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ABSTRACT. We study subspaces which are invariant under squares and cubes
(separately as well as jointly) of unicellular backward weighted shift opera-
tors on a separable Hilbert space. The finite-dimensional subspaces are char-
acterized for all weights and the infinite-dimensional subspaces are charac-
terized for two classes of weights.
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1. Introduction

The theory of operators on a Hilbert space has to a significant extent revolved
around the problem of characterizing the invariant subspaces of specific exam-
ples of operators. The primary motives are two-fold for such an approach. In
the first instance several interesting mathematical results follow from the study
of the structure of invariant subspaces of specific operators. A classical illustra-
tion of this assertion is the fundamental work of Beurling [1] in describing the
invariant subspaces of the unilateral shift on the Hardy space H2. Another in-
stance of importance is the description of the invariant subspaces of a weighted
shift operator on the Hilbert space of square summable sequences by Donoghue

[2] where the weight sequence was {Zin};’f:o. Donoghue’s work gave rise to a se-

ries of deep and interesting generalizations by Nikolskii and others about which
we shall elaborate a little in the coming paragraphs. The second motivation for
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the study of invariant subspaces is the fact that insights tend to emerge about
an operator when it is restricted to an invariant subspace and the operator then
assumes a simple form as can be seen in the case of the Wold decomposition of
an isometry [7, page 109] and in recent articles [11, 12] by the authors of this
paper.

Throughout this article, N denotes the set of non-negative integers and # de-
notes a separable Hilbert space with orthonormal basis {e, },cn. For a bounded
sequence {w, },en Of positive real numbers, the forward weighted shift with the
weight sequence {w, },cn is the operator T € B(H) defined by T(e,) = w,e,41
for all n € N and its adjont, known as the backward weighted shift, is given by
T*(eg) = 0and T*(e,) = w,_,e,_; foralln > 1.

In this article, we are interested in unicellular weighted shift operators. These
are weighted shifts for which the lattice of invariant subspaces is a totally or-
dered set with respect to the set inclusion. In [2], Donoghue gave the first ex-

ample of a unicellular weighted shift with % = ¢2? and w,, = in where he

showed that the only invariant subspaces for this weighted shift are of the form
V ,>x1en} for k € N. Identifying the key properties of these weights, Nikolskii
extended this result, using completely different techniques, to the entire class
of square summable monotonically decreasing sequence of positive real num-
bers [13]. In fact, he proved much more, he showed that the lattice of invariant
subspaces of T stays the same even when you consider it as an operator on ¢P
for 1 < p < o and {w,},en to be a monotonically decreasing sequence in ¢4
consisting of positive numbers where 1/p + 1/q = 1. He continued this line
of research in [14, 15]; however, with a new approach based on the notion of
Riesz basis in ¢? spaces. In these later papers, he gave a few more necessary
and sufficient conditions on weights for T to be unicellular. In [20], Yakubovich
used Banach algebra techniques to prove the unicellularity of T by obtaining
the same lattice of invariant subspaces under much weaker conditions on the
weights. We refer the interested readers to [5, 6, 8, 9, 10, 16, 17, 18, 19, 22] and
the references therein.

In this paper, we mainly focus on three problems: (i) characterization of in-
variant subspaces of T*2, (ii) characterization of invariant subspaces of T*3, and
(iii) characterization of joint-invariant subspaces of T*? and T*3. Characteriz-
ing invariant subspaces for an operator is equivalent to characterizing invariant
subspaces for its adjoint; so our work is also a step in the above-mentioned di-
rection of research.

Our investigation deals with finite-dimensional and infinite-dimensional sub-
spaces separately. For the finite-dimensional case, we work with the assump-
tion that T is a unicellular operator. In this case, we show that, with sim-
ple manipulations, all weights can assumed to be 1. This allows us to obtain
characterizations of finite-dimensional subspaces in above-mentioned all three
problems under the assumption that T is unicellular without imposing any ex-
tra conditions on the weights. On the contrary, the nature of weights play a
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crucial role in study of infinite-dimensional subspaces. We give characteriza-
tions of infinite-dimensional subspaces in all above-mentioned problems for
two classes of weights. Here we do not assume T to be unicellular; however,
for both these classes T is already known to be unicellular. The invariant sub-
spaces of T for these classes of weights have been characterized by Nikolskii
in [13] and Yadav & Chaterjee in [19] from where the unicellularity of T for
these classes of weights follows as a by-product. But we want to note that the
case of finite-dimensional subspaces is far more daunting as compared to the
infinite-dimensional subspaces case.

The organization of the paper is as follows. In Section 2, we give characteri-
zations of finite-dimensional subspaces that are invariant under T7*? (Theorem
2.5), T*3 (Thereom 2.7), and joint-invarinat under T*? and T** (Theorem 2.11).
In Section 3, we consider T for two classes of weights. The invariant subspaces
for these classes of weights have been characterized by Nikolskii in [13] and Ya-
dav & Chaterjee in [19]. In Theorem 3.6, we show that a condition on weights
considered in ([19], Theorem 1) is redundant for characterization of invariant
subspaces of T. In this same paper, authors claim that their result general-
izes the main theorem of [13], but our Examples 3.7 & 3.8 show that the set
of conditions on weights in [13] and [19] are independent of each other. We
then give characterizations of infinite-dimensional subspaces that are invari-
ant under T*? (Theorem 3.9), invariant under T*3 (Theorem 3.11), and joint-
invariant under T*? and T*3 (Theorem 3.12) corresponding to these two classes
of weights. In the last section, we give some remarks and open problems related
to T. We end this section with an interesting result on quasinilpotent unicel-
lular operators. We give a sufficient condition (Corollary 4.4) on analytic func-
tions f so that f(A) stays unicellular for a quasinilpotent unicellular operator
A. This result not only generalizes the results of [9] and [10] for a much bigger
class of unicellular operators but also gives a simpler proof of their results.

2. Finite-dimensional subspaces

Through out this section we will assume T to be a unicellular operator. In
this section we will characterize finite-dimensional subspaces of J{ that are in-
variant under T* for 2 < [ < 3, and we will also give a characterization of finite-
dimensional subspaces that are jointly invariant under T*? and T*3. We start by
recording a very useful and crucial observation that if a finite-dimensional sub-
space is invariant under T*! for some [, then it must be contained in M, = v;‘zoei
for some k € N. To justify this, we first note that in [3] the author proved
that a unicellular forward weighted shift on a separable Hilbert space is always
quasinilpotent, that is, its spectrum equals {0}. In particular, o(T*) = {0} which
yields that o(T*!) = {0} for every l. Thus the resolvent set p(T*!) = C \ {0}
does not has any bounded component; therefore, the full spectrum of T*! also
equals {0}. Recall that for any bounded linear operator A on a Hilbert space,
the full spectrum of A, denoted by n(c(A)), is defined as the union of c(A) and
the bounded components of p(A). Now let M be a closed subspace of # that is
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invariant under T*! for some I. Then, using Theorem 0.8 from [16], o(T*!|M) C
n(o(T*)) = {0} which gives that o(T*|M) = {0}. Now, if we further assume M
to be finite-dimensional, then o(T*!|M) = {0} which makes T*!|/ a nilpotent
operator. As a result, there exists some n such that T*"*(x) = 0 for every x € M
which establishes that M C M,;_;

Next we show that in case of finite-dimensional subspaces it is enough to
focus on weighted shifts where all weights equal to 1. For a fixed k > 1, define

X :M,— M, by Xe,=56,e, (2.1)

with 6, =1, 6, = wyw; -~ w,_; for1 <n <k, and
Ty : My — M, by Tiep=0, Tie, =e,_forl <n<k. (2.2)
Then (X~ 'T;X)e, = (X~'T})8 e, = 6,X e, = w,_1e,_1 = T*e,. There-
fore, X~'T}X = T* which implies that X~'T}"X = T* for any r > 1. So if
M C M, is a closed subspace, then T}"(M) C M if and only if T*" (X 1) C
X~1M. This precisely means that for characterization of invariant subspaces
of T*" for any r > 1, it is enough to characterize invariant subspaces of T7".

