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Convergence of the p-Series
for Stationary Sequences

I. Assani

ABSTRACT. Let (X,) be a stationary sequence. We prove the following
(i) If the variables (X5) are iid and E(|X1]|) < co then

i, (- 1) (g ) B, a.

p—1t

(i) If Xn(x) = f(T™z) where (X, F,u,T) is an ergodic dynamical system, then

o ™ P\ \ 1/p
lim ((p— 1)(2 (u) )) = / fdu e for f>0, f€Llog L.

p—1t oy} n
Furthermore the maximal function,

0 ™ p\ 1/p
sup (pfl)l/p (Z <M) ) is integrable for functions,f > 0, f € L log L.

1<p<oo —_ n

These limits are linked to the maximal function N*(z) = H(X"T(I))Hl,oo
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Introduction

Let Z, be a sequence of independent, identically distributed random variables

and (a,,) a sequence of positive real numbers. The a.e. convergence of the weighted
averages
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16 I. Assani

where A,, = Z:Ll an, has been characterized by B. Jamison, S. Orey and W. Pruitt
([JOP]). They proved that the condition

Nn
(0) sup — < 00
n o n

where N,, = #{k : = 1} is necessary and sufficient for the a.e. convergence of
the weighted averages (x) to E(Z7). In [A1], interested by the a.e. convergence (y)
of averages of the form
N n
2 n=1 Xn()9(5"y)
N )

we considered the maximal function N*(z) = sup,, N“T(T) where N, (x) = #{k :
X’“T(w) > 13 (X) > 0). We proved the following:
(1) If X,, are iid random variables and E(]X1|) < oo then N*(z) is finite a.e.
(2) If the X,, are given by an ergodic dynamical system (i.e., X,,(z) = f(T"x)
where (X, F, u,T) is an ergodic dynamical system and f a measurable non-
negative function) then for all p, 1 < p < co there exists a finite constant
C} such that

C
() o N (@) > A} < Tf:/ fPdu forall A >0,
Furthermore for all p, 1 < p < oo, for all f € Lﬂ we have lim L"n(z) =
[ fdu ae.

(A closer inspection of the proof of (xx) shows that the constant C,, is of the

form p% where C'is an absolute constant independent of p.)

If 0 < p < 00, and (z;);>1 is a sequence of nonnegative real numbers, set

1/p

@l = (50000406 1 o] > A})
A>0
It is easily seen that for r < p
1/p P 1/p
@l < (Lloit) < (S22) ol
i

(cf. [SW]). In particular, for all p, 1 < p < 2 we have
1/p
8 -0 (Slo) <1l
i

As |[(%:)]l1,00 ~ sup, w, for bounded sequences the previous inequality
applied pointwise to a stationary sequence (X,,) of integrable functions gives us not
only the existence of the p-series

X;(z), \ /P
— YN 1= forall p, 1 <p<
(p—1) <¢| - |> orall p, 1 <p < o0,
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but also the inequality

1<p<oo {

i\ L 1/p i\ T
(1 sup (- (P ) <o)

if ||(Xf(m))||1Oo < 00. The inequality (4) and some of our previous results suggest

the study of the limit when p tends to 17 of the series

(p—1)1/ (2 |Xii(:£)|p) &

Definition. Let (X,,) be a stationary sequence of integrable functions. The p series
associated to this sequence is the a.e. series (when it exists):

(p—1)}/r (i |Xii(a:)|p> e

In this note, using an elementary lemma on sequence of real numbers, we will
show that for (X,,) iid with E(]X1]) < co the p-series

0 1/p

X

(p— 1)1/p< E | ’Z(x) ”) converges a.e. to E(]X1|)
i=1

when p tends to 17.
The same argument shows that the p series

oo

(- 1)1/”(2

i=1

H
[1=1 Xji(;)

1

p\ 1/p H
) converges a.e. to H E(1X;1])

j=1

where (X »)» are iid random variables satisfying the condition E(]X; 1|) < oo, and
the variables x; are selected in a universal way specified in [A1].

