [4], Dubrovin
[5], van Moerbeke [19], Mumford [20], and Treibich [22] form a (rather incomplete)
list of investigations into the subject.

The organization of the paper is as follows: Sections 2 and 3 contain the state-
ments and proofs of Theorems 1 and 2, respectively. Section 4 contains a short
description of the AKNS hierarchy as well as Theorem 3 and its proof. The proofs
of Theorems 1 and 2 rely on several lemmas which do not specifically refer to one
or the other case. These lemmas are stated and proved in Section 5. Finally, for
the convenience of the reader, three appendices provide the statements of the theo-
rems of Halphen and Floquet, a few facts about higher order systems of differential
equations, and the statement of a theorem of Wasow on the asymptotic behavior of
solutions of a system of first order differential equations depending on a parameter.

Before we actually get started let us agree on a few pieces of notation. If F is a
field we denote by F[z] the ring of polynomials with coefficients in F and by F(x)
the associated quotient field. The ring of j X k matrices with entries in I is denoted
by F7*#. The letter A represents the field of algebraic functions in one variable
over the complex numbers. The symbol 1 denotes an identity matrix. Occasionally
it is useful to indicate its dimension by a subscript as in 1;. Similarly 0 and 0,
denote zero matrices. Polynomials are to be regarded as polynomials over C unless
the contrary is explicitly stated.

2. The rational case

Theorem 1. Let L be the differential expression given by

Ly = Qoy"™ + Qiy" ™ + -+ Quy.
Suppose that the following conditions are satisfied:

1. Qo,...,Qn € C(x)™*™ are bounded at infinity.
2. Qo is constant and invertible.
3. The matriz

B(A) = \"Qo + A" ' Q1(00) + -+ - + Qn(00)

is diagonalizable (as an element of A™*™).

4. There are linearly independent eigenvectors vy, ...,v, € A™ of B such that
limyoovj(A), j = 1,...,m, exist and are linearly independent eigenvectors
of Qqo. In particular Qo is diagonalizable.

If mn > 1 and if, for all z € C, all solutions of Ly = zy are meromorphic, then
there exists a differential expression P with coefficients in C(x)™*™ such that (P, L)
is a pair of nontrivially commuting differential expressions.

Note that Conditions 3 and 4 are automatically satisfied if all eigenvalues of Qg
are algebraically simple.

Proof. Without loss of generality we will assume that Qg is diagonal. Lemma 1
gives a large class of differential expressions P which commute with L. Our goal
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is therefore to check the hypotheses of Lemma 1. After that we will address the
question of finding a P which commutes nontrivially with L.

Let M= C(z). For j =0,...,nlet Qs ; = Q;(c0) and let the function 7 be the
identity. The eigenvectors of B, which are linearly independent as elements of A",
become linearly dependent (as elements of C™) for at most finitely many values of
A, since the determinant of the matrix whose columns are these eigenvectors is an
algebraic function. Conditions 1-3 of Lemma 1 are then satisfied. Next we have to
construct U such that Conditions 4 and 5 are also satisfied.

Let the characteristic polynomial of B be given by

det(B() = 2) = [T 50 2™

where the f; € C[), 2] are pairwise relatively prime. Denote the degree of f;(A,-)
(which does not depend on A) by k;. According to Lemma 2 we may choose A
among infinitely many values such that:

1. B()) is diagonalizable.

2. (fr-.-fu)(\,+) has kg + - - - + k,, distinct roots.

3. if z; k() is a root of f;(A, ), then A is a simple root of (fi1...f,)(-, 2;k(N)).

Until further notice we will think of this value of A\ as fixed and, accordingly, we
will typically suppress the dependence on A of the quantities considered.

Let zjx be a root of f;(A,-), ie., an eigenvalue of B(A) of multiplicity m;.
The equation Ly = zy is equivalent to a first-order system ¢’ = A(z, )y where
A(z,z) € C™*™" remains bounded as z tends to infinity. By Lemma 3 the
characteristic polynomial of A(z,00) is a constant multiple of [[/_, f;(),2)™ and
hence ) is an eigenvalue of A(z; ,00) of algebraic multiplicity m,;. But Lemma 3
implies also that the geometric multiplicity of A is equal to m;. Theorem 2.4 of
[11] (quoted in Appendix A), which is a generalization of a theorem of Halphen,
guarantees then the existence of m; linearly independent solutions

Vi) =Rjre(z)exp(Az), £=1,...,m;

of ' = A(zjk,-)1 where the components of Rj , are rational functions. The
common denominator g of these components is a polynomial in = whose coefficients
are independent of A and z; ;, since the poles of the solutions of Ly = zy may occur
only at points where one of the coefficient matrices @); has a pole. Moreover, ¢ may
be chosen such that the entries of ¢@Q); are polynomials for all j € {1,...,n}.

The Rj ke, £ =1,...,m;, may have poles at infinity whose order can be deter-
mined from asymptotic considerations. We denote the largest order of these poles,
i.e., the largest degree of the numerators of the components of the R; ;¢ by s and
perform the substitution

2) = exp(\z) < g
¢( ) q(x) J_;O J :

This turns the equation ¢’ = A(z, )9 into the equivalent equation

s+s'

(1) ST a0 N {5 = g)gr-1 — TN 2)bay =0

£=0 k=0
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where s’ = deg(q) and where the Ty, and ¢ are defined respectively by

g(2)A(z,2) + (¢ () = Ag(2)) = Y Tw(h2)a” F and g(z) =Y gua” "
k=0 k=0

(quantities whose index is out of range are set equal to zero). Equation (1) repre-
sents a system of (s + s’ + 1)mn linear homogeneous equations for the (s + 1)mn
unknown components of the coefficients o; and is thus equivalent to the equation
A(X, 2)3 = 0 where A is an appropriate (s+s' 4 1)mn x (s+1)mn matrix and 3 is a
vector with (s+1)mn components comprising all components of all the ;. Lemma 4
applies to the equation /I()\, z)B = 0 with R = C[\] and g(\, z) = det(B(\) — 2).
We therefore conclude that there are polynomials (31, . .., B(s41)mn in C[A, z](s+1)m”
(some of which might be zero) such that

B 2 k)5 - -+ 5 Bmy (A 2j.k)

are linearly independent solutions of Z(A,zjyk)ﬂ =0fork=1,...,k and j =
1,...,v. Hence
exp()\x) s 0
¢',k,£ T)= —(2Lpny- -, T 1n Be AaZ',k .
Using next that f;(A, z;%) = 0 and the fact that 2¥i has a constant nonvanishing
coefficient in f;(,-) we obtain that ;¢ can be expressed as

exp()\x) s 0 = rs r
wj,k,@(x) = q(.’L‘) (1' 1mn7 sy T 1mn) Z /Bf,j,T(A)Zj,k
r=0

where the Bg}j’r are elements of C[\]6TD™"  (They are independent of the subscript
k.) The first m components of each 1; ;o form a solution y; x » of Ly = z; xy. One
obtains

kj—1
Yime(®) = exp(Az) > Yejr(\ )2y,
r=0
where v, ; (A, ) € C(z)™ and 7, (-, x) € CIA]™.
Now define
Sj = (71,j,0, sy V,g,k—1572,5,05 - - ﬂ’mj,j,qu),
1 1
kj—1 k;—1
v F

Zj = @gl‘/ﬁ and }/J()‘vx) = Sj()‘vx)zj eXp()\JZ).

