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Eilenberg—MacLane mapping algebras and

higher distributivity up to homotopy

Hans-Joachim Baues and Martin Frankland

ABSTRACT. Primary cohomology operations, i.e., elements of the Steen-
rod algebra, are given by homotopy classes of maps between Eilenberg—
MacLane spectra. Such maps (before taking homotopy classes) form the
topological version of the Steenrod algebra. Composition of such maps
is strictly linear in one variable and linear up to coherent homotopy in
the other variable. To describe this structure, we introduce a hierarchy
of higher distributivity laws, and prove that the topological Steenrod
algebra satisfies all of them. We show that the higher distributivity
laws are homotopy invariant in a suitable sense. As an application of
2-distributivity, we provide a new construction of a derivation of degree
—2 of the mod 2 Steenrod algebra.
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1540 HANS-JOACHIM BAUES AND MARTIN FRANKLAND

1. Introduction

The elements of the Steenrod algebra are primary cohomology operations,
which are given by homotopy classes of maps between Eilenberg—MacLane
spectra. Richer information in contained in the mapping spaces between
Eilenberg—MacLane spectra, which form a topological version of the Steen-
rod algebra that encodes secondary and all higher order cohomology oper-
ations. Onme of the great successes of algebraic topology was the complete
computation of the Steenrod algebra, and the study of its algebraic proper-
ties [30], [1]. In contrast, the algebraic nature of higher order cohomology
operations remained lesser known. Only secondary operations were studied
in detail, notably in [2], [22], [23], [24], [21], [17], and [4].

One of the difficulties with higher order cohomology operations is that
they do not form an algebra. While composition of elements in the Steenrod
algebra is bilinear, composition in the topological Steenrod algebra is not
bilinear, but left linear (strictly) and right linear up to coherent homotopy.

In this paper, we introduce the notion of n' order distributivity (for
n > 0), which is similar to the notion of n'® order associativity or n'* o
der commutativity. Stasheff described higher order associativity via Ao-
spaces, based on associahedra [34] [26, §1.1.6, II.1.6]. Other polytopes
have been used to describe homotopy coherent algebraic structure, such as
permutahedra, which encode higher order commutativity [37], or permuto-
associahedra, which mix higher order associativity and commutativity [19].
A different (less strict) notion of higher distributivity is studied in [14, §6]
using distributahedra. The higher order distributivity that we consider turns
out to be based on higher dimensional cubes.

Our main result can be roughly stated as follows.

-

Theorem 1.1. The topological Steenrod algebra satisfies infinitely many
higher order coherent distributivity laws up to homotopy.

Organization. In Section 3, we introduce the notion of weakly bilinear
mapping theory (Definition 3.6), which has an addition, a multiplication,
left linearity, but might not be strictly right linear. The motivational exam-
ple is the Eilenberg—MacLane mapping theory EM, given be finite products
of Eilenberg—Maclane spectra and mapping spaces between them (Defini-
tion 3.3 and Proposition 3.4).

In Section 4, we define higher distributivity via higher dimensional cubes
(Definition 4.10) and reformulate it as an inductive construction (Lem-
ma 4.21). Our main result is that a weakly bilinear mapping theory is
oo-distributive, in a canonical way (Theorem 5.10 and Proposition 5.9).

Section 5 studies additional properties that the distributivity data might
satisfy. These are used in the proof of the main result.

In Section 6, we study applications of higher distributivity to the mod 2
Steenrod algebra A. We recall how the Kristensen derivation

k: A— A
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can be obtained from the 1-distributivity of £M; Kristensen’s original con-
struction used cochain operations. Using the 2-distributivity of EM, we
provide a new construction of a derivation A: A — A of degree —2 (Propo-
sition 6.15). We leave for future research an explicit algebraic formula for
this derivation.

In Section 7, we show that n-distributivity is homotopy invariant in some
appropriate sense. More precisely, our notion of higher distributivity has
some strict structure built in: a strict addition, a strictly associative mul-
tiplication, and left linearity holding strictly. Corollary 7.13 says that n-
distributivity is invariant with respect to Dwyer—Kan equivalences that pre-
serve addition and multiplication strictly.

Appendix A collects for convenience some facts about Eilenberg—MacLane
spectra.

Related work. By applying the fundamental groupoid functor II; to EM,
one obtains a groupoid-enriched theory 11 M which encodes secondary co-
homology operations, and was computed in [4]. One motivation for studying
secondary operations was to compute the classical Adams differential dy [6];
cf. Remark 3.10. This paper does not address applications to the Adams
spectral sequence. The paper [9] was about the Adams d3, without using
the additive structure of EM.

One of the steps in [4] was a structural result: replacing the track cat-
egory II;EM by a weakly equivalent DG-category over Z/p?, using the 1-
distributivity of EM. We revisit that strictification result in [10]. The
current paper does not address strictification. However, as groundwork to-
wards the strictification problem for tertiary operations, we study the 2-
distributivity of EM in more detail in Section 6.

Acknowledgments. We thank the referee for their helpful comments. The
second author thanks the Max-Planck-Institut fiir Mathematik Bonn for its
generous hospitality, as well as Tobias Barthel, David Blanc, Yaél Frégier,
Lennart Meier, Fernando Muro, Irakli Patchkoria, Stefan Schwede, and Marc
Stephan for useful conversations.

2. Notations and conventions

Let Top denote a convenient category of topological spaces, for instance
compactly generated weakly Hausdorff spaces, so that internal hom objects
YX exist for all objects X and Y of Top. Let Top, denote the category of
pointed spaces, with basepoints generically denoted by 0 € X.

Enrichment in Top, will mean with respect to the smash product X AY
as symmetric monoidal structure. Following the terminology of [20, §1.2],
we call a Top,-enriched category a Top,-category for short, and likewise
for functors. In a Top,-category C, we denote the composition map by

p: C(B,C) AC(A, B) — C(A,C)
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and write u(x,y) = xy for short. Equivalently, this can be described by the
map

w: C(B,C) xC(A,B) — C(A,(C)
satisfying p(0,y) = 0 and p(z,0) = 0 for all z and y.

Notation 2.1. We write = € C if x is a morphism in C, i.e., x € C(A, B)
for some objects A and B of C. From now on, whenever an expression such
as xy appears, it is understood that z and y must be composable, i.e., the
target of y is the source of .

3. Eilenberg—MacLane mapping algebras

In this section, we describe our main object of interest: a topologically
enriched category €M that encodes cohomology operations of all higher
orders.

3.1. Topologically enriched Steenrod algebra.

Notation 3.1. Let Spec denote the category of Bousfield—Friedlander spec-
tra, viewed as a Top,-category. Details are given in Appendix A.

Notation 3.2. Fix a prime number p and let F, denote the field of order
p- Let A denote the mod p Steenrod algebra, with grading A* = HIF, HIF,.
For a spectrum X, the mod p cohomology H*(X;F),) is viewed as a left
A-module.

Definition 3.3. For every n € Z, let K, be a spectrum of the homotopy
type of X" HF), as in Corollary A.8. The mod p Filenberg-MacLane mapping
theory EM is the full subcategory of Spec consisting of finite products

A=K, x...xK,,.

The mapping theory EM is a topological refinement of the Steenrod alge-
bra A. In fact, the category moE M of path components of EM is equivalent
to the opposite of the category of finitely generated free A-modules, so that
moEM is the theory of A-modules.

Proposition 3.4. The Top,-category T := EM has the following proper-
ties.
(1) It has finite products.
(2) All mapping spaces T (A, B) are topological abelian groups, with the
basepoint 0 being the additive identity.
(3) Composition is left linear, i.e., satisfies (v + x')y = xzy + 2'y.
(4) For all objects A, B, Z of T the map

T(Ax B, 2) 274, 2) x T(B, 7)

s a trivial fibration, i.e., a Serre fibration and a weak equivalence.
Here,ig: A— Ax B andip: B — A X B denote the inclusion maps
given by ig = (14,0) and ip = (0,1p).
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Proof. By construction, 7 has finite products, which are the same as in the
ambient category Spec. Since each object A of T is an abelian group object
in Spec, the mapping space Spec(X, A) is a topological abelian group, with
pointwise addition in the target A, which makes composition left linear.

For objects A and B in T, the natural map ¢:: AV B — A x B is a cofi-
bration in Spec, by Lemma A.5. Since Spec is a simplicial model category,
the restriction map

Spec(A x B, Z) a Spec(AV B, Z)

(%) l
Spec(A, Z) x Spec(B, Z)

is a Kan fibration for any fibrant object Z in Spec, in particular for any
object in 7. Moreover, the map t: AV B = A x B is a weak equivalence.
Hence, the restriction map ¢* is a weak equivalence [16, Lemma I1.4.2]. To
conclude, use the fact that the geometric realization of a Kan fibration is a
Serre fibration [16, Theorem 10.10]. O

Remark 3.5. Consider the full subcategory EM of Spec with objects the
bounded below degreewise finite products K =[], K,,. This category EM
also has the properties listed in Proposition 3.4. It appears notably in the
context of HF),-based Adams resolutions [9, §7].

Let us give names to the features appearing in the proposition. For our
main result, we will not use commutativity or additive inverses in the map-
ping spaces T (A, B). However, we will still use additive notation.
Definition 3.6. A Top,-category T is called:

(a) a mapping theory if it is small and has finite products;

(b) left linear if all mapping spaces T (A, B) are topological monoids,
with the basepoint 0 being the additive identity, and composition is
left linear.

A mapping theory is weakly bilinear if it is left linear and satisfies prop-
erty (4) from Proposition 3.4.

A morphism of left linear Top,-categories is a Top,-functor F': S — T
such that for all objects A, B of S, the induced map

F:S(A,B) — T(FA,FB)
is a monoid homomorphism (i.e., preserves addition strictly).
3.2. Topologically enriched cohomology.

Definition 3.7. Given a cofibrant spectrum X, the mod p Filenberg—Mac-
Lane mapping algebra of X consists of EM together with the functor

Fx: EM — Top,
represented by X, given by Fx(A) := Spec(X, A).
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Note that Fx is a topological refinement of the cohomology of X as an
A-module, which is recovered as

moFx (K,) = [X, K, = H"(X;F)p).
The notion of a mapping algebra can be described formally as follows; vari-
ants appear in [5, §8], [3, §1], and [11].
Definition 3.8.

(1) A model of a mapping theory 7 is a Top,-functor F': T — Top,
which preserves finite products (strictly).

(2) A mapping algebra (T, F') consists of a mapping theory 7 together
with a model F of T.

Remark 3.9. The data of a mapping algebra (7, F') can be encoded into
a Top,-category T{F'}, whose objects are those of T plus a distinguished
object x, and mapping spaces are given by

T(A,B) if A, BeObT

F(B) ifA=x,BeObT

* if Ae ObT,B =x%

{0,1,} ifA=B=x

T{F}(A,B) =

Since F preserves finite products, the product Ax B in T is still a product in
T{F}. However, T{F} does not have products involving the distinguished
object *.