1/p
We can remark that for each p the function G, (x) = (p—1)*/? (221 |X%(y) |p)

is not integrable, as G,(xz) > (p — 1)1/”511pi|Xif(gc)|7 and for (X;) iid with

E(|X1]log|X1]|) = oo, the function sup; |Xl($)| is not integrable, as shown by D.

Burkholder in [B]. So F*(z) = sup Gp(z) is a supremum of nonintegrable func-
1<p<oo

tions. This makes the handling of the function F*(x) somewhat delicate.

In the second part of this note we will focus on the ergodic stationary case. We
will consider an ergodic dynamical system (X, F, u, T) and a nonnegative measur-
able function f. Using (2) we will show first that

No(f)@) _ #{k s L5 > 1/n)

n n
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converges in L' norm to [ fdu. Then using extrapolation methods we will show
that

< oo forf € L(Log L).

0 e

1,00 1
One of our interests in (5) lies in the following observation: If we denote by

w a decreasing rearrangement of the sequence w, then we have

o)

Hence for f € L(Log L), (6) provides us with some information on the decreasing
rate of the sequence ! (7;L 2).

Using (5), we will prove that for f € LlogL, f >0,

©) wie = s p- (3 (LE9YY

1<p<oo n—1

f(re)

n*

=supn
1,00 n

(7) lim (p —1)Y/P (Z( ),,) v = / fdu ae., (u).

The integrability of M (z) for f in LLogL extends the results on the integrability of
the sup, ! (7:95) in the ergodic case. We do not know at the present time if (7) holds
for f € L' . Finally, in the third part of this paper we will study the connection
between the maximal operators

Mi(f)w)= swp (o /@( >>p)1/p, M (f) () = sjhbpi,g:lf(T"w)

and

= N*(f)(@).

1,00

(2)

If there is no ambiguity we will simply denote these maximal functions by M; (z),
M3 (z) and N*(z).

2. Convergence of the p-series for iid sequences

2.1. The one dimensional case. The next elementary lemma will be useful for
the convergence we are looking for.
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Lemma 1. Let (z,,)n be a sequence of nonnegative numbers such that % > 0 and
#{k: %= >1/n}
n

. N Ve
() tim, e (p = 1)V7 (52, (22)7) 7 = 2.

(b) If % is a decreasing rearrangement of the sequence (%)k then k - %

— I, then

converges to T.

Proof. We denote by R, = {k: %= > 1/n} and N,, = #{k : 52 > 1/n} = #R,,.
To prove (a) it is enough to show that

Tim (o 1) (iw) -

We can write the series (p — 1)(3>°,2 ;(%2)P) in the following way;

n
n

.H |

p-0(XEr) =p-n[ T @ Xyl

n=1 neR; neN*\ Ry
—A,+B,
As hmA = 0 we just need to consider By, = (p—1) 3, cn-\r, (X2)P. But we have
p—)
oo oo

Nn+1 _Nn Nn+1 _Nn
S et T o) S Dl — e

(p ); mtlp S <(p )nz::l o

It is then enough to prove that B, is squeezed into two terms tending to the
same limit z. We will only prove that the term (p — 1)) 7, W con-

verges to . The same argument shows the same conclusion for the second term
1 ©  Npy1—Nn
(p—1) 21 (n+Dp -
We have

p= )Y R (G 3 RS )
o] 2y

N(pl)[]fpl+pri]\g-m_ll)p].

1

As I\TIL = converges to z and Y ., e ™ ;;%1 we conclude that

o0

. Nn+1_Nn _
lim (p—l)ZT =I.

1+
L n=1
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(b) To obtain the convergence of the sequence k%5~ to & we can observe that

% >1
lim PO = ) =1T.
t—o00 t
If we take the increasing sequence t; = % where ZE- is the k'™ term of the

Tk

decreasing rearrangement of the sequence %% we can see that

a:k* JZk*

{0

}—k

converges to .