Hence, throughout this section we will work with the backward shifts with all
the weights equal to 1 and for convenience of notation we will denote T} by T*.

The following are two well-established results pertaining to nilpotent
operators.

Lemma 2.1. Let V be a vector space and S : V — V be a linear operator. If for
some x € V and some positive integer m

Sm=lx #£ 0 but S"x =0,
then the set {x, Sx, ..., S 'x} is linearly independent.

Theorem 2.2. (Cyclic Nilpotent Theorem). Every linear nilpotent operator on
a finite-dimensional vector space splits into a direct sum of cyclic linear nilpotent
operators.

The above theorem asserts that if V' is a finite-dimensional vector space and
S : V — Vs a linear nilpotent operator, then there exist x;,...,x;, € V and
my, ..., m; € N such that

k
V= @ (x;)s, Where (x;)s = span {x;, Sx;, ..., S™x;}
i=1
for some m; and dim V' = Zle(mi + 1).
Using Lemma 2.1 and Theorem 2.2, we obtain the following result.

Corollary 2.3. Let M be a finite-dimensional subspace of F such that T*"M C
M for some n € N. Then M splits into direct sum of at most n number of T*"-
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invariant cyclic subspaces, that is, there exist x;, ..., X € M,1 < k < n such that

k
M = @ <xi>T*n.
i=1

Proof. Since T*" is a nilpotent operator on M, therefore M C M, for some
k € N. Then, according to Theorem 2.2, there exist vectors X, ..., X € M such

that
k
M= @ (Xi)pn,
i=1

where (x;)7«» = span {x;, T*"x;, ..., T*"ix;} and dim M = Zle(mi +1).
Since T*"mi+Dx; = 0 for all i, therefore {T*"™ix;}; C M,,_;. Alsodim M,,_, =

n and the set {T*"ix;}; is linearly independent, this implies that 1 < k < n.

This completes the proof. O

We first consider the case of finite-dimensional subspaces that are invariant
under T*2. From the above discussion we know that if M is finite-dimensional
subspace such that T*2M C M, then M C M for some k € N. Suppose dim
M = n, then we can easily verify that:

(i) M is non-cyclic if and only if M C M, for somen —1 < k <2n — 3.
(i) M is cyclic if and only if M C M} for some 2n —2 < k <2n—1.

Lemma 2.4. Let M C J{ be a finite-dimensional non-cyclic T**- invariant sub-
space. Then ey, e; € M.

Proof. Since M is a finite-dimensional non-cyclic subspace of H invariant un-
der T*2, then using Corollary 2.3, there exists x;, x, € M such that

M = (xX1)r2 © (X2)192,

where (x;)p» = span {x;, T**x;, ..., T**"x;} fori = 1,2, and dim M = m; +
m, + 2.

Since T*2m+Dx, = 0 and T*2"™+Vy, = 0, therefore {T*?™ x,, T*?™2x,}is a
subset M. Now, let us consider the following

T**™x, = aey + be; and T**™x, = ce,+ de;, wherea,b,c,d € C.

Using the above equations we can deduce that dT*?™ x; —bT**™2x, = (ad —
bc)ey. We know the set {T**™ x,, T**"2x,} C M, therefore ¢, € M. Similarly
we can prove that e; € M, and we are done. O

Theorem 2.5. Let M be a non-cyclic n-dimensional subspace of J invariant
under T*2, then

M = spanieg, ..., e,_p_p, T*?PX, ..., X}/,

where x € M such that (x, e, ) # 0 forsome -1 < p <n-—3.
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Proof. Since M is a non-cyclic n-dimensional subspace of J¢ invariant under
T*2, then M C M) (n—1 <k <2n-3).

Letk = 2j +t for some j € Nand ¢t = 0, 1. Therefore M C M,;,; and there
exist a x € M such that (x, e;;,;) # 0. Consider

2j+t
X = Z aie;, iy # 0. (2.3)
i=0
According to Lemma 2.1 the set (x);«. = span {x, T*?x, ..., T*?/x} is linearly
independent and hence, dim (xX)7« = j + 1.

Since M is non-cyclic, then according to Corollary 2.3 there exist a subspace
W C M invariant under T*? such that M = (x);.. @ W. Now, dim W =
dim M — dim (x)7-. = n — j — 1. This yields that W C M,,_,;_s, otherwise
if there exist an v € W such that (v, e;) # 0 for some i > 2n — 2j — 2, then
the set {y, T*2y, ..., T*¥"=i=Dy} ¢ 'W implying that dim W > n — j. Suppose
W = (y)r« for some y € My,_,;_3, where

2n—2j-3

y= D B (2.4)
i=0

with at least one the coefficients 5, 5;_4, f2n—2j-3 # 0.

For 0 < m < n— j —2, the set {T*2U~Mx, T*2n=j=2=myy C M, .. Now, we
are going to apply induction on the set {720~ x, T*2n=j=2=my} for every m,
to show that {e, ey, ..., €3,_5j_3} € M.

For m = 0. The vectors {T*% x, T*2"=i=2y} C M; are linearly independent.
Then according to Lemma 2.4 we have ey, e; € M.

For m = I. Let us assume that {eg, ey, ..., €5,1} € M.

For m = [4+1. We have {T*2U~I=Dy, 7*20=j=1=3)y1 C M, ;. Using Equations
(2.3) and (2.4) we get

21+3 21+3
T*20=1-Dyx = Z ae; and T3y = Z Bie;.
i=0 i=0

Let us consider the following

2141
py=T*0""Dx — Z ai€; = Ap42€2042 + 21432143

i=0

2141
and g = T*/-1=9y — Z Biei = Bar2€a142 + Parraearrs.
i=0
For some a, 8 € C, let us assume that ap; +8g; = 0. Then applying T*2+D
on both sides of the equation we get

aT*2x + BT*An=i=2)y = 0.
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Since the set {T*%/x, T*%"=J=2)y} is linearly independent, hence a, 8 = 0.

Thus {p;,q:} € M is linearly independent, therefore solving the above equa-

tions gives us that ey, €43 € M. So by induction {ey, ey, ..., €5,_2j_3} € M.

Now we will divide the rest of the proof in two cases as follows:

Case 1 (t = 0). In this case k = 2j. Using Equation (2.3) we get

m-2j-2
T*22=m+Dx = ' oue; forsomeq; € C.
i=0
Then
2n—2j-3
%2(2j—n+1 —
T*2@=n+x — Z A€ = oy _2j_2€m—2j-2

i=0
which implies that e,,_,;_, € M.
Since {eg, €1, ..., €2-2j_»} € M and the set {x, T*?x,..., T***™"x} C M is
linearly independent, therefore
M = spaneg, ..., €y,_pj_z, T**@™Vx, .., x}.

Finally substituting the value of n + p = 2, we get

— 2
M = spaniey, ..., €,_p_z, T*Px, ..., x}|,

where (x, e, ,) # 0 for some -1 < p <n - 3.

Case 2 (t = 1). In this case k = 2j + 1. Since {x, T*?x, ..., T**&="*Dx} C M is
linearly independent and {ey, ey, ... , €,,»j_3} € M, therefore

M = spanfey, ..., €3ypj_3, T3 x, . x}.

Finally substituting the value of n + p = 2j + 1, we get

2
M = spaniey, ..., €,_p_z, T*Px, ..., x}|,

where (x, e, ,) # 0 forsome -1 < p <n - 3.
This completes the proof. O

Remark 2.6. IfwetakeT™ to be the unicellular backward weighted shift where the
weights w,, may not all equal to 1 and take M to be a non-cyclic finite-dimensional
subspace of I invariant under T*?, then M is contained in My, for some k. Fur-
ther, with the notations of Equations (2.1) and (2.2), XM is a non-cyclic finite-
dimensional subspace which is invariant under Ti“z. Therefore, according to The-
orem 2.5, there exists a vector X in the space XM such that
XM = span{eg, e, ..., en_p_s, TTZPx,sz(p_Dx s X},
where(x, e, ,) # 0 for some —1 < p < n — 3. Then we can deduce that

M = span {ey, ey ...,e,_p_s, X_ITIKZPx,X_lT;kZ(p_Dx e XX
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Therefore

M = span feg,e; ..., e,_p_y, T*Py, T**P Dy y}|,

wherey = X~ 1x € M and (y, en+p) # 0. Hence, the general form of non-cyclic
finite-dimensional invariant subspaces of T*? remains the same as given by The-
orem 2.5 irrespective of whether the weights corresponding to T are all equal to 1
or not.