The matrix Y; is a m x mjk; matrix. The m; columns whose index is equal to &
modulo k; are the linearly independent solutions of Ly = z; 1y whose asymptotic
behavior is given by exp(Az). Finally we define the m x m matrices

S\ z) = (S1(\2),...,Su(\2)), Z=}_17Z;, and
YN 2)=Yi(A\2),..., Yo (N x) = S\, 2)Z exp(\, z).
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We now study the asymptotic behavior of Y(\,z) as A tends to infinity. By
Lemma 3 the matrix A(z;x,00) is diagonalizable and there is a positive integer h
such that the eigenvalues of A(z;,00) are given by

[kt = A (%km + Z%’x,eﬂ‘””) , t=1,....mn

r=1
where the numbers ;1 ¢ 0 are different from zero. Define the diagonal matrices
M, = diag(o, 1,050k mn,) and order the eigenvalues in such a way that, for

r=0,...,h—1,
_ (%ika1rlp, O
m, = (Tt (0,

where pg > p1 > --- > pp—1 and where oj 1, is not an eigenvalue of 3 ..
Moreover, require that the m; eigenvalues which are equal to A are first. Then
we have 010 = 1, 0jk1,1 = -+ = 0jk1,h—1 = 0, and pp,_1 > m;. There are
po eigenvalues which are asymptotically equal to A and there are p,_; eigenvalues
which differ from A by a function which stays bounded as A tends to infinity.

To each eigenvalue ;1 we have an eigenvector u; j , of the form

Vg kL
M.k, eV5,k.¢
Uj kb = . )
_1.
N?,k,z”j,k,é

where v; 1, ¢ is an appropriate eigenvector of B(u; x,¢) associated with the eigenvalue
Zjk, and can, by assumption, be chosen to be holomorphic at infinity. Define T}
to be (mn) x (mn) matrix whose columns are the vectors u; k1, - - - , Wjk,mn- Lhen

T; k() is invertible at and near infinity. Let

A\ ) = NV Az, @) Ty = A7 diag (ks - - ijkmn) + A X k(A 2)

where, according to Lemma 5, X (A, ) is bounded as A tends to infinity. Further-
more, X, (A, z) tends to zero as « tends to infinity. Hence, given a § > 0, there is
an x(9) and a number r(J) such that ||X; x(A, )| < § whenever |z —xz¢(5)| < 7(4).
The matrix fuljJC satisfies now the assumptions of Lemma 6 with p = \~/%,
Q={x:|z—=x0(8) < r(d)}, and S = {p : 0 < |p| < po} for some suitable
constant pg. The matrix I' is the upper left p,_1 X pp—1 block of M} and hence
diagonal. The matrix A(z) is the upper left ps_1 x pp—1 block of X (o0, ).
Hence Lemma 6 guarantees the existence of py_1 linearly independent solutions for

v

Ay’ = A; y whose asymptotic behavior is given by

(2) (exp(r(g - xO))(lph,—l + T(LU))) exp()\, J?)
(mn—ppr—1)Xpr-1
Moreover, given any ¢ > 0 there is a 6 > 0 such that ||Y(z)|| < ¢ for all z € {z :
|z — z0(d)] < r(d)}. Since the first m; entries in the diagonal of I' are zero we
obtain that the asymptotic behavior of the first m; columns of matrix (2) is given
by
1mj + Tl,l(x))
Ej,k(x) = GXp(FQ’Q(SE — .T()))Tg,l(x) exp()\, Z‘)

O(mnfph_l) Xm;
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where Y71 and Y5, are the upper left m; x m; block and the lower left (p,—1 —
m;) x m; block of T, respectively, and where I's 5 is the lower right (p,—1 —m;) x
(pr—1 —m; ) block of T".

We have now arrived at the following result: the m; columns of Y; whose index
is equal to k modulo k; have asymptotic behavior whose leading order is given by
the first m rows of T} , F; ,(x)C where C is an appropriate constant and invertible
mj; x mj; matrix. By choosing the eigenvectors u; 1, ..., Ujkm; (which are all
associated with the eigenvalue 11 ;1 = A) appropriately we may assume that C = 1.
Hence, up to terms of a negligible size, the linearly independent eigenvectors of Qg
are the columns of Y exp(—Az) = SZ when A and z are large. This implies that YV’
is invertible.

Similarly, considering the differential expression L., defined by

(Losy) (@) = Qoy'™ () + Q1 (00)y" V() + - + Qu(o0)y(2)

we obtain the invertible matrices

Soo(A) = (S00,1(A), -+, S0, (N))
and
Yoo 2) = (Voo n (M 2), - Yoo (0 2)) = Suc(N)Z(N) exp(Az)

where Z is as before. The m; columns of Y, ; whose index is equal to k£ modulo ;
are those solutions of Loy = z; xy whose asymptotic behavior is given by exp(Az).
Note that S is z-independent, since the matrices A(z;,00) are diagonalizable.
Furthermore, since Lo (vexp(Az)) = (B(A)v)exp(Ax), the columns of SZ are
eigenvectors of B(\), which, to leading order as A tends to infinity, are eigenvectors
of Qo.

Let d € C[\] be such that dS(-,2)Ss(-)~! becomes a polynomial (at least d()\) =
det(Soo(A)) will do). Then we may define matrices U; € C(x)™*™ by the equation

SN0 () = d)S( )0 (1)
j=0

and a differential expression

Then, obviously,
U(Soo (M) Z exp(Ax)) = d(N)S(\, ) Z exp(Az) = d(N)Y (A, z).

Since YY ! is close to the identity when A and x are sufficiently large we obtain
that Uy is invertible and hence that Conditions 4 and 5 of Lemma 1 are satisfied.