Using this construction, statements about mapping theories will have ana-
logues about mapping algebras. The arguments apply as long as we never
map into the distinguished object x. Likewise, the notion of left linearity in
Definition 3.6 has a straightforward analogue for mapping algebras.

Remark 3.10. Denote the Eilenberg—MacLane mapping algebra of a spec-
trum X by EM{X} = EM{Fx}. In [8], it was shown how the classical
Adams spectral sequence

Ey' = Ext% (H*(X;Fp),Fp) = m-_, X))

can be derived from EM{X}, more specifically, how the Postnikov section
P,EM{X} determines the spectral sequence up to the E, s term. In par-
ticular, the secondary cohomology TI1EM{ X} of the spectrum X determines
the F3 term of the spectral sequence.

3.3. A generalization. For the record, we extract a more general state-
ment from the proof of Proposition 3.4.

Proposition 3.11. Let C be a pointed simplicial model category [31, §11.2]
[16, §11.3]. View C as a Top,-category by taking the geometric realization
of the simplicial mapping spaces. Assume that C satisfies the following: For
any cofibrant objects X and Y, the map v: X VY — X XY is a cofibration.
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Let G C ObC be a set of monoid objects in C which are fibrant and
cofibrant. Assume moreover that for any A, B in G, the map AVB — AX B
is a weak equivalence. Then the full subcategory Tg of C consisting of finite
products of objects of G is a weakly bilinear mapping theory.

Note that every object in Tg is fibrant and cofibrant as an object in C, so
that the mapping spaces C(A, B) are derived mapping spaces.

Example 3.12. Proposition 3.4 also holds for the integral Eilenberg—Mac-
Lane mapping theory, using Z instead of I, as coefficient group.

4. Higher distributivity

4.1. Cubes in a space. In this subsection, we fix some notation about
cubes in a space or a topologically enriched category.

Definition 4.1. Let X be a topological space.

An n-cube in X is amap v: I™ — X, where I = [0, 1] is the unit interval.
For example, a 0-cube in X is a point of X, and a 1-cube in X is a path in
X. In this case, we also denote v as an arrow v: y(0) — y(1).

An n-track in X is a homotopy class, relative to the boundary 0I™, of an
n-cube. If v: I — X is an n-cube in X, denote by {+} the corresponding
n-track in X, namely the homotopy class of 7 rel 9I".

Definition 4.2. Let X be a pointed space, with basepoint 0 € X. The
constant map 0: I — X with value 0 € X is called the trivial n-cube.

The equality ™" = I™ x I™ allows us to define an operation on cubes.

Definition 4.3. Let p: X x X’ — X” be a composition map in a Top,-
category C. For m,n > 0, consider cubes

a: I — X
b: I — X',
The ®-composition of a and b is the (m + n)-cube a ® b defined as the
composite
(4.4) a®@b: I =M x X0 x o xS X
For m = n, the pointwise composition of a and b is the n-cube defined as
the composite

(4.5) ab: 1" 0 x s x B

The pointwise composition is the restriction of the ®-composition along the
diagonal:

I A I x ™ a®b X"

~_ 7

ab
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Similarly, let X be a topological monoid. The ezternal addition of cubes
a: I"™ — X and b: I" — X is the (m+n)-cube a®b defined as the composite

(4.6) a@b: I =1 x " % X x x B X
For m = n, the pointwise addition of a and b is the n-cube defined as the
composite

(4.7) atb: " x o x B x

As an abuse of notation, we will also write xy :=x @y and z+y:=x Py
if deg(z) = 0 or deg(y) = 0 holds.

Lemma 4.8. Let T be a left linear Top,-category. Then the ®-composition
with a 0-cube is left linear with respect to the external addition. More pre-
cisely, consider cubes in a mapping space in T

{a: I™ — T(A, B)
b: I" — T (A, B)
and a map x: X — A. Then the equality
(a®b)x = (az) ® (bx)
holds, where both sides are (m + n)-cubes in T (X, B).

4.2. Definition of higher distributivity. Before defining higher distrib-
utivity in general, let us look at some low-dimensional cases.

Definition 4.9. Let 7 be a left linear Top,-category. Then 7T is called
1-distributive if for all a,x,y € T, there is a path

N
>

a(z +vy) T ax + ay.

in 7. A choice of such paths for a,x,y € T is denoted

o' ={ei¥ a2,y €T}

and is called a 1-distributor for 7. Per Notation 2.1, here we mean for all
a,r,y € T such that a(x+y) is defined. Also, ! is required to be continuous
in the inputs a, x,y. More precisely, for all objects X, A, B of T, the map

T(A, B) x T(X, A)? —2= T(X, B)!
(av Z, y) e 90?167y

1s continuous.
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Next, 7 is called 2-distributive if it admits a 1-distributor ¢! such that
for all a,z,y,z € T, the map 0I?> — T defined as in the diagram of paths

a(z +y) + az wa? + az axr + ay + az

g+y,z}\ AQr + (Pg"z

N

a(r +y+ 2) oIyt ax + a(y + z).

admits an extension ¢5¥*: I? — T. A choice of such 2-cubes for a,z,y, z €
T is denoted

o> = {ei"* la,2,y,2 € T}
and is called a 2-distributor for T, based on the 1-distributor ¢'. As before,
the 2-distributor ¢? is required to be continuous in the inputs a,z,y,z € T.

Definition 4.10. A left linear Top,-category T is called n-distributive if
there are collections of cubes ¢°, ¢!, ..., ©", where

" = {pEotmq zg, . iy € T}

. . L(Oyeeyd
is a collection of m-cubes g "™ ™

— T, satisfying the following:
e ¥ is the collection of 0-cubes ¢ = az.

e For 1 < m < n, the following boundary conditions hold:
(4.11)

GEOT ()
_ {gpﬁo"“’w]’**“"“’xm (ty st tm) if ¢, =0

TjyeersTim

(pgo’m’zjfl(tl, ey ,tj_l) @D Yq (tj_H, e ,tm) if t; =1.

Such a collection ¢™ of n-cubes in T is called an n-distributor for T, based
on the (n — 1)-distributor ¢"~1. The n-distributor ¢" is required to be
continuous in the inputs a,xg,...,x, € T. More precisely, for all objects
X, A, B of T, the map

T(A,B) x T(X, A" 25 T(X, B)I"
(@, 20, .y ) ————— g
is continuous. Note that the case n = 2 agrees with Definition 4.9.
The case n = oo is allowed: An oo-distributor for 7T is a sequence
{¢"}m>0 of families of cubes satisfying the above conditions, for all m > 0.

This definition is closely related to the notion of A, morphisms. The
connection is described more precisely in Section 7.2.
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Remark 4.12. In the data of an n-distributor, we only retain the n-cubes
©", since the lower dimensional cubes ¥ (for 0 < k < n— 1) are determined
by the boundary condition

om0ty 1, 0) = G0 T )
— SDzo,..‘,mmq (751, . ,tmfl)o

4.3. Inductive construction of distributors. Applying the boundary
conditions of ¢™ in Equation (4.11) repeatedly, one can find the restriction
©"c: C — T to any face C' C I™ of dimension less than n. We now describe
this formula explicitly.

Notation 4.13. Let n > 1. The cells (or subcubes) of the cube I™ consist
of the subsets C C I™ of the form

Xix---xX,CI"

where each X; is {0} or {1} or I = [0,1]. These cells are in bijection with
functions o: {1,...,n} — {0,1, I}, which we call codes for convenience, and
sometimes write as a sequence of values (o(1),...,0(n)). Denote by C, the
cell corresponding to o.

The subcube C, has dimension |0~1(I)|, the number of free coordinates.
Because of this, we also denote dim o := |o~!(I)|. The entire cube is I" =
Ci,...1), while its boundary is the union of proper faces

orr=|J ..

oe{0,1,1}"

o#(I,...,I)
The vertices of the cube I will parametrize different ways of going from
a(xo+---+xyn) to axg+- - -+ ax, by distributing the product over the sums.
These expressions contain n symbols +, and we will interpret the value o (%)
as telling whether the i*" symbol + has been brought outside, with 1 or
0 meaning yes or no, respectively. For example, (1,0,0,1) corresponds to
axo + a(x1 + x2 + 3) + azy.

Example 4.14. Consider the case n = 2. The subcubes of the cube I? are
assigned distributors as in Figure 4.1.
If a 1-distributor ¢! is given, then this defines the obstruction map

O(p): 01 = T
of Definition 4.19.

Note that the product az; is itself the 0-distributor ¢%¢. Also note that
the pointwise sum of 0-cubes axy 4+ axq is also an external sum axg @ ax,
and the expression ¢g""* + axy is shorthand notation for the external sum

0,21
Pa @ axsy.
Definition 4.15. Let n > 1 and let ¢©™ be an m-distributor for 7. Let
Cs C I™ be a proper subcube of dimension dimo < m. The face formula
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a(xo + x1) + axs ©a""t + axs azxg + ari + azry
\
7
@goﬂchxz/\ s‘oﬁoﬂflﬁw Aazo + S0517962
>
a(zo + 1 + 2) proT1tee azoy + a(xry + x2).

FIGURE 4.1. The distributors assigned to subcubes of a 2-cube.

associates to each a, zg, ..., x, € T (such that the expression a(zo+---+xy)
is defined) a map

N

as follows.

Step 1. By convention, extend the code o by ¢(0) = 1. Let
{0,1,....n}=JoU U ---UJ;

be the partition into intervals satisfying

, 1 if ¢ = min J
(4.16) ol (i) = Gk
0or I if 77 minJy.

In particular, t = |0~1(1)| is the number of 1’s in the code. We define
" o] =" [ols] ® ™ loln] @ - @™ [o]].
Step 2. For an interval of integers J satisfying Equation (4.16), let
J=KoUK U---UKy
be the partition into intervals satisfying
. lor ifi=minkK;
U‘KL(Z) = oo .
0 if ¢ # min K.

In particular, d = |¢~!(I) N J| is the number of I's in o|;. We define

TK)HTK > TKy

" [os] = ¢a

where we denote xx := ), o i 21, for any set of integers K, keeping the order
of the inputs xg.
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Example 4.17. With n = 8 and the code ¢ = 0I11100/, we have:
Jo={0,1,2} ={0,1} L {2}
J1={3}
Jy={4,5,6,7,8} = {4} U {5,6,7} L {8}.
The face formula yields
"ol =" oln] @ ™ [oln] & ™ [o]1)]
— g0$o+901,062 o) (P% o) (px4,x5+r6+x7,xs
a a a

4

which is defined as long as m > 3 = dim ¢ holds.

Lemma 4.18. A (continuous) collection @™ of cubes I — T is an n-
distributor if and only if it satisfies ©"|c, = ¢"[o] for every subcube Cy C I™.

Definition 4.19. Let "~ ! be an (n— 1)-distributor for 7. The obstruction
to n-distributivity is the collection of maps

O(pn1)Zortn. oI 5 T
defined by their restriction to each face C, C 0I™:

0" Yle, =" o).

It follows from the face formula that ¢" ![o] and ¢" ![o’] agree on the

intersection C, N Cy/, so that the map O(¢" 1): OI" — T is well-defined.