We now give the general form of a non-cyclic finite-dimensional subspace
which is invariant under T*3. Suppose M is a finite-dimensional subspace of
JC that is invariant under T*3. Then, as explained earlier, M C M, for some k.
If dim M = n, then we can easily verify that:

(i) M is non-cyclic if and only if M C M, forsomen —1 <k < 3n —4.
(ii) M is cyclic if and only if M C M for some 3n —3 <k <3n-—1.

Theorem 2.7. Let M be a non-cyclic n-dimensional subspace of F invariant
under T*3. Suppose p is the least integer such that M C M, p and x € M with
(X, ep1p) # 0. The following cases list all the possible forms that M can assume:

*3(n+p—t) >k3(271—;/—6+t)

(1) If there exists y € M such that{T — 3 'x,T 3 'y}is linearly in-
dependent, then

>k3(n+p—t) >k3(Zn—p—6+t)

M =span{x,T*3x,.., T " 3 'x,y,T*3y..,T sy,
wheren + p =3j +t forsome jand 0 <t < 2.

. . )3(LRTLy ag(mp3iry
(2) Ifthereexistsy € M such that either{T s 'x, T 3 y}islinearly

independent when n + p = 3j for some j or
*3( n+p—t) n+p—2—3r)

{T s ’x, 705 v} is linearly independent when n + p = 3j + 2
for some j, then

M = span {eg, ey, ..., €p_2p—343r X, T=X, .., T*3(P="x, y, T3y, ...,
T>x<3(p—2r)y}

for some 0 < r < pTH. Further, if n + p = 3j + 1 for some j and

#3(RTLy o g(Eptly ) .
{T s 'x, T 3 'y} is linearly independent, then r must be zero, in
which case

M = span {eg, ey, ..., €p_2p_34, X, T=x, .., T*3P)x, y, T3y, ...,
T*3(p)y}.

>’(3(n+p—l >k3(n+p—4—3r)

(3) If there exists y € M such that {T 3 )x, T 3 ’y}is linearly in-
dependent when n + p = 3j + 1 for some j, then

M = span{eg,eq, ..., en_zp_243r, X, TX, ..., T*3(="x, y, T3y, ...,
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T*3(p—2r—1)y}

forsome0 <r <

[ SR LS

Proof. Since M is a non-cyclic T*3-invariant subspace such that dim M = n,
then M C My, , (-1 < p <2n-—4).

Letn+ p = 3j+tforsome j € Nand 0 < ¢t < 2. Suppose there exist a
X € M such that

3j+t
X = Z aie;,  azjp # 0. (2.5)
i=0

Then according to Lemma 2.1, the set {(x)r.s = span {x, T*3x, ..., T*3/x} is
linearly independent and hence dim (x)7« = j + 1.

Since M is non-cyclic, then according to Theorem 2.2 there exist a subspace
W of M invariant under T*3 such that M = (x);. @ W. Now, dim W =
dim M — dim (x);.s = n — j — 1. This yields that W C M3,,_3;_4, otherwise, if
there exist an v € W such that (v, ¢;) # 0 for some i > 3n — 3j — 3, then the set
{y,T*?y, ..., T30=I=Dy} ¢ W implying that dim W > n — j.

Note that, according to Corollary 2.3 the subspace M can be decomposed into
at most three T*3-invariant cyclic subspaces. Then either there existay € W
such that T*3("=j=2)y, = 0 or T*3"=/=2y = 0 forally € W.

Let us begin with the first possibility. Suppose there exist ay € W such that
7*3(n=j=2)y = 0. In this situation, M = (X)ps @ (P)g3, where W = (¥)pus =
span {y, T*3y, ..., T*3"=i=2y1 Then

M = span {x, T*3x, ..., T*¥x, y, T*3y, ..., T*3n=i=2)y}

We can express the above form in another way

n+p—t 2n—p—6—t
M = span {x, Tx, ..., T3 x, y, T3y . 75 Dy},

where x € M, , such that(x,e,,,) #0andn+p = 3j+t forsome j € N,0 <
t <2

For the second possibility, assume that T*3*"~/=2)y = ( for all y € W. Then
M # (x)r+s @ W. Going forward, to present the proof into a convenient way,
we have divided it into three cases.

Case 1 (n + p = 3j). Recall, from Equation (2.5) there exist an x € M such
that

3j
x = Z aie;, azj#0 and dim(x)rs =j+1. (2.6)
i=0

First of all if there exist v € W such that v = fi oviei, Uzj # 0, then

the set {T*3/x, T*3/v} C M,, which cannot be linearly independent, therefore
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T*3y = 0 for all v € W. Suppose there exist a y € W such that T*30~Dy # 0,
Then
3j-1
y= Z Bie;, where at least one of the coefficient 83;_;,83j_, #0.  (2.7)
i=0

In particular, (y)7« = span {y, T*3y, ..., T**U=Dy} and dim (y)r«s = j. Since
M # (x)r+s @ W, then according to Corollary (2.3) there exist a z € W such
that W = (y)1«: @ (z)7+3. Therefore

dim(z)ps =dim W —dim (y)ps =(n—j—1)—j=n—-2j—1.

So we have (z);.s = span {z,T*%z,..., T*3"=2/-2z} and this indicates that
T*3("=2j=Dz = 0, which guarantees z € M3,_¢;_4. In particular

3n—6j—4
z= ), e (2.8)
i=0
where at least one of the coefficients y3,,_¢j—4, Y3165 # O-
Equations (2.6), (2.7) and (2.8) implies that
M =spanix,.., T*%x,y,.., T30y z . 730-2/-2)7

Now let us assume that T*3U~Dy = 0 for all v € W. Suppose there exist a
y € W such that T*3U=2)y £ 0. Then using the similar arguments as above, we
can deduce that there exist a z € W such that

(¥)rs = span {y, T3y, ..., 73072y}, dim (y)ps = j— 1,
(Z)pss = span {z, T*3z, ..., T*3"=2/=Dz} " and dim (z)7s = n — 2j,
where y € M3;_4 and z € M3,_¢j_;- Then
M =spanix,.., T*%x,y,.., 302y z . 730-2/-Dz

So continuing this way, after r-th such steps let us assume T**U"v = 0 for
allv € W. Suppose there exist a y € W such that T*3U=1-"y = 0. Then there
exist a z € W such that

() = span{y, T3y, .., T=30-1y} (2.9)
(Z)pss = span {z, T*3z, ..., T*3"=2/=241) 71 (2.10)
dim (z);«s =n—2j—1+r, anddim () = j—r; (2.11)

where y € M3j__3- and z € M3, _gj_443,- S0 after combining Equations (2.6),
(2.9), (2.10) and (2.11) at r-th step, we get

M = span {x, T*3x, ..., T*¥x,y, T3y, ..., T*30-1=Ny 7,
T*3z, ..., T*3n=2j=24r) 71

Since dim (y)r« > dim (z).s, therefore j —r > n—2j — 1 + r implying that
0 <r <(3j—n+1)/2. Furthermore, let us write M = X; @ X,, where

X, =span {x, T*3x, ..., T*3Gi=n="x y T%3y . T*3Ci-n-2ny
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and X, = span {T*3Gi—n=r+ly 3]y 73Gj-n=2r+l)y,

T*3(j—1—r)y, Z, ..., T*3(n—2j—2+r)z}.