Applying Lemma 1 gives now the existence of a nonempty set F' of polynomials
such that the differential expression P defined by PU = UDf(Ly) commutes
with L when f € F. Assume that P and L commute trivially. Then, by the first
statement of Lemma 7, Qg is a multiple of the identity and P and L are polynomials
of a unique first order differential expression G = D + Gy where G; € C(x)™*™
is bounded at infinity and where G;(c0) is a multiple of the identity. Let y be
a solution of Gy = gy where g € C and let ¢ be the polynomial such that L =
©(G). Then y satisfies also Ly = ¢(g)y and hence every solution of Gy = gy is
meromorphic. By applying what we just proved to the expression G rather than
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L we know that we also have a differential expression U and a nonempty set F
of polynomials such that, when f € F, the differential expression P defined by
PU = UCf(D + G1(o0)) commutes with G and hence with L for all matrices
C € C™*™_ The second statement of Lemma 7 shows that P is not a polynomial
of G, if C' is not a multiple of the identity. Hence, in this case, (P, L) is a nontrivially
commuting pair. O

3. The simply periodic case

If f is an w-periodic function we will use f* to denote the one-valued function
given by f*(t) = f(52 log(t)). Conversely, if a function f* is given f(x) will refer to
f*(exp(2miz/w)). We say that a periodic function f is bounded at the ends of the
period strip if f* is bounded at zero and infinity. A meromorphic periodic function
which is bounded at the ends of the period strip can not be doubly periodic unless
it is a constant. The function f is a meromorphic periodic function bounded at the
ends of the period strips if and only if f* is a rational function bounded at zero and
infinity. For more information on periodic functions see, e.g., Markushevich [18],
Chapter II1.4.

The field of meromorphic functions with period w will be denoted by P,,,.

Theorem 2. Let L be the differential expression given by

Ly = Qoy"™ + Qiy" ™ + -+ Quy.
Suppose that the following conditions are satisfied:

1. Qo,...,Qn € PI*™ are bounded at the ends of the period strip.
2. Qo is constant and invertible.
3. The matriz

B(X) = \"Qo + A" Qi (00) + -+ + Q)

is diagonalizable (as an element of A™*™).

4. There are linearly independent eigenvectors vy, ...,v, € A™ of B such that
limy—oovj(A), 5 = 1,...,m, exist and are linearly independent eigenvectors
of Qo. In particular Qo is diagonalizable.

If mn > 1 and if, for oll z € C, all solutions of Ly = zy are meromorphic, then
there exists a differential expression P with coefficients in P"*™ such that (P, L)
is a pair of nontrivially commuting differential expressions.

Proof. The proof of this theorem is very close to that of Theorem 1. We record
the few points where more significant deviations exist. For notational simplicity we
will assume that w = 27.

Lemma 1 is now used with M = Py, Quoj = Q}(c0), and 7(x) = €. As
before we have to construct the expression U: The role of Halphen’s theorem (or,
more precisely, Theorem 2.4 of [11]) is now played by Theorem 1 in [25] (quoted in
Appendix A), which is a variant Floquet’s theorem. We have therefore the existence

of m; linearly independent functions

Vjke(T) = ;k’e(em)exp()\x), L=1,...,m;
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where the components of R} , are rational functions. The substitution

exp(Ar) < (i
y({L‘) _ p( ) Zajezl(é 7)

q(e™®) =

turns the equation y' = A(z;k, )y into a system of linear algebraic equation with
my; linearly independent solutions. This way one shows as before that

kj—1
exp(Az) , , <
wj,k,@(z) = I()e(m.))(eszzlmnv e 7elx1mn7 ]-mn) Z 6@,]’,7“()\)2;‘7]@
q r=0
where the @7” are elements of C[A\]s*D™"  Doing this for k = 1,...,k; and
for j = 1,...,v and selecting the first m components of all the resulting vectors

provides once more an m X m matrices S, Z, and Y = SZexp(Az). Again the
entries of S are polynomials with respect to A but now they are rational functions
with respect to €. By considering the constant coefficient expression

dn
Lo :Qodxﬁ+"'+QZ(oo)

one obtains also matrices So, and Yoo = S Z exp(Az) and U is defined as before
through a multiple of S(\, 2)S.(A)~!. The investigation of the asymptotic behavior
of Y and Y, as A tends to infinity, which leads to proving the invertibility of Uy, is
unchanged as it did not use the special structure of the );, except that one should
choose exp(izg) large rather than xg large.

Finally, the argument that it is possible to pick, among all expressions commuting
with L, an expression which does not commute trivially remains unchanged. O

4. Application to the AKNS system
Let L = Jd/dz + Q(x), where

J:(é _OZ) and Q(x)z(ip?x) _i%(“f)>.

Note that J? = —15 and that JQ + QJ = 0.
The AKNS hierarchy is then a sequence of equations of the form

Qt:[Pn-i—l)L]v n207172a"'

where P,1;1 is a differential expression of order m 4+ 1 such that [P,y1,L] is a
multiplication operator. For this to happen P,,41 has to be very special. It can be
recursively computed in the following way: Let

n+1

Pt = Z(kn-i-l—f(x) + vng1—e(z)J + Wn+l—€(x))Lev
£=0
where the k; and v; are scalar-valued and where the W} are 2 x 2 matrices with
vanishing diagonal elements. Requiring that [P,41, L] is a multiplication operator
yields k; = 0 for j = 0,...,n + 1 and the recursion relations

Wo=0

1 .
1);12 =W;Q+QW;, W= §J(W]/ — 2’0ij), 7=0,...,n+1.
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This gives finally
[PnJrlz L] = 20541JQ — JW7/1+1
The first few AKNS equations are

Qr = —coQ" +2¢1JQ,
Q= —27(Q" - 2Q% — 1Q' + 2¢2JQ,

2
Co

Q= 2(Q" - 6Q°Q) — 1 1(Q" —2Q°) — 2@’ + 2, 1Q.

Here we are interested in the stationary solutions of AKNS equations. Therefore
we make the following definition.

Definition 2. Suppose p and g are meromorphic functions. Then @ is called an
algebro-geometric AKNS potential (or simply algebro-geometric) if @ is a stationary
solution of some AKNS equation.

The goal of this section is to prove the following theorem.
Theorem 3. Let () = (2} 75'1) and assume either that p,q are rational functions
bounded at infinity or else that p,q are meromorphic w-periodic functions bounded
at the ends of the period strip. Then Q is an algebro-geometric AKNS potential if
and only if for all z € C all solutions of the equation Jy' +Qy = zy are meromorphic
with respect to the independent variable.