Example 4.20. Consider the case n = 3. The subcubes are assigned dis-
tributors as in Figure 4.2.

We can now reinterpret higher distributivity as an inductive construction.
The following lemma could be taken as an alternate to Definition 4.10.

Lemma 4.21. Len > 1 and let T be a left linear Top,-category. A (con-
tinuous) family of n-cubes in T

n

" ={ga ot a,mo, 0 €T

and is an n-distributor for T if and only if @"~ ' is an (n — 1)-distributor for

T, and for all a,xg,21,...,2, € T, the n-cube g """ : I" — T extends
the obstruction map from Definition 4.19:

Spio,m’xnb]" _ O(sonfl)go,“.,mn: oI — T

In shorter notation: ©"|gm = O(e"1).

Moreover, a sequence (¢°, o', ¢? ...) is an oo-distributor for T if and
only if each ©" is an n-distributor based on " 1.
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D
(¢x + oz 4 Tx)p + OD ma+S+§5a$ (¢x + oz 4 Tx + 0x)D
N
D 7 2, D
m&+m82.&3 + Oxp MN*N&;\.&\QN& Ex+4-Tx’ _&+o83
Y m.&hN&LnHHFO@ Y
(b 4 2p)D + | 2D
x‘0x
(¢x + %x)p 4 TaD + 0D ” (ex + x)p + (T2 4 px)D
D D
mahm@rg& + 0w mH“mH+§+o&Q¢
0r v
vh 4 Txp|+ 0D pb . v 1 (Tz b 0x)p £
eaiTr :ﬂ excn® + (10 - 0) s
. 24
Y . 7 v Y i
exn|+ (2o + 12)v + Oz < €xp 4 (2x + Tx 4 0x)D
€xrp 4+ Deh
cr4-Tx‘ox
exs SQw mw H&:umg
v + 7%
D czlzOr D
€xn 4, . 2 4 0xp €xp + S;atgg
A
€xp + Sxp 4+ lxv + 0D €rp + tav 4 | 0P €xp + ¢xv + (1z + 0x)D

FIGURE 4.2. The obstruction map O(¢?): 0I° — T.
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5. Good distributors

In this section, we describe additional conditions on a distributor that
will be satisfied in a weakly bilinear mapping theory.

For every a, xq, ..., x, € T, the two maps being compared in the distribu-
tivity equation, namely a(zg+ - - -+ x,) and axo + - - - + axy, factor through
(0,...,2n): X — A1 asillustrated in the diagram

X (-TO’“-»-Tn) An+l Bn+1

+a +B
a

an+1

A B.

Hence, for fixed a € T, there is a universal case to consider, with
([L’O, cee ,.Cl:‘n) = idAn+l.

In other words, take x; = p;: A" — A, where the maps
Do, pn: AT A

denote the projections onto the factors.

Also, the equalities a(x + 0) = a(0 + ) = az hold strictly in 7. More
generally, given inputs zg,...,x, with x; = 0 for ¢ # k, then the equality
a(xo + -+ + xp) = azxy holds. In other words, for all maps a: A — B and
xz: X — A, and index 0 < k < n, consider the diagram in 7

kth

O @) g Bl

an+1

A=A B.

The left half commutes, but the right square does not commute. However,
the large rectangle does commute, as both composites are equal to

ar: X — B.

These observations lead to the following:

Definition 5.1. An n-distributor ¢" is good if it satisfies the following
properties.

(1) (Universality) For all a,xg,...,z, € T, the equality
(5.2) QO = GPOPr @) (g0 )

holds. Both sides are n-cubes in T (X, B).
(2) (Wedge condition) For all maps a: A — Bandz: X — Ain T, and
index 0 < k < n, the cube

gog""’x""’oz I"— T(X,B)

is the constant n-cube at ax.
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An oo-distributor ¢ = (9%, ', ¢?,...) is called good if ©" is good for all
n > 0.

Remark 5.3. If 7 happened to come from an ambient model category C,
then the restriction

(3§, i%): T(A™, B) = T(A, By = ¢ (\/ A,B)

=0

corresponds to restriction along the inclusion of the wedge \/7_j A < A"t1.
The wedge condition says that no correction is needed when we restrict to
the wedge.

Note that if ¢" is good, then ¢! is automatically good as well. Also
note that the 0-distributor ¢° is good, trivially.

Lemma 5.4. Let ¢" be an n-distributor satisfying the universality condi-
tion. Then " satisfies the wedge condition if and only if for every map
a: A— B in T, the composite

m- T(A™,B) T(A, B)"H

is the constant n-cube at (a, ..., a).
Proof. The wedge condition says that for all x: X — A and all index
0 < k < n, the map

om0 Iy T(X, B)

is the constant n-cube cstq, at ax € T (X, B). Since " satisfies universality,
we have
Py = gt (0, ..., 0)
— S0207-~~7pn R (ka)
— SDIZOv-”vpn R Zk ® x.
This cube is the constant n-cube at ax for all z if and only if
QhoPrn @ g I — T (A, B)

is the constant n-cube at a € T (A4, B). O

Lemma 5.5. If an (n—1)-distributor "~ satisfies the universality property

5.1(1), then the obstruction to n-distributivity O(o" 1) satisfies the following
analogous property: For all a,xq,...,x, € T, the equality

Oy 1) = (" © (o, .., )

a

holds. Both sides are maps 0I"™ — T (X, B).
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Proof. Let us show that both sides agree when restricted to any face C, C
OI™. The right-hand side is:
O(p" 1P @ (0, .., 20)) lc,
(O(p" k) e, @ (0, - - n)
= (¢" Holrl P @ - @ "ol p 2P @ (20, - - 2n)
(" Mol 1] Pr @ (20, -+ - s ) D+ - B (" o] 1,20 @ (w0, . . ., Tn))

—

using Lemma 4.8. Here we used the notation of Definition 4.15, with the
partition into intervals [n] = JyLI- - -L.J;. Hence, it suffices to check the claim
for each such interval .J, itself partitioned into intervals J = Kg LI --- U Kjy.
Here the dimension d satisfies d < n, since C, is a face of the boundary 0I1™.
By definition of the obstruction map O(¢™ 1), we have

¢”*1[U\J]§0’-~~vpn ® (zgy ..., Tn)

PKg»-PKy
= ® (

X0y .-y Tp)

:Soao’mm—d ® (pKo) e apKd) & (:C07 s 7$n)

by universality of ¢?, where we denoted the projection maps m;: A% — A,
Since the composite

(20 yZn)

X An+1

(PKg»PK,)
0 27 gd+1

is equal to (zg,, ..., TK,): X — A1 we obtain the further simplifications:

=5 " @ (DKo - - - PK,) (Z0, - - -, Tn))

=0 @ (T gy, - . ,de)
=g e By umiversality of f
=" ol a0 0

Corollary 5.6. Let 0"~ be an (n—1)-distributor satisfying the universality
condition 5.1(1), and let

Sogo,...,pn P AL 7— (AnJrl’ B)

be an extension of the obstruction map O ("~ HE P 91" — T (A”"H, B),
for each map a € T, depending continuously on a. Then the formula

TOyeesTry o 0y
QRO = POPr @) (g, X))

defines an n-distributor o™ based on ©"~'. Note that ©™ also satisfies uni-
versality, by construction.
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Proof. The formula is well-defined and continuous in its inputs a, xg, . . . Zp,.
The restriction of ¢” to the boundary 0I"™ is:
@a’ 7 orm = (@5 P @ (w0, - - o)) lorm
= (@5 Prarm) @ (0, - - - Tp)
= (O(¢”*1)§0v~~vpn) ® (xgy...,Tn) by assumption
= O(s@n_l)x()v-wrn
a

by Lemma 5.5, using the fact that om!

satisfies universality. O

Lemma 5.7. Let "~ ! be an (n — 1)-distributor for T satisfying the wedge
condition, i.e., Definition 5.1(2).
(1) The obstruction to n-distributivity O(p"1): OI" — T satisfies the
following analogous condition: For all maps
a:A—=B and z: X — A
n T, and index 0 < k < n, the map
O(@nfl)g,...,m,...,ﬂ: orv — 7-()(7 B)
1 constant with value ax.
(2) If moreover "1 satisfies universality, i.e., Definition 5.1 (1), then

the property of O(¢™ 1) described in the previous part is equivalent
to the following: For every map a: A — B in T, the composite

D (15 -%)

T(A™, B) T(A, B)™*!

is constant with value (a,...,a).

Proof. (1) If suffices to show that for every face C,, C 91", the restriction
O 1m0 o = o= 1[g]9 "0 i constant with value az. Consider
the partition [n] = Jy U--- U J; as in Definition 4.15, with the chosen index
k satisfying k € J; for some unique 0 <[ < ¢. For i # [, we have

o | 7]0 T 0 = 00 = pdimoly, T(X, B).
For ¢ = [, write the partition
J=KogUKiU---UKy
as in Definition 4.15, with k € K,,. Then we have
x ifj=m
T = {o it j £ m
and therefore
T
= 0

= ax: Il 5 T(X,B)

"

0
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since ¢ satisfies the wedge condition. Finally, we obtain:

gDn—l[o_]g,...,x,...,o
— (pn—l{a_bo]g,...,a:,...,O DD Son—l[o_bl]g,...,x,...,o DB SOn—l[O_|Jt]2,...,a:,...,0
=0®---Dar®---®0
= ax: I & T(X, B).
(2) This uses the same argument as in Lemma 5.4. O

Lemma 5.8. Leti: X — Y be a Serre cofibration between spaces, and let L
be a Serre cofibrant space. Then the map i X L: X x L — Y X L is a Serre
cofibration.

The statement also holds with every instance of “Serre” replaced by
“mized”, or every instance replaced by “Hurewicz”.

Proof. See [29, Theorems 17.1.1, 17.2.2, 17.4.2]. O

Proposition 5.9. Let T be a weakly bilinear mapping theory in which all
mapping spaces T (A, B) are Serre cofibrant. Let n > 1, and let ¢" ' be a
good (n — 1)-distributor for T. Then there exists a good n-distributor @™ for
T based on " 1. Moreover, such a ©" is unique up to homotopy rel OI™.

Proof. By Equation (5.2), it suffices to consider the universal case
z; =p;: A" A
Recall that the restriction @5 "|5» must be the obstruction map
O(e"1): 01" — T(A™, B),

which is determined by ¢"~!. Since " !

following square commutes:

satisfies the wedge condition, the

O(e™™1)

oI x T (A, B) T (A1, B)

~ - (i87"'7i;kl)

I" x T(A, B) T(A, B)"+!