This ends the proof of this lemma. (|

In this part we only consider sequences X,, of iid nonnegative random variables
such that E(X;) < co. This assumption can be made in view of the nature of our
p series.

Theorem 2. Let (X,,) be a sequence of iid nonnegative random variables such that
E(X;) < oo. Then we have

(a) im 20 _Ex,) ae. (wz’th Ny (z) = #{k: X’“k(f”) > i})

(b) T (p - 1)1/ (2 ()ﬁ@))”)“” —E(X1), ae

Proof. By the previous lemma, (b) is an immediate consequence of (a), so we are
left with proving (a).
In our proof of Lemma 1 in [A1], we showed that we have

#{k‘ Xk(x) > }L}
n

< 00 a.e., because lim, .
1,00

HXn(f”) — E(X)).

We proved this by noting that

M) = e T 5 Ly o Sy Xele) 1

/\

3
—_

Then we considered
= X 1 X 1
Zl{x: k() Z}u{x: k() 2}.
— k n k n

Kolmogorov’s inequality for sums of independent random variables leads to the
following inequality for each € > 0.

Zu{‘NQ — <N"2)‘ > e} < oo,
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An application of the Borel-Cantelli lemma gave us

Nn22(3;‘) — lim E(an)

n n n?

lim

= E(X,).

Then a simple interpolation allowed us to claim that

(8) T, ) _ m(x,),

But also in [A1], Theorem 3 shows that for each p, 1 < p < co we have

Y@ S 1/,
o L D > n)

n—00 n

=EW1)

for (V) sequence of iid random variables where E(|Y71|?) < oo for some 1 < p < 0.
We take M a positive constant; using (8) and (9) we get

#{kzw >1/n}

E(X; A M) = lim

n
B Lk R VL0
T n
_ e 5 = 1/n)
n
=E(Xy).
As limps E(X; A M) = E(X;) we have obtained a proof of (a) from which (b) now
follows easily. O

2.2. The multidimensional case. The previous situation can be extended to a
more general situation. In [A1] we proved the following:

Given H a positive integer and a nonnegative iid sequence (X1 ,)n
on the probability measure space (21,71, 1) satisfying the condition
E(X;,1) < o0, it is possible to find a set of full measure S~)1 such that if
T € ﬁl the following holds:

For all probability measure spaces (o, Fa, o) and all nonnegative
iid sequences (X2,), such that E(X2 1) < oo it is possible to find a set
of full measure 622 such that if zo € 52 the following holds:

For all probability measure spaces (Qp, Fr, 1) and all iid sequences
(X#n)n of nonnegative random variables satisfying E(X g 1) < oo we
can find a set of full measure Q g for which if xgy € Q H we have

H
_ k- [IiZy Xk () > 1 H

n

The difficulty resides in the way those sets of full measure Q; are obtained; they
are independent of the incoming variables (X ,) for j > i.

We want to prove that in (10) we actually have convergence to Hf{:1 E(X;1)-
More precisely we have:
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Theorem 3. Given H a positive integer and a monnegative sequence of iid vari-
ables (X1,,)n on the probability measure space (21, F1, p1) satisfying the condition
E(X1,1) < o0, it is possible to find a set of full measure Q1 such that ifxry € Qy the
following holds:

For all probability measure spaces (2, Fa, u2) and all nonnegative iid sequences
(Xa.n)n such that B(X21) < 00, it is possible to find a set of full measure Qg such
that if xo € ﬁg the following holds:

For all probability measure spaces (g, Frr, p, H) and all iid sequences (X n)n
of nonnegative random variables satisfying E(Xg 1) < 0o we can find a set of full
measure (NZH for which if vy € ﬁH we have

H
Eo i Xow(wi) o 1 H
(11) lim A k > il = HE(XM)

n n

(12) lim ((p -1) (i (W)B v = ﬁE(Xi,l).

1+
L n=1

Proof. As previously we just need to prove (11) to get (12). We use induction to
prove (11). The result is true for H = 1, as shown in the previous theorem.