Before we begin the proof of this result let us recall the following two results
which were proven by Gesztesy and myself in [9]. The first one (Theorem 4 below)
asks that p and ¢ are meromorphic and provides one direction in the proof of
Theorem 3. The second one (Theorem 5 below) is the analogue of Theorem 3 for
the case of elliptic coefficients and is stated here for comparison purposes.
Theorem 4. Let () = (l% 701-‘1) where p,q are meromorphic functions. If Q is an
algebro-geometric AKNS potential then for all z € C all solutions of the equation
Jy' 4+ Qy = zy are meromorphic with respect to the independent variable.
Theorem 5. Let () = (1’(1)0 _Oiq) with p, q elliptic functions with a common period
lattice. Then @ is an elliptic algebro-geometric AKNS potential if and only if for
all z € C all solutions of the equation Jy' + Qy = zy are meromorphic with respect
to the independent variable.

Now we are ready to prove Theorem 3:

Proof of Theorem 3. We only need to prove that @ is algebro-geometric if all
solutions of Ly = zy are meromorphic since the converse follows from Theorem 4.
Suppose @ is periodic. The desired conclusion follows from Theorem 2 once we have
checked its hypotheses. But Conditions 1 and 2 are satisfied by our assumptions
while Conditions 3 and 4 hold automatically when the eigenvalues of Qg (= J) are
distinct. For convenience, however, let us mention that the eigenvalues of

B(A):( iA —z‘q*(oo))

ip*(00) —iA
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are +,/¢*(00)p*(00) — A2 and that these are distinct for all but two values of .
The eigenvectors may be chosen as

= () om0

where z1()) is the branch of /g*(00)p*(c0) — A2 which is asymptotically equal to
i
The proof for the rational case is virtually the same. (I

The solutions of Jy' + Qy = zy are analytic at every point which is neither a
pole of p nor of ¢q. Since it is a matter of routine calculations to check whether
a solution of Jy' + Qy = zy is meromorphic at a pole of p or ¢ and since there
are only finitely many poles of ) modulo periodicity, Theorem 3 provides an easy
method which allows one to determine whether a rational function Q bounded at
infinity or a meromorphic simply periodic function ¢ bounded at the ends of the
period strip is a stationary solution of an equation in the AKNS hierarchy.

5. The lemmas
Lemma 1. Let M be a field of meromorphic functions on C and consider the
differential expression L = Z?:o Q;D" 7 where Qo € C™ ™ s invertible and

Q; € M™*™ for 5 =1,...,n. Suppose that there exist differential expressions
n g
Lo =3 Qe D™ and U =3 Uj(r(x))D7
j=0 j=0

with the following properties:

1. Qo005 -+ s Qoon are in C™*™ and Qo0 = Qo-

2. 7 is a meromorphic function on C.

3. There is a set A C C with at least g + n + 1 distinct elements such that, for
each A € A, the matriz B(\) = Z?:o N'"IQoo,j has m linearly independent
eigenvectors v1(A), ..., v, (A) € C™ respectively associated with the (possibly
degenerate) eigenvalues z1(N), ..., zm(A).

4. Uy,..., Uy € M™™ and Uy is invertible.

5. U(vj(A) exp(Ax)) is a solution of Ly = z;(N)y for j=1,...,m.

Finally, define the algebra

C={CeC™™:[Qx0,C] =" =[Qocon,C|] =0}

Then there exists a nonempty set F C Clu] with the following property: for each
polynomial f € F and each polynomial h € Clu] there exists a differential expression
P with coefficients in M™*™ such that [P,L] = 0. In fact, P is given by PU =
Uh(D)f (L)

Proof. Consider the differential expression V = LU — UL, and fix A € A. Since
Lo (vj(N) exp(Az)) = zjv;(N) exp(Azx)

we obtain
V(vj(A) exp(Az)) = (L — z;)U(v; () exp(Az)) = 0.
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V is a differential expression of order g + n at most, i.e., V = Eﬁ” Vi (z)D* for
suitable matrices V). Hence

g+n
0 = exp(—Az)V (v;(A) exp(Ax)) (Z Vie(x > v;(A).

For fixed z and A we now have an m x m matrix V(X,z) = 3927 Vj.(2)A¥ whose
kernel contains all eigenvectors of B(\) and is therefore m-dimensional. This means
that V(\,z) = 0. Since this is the case for at least g +n + 1 different values of A
we conclude that Vo = --- = V1, = 0 and hence that

LU =ULw

Since Uy is invertible Uy = 0 has mg linearly independent solutions. Let {y1, ...,
Ymg} be a basis of ker(U). With each element y, of this basis we may associate
a differential expression H, with coefficients in C™*™ in the following way. Since
ye € ker(U), so is Looye and, in fact, LZ_y, for every j € N. Since ker(U) is finite-
dimensional there exists a k € N and complex numbers «y, . . ., ax such that ag # 0
and

k
Z ak—jLioyZ = 0.
j=0

Then define H, = Zf o @k—; LY . Since the expressions H, commute among them-
selves we obtain that
mg
ker(U) C ker <H Hg) .
=1

Hence the set
F={feClu]: ker(U) C ker(f(Lo))}

is not empty.

Note that [Leo, D] = 0 and [Leo,C] = 0if C € C. For any h € Clu] and any f € F
let Py = h(D)f(Loo). Then [Py, Loo] = 0 and ker(U) C ker(Py) C ker(UPx).
Corollary 1 in Appendix B shows that there is an expression P such that PU =
UP.. Hence [P,LJU = PLU — LPU = UPsLow — ULy Py = U[Ps, Loo] = 0 and
thus, recalling that Uy is invertible, [P, L] = 0. |

Lemma 2. Let
n

B(A\) =) A\"B,
j=0
where By, ..., B, € C™*™ qand where By is invertible. Suppose the characteristic
polynomial of B has the prime factorization H;zl fi(A z)™i. If weight nr + s is
assigned to the monomial \°z", then the weight of the heaviest monomial in f; is a
multiple of n, say nk; and the coefficients of 2% and \"*i in f; are nonzero.
Let A be the set of all complex numbers A satisfying the following two conditions:

1 (fi--- fu)(\-) has ky + - - - + k,, distinct roots.
2. If zj 1 is a root of f;(X,-), then X is a simple root of (f1...f,)(-,2jk)-
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Then the complement of A is finite.
Moreover, there is an integer h and there are complex numbers p; . such that,
for sufficiently large X, the roots of f;(A,-), j=1,...,v, are given by

Zjk = A" (pj7k,0 + Z pj,k,r‘)\r/h> s k= 1a ERR) kj

r=1

where the numbers p; o are different from zero.

Proof. First we agree, as usual, that the weight of a polynomial is equal to the
weight of its heaviest monomial. It is then easy to see that the characteristic
polynomial f(X,z) = det(B()\) — z) has weight mn. Suppose f = g1g2 and let
f= Z;nzno ajw; where w; is a polynomial all of whose terms have weight j. Doing
the same with g; and g, one can show that any factor of f has a weight which is
a multiple of n, say kn, and that the coefficients of z* and A\*” in that factor are
nonzero. In particular then, this is true for the prime factors.