Aoproj,

(t,a) (a,...,a),

using Lemma 5.7. Since the space T (A, B) is Serre cofibrant by assumption,
the downward map 9I"™ x T(A, B) — I" x T(A, B) is a Serre cofibration,
by Lemma 5.8. Since (i, ...,4,) is a trivial Serre fibration, there exists a
dotted filler in the diagram. The top triangle guarantees that the collection
of n-cubes

QOTL = {w£07...7pn ® (3007 . 7xn) ‘ AyTQy...,Tn € T}
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defines an n-distributor for 7 which is based on "~ !, using Corollary 5.6.
By construction, ™ satisfies universality. The bottom triangle guarantees
that ™ also satisfies the wedge condition, hence is good.
For uniqueness, let ¢ and ¢’ be two good extensions of O(¢" 1) to I™.
These jointly define a map

(I" x T(A, B) Uprnxroa (I" x T(A, B)) 225 T (4+1, B)

gi/

(I" Ugn I™) x T (A, B)

o)

S™ x T(A,B).

Again, there exists a filler in the diagram

S x T(A, B) — 222 T(A+L, B)

- - 7
- (50t
_

D" x T(A, B) T(A, B)",

Aoproj,
which provides a homotopy rel dI"™ between ¢ and ¢'. O

Theorem 5.10. Let T be a weakly bilinear mapping theory in which ev-
ery mapping space T (A, B) is Serre cofibrant. Then T admits a good oo-
distributor (as in Definition 5.1).

Recall that the Serre cofibrant spaces are precisely the retracts of cell com-
plexes, which include in particular CW complexes, in particular geometric
realizations of simplicial sets.

Proof. Starting from the O-distributor ¢°, inductively choose a good n-
distributor ¢" based on "1, for all n > 1, using Proposition 5.9. ([

6. The Kristensen derivation

In this section, we fix the prime p = 2 and work with the mod 2 Eilenberg—
MacLane mapping theory £ M, as in Definition 3.3. Recall that K,, = sh" K
denotes our preferred model for X" HF5.

6.1. The Kristensen derivation from 1-distributivity. Let ¢! be a
good 1-distributor for £M; recall that o' consists of a collection of paths
g of the form illustrated here:

N

a(z +y) gp%’y ax + ay.

The following terminology and notation follows [4, §4.2].
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Definition 6.1. The linearity tracks for EM are the homotopy classes of
the paths g ¥ rel I, i.e., the tracks

Tzv = ("),

By Proposition 5.9, T'"Y is well-defined, i.e., independent of the choice of a

good 1-distributor !. Now take an element of the Steenrod algebra a € A™

of degree m, represented by a map a: Ky — K,,. Taking z = y = 1k, the
linearity track I'o' is a track in EM(Ky, K,) of the form

1,1

rh
0=a0=a(l41)=—=al4+al=a+a=0.

Here, we used the fact that K, is an Fo-vector space object, by Lemma A.6.
The track F}{l is a well defined class

k(a) =T € M EM(Ko, Kpn) = [HF9, 2™ HFy] = A™ L,

This defines a function k: A — A of degree —1.
In what follows, we will use some of the linearity track equations [4,
Theorem 4.2.5].

Lemma 6.2. The linearity 1-tracks T'yY satisfy the following equations.

(1) Precomposition: e,

(2) Left linearity: TY , =Tq? +T37.
(3) Product rule: Tp)Y =Ty *00Ig"Y.

Lemma 6.3. The function k: A — A is a derivation.

Proof. This is stated and sketched in [4, Lemma 4.5.5].

Linearity of & follows from linearity of I';”¥ in the input a. The derivation
property k(ba) = k(b)a + br(a) follows from the precomposition equation
and product rule in Lemma 6.2. ([

Proposition 6.4. Applied to Steenrod squares, the function k satisfies
®(Sq™) = Sq™ L.
In particular, Kk agrees with the Kristensen derivation [22, §2].

Proof. This is proved in [4, Theorem 4.5.8], using work in [22]. O

The existence of the derivation x: A — A is a non-trivial property of the
Steenrod algebra, which can be checked explicitly using the Adem relations;
cf. [22, §2].

Remark 6.5. It was pointed out to us by Fernando Muro that the Kris-
tensen derivation x: A — A is also obtained from [7, §1]. More precisely,
consider the ring spectrum R = Endg(HF),, HF),), the endomorphism ring
spectrum of HF, as a module over the sphere spectrum S. The homotopy
groups of R are the Steenrod algebra with reversed grading:

mmR = [S™ A HF,, HF,| = [HF,, S~™ A HF,] = A™™.
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The unit map n: .S — R induces on homotopy the map
Z 2~ 708 R =T,

which sends 1 to 1. Taking the class p € 7S which lies in the kernel of mgn,
the construction in [7, §1] yields a function

0(p): TR — 1 R

which is independent of the choice of nullhomotopy of plgr,, because the
indeterminacy lives in mp41 R = A~! = 0. The function (p) sends a class
a € Ty R to a certain self-track of zero ap = pa. In the case p = 2, this track
coincides with the linearity track {¢a'}: a2 = a(1+1) = (1+ 1)a = 2a.

6.2. Linearity 2-tracks.

Definition 6.6. Let 7 be a Weakly bilinear mapping theory with Serre
cofibrant mapping spaces. Let ¢? be a good 2-distributor for 7. We call
the homotopy class rel I? of pg¥*: I? — T, denoted {pg?*}, a linearity
2-track.

Again by Proposmon 5.9, {pa?*} is determined by the underlying 1-

distributor ¢'. In this subsection, we work out a few equations satisfied by
the linearity 2-tracks, analogous to the equations satisfied by the linearity
1-tracks {pg "} listed in Lemma 6.2.

Lemma 6.7 (Precomposition). For all inputs a,x,y, z,d € T, the following
equation of 2-tracks holds: { @t} = {2714,

Proof. Since ¢? satisfies the universality condition, the equality holds even
at the level of 2-cubes, not merely 2-tracks:

(pggd wyd,zd (pPOJJhPZ ® ([Bd yd Zd)
= QRO @ (2,y,2) ® d
= g0£7y’z ® d- D

Next, we work out the analogue of the left linearity equation of 1-tracks

oY, =Ta? + 157, Note that {7} and {@z?"} + {¢;?} are usually
different, since they do not agree on the boundary dI2. To compare them,

we need some correction 2-tracks.

Notation 6.8. Consider maps a,a’: A — B in 7. By the argument in
Proposition 5.9, there exists a path homotopy

P 1
LPOJIJI: SOZ(_)HP;} = SDPO»PI + QDPOW

between paths in T(A x A B) such that for all k, the restriction ZZLP 0P s

the constant 2-cube at a + a’ € T(A, B). Moreover, such a path homotopy
is unique up to homotopy rel 12, i.e., yields a well-defined globular 2-track
{LF*"*}. For arbitrary maps «,y: X — A in T, define

Y ._ yP0o,P1
La:a’ T La,o’ ® (CE, y)7
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which is a path homotopy in 7 (X, B) as illustrated here:

, i e
a(z+y)+d@x+y) ——— ax+ay+dz+dy

z,y
H /HL”’”’/ H
!/

(a+d)(z+y) oo (a+a)z+(a+a)y

a+a/

Lemma 6.9 (Left linearity). The 2-track illustrated in Figure 6.1 is equal
fo {2} + o),

Proof. The illustrated 2-track and {gox VA 4 {pl " } have the same restric-
tion to the boundary 812, namely O(p!)a%* + O(¢')%¥"*. When all inputs
x,y,z are zero except one xy, then the illustrated 2- track and {pa?*} +
{gpm Y%} are both the constant 2-track at azxy +d'zy, = (a+ad' )z € T(X, B).
By universality, it suffices to prove the claim in the case x; = p;: A3 — A.
The claimed equality of 2-tracks then follows from the uniqueness argument
in Proposition 5.9. U

Next, we turn to the product rule. The linearity 1-tracks I'y” satisfy the
equation
7y ax7ay )
2 =rym™0ergy.

As before, let us exhibit a canonical globular 2-track that witnesses this
equality of 1-tracks.

Notation 6.10. Consider maps a: A — B and b: B — C' in T. Denote by
Plff: e YObeY = @)
the path homotopy in 7 (X, C) as illustrated here:
Pha

b,a

ba(x +y) Ty> blax + ay) — bazx + bay
@y

defined similarly to Notation 6.8, yielding a well-defined globular 2-track
{Ba}

Distributors can be generalized by letting the inputs z; € T be continuous
families instead of points, and then applying the distributor pointwise. We
make this precise in the following notation.

Notation 6.11. Let a: A — B beamapin 7, and v: V — T(X, A) and
w: W — T (X, A) maps of spaces. As in Definition 4.3, the external addition
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N+\ic§ + z+hA'x 2o
(z+M)p+xp+ (24 )p+ a0 = G (z+fi+x)p+ (2 +fi+x)D=
(= + ) (0 + D) + 2(;p + ) (= + i+ 2)(p + D)
AT
NH@GQ‘J

LD+ g+ a(p o) [ L+ p(p+ )

i D+D
Y / Y
D¢ MH NS;H& \NTTEQw ﬂ z¢ \TrHQw + z¢ m+a3
il T HA\B + @v z'fit-x z¢ \I.&\N

2(p + 3 + Phad

Zp+fip+xp4 20+ fin+ D =
2(2+0) + (0 +0) + 2(2 +2),\p 4 p) fié 2(p+ )+ (fi+@)(p + )

Z(p+v)+ im& + 459

2o+ (i+x)p+2zp+ (i+ )0 =

g7yvz} + {Spg;yvz}

} and {¢

Z‘7y7z
a+a’

FIGURE 6.1. Relating the 2-tracks {¢

v@w: VxW — T(X,A) is the composite

T (X, A).

+
—_—

T(X,A) xT(X,A)

vXW
e

VxW

applied to the inputs v and w is the map

1
a

The 1-distributor ¢

WV x W x I — T(X,B)

v
a

12
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defined as the composite

vXwxid

VxWxI——=T(X,A)xT(X,A)xI

T(X, B),
viewed as a homotopy from a(v @ w) to av @ aw.

Lemma 6.12 (Product rule). The 2-track illustrated in Figure 6.2 is equal

o (i),
gpf(’zyi baz
P Y+ baz
ba(x +y) + baz b(ax + ay) + baz bax + bay + baz
bpa? + baz " 4 baz
A /ﬂ}@i’yﬂz A az,ay,az A
SDZ(JE—}-y),rLz b SD(gachay,az b bax + @Z%az
T+Y,2 Y,2
2“: \b(am+cy+az)\ haz + By
b(a(x +y)+az)| bles? +az) ppmaytez bax + p(ay + az)
N b 4
A btV A Soaﬂc,wﬁ’z A
blltY? b(ax 4 p4*) baz H by
b(pl‘,y—i—z @ZLQ(erZ)
a
ba(x +y + 2) b(ax + a(ylj;f)) bax + ba(y + z).
ba
T
Pha

FIGURE 6.2. Relating the 2-track {¢, """} to {¢a¥*} and {p, """}

Proof. This is similar to the proof of Lemma 6.9. O

Lemma 6.13. Consider a map a: A — B, a 2-cube u: I? — T(X,A), a
point y € T(X,A). Then the 2-track illustrated in Figure 6.3 is equal to
{au + ay}.