Let us assume that the result is true for H — 1. Hence if ¢, = Hflz_ll Xik(x;)
where xz; € ©; we have

3=

(13) lim

n—oo

k< -1
—#{ 71; = } = H E(Xi,l)'
i=1

The idea of the proof is the same as in Lemma 1 in [Al]. We have for z; € Q ,
1<i<H-1,(X H,n) a sequence of nonnegative iid random variables and for all
e>0

(14) > M{xH : ‘Nvﬂ ()~ BN

n=1

Ze}<oo

where

X
B #{k Ck HI,:(QTH) > 1/712}
= v .

Nn2 (IH)

The inequality (14) is obtained by applying Kolmogorov’s inequality to the series
of independent random variables

e Xmp(xm) > l/n}

Z 1 —/J,{IEH: A
k=1 {wH:%XH;f(IH)>1/n}
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The Borel-Cantelli lemma applied to (14) gives us

Npz2(xp) — E(N,2)

nllxréo 3 =0 a.e. (xp).
As lim,,_ E(ZQQ) = Hil E(X;,1) we have
H
. an (I‘H)
”h_{rolo — = HE<Xi71) a.e. (xp).

The monotonicity of N,, gives us for p2 <n < (p,41)?

NP%(‘IH) < Nn(xH) < N(Pn+1)2(xH) _ N(;Dn+1)2(‘TH) ) (pn+1)2
P2 (Pny1)? (pn)?

P2 T pE

This last chain of inequalities implies that

lim
n—oo n n—oo pn

23

O

3. Convergence of the p-series for ergodic stationary sequences

In this part the sequence X, will be given by an ergodic dynamical system
(X, F,u,T) on a probability measure space (X, F, u). The sequence is defined by

the relation X, (x) = f(T"x) where f is a nonnegative integrable function.

Proposition 4. Let (X, F,u,T) be an ergodic dynamical system and f a nonneg-

ative integrable function. We have

lim HNn(f)/fdu

=0, where
1

n—oo n
No(f)(z) _ #{k: L2 > 1)
n - n
Nu(f) _

Proof. We know that lim, o, =%

[ fdp ae. for f e L% for some p, 1 <

p < oo (see Theorem 3 in [A1]). The difficulty at this level comes from the nature
of the function of f, N,(f); the map N, is not linear nor positively homogeneous.

But we have the following properties:
Nn
(A) 1220 oo < £]lcc,

(B) If f, g are nonnegative functions with disjoint support then we have

Nulitg) — Nald) 4 Nulo) for all p > 1.

n n

(C) For all f > 0 integrable functions we have ||N%(f)||1 < |Ifl-
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(A) and (B) are easy to check.

To establish (C) we take f € L! for which we can find for each e nonnegative
numbers («;); and sets (A;); such that f < Y a; 14,, AiNA; = ¢if i # j and
[ Y aladp < (1+€) [ fdu. We have

Nn(f) < Nn(Zil ailAi)

by monotonicity.

n n
Thus
Hmf) <HNn(Z§’ilai1Ai>
< - 1
> Nn Oél']. .
=1> Nn(eila,) by (B)
. n
=1 1
_ Z az]-A
i=1 1
As
Nn(Oli].Ai) #{k : 1a, (t ) > mlh}
n n
["0‘1]
1
u we have
n
[nay]
Nn ailA nai Az
H< Z u(A JAD _ ia
1 n
So

‘ Zazﬂ/ 1+6)/fdu.

As € is arbitrary we have reached a proof of (C).

We are now in a position to prove Proposition 4.

For each positive real number M we can write f = f A M + gpy with f A M and
g nonnegative functions with disjoint support.