Now we will show that X, = {e, ..., €3,_¢j_343-}- Firstly T *3ix € M,, imply-
ing thatey € M. For0 <m <n—2j —2 +r, the set

{T*3(j—1—m)x’ T*3(j—1—r—m)y’ T*3(n—2j—2+r—m)z} C M3m+3-
Now let us apply induction on m.

For m = 0, the set {T*3U~Dx, 7*3(~1-1)y T*3(n=2j=241) 71 c M, such that
3
x; = T30 Dx —apey = Y agey,
i=1

2
yp = T30y — Boey = Zﬁiei,
i=1
2
and z; = T2z —yoe0 = > yie;.
i=1
Fora,b,c € C, consider that ax; +by; +cz; = 0. Then T*3(ax; +by; +cz;) =
0. So aasey = 0 implying that a = 0. Now, bT*3U=1="y 4 c*3(=2j=241) 7
(bBoy + c¥o)ey € span {T*3Wx}. This is a contradiction to the fact that the set
{T*3ix, T*3U=1=ny T*3(1=2j-247)71 ig linearly independent. Therefore the set
{x1,y1, 21} € M35\ M, is linearly independent and solving above equations gives
us that e, e,,e; € M.

For m =1, let us assume that {e;, e,, ..., 3,3} C M.

For m = [ + 1, we have {T*30U~1=2y, 73(=r=1=2)y T#3n=2j+r=1=3) 3 C M, (.
Then using Equations (2.6), (2.9) and (2.10) we get

3146 3l+6
T7#30-1-2)y = Z ae;, T*3(j_r_l_2)y — Z Bie;
i=0 i=0
3146
and T*30—2j+r—1-3), — Z vie;.
i=0

Let us consider the following

3143
X = TH0UDx — 3" aie; € Mypye \ My,
i=0
3143
y1=TH0UT2y — %" Bie; € Myjg \ My,s,
i=0
3143
and z; = T*30=2+r=1=397 Z Yiei € M6 \ Majys.
i=0
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Using the cases for m = 0,1 and by similar arguments as above, we can de-
duce that the set {x;,y;,2z;} is a linearly independent subset of the set span
{€3144> €3145, €346} Then ez 4, €35, €306 € M. Hence by induction the set
X, ={ep, €1, €30-6j-343-F S M.

Moreover, X; = {x, T*3x, ..., T*3Ci=n=Nx y T*3y . T*3Ci-n=20y1 C M is
linearly independent and dim X, = 6j — 2n — 3r + 2, therefore

M = span {eg, ey, ..., €3n_gj_343r> X, T*3x, ..., T*3CI=Nx y T*3y,
3(3j—n—2
oo, TF3GJ—n=2r)y1

Lastly, substituting the value of n + p = 3 in above form mentioned, we get

M = spaniey,eq, ..., 2p 343 X, T*X, o, TPy T3y,
e, T2y,

Case 2 (n + p = 3j + 1). Recall, from Equation (2.5) there exist an x € M such
that

3j+1
X = Z ae, azjp 70 and  dim (x)ps = j+ 1. (2.12)
i=0
We will further divide this case into two subcases depending on whether
there exists an v € W such that T*¥v # 0 or not.
Subcase 1. Suppose there exist a y € W such that T*3/y # 0. Then
3j+1
y= Z Bie;, where at least one of the coefficient’s 83, 8341 # 0. (2.13)
i=0
In particular, (y)z.: = span {y, T*3y, ..., T*3y} and dim (y)r.s = j + 1. Now
proceeding in the same manner as Case 1, we get that there existsaz € W such
that W = (y )73 @ (2)7+. Thus
dim (z)pss =dim W —dim (Y)rs =(n—j—-1)—-(+1)=n—-2j—2.
So (z)ps = span {z,T*3z,..., T*3"=2/=3)z} Then T*3"-2/-2z = 0,50z €
M3,,_¢j—7- Therefore
3n—6j—7
z= Z vie; whereys,_¢j_7 # 0. (2.14)
i=0
Then by Equations (2.12), (2.13) and (2.14) we get
M = span {x, T*3x, ..., T*3x, y, Ty, ..., Ty, z,T*3z, ..., T*3""2i=3) 7},
Furthermore, let us write M = X; @ X,, where
X, = span {x, T*3x, ..., T*3Ci=n+2)x y T3y . T*3Ci-n+2)y1
and X, = span {T*3Ci—nt)y  T*3ix, 7¥3Ci-n+3)y, T30y 7

T*3(=2j-3) 1.
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For 0 < m < n — 2j — 3, the set {T*30=my, 73(=m)y T3n-2j=3-m)z1
Ms;,,4-- Applying induction on M and using the similar arguments as Case 1,
we can deduce that X, = {ey, ..., €3,_6j_7} € M.

Moreover
3n—6j—5 3n—6j—5
T#3Bj—n+2)y — Z a;e; and T*3(3}—n+2)y — Z Bie;
i=0 i=0

are linearly independent in the set X;. Since {ey, ey, ..., €3,_6j—7} € M, using the
similar arguments as in Case 1 it is easy to deduce that ez, _4;_¢, €3,_6j—5 € M.

Also, the set {x, T*3x, ..., T*3Gi=n+Dx y 73y . T*3Ci-n+Dy1 € X is lin-
early independent and it has dimension equal to ‘6j — 2n + 4’. Then

M = span {eg, ey, ..., €3,_6j5, X, T*3x, ..., T*3CGIn+t Dy T3y
T*3(3j—n+1)y}.

Lastly, substituting the value of n + p = 3j + 1 in the above mentioned form
of M, we get

M =span{eg, ey, ...,e,_2p_3, X, Tx,...,TPx, y, Ty, ..., T*Py}|.

Subcase 2. Let T*3/v = 0 for all v € W. Suppose there exist a y € M such that

3j-1

Y= Z Biei, (2.15)
i=0

where at least one of the coefficients 85;_3, 83j_283j-1 # 0.

In particular, (y)r: = span {y, T*3y, ..., T*30=Dy} and dim (y);.s = j. Pro-
ceeding as Case 1, we get that there exists a z € W such that W = (y)7.3 @
(2)+s. Thus

dim (z)gss =dim W —dim (y)ps =(n—j—1)—j=n—-2j—1.

We have (z)pss = span {z,T*3z,..., T*3"=2=2z} Then T*3("~2-Vz = 0,
implying that z € M3,,_sj_4. Therefore

3n—6j—4

z= Z Yi€i»  Vin—sj—sa * 0. (2.16)
i=0

So continuing this way, at the r-th step let us assume T*3U~"y = 0 for all
v € W. Again using the similar arguments as Case 1 we can prove there exist
¥,z € W such that

(¥)pws = span {y, T*y,..., T*30-1=Ny1 (2.17)
(2)ps = span {z, T*3z, ..., T*3"=2/=241) 7}, (2.18)
dim (Y)rs = j—r and dim(z);s =n—2j—1+7r; (2.19)
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where y € M3j_;_3, and z € M3,_gj_443,- Now combining Equations (2.12),
(2.17), (2.18) and (2.19) at the r-th step, we get
M = span {x, T*3x,..., T*¥x, y, T3y, .., 7301y 7 737 .,
T*3(n—2j—2+r)z}.
Since dim (y)r«s > dim (z)7.3, then j —r > n — 2j — 1 + r implying that
0 <r <(3j—n+1)/2. Furthermore, let us write M = X; @ X,, where
X, =span {x, T*3x, ..., T*3Ci—n+1=Nyx y T3y 73Gi-n=2ry1
and X, = span {T*3Gi—n+2-ny T3]y 73Gi-n=2r+l)y,
T*3(j—1—r)y’ z, ..., T*S(n—Zj—2+r)Z}'
Using similar arguments as were used in Case 1, we can prove that X, =
{€os ---» €316 j—a+3r}- Also, we have dim X; = 6j — 2n + 3 — 3r. Then
M = span {eg, €1, ..., €3n_gj_a43r» X, TX, ..., T*3CITHTy gy T*3y,
- T*3(3j—n—2r)y}.