Proof. The 3-cube ¢z¥: I? — T(X, A) provides a homotopy rel dI? be-
tween the illustrated 2-track and {au + ay}. O

6.3. Two-dimensional analogue of the derivation. Let ©? be a good
2-distributor for EM. As in Section 6.1, start with an element of the Steen-
rod algebra a € A™, represented by a map a: Koy — K,,. The 2-cube
go}l’l’l: I? — EM restricts to the boundary 0I? as illustrated in Figure 6.4.
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auri + ay
\
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auil + ay

aupy + ay

N

>

u01,Y u11,Y
Pa ﬂ@:n,’y Pa
a(uor + G(UQ +y) uil + )
7
wofuor +y)aaluty)  palur+y), o
@a<:
>
a(uoo + a(uro +y) u10 + )
»Uf-ﬂglmy
S‘Qg(l()ﬁg @glovy

N

4

Lauir + ay

aupo + ay

N
auyy + ay

auip + ay

FIGURE 6.3. Comparing the 2-tracks {a(u + y)} and {au + ay}.

al+al+al =a

1,1
Aa+ @q

a=a(l+1)+al oot +a
0,1 1,1,1
a = (pa AN (10(1
a=a(l+1+1) @}l’ofza

FIGURE 6.4. The 2-cube ¢

al+a(l+1)=a.

LLL. 2 s em.

Note that the equations 80[11,0 = cst, = @2’1 are instances of the wedge
condition satisfied by the 1-distributor ¢!. Subtracting a pointwise yields
the 2-cube goclb’l’l —a: I? = &M illustrated in Figure 6.5. The top right part
uses the canonical path homotopy e: Y20~ = cst (o) to the constant path

at v(0).
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0
0 7
1,1
0 Pa 0
/0
1,1,1 AFa
OA Yd T —a
0 0 0.
FIGURE 6.5. The 2-cube gotll’l’l —a: I? - EM and a correc-

tion term.

Taking the homotopy class rel 912, this construction yields a well-defined
class
AMa) € mEM(Ky, K,,) = A™2
and thus a function A\: A — A of degree —2.

Lemma 6.14. The function A: A — A is linear, i.e., preserves addition.

Proof. Let a,a’ € A™. Applying Lemma 6.9 to the 2-track {gpiial,} and
using the fact that {Lg’(ll,} and {L(ll’g,} are both the constant 2-track at a+ad’,
we obtain A\(a + a') = A(a) + A\(d). O

Proposition 6.15. The function \: A — A is a derivation.

Proof. Leta: A —» Bandb: B — C be mapsin EM. Applying Lemma 6.12

to the case x = y = z = 14, the 2-track illustrated in Figure 6.6 is equal to

1,1,1

We used the fact that both Pb1 ’C? and Pt? al are the constant 2-track at
ba € EM(A,C). We also used the precomposition equation from Lemma 6.7.

Denote the 2-track u, := {@s" — a}. Applying Lemma 6.13 to

b(p}l:l,l — b(ua + CL),

subtracting ba pointwise everywhere, and applying the correction 2-track e
in the upper right part of the diagram, we deduce that the 2-track A(ba) is
given as in Figure 6.7.

There, we denote by n: csty()lJy = v and n: yUest, gy = 7 the canon-
ical path homotopies, whose 2-tracks are well-defined. Straightforward ma-
nipulations of 2-tracks yield the claimed equality A(ba) = A(b)a+bA(a). O

When working with mod 2 coefficients, a composite of derivations is still
a derivation. We leave the following question to the reader.
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SDba¥+ ba
1,1
TTvaa + ba
. ba R ba
1.1 11
by~ + ba ©, a+ ba
1,1 1,1,1
baz\ 99 o ,a A (tjh' “a A
TT ’ b ba + @é’la
ba + Pb’a1
> > =
b(pl! + a) ba ba . -,
a—+ ¢’
bat b 1,11 a g.ol"l :
a (17 ’ N (70 sPa AN
baHet) TP ba+ ot
ba ba

FIGURE 6.6. The 2-track {goé(’zl’l}.
Question 6.16. Is the derivation A\: A — A given by the composite A = £2?

7. Homotopy invariance

In this section, we study to what extent an n-distributor is a homotopy
invariant structure, and prove some homotopy transfer results. Since our
construction of distributors relied on model dependent features (fibrant, cofi-
brant monoid objects in a simplicial model category), homotopy invariance
provides some flexibility in the choice of model.

Unlike in Sections 5 and 6, goodness of distributors will play no role in this
section. Also, finite products in 7, which were crucial to the construction
of distributors, are not used here. Hence, instead of left linear mapping
theories, we work with left linear Top,-categories.

7.1. Pulling back distributors.

Lemma 7.1. Let S and T be Top-categories in which all mapping spaces
are topological monoids. Let F': S — T be a Top-functor such that for all
objects A, B of S, the induced map

F: S(A,B) — T(FA, FB)
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FIGURE 6.7. The 2-track A(ba).

is a monoid homomorphism. Then F preserves external addition of cubes,
i.e., given a: I"™ — S(A,B) and b: I — S(A, B), the equality

Fla®b) = F(a)® F(b)
holds. Both sides are (m + n)-cubes in T (FA, FB).

Lemma 7.2. Let F: S — T be a morphism of left linear Top,-categories,
and "1 an (n — 1)-distributor for S. Then every proper subcube C, C I,
we have

F(¢" o)) = (F" ™) [o]

as maps C, — T . Consequently the obstruction map satisfies
F(O(" ) = O(F" )

as maps OI™ — T.

Proof. Consider the partition {0,1,...,n} = JoUJy U---UJ; as in Defini-
tion 4.15. Then we have

F (¢""'[o])

=F(¢"Holpl @ @ ¢" o)

=F(¢" olpl) @ @ F (¢ 'ol|s]) by Lemma 7.1

= (F" Dolpl@ @ (Fe" ') o] using F(z +2') = Fx + Fa'
= (Fe" ™) [o]. O
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Lemma 7.3. Let i: A — X be a mized cofibration and q: Y = Z a weak
equivalence. Given a commutative square as in the diagram

A*f>Y

~ 7
zl e " iq
g
X —7,
there exists a map g: X — Y making the upper triangle commute strictly,

and the lower triangle commute up to homotopy rel A.

Proof. Recall that the mapping path space P(q) = Y xz Z! provides a
(functorial) factorization of ¢: Y — Z into a strong deformation retract
c:'Y — P(q) followed by a Hurewicz fibration p: P(q) — Z. Denote the
retraction map by r: P(f) — Y. In our case, p: P(q) — Z is also a weak
equivalence, since ¢ was. In the diagram

there is a map ¢’: X — P(q) making the two adjacent triangles commute.
Indeed, i: A — X is a mixed cofibration, whereas p: P(q) — Z is a mixed
trivial fibration (i.e., a Hurewicz fibration which is also a weak equivalence).
Take g =rg’: X — Y. This map satisfies the two conditions

gi=rgdi=rcf=f
q9 = qrg = perg
~ pg’ rel A
=g
as desired. O

Proposition 7.4 (Pulling back distributors). Let F': S — T be a morphism
of left linear Top, -categories such that for all objects A, B of S, the induced
map F: S(A,B) = T(FA, FB) is a weak equivalence. Assume that every
mapping space S(A, B) has the homotopy type of a CW complex. If T is
N-distributive for some N > 1 (or N = 00), then S is N-distributive.

Proof. Let ¢V be an N-distributor for 7. We will prove the statement by
induction, using the following condition for n < N.

e There is given an n-distributor ¢" for S, based on ¢ 1.
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e There is given a homotopy
A Y F ~ Fo™

which is compatible with the previous steps in the following sense.
For every proper subcube C, C I", of dimension dimo = d < n, the
restriction of h" to C, satisfies

(7.5) R e, x1 = hi[o]: (1/1dF) [o] ~ F <cpd[0]) .
Here ¢ F' denotes the collection of cubes
g F = (ko a,a, g € S}

and h?[o] is defined by the analogue of the formula that defines ¢%[o], applied
at each time of the homotopy.

Base case n = 0. The 0-distributor ¢° for S satisfies F" = ¢'F, i.e., for
a,xg € S, we have

F(¢i") = Flaxg) = (Fa)(Fo) = Y7
Take h° to be the stationary homotopy between F¢® and ¢°F.

Inductive step from n — 1 to n. The two composites in the square

n n+1 O(‘PﬂWl)
dI" x S(A, B) x 8(X, A) S(X,B)
L O(hn_l)ﬂ ~|F
1 Ll
I" x 8(A, B) x S(X, A)"t T(FX,FB)
idxFxF
,I/J'l’l

I"x T(FA,FB) x T(FX,FA)"*!

are Y"Flo;m = O™ 'F) and FO(y"!). By induction hypothesis and
Lemma 7.2, the given homotopies h"~! define a homotopy

Oh"1): OW"'F) ~ FO(" ).
By Lemma 5.8, the map
OI" x S(A, B) x S(X, A)"™ — I" x S(A, B) x S(X, A"t

is a Hurewicz cofibration. By the homotopy extension property, there is a
homotopy

R™: I' x S(A, B) x 8(X, A)"*' x I — T(FX, FB)
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extending O(h"~!) and starting at 1" F. Denote the end of the homotopy
by ¢"F := hY, which satisfies

U Flom = hilorm = O™ )1 = FO(" ).
Recall that spaces of the homotopy type of a CW complex are precisely the

cofibrant objects in the mixed model structure on Top. In the commutative
square

n—1
OI" x S(A, B) x S(X, Ayn+t 2

S(X,B)

- ~’ILF
I" % S(A, B) x S(X, Amtt — "1 T(FX,FB),
there is a map ¢™: I — S making the top triangle commute strictly and the
bottom triangle commute up to homotopy rel 1", by Lemma 7.3. Thus ¢™
is an n-distributor for S, based on ¢~ !. Now, define " as the concatenation
of the two homotopies
YF — = " F — = Fy".

h™ v

Since the homotopy 7" is rel 1™ and the homotopy A™ restricts to O(hn=1h)

on OI", the homotopy h" satisfies the compatibility Equation (7.5), com-
pleting the inductive step. ([l

7.2. Pushing forward distributors. Let us recall some facts about high-
er associativity, which will be used later.

Definition 7.6 ([35, Definition 8.2]). Let M and N be topological monoids
and n > 1 an integer. An A, structure on a continuous map f: M — N is
a family of maps §;: I'"! x M — N for 1 < i < n satisfying the following:

[ ] (51 = f
e For 2 < < n, the following boundary conditions hold:
Oi(t, ..oy tic1s 1, ..., 1)
_ 5i—1(t17---;£;';~--yti—l;xly--~,xj$j+1;---7$i> iftj:()
5j(t1, ce ,tjfl; Tly--- ,xj)éi,j(tjﬂ, ceey tifl; Tjily--- ,332‘) if tj =1.
Example 7.7. An A; structure on f: M — N consists of no additional
data. An A, structure consists of paths
0" = d9(—;z,y): I - N

from f(zy) to f(z)f(y), depending continuously on the inputs z,y € M. In
other words, the map f is Ao if and only if it preserves the multiplication
up to homotopy.
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Remark 7.8. Asin Remark 4.12, an A,, structure 6 = (d1,...,d,) on a map
f: M — N is determined by the highest dimensional part &, since M is
strictly unital. The same would not hold if M were unital up to homotopy.