Therefore f;(),-) has k; distinct roots for all but finitely many values of A.
Moreover, by Bezout’s theorem, the curves defined by f; and f, intersect only in
finitely many points if j is different from ¢. Hence the first condition is satisfied for
all but finitely many values of .

The discriminant of (f7 ... f,)(, z) is a polynomial in z. Hence there are at most
finitely many values of z for which (f;...f,)(:,2) has multiple roots. For each
of these exceptional z-values there are only finitely many of the multiple roots.
Hence there are only finitely many values of A such that there is a z for which
(f1-..f.)(, 2) has a multiple root.

The last statement follows from standard considerations of the behavior of alge-
braic functions near a point. In particular, the power n on X is determined by an
inspection of the Newton polygon associated with f;. (I

Lemma 3. Let

B(A) =) A\"B;
j=0

where By, ..., B, € C™*™ and where By is invertible. Define
0 1, 0 e 0
Az) = 3 e
0 . 1,,
By'(2—B,) -By'B,.1 —-By'B,o -+ —By'B

a matriz whose n? entries are m x m blocks.
The vector v € C™ is an eigenvector of B(\) associated with the eigenvalue z if
and only if
v
Av

)\n'—lv
is an eigenvector of A(z) associated with the eigenvalue \. In particular, z has
geometric multiplicity k as an eigenvalue of B(X) if and only if X has geometric
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multiplicity k as an eigenvalue of A(z). Also,
(3) det(A(z) — \) = (—=1)"™ det(By ) det(B(\) — 2).

If B is diagonalizable (as an element of A™*™), then A(z) is diagonalizable for all
but finitely many values of z.
Moreover, if z; i is a zero of f;(X,-), then there are complex numbers ;¢ and

an integer h such that the eigenvalues k.1, ... , Wi kmn Of A(zjk) are given by
o0
Hjkt = A (Uj,k,e,o + Zaj,k,é,r)\r/h> , 4=1,...,mn
r=1

where the numbers o100 are different from zero.

Proof. That B(A)v = zv if and only if A(z)u = Au follows immediately from direct
computation. The validity of (3) is proven by blockwise Gaussian elimination.
Assume now that B is diagonalizable and let T' € A™*™ be an invertible matrix
whose columns are eigenvectors of B. The determinant of 7" is an algebraic function
in A\ which is zero or infinity only for finitely many distinct values of A and B(\)
is diagonalizable for all A but these. From Lemma 2 we know also that there are
only finitely many values of A for which H;'/:1 fj(-, z) has repeated zeros. To all
these exceptional values of A correspond finitely many eigenvalues z of B(\). We
assume now that z is a complex number distinct from all those values. If p is now
an eigenvalue of A(z) then it is a zero of f;(-, z) for some j but not a zero of fi(-, z),
if £ # j. Hence its algebraic multiplicity is m;. Additionally, z is an eigenvalue
of geometric multiplicity m; of B(u), since B(u) is diagonalizable. The previous
argument shows that p has geometric multiplicity m; as eigenvalue of A(z). Since
this is true for any eigenvalue of A(z), the matrix A(z) must be diagonalizable.
The last statement follows again from standard considerations of the behavior of
algebraic functions near a point, using that z;  is an algebraic function of A (whose
behavior near infinity is of the form given in Lemma 2) and that p; 5 , are algebraic
functions of z; . O

Lemma 4. Let R be an integral domain, Q its fraction field, g an element of R|z],
and K a field extension of Q in which g splits into linear factors. Suppose A is a
matriz in R[z]7*F. Then there exist k vectors vi, ..., vy € R[2]¥ with the following
property: if zo € K is any of the roots of g and if the dimension of ker(A(zp)) is p,
then v1(20), .., vu(z0) are linearly independent solutions of A(zp)x = 0.

Proof. Suppose g has the prime factorization ¢7™* ...g". If g(zp) = 0 then
precisely one of the prime factors of g, say gy, satisfies g¢(z9) = 0. Note that
Fy = Qlz]/{ge) is a field and that we may view A as an element of Ferk. Since Fy
is isomorphic to a subfield of K any K*-solution of A(zq)z = 0 is a scalar multiple
of a representative of an F, ek—solution of Az = 0 (evaluated at zg) and vice versa.
Therefore there is a basis {z1(20), ..., ¢, (20)} of ker(A(zo)) where the z,, are
in Q[z]*. By choosing appropriate multiples in R we may even assume that the Tor
are in R[z]¥. Notice that if z{ is another root of g, then {z1(2}), ..., e, (2)} is
a basis of ker(A(z()). We define also z¢, =0 for r = p,+1,..., k.
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For r=1,...,k we now let
v v
Uy = Z H ge | Ter-
=1 \/1=1
v4L
This proves the lemma once we recall that g¢(z9) = 0 = gs(20) implies that £ =
7. O

Lemma 5. Suppose A € C""™*™" qnd T € A™™"*™" have the following properties:

1. The first (n —1)m rows of A are zero.
2. T is tnvertible at and near infinity and its columns Ti.;mn ; have the form
Uj
HjVj
Tl:mn,j = . 5
Ty

where the ji; are complex-valued algebraic functions of A with the asymptotic

behavior p;(A) = Xoj + o(1)) as A tends to infinity and where the v; are

C™-valued algebraic functions of A which are holomorphic at infinity.

Then (T~YAT)(N) is bounded as X tends to infinity.

Proof. The first (n — 1)m rows of AT are zero. Consequently we need to consider
only the last m columns of T~!. Let B,, ..., By denote the m x m matrices which
occupy the last m rows of A (with decreasing index as one moves from left to right)
and let 7} denote the row-vector in the last m columns of row £ in T~! (note that
T¢ € A™). Then

n
(T_lAT)UC = Z w7 Bjug,.
j=1
We will show below that 7, has the asymptotic behavior 7, = A= (9 ¢+ 0(1)) with
To,e € C™ as A tends to infinity. Hence
(T AT)n = > A (03 775, Byor(o0) + 0(1)) = o~ 75 Biog,(00) + o(1)
j=1
as A tends to infinity and this will prove the claim.
The minor of T" which arises when one deletes row r and columns s of T' will be
denoted by M;,. We have then that
71)7‘+s
Tt Tg:(id t(Ms,).
T s = “gagery detMenr)
The k-th entry in row ma + 3, where 8 € {1,...,m} and a € {0,...,n — 1},
equals A* times a function which is bounded as A tends to infinity. Hence det(T") =
AN (tg 4 o(1)) for some nonzero complex number ty and for N = mn(n — 1)/2.
By the same argument we have that det(Momats.r) = AN (Mmassr + 0(1)) where
N'= N — « and mymats,r € C. Hence