We have
/fd ”fA /f/\Md +N(9M)—/9Mdu.
Hence
M) et
I ] a /fdulsln . /(fAM)dul
+ lim ‘NM +/9Md/l~
n n 1
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By the theorem mentioned at the beginning of this proof, associating the a.e. con-

vergence of W to [ fdu for functions in LP for some p, we conclude that

— |V, M
lim ‘”(f/\)—/fAMdu =0.
n n 1
Hence N
i [20 = g <2 [awan vy )
" 1
As [ gudp - 0, the proof of this proposition is complete. O

Theorem 5. Let (X, F,u,T) be an ergodic dynamical system and f € Llog L, [ >
0. Then we have

T* ™
k 1,00 n n* 1
2ol
where w is for u a.e. x a decreasing rearrangement of the sequence w
Ny
(b) lim Mul(f)(@) = /fd,u, W a.e.
n—oo n

(c) pliIﬁ((p - 1) g(@)p)w = /fdu,u a.e.

Proof. First we can make the following observations:
For all measurable sets A we have

|(52)

il 2 > gy g 2 >
= sup = sup

1,00 t>0 t n n
(15) = sup 7]\7“(1,4)(96)
= N*(14)(x).

Because of the maximal inequality for the ergodic averages we have
1
(16) p{x: N*(1a)(z) > A} < X -u(A) for all A > 0.

(Note that N*(14)(z) <1, hence for all p > 1 we also have

a7) pl s N (La)(&) > A} < 55 #(A).

For all positive real numbers y we have:

(18) yeir =gt GFDYH G DV
(i+ 1)Vl = (i+1) (i+1)2
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(apply the inequality ab < % + %, for a = y*/"*1 . (i + 1)V b =
_ il _ _

p="+and ¢ = Py =i+1).
We proceed now with the proof of Theorem 5 (a).
We take f € Llog L and denote by A; the set

1
(i+1)1/i+1 )

A ={2" < f <2ty

‘We have

N*(f) < N* (i 2i+11A)> < iN*(2i+11A))

i=1 i=1
o0
=2 2N
i=1
By taking the integral with respect to the measure p we get

IN*(A)llr <232 IN"(1a))a
i=1

Using (17) we get

IN(Lal < 2y suplt - f s 0 (La,) (@) > 4]
< (pf ok ((A)MP forall p, 1 <p < 0.

((17) is combined with the inequality ||g|lp: < ﬁ supyso[tu{ : |g(x)] > t}1/7].)
Going back to the evaluation of ||[N*(f)||1 we get

I8 (s <2Z2Z D gy
=23 20+ 1) (A
— 2 (20 + 1) ()

Applying (18) to each term ((2°(i + 1))/ u(A;))7+ we get

; |+ 1)L/ 1
* < i+1/i | . <Z+ .
IN* ()l 2§j ) AN T e
1
< 2/1
4§ Yip(Ai) - (1+19) (2+1)2]

IN

12 Z (A z—i—ll)]

7[/flogfdu+1]-
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Thus we have proved the following inequality

(19) |N*(f Hl_l 2/flogfdu—|— 1] forall f >0, f € LlogL.

This clearly ends the proof of Theorem 5 (a).
It remains to show (b). Our goal is to prove that for f >0, f € Llog L

lim

(20) TN*(f fAn)=0 ae.

Using (19) we have for all £ > 0,

NG = Al < gl [ (67 = 7 A log((7 = £ Am))dy+ 1

for all f >0, f € LlogL.

This last inequality gives us

[N*(f = fAn)lh < %[/(f—f/\n)log(t(f—f/\n)]du_|_ %],

At the expense of taking a subsequence, we derive from it

. " 12 1
hlgnHN (f f/\nk)Hl_ﬁ T

Then we easily get " N*(f — f An) = 0 a.e. This proves (20).

Ni(fAn)
k

As lim,, = [ f Andp, because f A n is clearly bounded we have

Ni(f An) < Ne(f) _ Ne(f An) . Ni(f = fAn)
k - k k k

and after taking the limits we obtain

R i Neld) < g M) < eI AR ey g

z/f/\ndu—l-N*[f—f/\n].
Finally, by taking the lim inf with respect to n we can conclude that

lilgnNkT(f) = /fdu a.e.