Lastly, substituting the value of n + p = 3j + 1 in the above mentioned form
of M, we get

M = spanfey,ey,...,Cpj—4t3r X T*3x, ..., T30y, y, T*3y,
. T*S(p—1—2r)y}.

Case 3 (n + p = 3j + 2). Recall, from Equation (2.5) there exist an x € M such
that

3j+2
X = Z ae;, Az #0 and dim(x)ps = j+ 1. (2.20)
i=0
Following the same path as in Case 1, at the r-th step let us assume that
7*3U+1="y = 0 for all v € W. Again we can prove there exist y,z € W such
that

()pss = span {y, T*3y, ..., T*30="y}, (2.21)
(2)ps = span {z, T*3z, ..., T*3("=2j=3+1) 7} (2.22)
dim () = j—r+landdim(z)rs =n—2j—2+7; (2.23)

where y € M3j,,_3 and z € M3,_gj_743,- Now combining Equations (2.20),
(2.21), (2.22) and (2.23) at the r-th step, we get

M = span {x, T*3x,..., T*3x, y,T*3y, .., T30y 7z T*z, ..,
T*3(n—2j—3+r)z}-
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Since dim (y)7«s > dim (z)7., then j+ 1 —r > n—2j — 2 + r implying that
0 <r < (3j —n+ 3)/2. Repeating the process as in Case 1, we can deduce that

M = spanf{ey,eq,...,eu_2p 3435 X, TX, o, T3Py y T3y,
T2

This completes the proof. O

Remark 2.8. By using the similar set of arguments as were used in Remark 2.6,
we deduce that the general forms that a non-cyclic finite-dimensional subspace
invariant under T** can assume remains the same as are given by Theorem 2.7
irrespective of whether all weights corresponding to T equals 1 or not.

Remark 2.9. If M is a finite-dimensional cyclic subspace of JH that is invariant
under T* for 2 <i < 3, then all we can say is that

M = span {x, T*x, T*%x, ..., T*("~Dix}

for some n and x € M. In this case, unlike the case of non-cyclic subspace, we
can’t guarantee the existence of any e; in M. For example M = span {e,+e;, e, +
es, ey + es}is a cyclic 3-dimensional T**-invariant subspace and M = span {e, +
ey, es + ey, e + e,} is a cyclic 3-dimensional T*3-invariant subspace, but neither
of them contains any e;.

Using Theorem 2.7, we know that in order to construct a concrete example
of a finite-dimensional non-cyclic T*3- invariant subspace, one must start with
two linearly independent vectors x and y so that the entire set (X)7« U (y)r« is
also linearly independent. In general, this can be a very tedious task to carry
out. Our next result simplify this work by giving a necessary and sufficient
condition for the set (x)r« U (y)r« to be linearly independent.

Proposition 2.10. Let x,y € H and (x)p« = {x,T*x,...,T*""x} and (y)ga =
{y, Ty, ..., T*5y} for some fixed I,r,s € N. Then {(x)p. U () is linearly inde-
pendent if and only if the set {T*"" x, T*"y} is linearly independent.

Proof. Let x,y € M, for some k € N such that x = Z?:o ajej and y =
Z;nzo ﬁjej and a,,f,, # 0. Also for some fixed [,s,r > 0 we have T*rx +

0,T*y # 0 and T*0+Dyx = 0,7*+Dy = 0, Ir < nand Is < m. Let the set
(x)+1 U {y)p« is linearly independent. Then automatically the set {T*/ x, T*/y}
is also linearly independent.

Conversely, suppose T*/x and T*"y are linearly independent. First assume

that n < m, then r < s. Now we can have the following cases;

Case 1 (r = 5). Then the set {T*""x, T*'"y} is linearly independent. Now con-
sider

r r
Dy THx + 6,14y = .
=0 j=0
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Applying T* on both sides of the above equation we get y,T*" x +8,T*"y =
0. Then y,, 8, = 0 which implies that

r r
Dy THx + 6,14y = .
=1 j=1

Similarly, applying T*/"~1 on both side of the above equation, we get y; T*/ x+
8,T*'y = 0 which implies that y,,5; = 0.

Continuing in the similar fashion and applying T*'"=" on both sides of the
equation for 2 < i < r, we have that yy,---,¥,,89,+,9, = 0. Hence the set
(xX)+1 U ()= is linearly independent.

Case 2 (r < 5). Let us consider

r N
Dy T + ) 8,1y = 0.
=0 j=0

Applying T* on both side of the above equation we get, 5,T**y = 0, which
gives 6, = 0. Thus

r S
27T+ 2,8, Ty = 0.
j=0 j=1

Ifr < s—1, then applying T*/*~1 on both side of the above equation we get,
§,T*Sy = 0, then §; = 0. Continuing this way and applying T*/*=) on both
sides of the equation for 2 < i < s —r — 1, we have that 8,8, ---,6,_,_; = 0.
Thus

r N
DiyTHx+ ) 8Ty =o.
j=0

Jj=s—r

Applying T*" on both sides we get y,T*"x + §,_,T**y = 0, which gives
Y0, 85— = 0.
Again,

r N
THDQ y T+ Y, 8T ) =o.

j=1 Jj=s—r+1

Then y,T*"x + 8,_,,, T**y = 0, implying that y,, 8,_,4; = 0.

Continuing in the same manner we can prove yg, --*,¥p—1,0s—p» ==+ » Og_1 =
0 and eventually we get ,T*"x + 8,T*"y = 0, which implies that y,,5, =
0. Hence the set {(x)p« U (¥)r« is linearly independent. This completes the
proof. O

Our final result of this section characterizes finite-dimensional subspaces of
JC that are jointly invariant under T*? and T*3.
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Theorem 2.11. Let M C J be a closed subspace such that dim M = n and M
is jointly invariant under T*? and T*3. Then

M = span {egy, ey, ..., €,_2, €,_1 + fe,}
for a non-zero pair (a, ) € C2.

Proof. Firstofall we will prove that M C M, forn—1 < k < n. SincedimM =
n and dim M,_, = n — 1, then clearly k > n — 1. Suppose there exista x € M

such that (x,e,,;) # 0 and x = Z?:Ol x;e; for some x; € C. As M is invariant
under T*? and T*3, therefore it is easy to see that T*/M C M for all j > 2.
Now according to Lemma 2.1 the set W = {x, T*?x, T*3x, ..., T*"*1x} C M is
linearly independent, which is a contradiction to the fact that dim W < dim M.
Therefore, M C M forn—1 <k < n.

Lety = Z?:o y;e; be a element of M such that at least one of the coefficients
Yn-1-Yn # 0. If n = 1, then clearly M = span {y,e, + y;e;} for any non-
zero pair of complex numbers (y,,y;) € C2. Suppose y, # 0, soifn > 2
then T*"y = wywy -+ W,_1Yn€o, Which means that e, € M. Again T*""1y =
WoWy *+* Wy_sVp_1€9 + W W, -+ Wy_1 V€. Since e, € M, therefore e; € M.
By continuing this procedure, it is easy to show that at each step T*""y € M
implies thate; € M for 0 < r < n — 2. Therefore

M = span {ey, ey, ..., e,_5,ae,_; + Be,} suchthat (a,p) # (0,0).
This completes the proof. O

3. Infinite-dimensional subspaces

In this section we will characterize infinite-dimensional subspaces that are
invariant under T* for 2 < | < 3 and infinite-dimensional subspaces that are
jointly invariant under T*? and T** for two classes of weights. The invariant
subspaces for these weights were characterized by Nikolskii in [13] and Yadav
& Chaterjee in [19]. First we show that the condition of bounded variation on
the weights considered by the authors in [19] is redundant. To state their result
and establish our claim, we start with some definitions and remarks.

Definition 3.1. A set of vectors {xy, X1, ... , Xp,, ...} C H is called w-independent if
ZZOZO apX, = 0 foray € Cimplies that o, =0 forallk > 0,k € N.

Remark 3.2. Let T be the forward weighted shift with weight sequence {w,} of
bounded positive real numbers, then for any x € ¥ the set {x, Tx,T?x, ...} is w-
independent.