Mma+8,r T o(1)

(I = (1) FoA70 Tt
0
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For the first part of the proof we need only the case « = n — 1. ([

Lemma 6. Let Q C C be an open simply connected set containing xq and S C C
a sector centered at zero. Suppose that A : S x Q — C™ ™ is holomorphic on S x §)
and admits a uniform asymptotic expansion

Alp,x) ~ > Ap(x)p”
r=0

as p tends to zero. Suppose that, forr =0,...,h— 1, the matrices A, are constant
and have the block-diagonal form

_ (ol O
AT( 0 Er>

where pg > p1 > -+ > pp—1 = p and where o, is not an eigenvalue of 3. Denote
the upper left p x p block of Ay, by Apaa and assume that Apq1(x) =T + A(z)
where I' € CP*P and A : Q — CP*P, Let a = Zf;é o p .
Then there exists a subsector S" of S and an n x p matriz Y (p, x) whose columns
are linearly independent solutions of p™y’ = Ay and for which
R(p,xz) =Y (p, x) exp(—ax)

has in S' an asymptotic expansion of the form
o0
R(p,z) ~ ) Ry(x)p’
j=0

as p tends to zero. Moreover, for every positive € there exists a positive § such that
IA(2)|| < 6 for all x € Q implies

o (e(T = a0)) (1, + T()
Bo() ( 0(n—p)xp >

with || T (x)|| < e for all x € Q.

Proof. The key to the proof of this lemma is Theorem 26.2 in Wasow [23] which we
have (essentially) quoted in Appendix C and which implies immediately Corollary 2.
A repeated application of this corollary shows that there are p linearly independent
solutions y; of phy’ = Ay of the form

yj = PoQo ... Ph_1Qn_1wjexplax), j=1,...,p

where the P, and Q) are matrices and where the w; are vectors whose properties
are described presently. Let p_1 = n. Then Py is an py_1 X pr—1 matrix which
is asymptotically equal to 1, ,. The matrix () is a constant py_; X p, matrix
whose upper block is equal to 1,,, and whose lower block is a zero matrix. Finally,
the w; are linearly independent solutions of the p x p-system w’ = B(p, x)w where
h—1
B(p,z)=p Q" (A(@ OEDY Ar(ﬂ?)ﬁ) Q.
r=0

Note that B(p, z) has the asymptotic behavior

B(p.x)~ 3 B, (x)0’
r=0
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as p tends to zero where By(z) = Ap1.1(x).
The equation w’ = B(p,x)w has a fundamental matrix W whose asymptotic

behavior is given by
o0

W(p, o)~ > We(x)p"

r=0

Wo(z) = exp (/m Ah;l,l(t)dt) — oxp (F(m o)+ /m A(t)dt)

is an invertible matrix. Since || exp(Th + T2) — exp(Th)|| < || Te|lexp(| 71| + || T2|])
we have that

where

Wo(z) = exp(I'(z — z0)) (1, + T(z))
where the norm of T becomes small if the norm of A becomes small. The fact that
the matrices P are asymptotically equal to identity matrices and that the upper
blocks of the Q) are equal to identity matrices gives now the desired conclusion. [J

Lemma 7. Suppose that M, L, Ly, U, C, and F are as in Lemma 1. Given an
expression Py, let P be defined by PU = UP,,. Then the following two statements
hold:

1. Let Poo = Df(Ls), where f is a monic polynomial in F'. If (P, L) is a trivially
commuting pair, then Qo and Qoo,1 are multiples of the identity. Moreover,
there exists a first order differential expression G = D + Qal(Ql —m)/n
(where 1 is a suitable constant) such that both P and L are polynomials of
G.

2. Let Py, = Cf(Ls), where C € C and where f € F is monic. If both P and L
are polynomials of an expression D + Gy then C is a multiple of the identity
matrix.

Proof. Assume that

L= inDn_j — i:ann/—j and P = inDr—j _ i’YjGr/_j’
= 7=0 3=0 3=0

where G is a differential expression of order k and the coeflicients 7; and ~; are
complex numbers.

To prove the first statement assume also that P, = Df(Ls) where f € F has
degree s. Since the order of L is equal to n = kn' and the order of P is equal to
r = sn+ 1= kr’ we have necessarily k = 1, n’ = n, and ' = r = sn + 1. Therefore
we assume now that G = GoD + G;.

Note that LU = ULy, PU = UP, and Qo0 = Qo imply that

(4) UoQo = Qolo, UoPosc,0o = Py,

(5) U1Qo + UoQoo,1 = QoUr + Q1Uo + nQoUj,
and that

(6) Ui Py + UpPoos = Polly + PLUy + rPyU,

where P ; is the coefficient of D"/ in P. Since P = @Qf we find firstly
that Py = UpQ§U, ' = Qf. Next, since Qo = oGy and Py = ~G§"*!, we
have that Go = 157, 11. Hence Gy, Qo, and P, are all multiples of the identity
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matrix. Therefore we can (and will) assume from now that Go = 1 by changing
the coefficients n; and v; appropriately. In particular, Qo = nol.
We find next that

Q1= (moG1+m1), P = (rG1+ml),
and that
Poo,l = (SQoo,l + KJ) 8_1

where £ is the coefficient of u*~! in f(u) if n = 1 and k = 0 if n > 1. Inserting
these expressions into (5) and (6) and eliminating the terms with U}, gives

Qoo = [k 415 *(rmivyo — noyino)]1.

We also obtain that Gy = Qy*(Q1 — m1)/n. This proves the first statement of the
lemma.

To prove the second statement, let G = D + G;. This implies, as before, that
Qo = nol and Py o = Py = 401. On the other hand, since P, = C'f(Ls ), we have
that Ps o = Cng. Thus C is a multiple of the identity. O

Appendix A. The theorems of Halphen and Floquet

The proofs of Theorems 1 and 2 rely on results of Halphen [12] and Floquet [6],
[7], or rather on generalizations to systems of their results. These generalizations
were proven in [11] and [25], respectively, and are repeated here for the convenience
of the reader.

Theorem 6. Let A € C(x)™*™ with entries bounded at infinity and suppose that
the first-order system y' = Ay has a meromorphic fundamental system of solutions.
Then y' = Ay has a fundamental matriz of the type

Y (z) = R(z) exp(diag(Aiz, ..., \yx)),
where A1, ..., A\, are the eigenvalues of A(co) and R € C(z)™*™.