Let us recast Definition 4.10 in this terminology. An n-distributor ¢"
for a left linear Top,-category T consists of the following data: For each
a € T(A,B), an A4 structure ¢, for left multiplication by a, i.e., post-
composition

Q- T(X7 A) - T(X7 B)7
with respect to addition in the mapping spaces T (X, A) and T (X, B). These
A, 41 structures ¢, are required to depend continuously on a € 7. Note that
our indexing counts the number of plus signs in a(zg+- - -+z;,), which agrees
with the dimension of the cube g% " : I — T (X, B).

The following result is due to Fuchs [15] and can be found in [35, §8;
of. [12, §4.3).

Lemma 7.9.
(1) A composition of A, maps is an A, map.
(2) A map homotopic to an A, map is an A, map.
(3) Let f: M = Nbea homotopy equivalence between topological mon-
oids. Then f is an A, map if and only if any homotopy inverse
g: N = M is A,.

Moreover, it follows from the explicit construction in [15] that the A,
structure of a composite gf depends continuously on the A, structures of f
and g.

Proposition 7.10 (Pushing forward distributors). Let F: & — T be a
morphism of left linear Top,-categories such that for all objects A, B of
S, the induced map F: S(A, B) = T(FA,FB) is a homotopy equivalence.
Assume that the functor moF: moS — woT is essentially surjective. If S is
N -distributive for some N > 1 (or N = o0), then T is N-distributive.

Proof. Consider the factorization of F': S — T as
S — Oblm(F) — T,

where the “object-image” of the functor F' is the full Top,-subcategory of
T consisting of objects of the form F'X for some object X of S. Then both
functors S — ObIm(F') and ObIm(F') — T of this factorization satisfy the
assumptions of the statement. This reduces the general statement to the
following cases.

Case (a). F' is surjective on objects.
Case (b). F is the identity on each mapping space, i.e.,
F:S8(A,B) = T(FA,FB).



EILENBERG-MACLANE MAPPING ALGEBRAS 1571

Proof for Case (a). For each object A of 7, choose an object denoted
G A of § satisfying FGA = A. For each pair of objects A, B of T, choose a
homotopy inverse G: T (A, B) = S(GA, GB) to the map

F:S(GA,GB) = T(A, B),

along with a homotopy h: T (A, B) x I — T (A, B) from the identity to FG.
Note that G: 7 — S is not a functor, as it preserves neither composition
nor identities 14 € T (A, A).

Since F' preserves addition, it is in particular A, with respect to addition.
By Lemma 7.9(3), G: T(A, B) - S(GA, GB) admits an A..-structure with
respect to addition, which we denote v. For any z¢...,z, € T(X,A),
we denote by 0T [ — S(GX,GA) the corresponding n-cube with
extreme corners G(xzo + - -+ ) and Gxg + - - - + Gxy,.

Let o be an N-distributor for S. For every a € T (A, B), consider
Ga € S(GA,GB) and the composite

T(X, 4) -9~ s(ax,c4) €% s(ax, aB)

X Gz (Ga)(Gx)

of G and left multiplication by Ga, both of which are A, 1 with respect
to addition. By Lemma 7.9(1), this composite inherits an A, i-structure
with respect to addition, which we denote £". This A,y structure &"
depends continuously on the element Ga € S(GA,GB), and therefore on
a€T(A B).

For instance, £5: I' — S(GX,GB) is the concatenation of paths:

(Ga\)’ﬂ’” wg\if’Gy
(Ga)G(x +y) ’ (Ga)(Gz + Gy) ! GaGz + GaGy.

Now we prove the statement by induction, using the following condition
for n < N.

e There is given an n-distributor ¢™ for 7, based on "1,
e There is given a homotopy

Byt = F(E)

which is compatible with the previous steps in the following sense.
For every proper subcube C, C I", of dimension dimo = d < n, the
restriction of A™ to C, satisfies

(7.11) ™o, w1 = hi[o]: (w) o] ~ F <§d[a]> .
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Base case n = 0. The 0-distributor ° for T is forced to be ¢)% = ax. For
the homotopy h°: 0 ~ F(¢Y), take the path

(A)% = hohy

\
7

azxr (FGa)(FGx).

where hy := h(a,—): I — T (A, B) is the path following a throughout the
homotopy h: T (A, B) x I — T (A, B). The compatibility condition on h° is
vacuous, since I° has no proper subcube.

Inductive step from n—1 to n. By induction hypothesis and Lemma 7.2,
the given homotopies A" ! define a homotopy

O(™™1): O(y"™!) =~ FO(E").
By Lemma 5.8, the map
OI" x T(A,B) x T(X, A" < I" x T(A,B) x T(X, A"

is a Hurewicz cofibration. By the homotopy extension property, there is a
homotopy

R I x T(A,B) x T(X, A" x I — T(X, B)
extendingNO(h”_l) and ending at F'(§"). Denote the start of the homotopy
by 1" := hg, which satisfies

"lor = hilor = O(h")o = O@W" ™),

so that ¥™ is an n-distributor for 7 based on ¢"~!. Moreover, the homotopy
h™: " ~ F (&™) satisfies the compatibility Equation (7.11). O

Proof for Case (b). The functor moF': mpS — o7 is an equivalence of
categories. Choose and inverse equivalence G: w97 — mpS, with a natural

isomorphism e: (moF)G =N idr,7. For every object X of T, consider the
inverse isomorphisms

ex € (MT)(FGX,X) and ey € (moT)(X, FGX)
and choose representative maps

ex ET(FGX,X) and e € T(X,FGX).
By construction, these maps ex: FGX — X and e)_(l: X 5 FGX are
inverse homotopy equivalences, and hence induce homotopy equivalences on
mapping spaces, upon applying functors of the form 7 (W, —) or T(—, Z).
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Now let X, A, B be objects of T and consider the diagram:

OI" x S(GA,GB) x S(GX, GA)"+! S(GX,GB)

|
OI" x T(FGA, FGB) x T(FGX, FGA)™! o) T(FGX,FGB)

T

I" x T(FGA, FGB) x T(FGX, FGA)"*!

idx (€5)« ()" X (€0« () | = | (@B)elex))”

AI" x T(A, B) x T(X, A)n+!

T(X,B)

-
—
—

—

~
=~ T Yr

" x T(A, B) x T(X, A)+1

where the back and front right faces need not commute strictly. By the same
inductive argument as in Case (a), we can push forward the n-distributor
o™ for § along the downward homotopy equivalences to produce an n-
distributor ¥™ for 7. This completes the proof for Case (b), and hence
also for Proposition 7.10. O

Definition 7.12. A Top-functor F': C — D is a Dwyer—Kan equivalence
if for all objects A, B of C, the map F: C(A,B) = D(FA, FB) is a weak
equivalence, and the functor moF': moC — moD is an equivalence of cate-
gories.

Corollary 7.13 (Homotopy invariance). Let F': § — T be a morphism of
left linear Top, -categories which is moreover a Dwyer—Kan equivalence.

Assume that all mapping spaces in S and in T have the homotopy type
of a CW complex. Then for everyn > 1 (orn = 00), S is n-distributive if
and only if T is n-distributive.

Proof. This follows from Propositions 7.4 and 7.10. (|

7.3. CW-approximation. Using homotopy invariance, we will show that
the assumption of having Serre cofibrant mapping spaces in Theorem 5.10
is innocuous.

Lemma 7.14 (CW approximation). Let T be a weakly bilinear mapping
theory. Then there is a weakly bilinear mapping theory S whose mapping
spaces are CW complezes, together with a map of left linear mapping theories
S = T which is a Dwyer-Kan equivalence.

Proof. Denote LX := |Sing(X)|, equipped with the counit e: LX = X,
which is a functorial CW approximation in Top, in particular a Serre cofi-
brant replacement. Define the category S with the same objects as 7, and
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mapping spaces S(A, B) := LT (A, B), along with a functor e: S — T de-
fined on mapping spaces by e: LT (A, B) — T (A, B).

The functor L: Top — Top preserves finite products, in particular the
terminal object L(*) = x, and also satisfies L(S°) = S°. Moreover, L
preserves (trivial) Serre fibrations. From those facts, one readily checks
that S has the desired properties. O

Proposition 7.15. Let T be a weakly bilinear mapping theory in which
every mapping space T (A, B) has the homotopy type of a CW complex. Then
T is oo-distributive.

Proof. Let e: S = T be a Serre cofibrant replacement as in Lemma 7.14.
By Theorem 5.10, S is oo-distributive. By Proposition 7.10, 7T is also oco-
distributive. O

Appendix A. Models for spectra

In this appendix, we work out some point-set features of spectra that are
needed for our construction. We first recall some properties of Bousfield—
Friedlander spectra [13, §2.1].

A.1. Bousfield—Friedlander spectra.

Notation A.1l. Let sSet, denote the category of pointed simplicial sets.
Let 3: sSet, — sSet, denote the reduced suspension functor, given by the
smash product X7 = S' A T, using the model of the circle S' = Al /Al
Note that this suspension is not the Kan suspension [16, §IIL.5].

Let Spec denote the category of Bousfield—Friedlander spectra of simpli-
cial sets [13, Definition 2.1].

Equip Spec with the stable model structure. In this model structure, a
spectrum X is cofibrant if and only if its bonding maps aff XX, = X
are cofibrations in sSet; X is fibrant if and only if X is an Q-spectrum and
levelwise fibrant.

Theorem A.2. [13, Theorem 2.3] The stable model structure makes Spec
into a simplicial model category.

In particular, Spec is enriched in (pointed) simplicial sets, where the
function complex Spec(X,Y) has n-simplices

Spec(X,Y), = Homgpec (X @ A", Y)

as described in [16, §I1.2]. Via geometric realization, this yields a Top,-
category Spec, with mapping spaces

Spec(X,Y) := [Spec(X,Y)|.

Remark A.3. We could have worked with other models of spectra. For
comparisons between different models, see [13, §2.5], [25], and [32].
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A.2. Pushout-product axiom with respect to the Cartesian prod-
uct.

Lemma A.4.

(1) For any simplicial sets S and T, the natural map
YIS xT)— XS xXT

s a monomorphism.
(2) Leti: S — S" and j: T — T’ be monomorphisms of pointed simpli-
cial sets. Then the induced map

(S'VTUgyr (SxT)— S xT
s @ monomorphism.

Proof. (1) For every k > 0, the k-simplices of S! are given by
(S1s = A([K], [1]) feo ~ 1

where ¢; denotes the constant function with value i. The k-simplices of the
suspension X7 are

k

(ET)e = \/ T

i=1

The map 6: X(S x T) — XS x T has in simplicial degree k the map of
pointed sets

O

(2(S x T))i (28 x BT

VESxTi) (Vi Se) x (Vioa Ti)

which is injective.
(2) follows from the analogous statement for pointed sets. O

Lemma A.5. If X and Y are cofibrant spectra, then the natural map
t: XVY X XY

s a cofibration. In particular, X XY 1is cofibrant.