Definition 3.3. Two sequence of vectors {f,} and {g,} in a normed vector space
. . . o0 2
are said to be quadratically close if 3 _ || f — gall* < 0.

Definition 3.4. A bounded sequence {w,},cn Of positive real numbers is said to
be of bounded variation if 3; _ |w, — Wy41| < co.
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Theorem 3.5 ([19], Theorem 1). Let {w,},en be of bounded variation such that

2

(o]

w e w

d = sup Z (%) < o0. 3.1)
m22,n k=0 m n

ThenLat T = {{0}, Ly, Ly, ..., Ly, -+, H} where L, = \/;_ {e;}.

In the following result we obtain the same characterization for invariant sub-
spaces for T as Theorem 3.5 but without assuming the condition of bounded
variation on the weights.

Theorem 3.6. LetT : J{ — J beaforward weighted shift with weights sequence
{w, }nen satisfying Condition (3.1). Then

LatT = {0}, Ly, Ly, ..., Ly, -+, I}

Proof. Let M be a infinite-dimensional subspace of #( invariant under T. Now,
the Baire Category theorem guarantees the existence of at least an x € M such
that x = ZZOZO Xre, where infinitely many x;’s are non-zero. At first, let us
assume that x, # 0. We will prove that M = 7.

We have T"x = Zzozo X Wy *** Wipn—1€k+n- Then
T"x 2

XpWg = Wryn—1
waO e wl’l—l

XoWq *** Wy

M8

—€p €k+n

~
Il
_

2
Xk

S
S

2
wk+n—1)
.o wn—l

I
M

Xo

Xk+1
Xo

I
M

=~
I
—_
— —
S
[=)

1]

_ ©
=
M

2
Wiy o wk+n>
wo cee wn—l

~
I

2
Xk+1
Xo

2
(wk+1 wk+n>
w2 e wn—l

2
Xk+1
Xo

00 2
Z (wk+1 "'wk+n>
wzon. wn
2

(wk+2"'wk+n> 2
Wy -+ Wy, k+1

[l S}

2 o0

Hrw ||x|| Wiet2 ** Wietn )’

XyWwow; Wy +++ Wy

) 2
< prw IxII _ cw?

= " 5 5 A5 n»
x2w2w2
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Su?||x||? . . &)
where C = % is a constant. Since we know Zn—o wfl < oo, therefore
X W W -
07071
o0 2 (o]
T"x 2
_Tx o <eSwi<ow.
= || XoWo-.Wy—1 =

This implies that the orthonormal basis sequence {e,}>> , and the sequence
{T"x/xowy...w,_1}7 , are quadratically close. From the Remark 3.2, the set
{T"x/xowy...w,_1}) , isw—independent. Now using Bari’s Theorem ([21], Thm
15) for the pair of quadratically close w—independent sequences, we get that
{T"x/xowy...w,_1}7 , forms a Riesz basis of the Hilbert space J. Moreover,

the set \/:ozo{T”x} C M C ¥, and whence we conclude that M = 7(.
Again, if x, = 0 and k is the least natural number such that there exists an
x € M with (x, e;) # 0, then using Bari’s theorem as above we can show that

M= \/{T”x} =L,.
n=0

Thus every cyclic subspace of T is of the form L. Finally our theorem follows
from the observation that span of any number of L;’s is again an L;. O

In the same paper [19], the authors claimed that their result (Theorem 3.5)
is a generalization of Theorem 2 from [13]. But we give the following two ex-
amples to show that the two set of conditions imposed on the weight sequence
are independent. For reader’s reference, we recall that Theorem 2 from [13]
gives the same characterization of invariant subspaces of T as given by Theo-
rem 3.5 under the assumption that the weight sequence is a square summable
monotonically decreasing sequence of positive real numbers.

Example 3.7. Letw,, = Lforalln > 1. Then {w,} is bounded monotonically
n

decreasing sequence of real numbers such that {w,} € ¢2. Let T be the forward
weighted shift on 7, then clearly the weights {w,,} satisfy the hypothesis given
in Theorem 2 from [13].

For each n € N, let us define

2 o0

w3 (%) - % ()

k=1

Now for each n € N, let us consider the following function

: h th n_y
fn i [1,00) = R, such that f,(x) = <n+x) .
Then clearly for each n € N, the function f, is positive valued and mono-

n

2
tonically decreasing on [1, o0) such that f, (k) = ( +k) . Then by integral test
n
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for convergence of series we get

2

<) n 2 < n
o § (o) = fromen 2
1

k=1

2

This implies that a,, = co asn — oo0. If § = sup ZZO_O <M> , then for
oz =0\ " w,w,

m=n,3d = ZZ‘; | w:;*” )? is not finite, and hence {w,,} does not satisfy Condition

3.1 of Theorem 3.5.

Example 3.8. Let us define a sequence {w,,} of positive real numbers as follows;

1 e
el if n is even

wy = 1 e .
—, ifnisodd
on-1
First of all, we have
.
1 .
—, if k, r are even
2k
1 .
Wir et if k,r are odd (32
=11 irq . 3.2
wy > if k is even, r is odd
1 ir .
Pyt if k is odd, r is even

Now for any pair of non-negative integers (m, n), we have

[+3] 2 2 oo 2
Z<wk+m“‘wk+n> _1+<w1+m"'w1+n) +Z<wk+m"'wk+n)
k=0 wm cee wn wm “ee wn — wm cee wn

k=2 n

15 272

<17+ —=—.
* 16 16

Since this is true for any pair of non-negative integers (m, n), this implies
that § < oo. Clearly, the given sequence {w,,} is bounded but not monotonically
decreasing, therefore the given weights satisfy the conditions given in Theorem
3.5 but does not satisfy the conditions given in Theorem 2 of [13].

We now give characterizations of infinite-dimensional subspaces of # that
are invariant under T* for 2 < [ < 3 and infinite-dimensional subspaces that
are jointly invariant under T*2 and T*3. As noted earlier, we focus on two classes
of weights considered in [13] and [19]. We start with a characterization of
infinite-dimensional subspaces that are invariant under T*? where the weights
satisfy the conditions of [19]. We have already shown in Theorem 3.6 that the
condition of bounded variation assumed in [19] is redundant, and so we do not
impose this condition on weights in our work.
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Theorem 3.9. Let the weight sequence {w,,},en Satisfy Condition (3.1). Suppose
M is a proper infinite-dimensional subspace of 7 invariant under T*2. Then, M
has one of the following forms:
) M = \/;_ ez} fort =0,1.
. o]
(i) M = Mpps14: D Vi1 120401 for somen > 0and t = 0, 1.

Proof. According to the given hypothesis M is infinite-dimensional subspace
of 7, then the Baire Category theorem guarantees the existence of at least an
X € M such that x = ZZO X;e; where infinitely many x;’s are non-zero. Now
as we proceed, we will exhaust all possible combinations of elements in M.

Case 1. First we assume that there exists an x € M such that x = ZZO X5i€2i,
where infinitely many x,;’s are non-zero. Then, we claim that \/Zo{ezl-} Cc M.