Theorem 7. Suppose that A is an n X n-matrix whose entries are meromorphic,
w-periodic functions which are bounded at the ends of the period strip. If the first-
order system y' = Ay has only meromorphic solutions, then there exists a constant
n X n-matriz J in Jordan normal form and an n X n-matrix R* whose entries are
rational functions over C such that the following statements hold:

1. The eigenvalues of A*(0) and J are the same modulo iZ if multiplicities are
properly taken into account. More precisely, suppose that there are nonneg-
ative integers vy, ..., Vp_1 such that \, A+ ivy, ..., A+ iv,._1 are all the
eigenvalues of A*(0) which are equal to A modulo iZ. Then X is an eigenvalue
of J with algebraic multiplicity r.

2. The equation y' = Ay has a fundamental matriz Y given by

Y (x) = R*(e2™%/“) exp(Jx).

In particular every entry of Y has the form f(e*™®/< 1)e M where X\ + iv is
an eigenvalue of A*(0) for some nonnegative integer v and where f is rational
function in its first argument and a polynomial in its second argument.
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Appendix B. Higher order systems of differential equations

In this section we recall two basic facts about systems of linear differential equa-
tions of order higher than one.
Consider the system

(7) Ty = Ty(z)y™ + Ty (x)y" ™ + -+ T, (2)y =0

where the T are m x m matrices whose entries are continuous functions on some
real interval or complex domain Q and where Ty(z) is invertible for every = € .
Using the analogue of the standard transformation which turns a higher order scalar
equation into a first order system, one finds that the system (7) is equivalent to the
first order system u’ = Au where A is the mn x mn matrix

0 1, 0 e 0
0 N 1,,
~TyM, Ty Ty Ty ‘T -+ —T5'Ty

in which all entries represent m x m blocks. From this it follows immediately that
a fundamental system of solutions of T’y = 0 has mn elements.

The other property we need is about the existence of a factorization of an n-th
order expression into n first order factors.

Theorem 8. Let T be the differential expression defined in (7). Suppose that Fi,
.., Fo_y are m x m matrices whose entries are continuous functions on Q0 and
which are invertible for every x € Q. Define F, = ToF; ... F,',. Then there
exist m x m matrices ®1, ..., ®,, such that

T =(F,D—®,)...(F.D — &,).

Proof. Denote the elements of a fundamental system of solutions by y1, ..., Ymn
and define, for j = 1,...,n, the m x m matrices
Y.} = (ym(j—l)—‘rlu s 7y’m])

Next define W = Y] and & = F}Y/ Y1_1 and suppose we have determined matrices
Oy, ..., ;1. We will show below that
Wi = (Fj-1D = ®;1)...(FiD = ®)Y;
is invertible so that we can define
o, = F;Wiw,; .
Now let
S=(F,D—,)...(F1D— ®,).
Then S(Y;) = (F,D — ®,)...(F;D — ®;)W; = 0, i.e.,, S and T have the same
solutions. S and T are therefore equivalent to the same first order system. Since
they have the same leading coefficient we finally obtain S =T

We complete the proof by showing that the matrices W; are invertible, i.e., that
their columns W 1, ..., Wj ., are linearly independent. This is true for j = 1 since
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the columns of W; are the solutions 1, ..., y,, which are linearly independent.
Assume that Wy, ..., W;_; are invertible and that

0= Z Otij’k.
k=1
Then

0= (Fj_lD - ‘I)j_l) ce (FlD - (I)l) Z akym(j,1)+k.
k=1
Since the space of solutions of (F;_1D — ®;_1)...(F1D — ®;)y = 0 is spanned by
Y1+ > Ym(j—1) We obtain that

m(j—1)

Z AkYm(—1)+k = Z Beye-

k=1 =1
But since y1, ... , ym; are linearly independent it follows that all ¢y = -+ = a,, =0
(and By = -+ = B,,(j—1) = 0). Hence the columns of W; are linearly independent
and W is invertible. |

Corollary 1. Let S and T be differential expressions with matriz coefficients and
invertible leading coefficients. If ker S C kerT then there exists a differential ex-
pression R such that RS =T.

Appendix C. Wasow’s theorem

For the reader’s convenience we provide here a slightly adapted version of Theo-
rem 26.2 in Wasow [23]. The adaptation makes use of formulas (25.19) and (25.20)
in [23].

Theorem 9. Let Q@ C C be an open simply connected set containing the point
xo and let S be a sector {p : 0 < |p| < po,0 < arg(p) < Bo}. Suppose that
A: S xQ— C"™" js holomorphic and admits a uniform asymptotic expansion

Alp,x) ~ D Ap(x)p”
r=0

on S x Q. Furthermore suppose that Ag is diagonal, i.e., Ag = diag(A1,...,\,) and
that the sets {\1(xo),...,Ap(x0)} and {Ap41(x0), ..., An(20)} are disjoint. Then
there exists a subsector S* of S and a subregion Q* of Q and C"*"-valued functions
P and B with the following properties:

1. P and B are holomorphic in S* x Q*.
2. P —1 and B have the block forms

P(p,x) —1= (PM?M) Pialp x))

B(p,z) = <Bl,lé/’>$) B2,2(()P>I)> ’

and the blocks have asymptotic expansion Pjy(p,z) ~ Y oo Prjr(x)p” and
Bjj(p,x) ~ 3020 Bryjii(x)p", as p tends to zero.
3. B():AO andAoPl—PlezBl—Al.

and
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4. the transformation y = Pz takes the differential equation phy' = Ay into
h 1
p"z' = By.

Corollary 2. If \i(z) =--- = Ap(z) =0 for all x € Q and
- 1 o .
B(p,r) = ;(31,1 — Bo;1,1(x)) ~ ZBr;j,j(fU)P 5
r=1

then the equation p"y’ = Ay has p linearly independent solutions of the form y(z) =
PQu(x)exp(ozp™"), where
1
-
O(n—p)xp

and w is a solution of the p X p system

References

1. J.L. Burchnall and T.W. Chaundy, Commutative ordinary differential operators, Proc. London
Math. Soc. Ser. 2 21 (1923), 420-440.

2. J.L. Burchnall and T.W. Chaundy, Commutative ordinary differential operators, Proc. Roy.
Soc. London A 118 (1928), 557-583.

3. 1. V. Cherednik, Regularity of “finite-zone” solutions of integrable matriz differential equations,
Soviet Phys. Dokl. 27 (1982), 716-718, MR 84f:35123, Zbl 0552.35017.

4. L. A. Dickey, On the T-function of matriz hierarchies of integrable equations, J. Math. Phys.
32 (1991), 2996-3002, MR 93d:58068, Zbl 0737.35097.