Proof. In level 0, we have

to: XgVYy— Xogx Yy
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which is a cofibration in sSet,, i.e., a monomorphism. Given n > 0, consider
the commutative diagram in sSet,

(X VY), S(X XY),
XX, VY, X, x XY,
Jff\/a%’i lafxa,{

tn+1

Xn+l 4 Yn+1 = (X \ Y)nJrl (X X Y)n+1 = Xn+1 X Yn+l-

We want to show that the map of simplicial sets
Xn1 VY | B(XnxYn) = Xnpg x Yopg
2X,VEY,

is a monomorphism. This map is a composite

Xn+1 vV Yn+1 UEXn\/EYn E(Xn X Yn> —> Anp+1 vV Yn+1 UEXnVEYn EXn X EYn

|

Xnt1 X Yonq1
where the first step is a monomorphism, since
(X, xY,) = XX, x XY,

is a monomorphism, by Lemma A.4(1). The second step is a monomorphism,
by Lemma A.4(2). Finally, the map « — X xY is a composite of cofibrations

x> X > XVY 5 XxY
and thus X x Y is cofibrant. O

A.3. Construction of Eilenberg—MacLane spectra. There are differ-
ent constructions of the Eilenberg—-MaclLane spectrum HA as an ()-spec-
trum, whose constituent spaces are Eilenberg—-MacLane spaces

(HA), = K(A,n).

The specific features of H A depend on the specific construction of Eilenberg—
MacLane spaces. The following argument using iterated classifying spaces
was kindly provided to us by Marc Stephan. More details can be found in
[36, Part IJ.

Recall the following construction of the classifying space of a simplicial
group; the topological analogue is described in [28, §16.5]. Consider the
functor B: sGp — sSet, given by

BG = diag Be(*, G, *)

where Be(X,G,Y) is the two-sided bar construction [27, §7], which is a
bisimplicial set, and diag denotes its diagonal. Explicitly, B(x, G, ) has in
external degree n the simplicial set B, (x,G,*) = G", so that BG has as
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k-simplices the set (BG)y = (G)*. Note that B preserves finite products
and thus induces a functor on abelian group objects B: sAb — sAb.

Lemma A.6. Let A be an abelian group. Then there is an Eilenberg—
MacLane spectrum HA in Spec which is fibrant, cofibrant, and an abelian
group object in Spec, with addition map +: HA x HA — HA compatible
with the addition map of A.

Moreover, if A is an IF,, vector space, then HA is an Fy-vector space object
in Spec.

Proof. Starting from an abelian group A, viewed as a constant simpli-
cial abelian group, iterating the functor B yields Eilenberg—MacLane spaces
B"A ~ K(A,n). Form a spectrum HA defined by (HA), := B"A. The
structure maps o,: S' A B*A — B"t!A have in simplicial degree k the
inclusion

k k

\/ (B A), — [[(B" ).

=1 i=1

In particular, S* A B"A — B"t!A is a cofibration of simplicial sets for each
n > 0, so that HA is cofibrant. Moreover, HA is an {2-spectrum and each
simplicial set HA, = B"A is a Kan complex, since it is a simplicial group.
Therefore, HA is fibrant. Also, B™A is an abelian group object in sSet for
each n > 0, and the structure maps o, : S' A B"A — B"t!A are linear in
the factor B™A, so that the adjunct structure maps

F,: B"A S QB A

are maps of simplicial abelian groups.

Moreover, if A is an Fj-vector space, then each simplicial abelian group
B" A is a simplicial Fj-vector spaces, and thus HA is an [F,-vector space
object. O

Remark A.7. It was pointed out to us by Irakli Patchkoria and Ste-
fan Schwede that a model for the Eilenberg—MacLane spectrum HA as in
Lemma A.6 can also be obtained in symmetric spectra of simplicial sets,
endowed with the absolute flat stable model structure [33], also called the
S model structure in [18, Definition 5.3.6].

Let sh: Spec — Spec denote the shift functor of spectra, defined by
sh(X), = X,+1. The shift has the homotopy type of the suspension shX ~
¥ X.

Corollary A.8. The Eilenberg-MacLane spectrum K2 := sh"HA ~ X" HA
is also an Q-spectrum (hence fibrant), cofibrant, and an abelian group object.
Moreover, a finite product of objects Kfii is also a fibrant cofibrant abelian
group object in Spec.



1578

HANS-JOACHIM BAUES AND MARTIN FRANKLAND

References

(1]

2]

3l

4]

(10]
(11]

(12]

(13]

[14]

(15]

[16]

Apams, JOHN FRANK. On the structure and applications of the Steenrod algebra.
Comment. Math. Helv. 32 (1958), 180-214. MR0096219 (20 #2711), Zbl 0083.17802,
doi: 10.1007/BF02564578.

Apams, JOHN FRANK. On the non-existence of elements of Hopf invariant one.
Ann. of Math. (2) 72 (1960), 20-104. MR0141119 (25 #4530), Zbl 0096.17404,
doi: 10.2307/1970147.

BaAbpziocH, BERNARD; BLANC, DAvVID; DORABIALA, WOJCIECH. Recognizing map-
ping spaces. J. Pure Appl. Algebra 218 (2014), no. 1, 181-196. MR3120619, Zbl
1281.55014, arXiv:1303.6989, doi: 10.1016/j.jpaa.2013.05.004.

BAUES, HANs-JoACHIM. The algebra of secondary cohomology operations. Progress
in Mathematics, 247. Birkhduser Verlag, Basel, 2006. xxxii+483. ISBN 3-7643-7448-9,
978-3-7643-7448-8 MR2220189 (2008a:55015), Zbl 1091.55001.

BAUES, HANs-JoAacHIM; BLANC, DAvID. Comparing cohomology obstructions. J.
Pure Appl. Algebra 215 (2011), no. 6, 1420-1439. MR2769241 (2012£:55022), Zbl
1216.55006, arXiv:1008.1712, doi: 10.1016/j.jpaa.2010.09.003.

BAUES, HANS-JOACHIM; JIBLADZE, MAMUKA. Dualization of the Hopf algebra of
secondary cohomology operations and the Adams spectral sequence. J. K-Theory T
(2011), no. 2, 203-347. MR2787297 (2012h:55023), Zbl 1231.18009, arXiv:0809.2627,
doi: 10.1017/is010010029jkt133.

BAugs, HaNns-JoAcHIM; MURO, FERNANDO. The algebra of secondary homo-
topy operations in ring spectra. Proc. Lond. Math. Soc. (3) 102 (2011),
no. 4, 637-696. MR2793446 (2012e:55022), Zbl 1217.55002, arXiv:math/0610523,
doi: 10.1112/plms/pdq034.

Baugs, HANs-JoAcHIM; BLANC, DAvID. Higher order derived functors and the
Adams spectral sequence. J. Pure Appl. Algebra 219 (2015), no. 2, 199-239.
MR3250522, Zbl 1303.55007, arXiv:1108.3376, doi: 10.1016/j.jpaa.2014.04.018.
BAUES, HANS-JOACHIM; FRANKLAND, MARTIN. 2-track algebras and the Adams spec-
tral sequence. J. Homotopy Relat. Struct. 11 (2016), no. 4, 679-713. MR3578994, Zbl
1357.55008, doi: 10.1007/s40062-016-0147-x.

BAUES, HANS-JOACHIM; FRANKLAND, MARTIN. The DG-category of secondary co-
homology operations. In preparation.

BraNc, DaviD; SEN, DEBASIS. Mapping spaces and R-completion. Preprint, 2014.
arXiv:1304.5928.

BoArRDMAN, J. MICHAEL; VoOGT, RAINER M. Homotopy invariant algebraic
structures on topological spaces. Lecture Notes in Mathematics, 347. Springer-
Verlag, Berlin-New York, 1973. x+257 MR0420609 (54 #8623a), Zbl 0285.55012,
doi: 10.1007/BFb0068547.

BousriELD, A. K.; FRIEDLANDER, ERIC M. Homotopy theory of I'-spaces, spectra,
and bisimplicial sets. Geometric applications of homotopy theory II (Proc. Conf.,
Evanston, IL, 1977), 80-130. Lecture Notes in Mathematics, 658. Springer, Berlin,
1978. MR513569 (80e:55021), Zbl 0405.55021.

CRANCH, JAMES. Algebraic Theories and (Infinity,1)-Categories. Ph.D. thesis, Uni-
versity of Sheffield, 2010. (no paging) arXiv:1011.3243.

FucHs, MARTIN. Verallgemeinerte Homotopie-Homomorphismen und klassifizierende
Réume. Math. Ann. 161 (1965), 197-230. MR0195090 (33 #3295), Zbl 0129.15302,
doi: 10.1007/BF01361971.

GOERSS, PAuL G.; JARDINE, JOoHN F. Simplicial homotopy theory. Modern
Birkh&user Classics. Birkhduser Verlag, Basel, 2009. Reprint of the 1999 edition.
xvi+510. ISBN 978-3-0346-0188-7 MR2840650, Zbl 1195.55001, doi: 10.1007/978-3-
0346-0189-4.


http://www.ams.org/mathscinet-getitem?mr=0096219
http://zbmath.org/?q=an:0083.17802
http://dx.doi.org/10.1007/BF02564578
http://www.ams.org/mathscinet-getitem?mr=0141119
http://zbmath.org/?q=an:0096.17404
http://dx.doi.org/10.2307/1970147
http://www.ams.org/mathscinet-getitem?mr=3120619
http://zbmath.org/?q=an:1281.55014
http://zbmath.org/?q=an:1281.55014
http://arXiv.org/abs/1303.6989
http://dx.doi.org/10.1016/j.jpaa.2013.05.004
http://www.ams.org/mathscinet-getitem?mr=2220189
http://zbmath.org/?q=an:1091.55001
http://www.ams.org/mathscinet-getitem?mr=2769241
http://zbmath.org/?q=an:1216.55006
http://zbmath.org/?q=an:1216.55006
http://arXiv.org/abs/1008.1712
http://dx.doi.org/10.1016/j.jpaa.2010.09.003
http://www.ams.org/mathscinet-getitem?mr=2787297
http://zbmath.org/?q=an:1231.18009
http://arXiv.org/abs/0809.2627
http://dx.doi.org/10.1017/is010010029jkt133
http://www.ams.org/mathscinet-getitem?mr=2793446
http://zbmath.org/?q=an:1217.55002
http://arXiv.org/abs/math/0610523
http://dx.doi.org/10.1112/plms/pdq034
http://www.ams.org/mathscinet-getitem?mr=3250522
http://zbmath.org/?q=an:1303.55007
http://arXiv.org/abs/1108.3376
http://dx.doi.org/10.1016/j.jpaa.2014.04.018
http://www.ams.org/mathscinet-getitem?mr=3578994
http://zbmath.org/?q=an:1357.55008
http://zbmath.org/?q=an:1357.55008
http://dx.doi.org/10.1007/s40062-016-0147-x
http://arXiv.org/abs/1304.5928
http://www.ams.org/mathscinet-getitem?mr=0420609
http://zbmath.org/?q=an:0285.55012
http://dx.doi.org/10.1007/BFb0068547
http://www.ams.org/mathscinet-getitem?mr=513569
http://zbmath.org/?q=an:0405.55021
http://arXiv.org/abs/1011.3243
http://www.ams.org/mathscinet-getitem?mr=0195090
http://zbmath.org/?q=an:0129.15302
http://dx.doi.org/10.1007/BF01361971
http://www.ams.org/mathscinet-getitem?mr=2840650
http://zbmath.org/?q=an:1195.55001
http://dx.doi.org/10.1007/978-3-0346-0189-4
http://dx.doi.org/10.1007/978-3-0346-0189-4

(17]

18]

[19]

20]

(21]

22]

23]

24]

(25]

[26]

27]

(28]

29]

(30]

(31]

32]

33]

REFERENCES 1579

HARPER, JOHN R. Secondary cohomology operations. Graduate Studies in Math-
ematics, 49. Amererican Mathematical Society, Providence, RI, Providence, RI,
2002. xii+268. ISBN 0-8218-3198-4 MR1913285 (2004c:55035), Zbl 1003.55001,
doi: 10.1090/gsm/049.