This proves Theorem 5 (b). Theorem 5 (c) now follows easily from Lemma 1. This
ends the proof of Theorem 5. O
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Corollary 6. Let (X,F,u,T) be an ergodic dynamical system and f € Llog L, f >
0. Then there exists an absolute constant C such that

15;1500(19 _ 1)/ (i (f(j;:q;))p>1/p

n=1

C[/flogfdu+1]

1

Proof. By Theorem 5 we know that
f(T )

supm - ———

n

< 0.
1

As for p a.e. x , for each p, we have

o (E(5)) < ) o)

n=1 n=1

the corollary follows easily. |

REMARK.

1) One can see that the limit when p tends to co of the p-Series is equals to
sup,, @ . This is the reason why we only focus on the existence of the
limit when p tends to 1+.

2) We proved in [A2] that if N*(f)(z) is a.e finite for all functions f € L%
then M;(f)(z) is also a.e finite for all functions f € L.

3) The results obtained in this note can be extended to increasing sequences of

integers (pn)n. The corresponding maximal function to consider is simply

(A

To illustrate this we have the following Proposition.

Proposition 7. Let (X, F,u,T) be an ergodic dynamical system , p a fized positive
real number 1 < p < oo and (pn)n an increasing sequence of positive integers.
Consider the following statements

o]z

<00 a.e. forall f e LY.

1,00
p—1 f(@Prz)\* P
(b) supk: Z < 00 a.e. forall f € LY.
n=k
| XN
n p
(c) sz: f(TPrz) < oo a.e. forall f € LY.
LN
(d) s%p N nz::lf(Tp”x) < 0o a.e. forall f € L(p,1).

Then we have the following implications: (a) implies (d), (b) is equivalent to (c),
(b) implies (a) and (c) implies (d).
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Proof. The implications (c) implies (b) and (b) implies (a) can be proved the same
way we did in [A1] for the usual Cesaro averages. (See the proof of Theorem 3 part
b) in [A1]). The implication (c) implies (d) is a direct consequence of the structure
of L(p, q) spaces as shown in [SW].

It remains to prove the implications (a) implies (d) and (b) implies (c). For (a)
implies (d), we can notice that (a) implies the existence of a finite constant C, such
that for all f e L%

P .T)

ot (1E

In the particular case of f =14, (21) will give us the following
1 & C
. Pn p
(22) ui{x: s%p 321 14(TPr2) > A} < v w(A) for all A >0

(+5)

As this inequality is valid for all measurable sets A, we can conclude that the
maximal operator

>)\}§%/\f|pd,u for all A > 0.

1,00

because

N
1
=sup Z 14(TPmx).
n=1

1,00 N

1 N
M*(f)(@) = sup > H(TPm)

is of restricted weak type (p,p) (see [SW]). In other words, the maximal operator
M* maps the characteristic function of any measurable set A from L(p,1) into
L(p,00). It is shown in [SW] that the nature of the maximal operator M* and the
existence of an equivalent norm on L(p,o0), making it a Banach space, M* maps
continuously all functions f € L(p,1) into L(p,c0). This means the existence of a
finite constant C), such that for all f € L(p, 1),

N
1
(23) uf{x : sup i Z f(TPrx) > A} < %||f| o’ for all A > 0.
N n=1

From this we can clearly derive (d).
The implication (b) implies (c) can be obtained by summation. For f € L% let
us denote by C). the finite constant which dominates the sup on k. Then for each

k, we have
. 12( JI"a) ) <C,.

This implies the inequality
1 P
Sl}ip T Eikf(T” )’ < 2PC,.

From this we can derive by convexity the uniform boundedness of the averages
z Zfﬁ:k f(TPrx). This property allows us to obtain (c¢) without difficulty. O

REMARK. It would be interesting to know if (a) implies (c) for any increasing
sequence p, and any p, 1 <p < oo . For p=1, p, = n we already mentioned that
(a) implies (c) (see [A2]).
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