5. B. A. Dubrovin, Completely integrable Hamiltonian systems associated with matrix operators
and abelian varieties, Funct. Anal. Appl. 11 (1977), 265-277, Zbl 0413.58012.

6. G. Floquet, Sur les équations différentielles linéaires a coefficients périodiques, C. R. Acad.
Sci. Paris 91 (1880), 880-882.

7. G. Floquet, Sur les équations différentielles linéaires a coefficients périodiques, Ann. Sci. Ecole
Norm. Sup. 12 (1883), 47-88.

8. F. Gesztesy and R. Weikard, Picard potentials and Hill’s equation on a torus, Acta Math. 176
(1996), 73-107, MR 97f:14046.

9. F. Gesztesy and R. Weikard, A characterization of all elliptic algebro-geometric solutions of
the AKNS hierarchy, Acta Math. 181 (1998), 63-108, MR 99k:14052, Zbl 0955.34073.

10. F. Gesztesy and R. Weikard, Elliptic algebro-geometric solutions of the KdV and AKNS
hierarchies—an analytic approach, Bull. Amer. Math. Soc. (N.S.) 35 (1998), 271-317,
MR 99i:58075, Zbl 0909.34073.

11. F. Gesztesy, K. Unterkofler and R. Weikard, On a theorem of Halphen and its application to
integrable systems, J. Math. Anal. Appl. 251 (2000), 504-526, MR 2001i:37108, Zbl 0966.34078.

12. G.-H. Halphen, Sur une nouvelle classe d’équations différentielles linéaires intégrables, C. R.
Acad. Sci. Paris 101 (1885), 1238-1240.

13. A. R. Its and V. B. Matveev, Schrodinger operators with the finite-band spectrum and the
N-soliton solutions of the Korteweg-de Vries equation, Theoret. and Math. Phys. 23 (1975),
343-355, MR 57 #18570.

14. 1. M. Krichever, Algebraic curves and commuting matricial differential operators, Funct. Anal.
Appl. 10 (1976), 144-146, Zbl 0347.35077.

15. I. M. Krichever, Integration of nonlinear equations by the methods of algebraic geometry,
Funct. Anal. Appl. 11 (1977), 12-26, Zbl 0368.35022.

16. I. M. Krichever, Methods of algebraic geometry in the theory of monlinear equations, Russ.
Math. Surv. 32 (1977), 185-213. See also: Integrable Systems, Selected Papers, Lond. Math.
Soc. Lect. Note Ser. 60, Lond. Math. Soc, 1981, 141-169, Zbl 0461.35075.

17. P. D. Lax, Integrals of nonlinear equations of evolution and solitary waves, Commun. Math.
Phys. 21 (1968), 467-490, MR 38 #3620, Zbl 0162.41103.


http://www.emis.de/cgi-bin/MATH-item?0162.41103
http://www.ams.org/mathscinet-getitem?mr=38:3620
http://www.emis.de/cgi-bin/MATH-item?0461.35075
http://www.emis.de/cgi-bin/MATH-item?0368.35022
http://www.emis.de/cgi-bin/MATH-item?0347.35077
http://www.ams.org/mathscinet-getitem?mr=57:18570
http://www.emis.de/cgi-bin/MATH-item?0966.34078
http://www.ams.org/mathscinet-getitem?mr=2001i:37108
http://www.emis.de/cgi-bin/MATH-item?0909.34073
http://www.ams.org/mathscinet-getitem?mr=99i:58075
http://www.emis.de/cgi-bin/MATH-item?0955.34073
http://www.ams.org/mathscinet-getitem?mr=99k:14052
http://www.ams.org/mathscinet-getitem?mr=97f:14046
http://www.emis.de/cgi-bin/MATH-item?0413.58012
http://www.emis.de/cgi-bin/MATH-item?0737.35097
http://www.ams.org/mathscinet-getitem?mr=93d:58068
http://www.emis.de/cgi-bin/MATH-item?0552.35017
http://www.ams.org/mathscinet-getitem?mr=84f:35123

30 Rudi Weikard

18. A. I. Markushevich, Theory of Functions in a Complexr Variable (three volumes in one),
Chelsea 1965.

19. P. van Moerbeke, Integrable foundations of string theory, Lectures on integrable systems
(Sophia-Antipolis, 1991), 163-267, World Sci. Publishing, River Edge, NJ, 1994.

20. D. Mumford, An algebro-geometric construction of commuting operators and of solutions
to the Toda lattice equation, Korteweg deVries equation and related nonlinear equation, Pro-
ceedings of the International Symposium on Algebraic Geometry (Kyoto Univ., Kyoto, 1977),
115-153, Tokyo, 1978, MR 83j:14041, Zbl 0423.14007.

21. E. Picard, Sur une classe d’équations différentielles linéaires, C. R. Acad. Sci. Paris 90 (1880),
128-131.

22. A. Treibich, Matriz elliptic solitons, Duke Math. J. 90 (1997), 523-547, MR 98m:14030,
Zbl 0909.35116.

23. W. Wasow, Asymptotic Expansions for Ordinary Differential Equations, Interscience 1965,
MR 34 #3041.

24. R. Weikard, On commuting differential operators, Electron. J. Differential Equations 2000
(2000), No. 19, 1-11, MR 2001a:34146, Zbl 0953.34073.

25. R. Weikard, Floquet theory for linear differential equations with meromorphic solutions, E. J.
Qualitative Theory of Diff. Equ., No. 8. (2000), 1-6, MR 2001j:34113, Zbl 0969.34073.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ALABAMA AT BIRMINGHAM, BIRMINGHAM, AL-
ABAMA 35294-1170, USA
rudi@math.uab.edu  http://www.math.uab.edu/rudi/

This paper is available via http://nyjm.albany.edu:8000/j/2002/8-2.html.


http://nyjm.albany.edu:8000/j/2002/8-2.html
http://www.math.uab.edu/rudi/
mailto:rudi@math.uab.edu
http://www.emis.de/cgi-bin/MATH-item?0969.34073
http://www.ams.org/mathscinet-getitem?mr=2001j:34113
http://www.math.u-szeged.hu/ejqtde/2000/200008.html
http://www.emis.de/cgi-bin/MATH-item?0953.34073
http://www.ams.org/mathscinet-getitem?mr=2001a:34146
http://ejde.math.swt.edu/Volumes/2000/19/abstr.html
http://www.ams.org/mathscinet-getitem?mr=34:3041
http://www.emis.de/cgi-bin/MATH-item?0909.35116
http://www.ams.org/mathscinet-getitem?mr=98m:14030
http://www.emis.de/cgi-bin/MATH-item?0423.14007
http://www.ams.org/mathscinet-getitem?mr=83j:14041


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