HOVEY, MARK; SHIPLEY, BROOKE; SMITH, JEFF. Symmetric spectra. J. Amer.
Math. Soc. 13 (2000), no. 1, 149-208. MR1695653 (2000h:55016), Zbl 0931.55006,
arXiv:math /9801077, doi: 10.1090,/S0894-0347-99-00320-3.

KapPrANOV, MIKHAIL M. The permutoassociahedron, Mac Lane’s coherence theorem
and asymptotic zones for the KZ equation. J. Pure Appl. Algebra 85 (1993), no. 2,
119-142. MR1207505 (94b:52017), Zbl 0812.18003, doi: 10.1016,/0022-4049(93)90049-
Y.

KELLY, GREGORY MAXWELL. Basic concepts of enriched category theory. Repr. The-
ory Appl. Categ. 10 (2005), vi+137. Reprint of the 1982 original. MR2177301, Zbl
1086.18001, doi: 10.1112/blms/15.1.96.

Kraus, STEPHAN. Cochain operations and higher cohomology operations. Cahiers
Topologie Géom. Différentielle Catég. 42 (2001), no. 4, 261-284. MRI1876867
(2002j:18013), Zbl 1003.55005.

KRISTENSEN, LEIF. On secondary cohomology operations. Math. Scand. 12 (1963),
57-82. MR0159333 (28 #2550), Zbl 0118.18303, doi: 10.7146/math.scand.a-10673.
KRISTENSEN, LEIF; MADSEN, IB. On evaluation of higher order cohomology oper-
ations. Math. Scand 20 (1967), 114-130. MR0222886 (36 #5936), Zbl 0166.18902,
doi: 10.7146 /math.scand.a-10826.

KRISTENSEN, LEIF. On secondary cohomology operations. II. Conf. on Algebraic
Topology (Univ. of Illinois at Chicago, 1968), 117-133. Univ. of Illinois at Chicago
Circle, Chicago, IL, 1969. MR0250300 (40 #3539), Zbl 0208.25501.

MANDELL, MICHAEL A.; MAy, J. PETER; SCHWEDE, STEFAN.; SHIPLEY,
BROOKE E. Model categories of diagram spectra. Proc. London Math. Soc.
(3) 82 (2001), no. 2, 441-512. MRIS06878 (2001k:55025), Zbl 1017.55004,
doi: 10.1112/50024611501012692.

MARKL, MARTIN; SHNIDER, STEVE; STASHEFF, JIM. Operads in algebra, topology
and physics. Mathematical Surveys and Monographs, 96. American Mathematical
Society, Providence, RI, 2002. x+349. ISBN 0-8218-2134-2 MR 1898414 (2003{:18011),
Zbl 1017.18001, doi: 10.1090/surv/096.

MaAy, J. PETER. Classifying spaces and fibrations. Mem. Amer. Math. Soc. 1 (1975),
no. 1, 155, xiii+98. MR0370579 (51 #6806), Zbl 0321.55033, doi: 10.1090/memo/0155.
MaAy, J. PETER. A concise course in algebraic topology. Chicago Lectures in Mathe-
matics. University of Chicago Press, Chicago, IL, 1999. x+243 pp. ISBN 0-226-51182-
0, 0-226-51183-9 MR1702278 (2000h:55002), Zbl 0923.55001.

May, J. PETER; PoNTO, KATE. More concise algebraic topology. Localization,
completion, and model categories. Chicago Lectures in Mathematics. University of
Chicago Press, Chicago, IL, 2012. xxviii+514. ISBN 978-0-226-51178-8, 0-226-51178-2
MR2884233 (2012k:55001), Zbl 1249.55001.

MILNOR, JOHN. The Steenrod algebra and its dual. Ann. of Math. (2) 67 (1958),
150-171. MR0099653 (20 #6092), Zbl 0080.38003, doi: 10.2307/1969932.

QUILLEN, DANIEL G. Homotopical Algebra. Lecture Notes in Mathematics, 43.
Springer-Verlag, Berlin-New York, 1967. iv+156 pp. (not consecutively paged)
MR0223432 (36 #6480), Zbl 0168.20903, doi: 10.1007/BFb0097438.

SCHWEDE, STEFAN. The stable homotopy category is rigid. Ann. of Math.
(2) 166 (2007), no. 3, 837-863. MR2373374 (2009g:55009), Zbl 1151.55007,
doi: 10.4007/annals.2007.166.837.

SCHWEDE, STEFAN. Symmetric spectra, Version 3.0. Unpublished draft available on
the author’s website, April 12, 2012.


http://www.ams.org/mathscinet-getitem?mr=1913285
http://zbmath.org/?q=an:1003.55001
http://dx.doi.org/10.1090/gsm/049
http://www.ams.org/mathscinet-getitem?mr=1695653
http://zbmath.org/?q=an:0931.55006
http://arXiv.org/abs/math/9801077
http://dx.doi.org/10.1090/S0894-0347-99-00320-3
http://www.ams.org/mathscinet-getitem?mr=1207505
http://zbmath.org/?q=an:0812.18003
http://dx.doi.org/10.1016/0022-4049(93)90049-Y
http://dx.doi.org/10.1016/0022-4049(93)90049-Y
http://www.ams.org/mathscinet-getitem?mr=2177301
http://zbmath.org/?q=an:1086.18001
http://zbmath.org/?q=an:1086.18001
http://dx.doi.org/10.1112/blms/15.1.96
http://www.ams.org/mathscinet-getitem?mr=1876867
http://zbmath.org/?q=an:1003.55005
http://www.ams.org/mathscinet-getitem?mr=0159333
http://zbmath.org/?q=an:0118.18303
http://dx.doi.org/10.7146/math.scand.a-10673
http://www.ams.org/mathscinet-getitem?mr=0222886
http://zbmath.org/?q=an:0166.18902
http://dx.doi.org/10.7146/math.scand.a-10826
http://www.ams.org/mathscinet-getitem?mr=0250300
http://zbmath.org/?q=an:0208.25501
http://www.ams.org/mathscinet-getitem?mr=1806878
http://zbmath.org/?q=an:1017.55004
http://dx.doi.org/10.1112/S0024611501012692
http://www.ams.org/mathscinet-getitem?mr=1898414
http://zbmath.org/?q=an:1017.18001
http://dx.doi.org/10.1090/surv/096
http://www.ams.org/mathscinet-getitem?mr=0370579
http://zbmath.org/?q=an:0321.55033
http://dx.doi.org/10.1090/memo/0155
http://www.ams.org/mathscinet-getitem?mr=1702278
http://zbmath.org/?q=an:0923.55001
http://www.ams.org/mathscinet-getitem?mr=2884233
http://zbmath.org/?q=an:1249.55001
http://www.ams.org/mathscinet-getitem?mr=0099653
http://zbmath.org/?q=an:0080.38003
http://dx.doi.org/10.2307/1969932
http://www.ams.org/mathscinet-getitem?mr=0223432
http://zbmath.org/?q=an:0168.20903
http://dx.doi.org/10.1007/BFb0097438
http://www.ams.org/mathscinet-getitem?mr=2373374
http://zbmath.org/?q=an:1151.55007
http://dx.doi.org/10.4007/annals.2007.166.837

1580 REFERENCES

[34] STASHEFF, JAMES DILLON. Homotopy associativity of H-spaces. 1. Trans. Amer.
Math. Soc. 108 (1963), 275-292. MRO0158400 (28 #1623), Zbl 0114.39402,
doi: 10.2307/1993608.

[35] STASHEFF, JAMES. H-spaces from a homotopy point of view. Lecture Notes in Math-
ematics, 161. Springer-Verlag, Berlin-New York, 1970. v4+95 MR0270372 (42 #5261),
Zbl 0205.27701, doi: 10.1007/BFb0065896.

[36] STEPHAN, MARC. Kan spectra, group spectra and twisting structures. Ph.D. the-
sis, Ecole Polytechnique Fédérale de Lausanne, 2015. (no paging) http://math.
uchicago.edu/~mstephan/Thesis_StephanMarc.pdf.

[37] WiLL1AMS, FraNcIs D. Higher homotopy-commutativity. Trans. Amer. Math. Soc.
139 (1969), 191-206. MR0240818 (39 #2163), Zbl 0185.27103, doi: 10.2307/1995314.

(Hans-Joachim Baues) MAX-PLANCK-INSTITUT FUR MATHEMATIK, VIVATSGASSE 7, 53111
BONN, GERMANY
baues@mpim-bonn.mpg.de

(Martin Frankland) UNIVERSITAT OSNABRUCK, INSTITUT FUR MATHEMATIK, ALBRECHT-
STR. 28A, 49076 OSNABRUCK, GERMANY
martin.frankland@uni-osnabrueck.de

This paper is available via http://nyjm.albany.edu/j/2017/23-69.html.


http://www.ams.org/mathscinet-getitem?mr=0158400
http://zbmath.org/?q=an:0114.39402
http://dx.doi.org/10.2307/1993608
http://www.ams.org/mathscinet-getitem?mr=0270372
http://zbmath.org/?q=an:0205.27701
http://dx.doi.org/10.1007/BFb0065896
http://math.uchicago.edu/~mstephan/Thesis_StephanMarc.pdf
http://math.uchicago.edu/~mstephan/Thesis_StephanMarc.pdf
http://www.ams.org/mathscinet-getitem?mr=0240818
http://zbmath.org/?q=an:0185.27103
http://dx.doi.org/10.2307/1995314
mailto:baues@mpim-bonn.mpg.de
mailto:martin.frankland@uni-osnabrueck.de
http://nyjm.albany.edu/j/2017/23-69.html

	1. Introduction
	2. Notations and conventions
	3. Eilenberg–MacLane mapping algebras
	4. Higher distributivity
	5. Good distributors
	6. The Kristensen derivation
	7. Homotopy invariance
	Appendix A. Models for spectra
	References