First we will show that e, € M. Now for all m > 1, we have

[o0]
*¥2M e —
T*"x = Z XoiW2i—1 *** W2i—2m€2i—2m-
i=m

Suppose there exist a natural number n such that x,, # 0, then

T*Zl’lx

—  —e
XonWop—1 *++ Wo

(o]
Z XojWoj—1 =+ Wai_2p

2i-2n
i=n+1 XonWop—1 -+ Wo
oo 2 2
_ <w2i—1 w2i—2n> X
impg1 \ Wan—1 7 Wo X2n
[+ 2 2
1 Woj—op =+ W1 5 | X2i
wO wl i=n+1 2 2n 2n
2 ) 2 2
_ Y Z <w2i+2 w2i+2n+1) X2i+2n+2
T 2002
wywy izo Wy -+ Wap X2n
2 [+ 2 2
Wy <w2i+2 w2i+2n> 2 Xoiton+2
2,2 2i+2n+1
Wowy izo Wy -+ Wap X2n
25 ® 2
7 2 X2i42n+2
S = 2 Woiani X
wowl i=0 2n

As we know {w, },en € €2, so for all ¢ > 0 there exists an integer J such

that ZZ ; wgi < €. Also since {|x,;|} are bounded, choose K > J such that
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Xax = sup {|xy}. Thus

i>7
2 2 [« 2
T*Kx el < u=é sz X2i+2K+2
R0l = 2i+2K+1
XogWag -1+ Wo wiwi iz TR xax
2 (o]
[ 2
<= Z Wiitok+1 < €6
w0w1 i=0

here C is a constant and this implies that e; € M.
As for each n > 0, we get

oo
— T*2n —
Y =T7"X — X3Wpp 1 -+~ Wo€p = Z XoiWsi—1 *** Wai—2n€2i—2n € M,
i=n+1
therefore whenever x,,,,, # 0, we get

2
y

Xon+2Wapt1 =" Wa

XojWaj—1 =+ Wai—2p

- 2i—2n
imng2 Xen+2Wont1 o Wo
(3] 2
_ Z <w2i—l w2i—2n> X
imnaa V. Wangl ot W Xon+2
[« 2 2
__1 Z <w2i—2n w2i—1> w2 X
T 22 2n+2
WW5 jZpgp N W4 Wany X2n+2
2 oo 2 2
) Z <w2i+4 w2i+2n+3) Xoit2n+4
wiw? i\ W4 Wongo Xon+2
2 oo 2 2
Wi Z <w2i+4 w2i+2n+2) 2 X2i4+2n+4
= 2i+2
wiw; = Wy ++* Wap P3| Xonsa

Then by the same procedure as done for ¢,, we can show that e, € M. Pro-
ceeding in this manner we can show that e,; € M for every i € N, and hence,
\/Zo{ezi} C M. Furthermore, if M C \/zo{ey}, then the above calculations
implies that M = VZO{eZi}.

o0

Case 2. Suppose there exists an x € M such that x = Zi:O X5i41€2i41, Where
infinitely many x,;,;’s are non-zero. Then, using similar arguments as Case 1,
we can conclude that M = \/ZO{eZiH}.

Case 3. Suppose there exists an x € M such that

n o0
X =) Xip1€is1 + 2 X2, (3.3)
i20 i=0
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where infinitely many x,;’s are non-zero, then we claim that M contains

M1 @ \/ {e}:

i=n+2

We will first show that e, € M. Now choose an positive integer p > n + 1
such that Xap # 0, then

T*pr o0
x w oo w - eO = Z
2p%*2p—1 0 i=p+1

XojWaj—1 =+ Wai—2p

XopW2p—1 =" Wo

€i—2p-

Again using the same procedure as Case 1, we can show that \/:O{eZi} cM.

From Equation (3.3), consider y = x — ZZO X585 = Z?zo X5i41€2i41- Since
\/Zo{ezi} C M, theny € M. Now, T*"y = X,,,1W,,41 - W,e;, and since
T*?"y € M, then e; € M.

Similarly, T*2" Dy = x,, _1Wy,_1 -+ Wye; + Xopy1Wapsy - - Waes, and since
{T*20=Dy ¢} C M, then e; € M.

Proceeding in this manner, we can verify that \/?ZO{eZiH} C M. Now, if

(e o] [e]

M C Mzpiy @V, 1€} for some n > 0, then M = M, DV, {exl

Case 4. Suppose there exists an x € M such that

n o0
X = Z Xpi€i + Z X2i+1€2i+1>
i=0 i=0

where infinitely many x,;,’s are non-zero, then using the similar arguments
as of Case 3, one can conclude that M = M,,, & \/Zn{ezm}.

Case 5. Suppose there exists an x € M such that x = ZZO X;e;, where infin-
itely many x;’s are non-zero. We will show that \/Zo{ei} c M.

First we will show that e, € M. Now for all m > 1, we have

oo
T*2Mx = 37 XiWiy -+ WimomCimom-
i=2m
Suppose there exist a natual number n such that x,, # 0, then

2
T*an

— — €y
XopWap—1 - Wo

2
XiWi_1 '+ Wi_pp

(o]
‘ €i_2n

i=2n+1 x2nw2n—l o wO

2 2
(wi—l s Wi_op )
Wop—1 =+ Wo

o0
Xi

i=2n+1 Xon
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[« 2 2
_ 1 D (wi+1 wi+2n> Xiton+1
wiw? 55\ W2 Wap—y Xon
2 2
1 Witp  Witop—1 2 2 | Xit2n+1
=22 Z WitonWita
wowy ispy W2 Wan X2n
25 © 2
M 6 2 Xiton+1
S = Zwi+2n
Wywy izo X2n

As we know {w,lhen € €2, s0 for all € > 0 there exists an integer J such that
Zm _; w < €. Also since {|x;|} are bounded, choose K > J such that x,x =
sup {|xi|}. Thus

i>27+1
2 2 e} 2
T*x el < u-é sz Xig2K+1
PvR———T ] | IS oK | T
XogWog_1 **+ Wy wiw? = Xox
0]
< B0 S cce
= wzwz i+2K ’
01 i=
here C is a constant and this implies that e, € M.
As foreachn > 0,
o0
— T*2n —
Y =T2X — Xy - Woeg = D, X;Wiq * Wi—sn€izn € M,
i=2n+1
therefore whenever x,,,; # 0 we have
2 (e8] 2
y _ XjWi_1 - Wi_op
4| = ~ . ... CGi-on
X2n+1Wap *+* Wy iman42 Xan+1Wap ot Wy
) 2 2
_ Z (wi—l wi—2n> X;
iconqn \ Won Wy X2n+1
[ 2 2
_ 1 D (wi—Zn"'wi—1> Xi
)
Wy joopqn v W2 Won X2n+1
0 2 2
_ 1 Z <w1+2 * Witon+1 ) Xit2n+2
wi i\ Wat Wy X2n+1
o 2 2
_ 1 Z (wi+2 wi+2n> 2 Xiton+2
w? S\ W Wy At Xonga

Then applying the same procedure as done for e, it can be shown thate; € M.
Proceeding in this manner, we can show thate; € M foreveryi € N, and hence
\/:O{ei} C M. Moreover, M C J( = \/zo{ei}, therefore M = J¢.

This completes the proof. O
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Now we will work with second class of weight as considered in [13]. Let
{w, },en be a sequence of non-zero real numbers such that

Wy Swpyforalln >0 and {w,}nen € €2 (3.4)

Theorem 3.10. Let the weight sequence {w,,},en Satisfy Condition (3.4). Suppose
M is a proper infinite-dimensional subspace of 7 invariant under T*2. Then, M
has one of the following forms:

(). M = \/;. fezsi}fort =0,1.
. (o9
(iD). M = Mpps14: ® V14 1€2i01-¢} for somen > 0andt =0, 1.

Proof. As in the proof of Theorem 3.9, here also we divide the proof in five
cases based on the non-zero coefficients of elements of M.

Case 1. First we assume that there exists an x € M such that x = Z;’io X5i€2i,
where infinitely many x,;’s are non-zero, then we claim that \/ZO{eZi} Cc M.

First we will show that e, € M. Now for all m > 1, we have

0]

*2M e —
T""x = 2 XiWoi—1 *** Woi—2m€2i—2m-
i=m

Suppose there exist a natural number n such that x,, # 0, then

T*Zl’lx

XopWop—1 -+ Wo

2 o)
_ XojWai—1 *** Waj—op
= Z €2i—2n

i=n+1 XonWap—1 *+* Wo

. . . . Woj_j—
Since {w,}°, is monotonically decreasing, then ==~
- Wop—j

< 1 whenever i >

n+1,1<j<2n-1. Now, we have

2
XojWaj—1 =+ Woj—2p XojWaj—1 *** Waj—2p

XopWop—1 - Wo

€2i—2n

XopWap—1 ** Wo

i=n+1 i=n+1

[ 2

2
< Wy;i—1 )

wy /-

As we know {w, },en € €2, so for all € > 0, there exists an positive integer

2
J such that Z;’i , —2+ < ¢ and since {|x,;|} are bounded, choose an positive
- w

Xai

Xon

i=n+1

0
integer K > J such that x,x = ma}’x{|x2i [}.
i>

Thus, we have

2 [

< ¥

i=K+1

T>:<2Kx

XogWog—1 '+ Wo

Xon

Since the sequence {T**Kx /x,xw,x_q --+ Wy} converges in M to e, this im-
plies that ey, € M.
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Asforeachn >0,
o0
— T*2n —
Y =T7"X — X3 Wopp—1 *+* Wo€p = Z XiWai—1 *** Wai—2n€21-20 € M,
i=n+1

therefore whenever x,,,,, # 0, we have

2

y
Xon+2Wop+1 *+ - W2

XojWai—1 *** Waj—2p

—€ €2i—2n

H imnan 2n+2Wany1 - W2

Then by the same procedure as done for e,, we can show that e, € M.
Proceeding in this manner we can show that e,; € M for every i € N, and
hence \/zo{ezl-} C M. Moreover, if M C \/Zo{ezi} such that T*>M C M, then

[e]
M = Vi=0{e2i}-

The rest of the following cases can be dealt with using arguments similar to
the ones used in Case 1. For completion, we note the cases and the various
forms that M assume in their.

Case 2. Suppose there exists an x € M such that x = Zzo X5i41€2i41, Where

. . s o
infinitely many x,;,,’s are non-zero. Then, M = \/._ {ey;,1}.

Case 3. Suppose there existsan x € M such thatx = Zinzo X2i41€2i41 +Z:o X5i€2i5
where infinitely many x,;’s are non-zero. Then, M = M,,,.; & \/zn oleat

Case 4. Suppose there existsan x € M such thatx = E?:o x2iezl~+zz0 X2i+1€2i+1>
where infinitely many x,;,,’s are non-zero. Then, M = M,,, @ \/Zn{emﬂ}.

Case 5. Suppose there existsan x € M such thatx = ZZO x;e;, where infinitely
many X;’s are non-zero. Then, M = (.
This completes the proof. O

Theorem 3.11. Let the weights satisfy either Condition (3.1) or Condition (3.4)
and M C J( be a non-zero proper infinite-dimensional subspace such that T*3M C
M. Then M can have one of the following forms:

W) M= Vet fort €{0,1,2}
(i) M = \/?=0{e3,-+r} &b \/Zo{e3i+s}for r,s € {0,1,2}, r # s such that n and m
cannot be both finite.

(l”') M = M3l+2 @ V:l=l+1{e3i+r} @ V:il+1{e3i+s}f0r r,s € {Oa 1’ 2}: r # S, and
[ > 0 such that n and m cannot be both finite.

Proof. Iftheweights satisfy conditions (3.1) or (3.4), then we obtain the desired
forms for M by using the similar techniques as we used in the proof of Theorem
3.9 and Theorem 3.10 respectively. (]

Our final result of this section is a characterization of infinite-dimensional
subspaces of 7( that are jointly invariant under T*? and T*.
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Theorem 3.12. Let the weights satisfy either Condition (3.1) or Condition (3.4)
and M C J{ be an infinite-dimensional joint-invariant subspace of T** and T*3.
Then M = J(.

Proof. Since M is invariant under both T*? and T*3, therefore it is easy to see
that T*/M C M for all j = 2. As M is infinite-dimensional, there exist an
X € M such that x = ZZO X;e;, where infinitely many x;’s are non-zero. Now,
depending on the conditions on the weights (3.1) or (3.4), we can use the same
proof of [13] or [19] respectively to show that \/z olei} € M. Hence, M = J{.
This completes the proof. O

4. Final remarks and results on Unicellular operators

Remark4.1. Fori > 2, the technique we used for characterizing an n-dimensional
non-cyclic T*-invariant subspace involves partitioning n into k (2 < k < i) num-
ber of T*-invariant cyclic subspaces. Even fori = 3, this technique resulted in
many tedious calculations in the proof of Theorem 2.7. Now if i gets larger, then
the choices of partitioning n into k (2 < k < i) numbers also increases, due to
which it does not seem feasible to apply the same technique for i > 4. It will be
interesting to find new techniques to tackle the problem when the number i gets
larger.

Remark 4.2. As demonstrated in Sections 2 and 3, weights have no bearing on
our characterization of finite-dimensional invariant subspaces of the operators
T*? and T*3, but they are crucial for the infinite-dimensional cases. Interestingly,
the lattice structure of the invariant subspaces of T*? and T*3 is the same (Theo-
rem 3.9, 3.10 and 3.11) for two independent classes of weights that we have con-
sidered. There are numerous more sufficient conditions on the weights {w,},en
for the weighted shift to be unicellular, see [5, 6, 8,9, 10, 16,17, 18, 22]. So the first
critical question is whether the lattice structure of the invariant subspaces of T*?
and T*3 remains the same for these other weights also? And, if the answer to this
question is affirmative, then developing a single strategy that works for all these
weight classes will be an extremely interesting problem to work on.

For the forward weighted shift T, it is easy to deduce that operators T2 or T*
are not unicellular. In [9] and [10], itis proved that for some unicellular forward
weighted shifts T and polynomials p, the operators p(T) are also unicellular. In
[9], the authors proved that if {w,} is monotonically decreasing and converges
to 0 such that Zf:o n*w? < oo, then T is unicellular and the operators T(I +
T4, Z?:l T!, and Z?:l i™T! for m,n € N are also unicellular. Working on
the similar kind of problems, the authors in [10] proved that if w,, = r" for
some 0 < r < 1, then the operator T + T? remains unicellular. This motivated
us to ask if T is a given unicellular operator, then for which polynomials p and
analytic functions f the operators p(T) and f(T) are also unicellular?

We have a partial answer to this problem. To give it, we need the following
well-established result from [16].
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Theorem 4.3 ([16], Theorem 2.14). If f is analytic and one-to-one on an open
set containing n(c(A)), then Lat A= Lat f(A).

We use it to obtain the following interesting result:

Corollary 4.4. Let A be a quasinilpotent unicellular operator. Let f be an ana-
Iytic function on an open set containing the origin such that f'(0) # 0. Then f(A)
is also unicellular.

Proof. It is given that o(A) = {0}, then the resolvent set p(A) = C \ {0}
Since the resolvent of the operator A contains no bounded components, then
n(a(A)) = {0}

In complex analysis, it is a routine exercise to show that if the derivative of
an analytic function is non-zero at a point, say z,, then there exists a neigh-
bourhood around z, where the function is one to one. According to the given
hypothesis, let f be a analytic function on an open set containing the origin and
f7(0) # 0, then there exist a set around the origin, say U, such that f|U is one
to one. Moreover, n(c(A)) C U, then using Theorem 4.3, we have Lat A = Lat
f(A). Hence f(A) is also unicellular. O

Note that for m,n € N, the functions f(z) = z(1 + z)"!, g(z) = 2?21 zl,
and h(z) = Z?zl i™z! all satisfy the hypotheses of Corollary 4.4. Also, the for-
ward weighted shifts considered in [9] and [10] are unicellular and therefore
are quasinilpotent. Hence, the results from [9] and [10] follow from our Corol-
lary 4.4. As a result, Corollary 4.4 not only extends the results of [9] and [10]
to the entire class of unicellular forward weighted shifts, but it also provides a
simpler proof of their results.

Finally, we note that the conditions of Corollary 4.4 are not necessary for
p(T) to be unicellular. For example, if V' is a Volterra operator

V 1 L4[0,1] = L4[0,1], g € [1,00) suchthat (Vf)(x)= f fo)dx.
0

Then V is unicellular with o(V) = {0}. Moreover, V" is also unicellular for all
n € N (see [4]) but p(z) = z" does not satisfy the conditions of Corollary 4.4.
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