New York Journal of Mathematics
New York J. Math. 23 (2017) 1369-1393.

Bures contractive channels on operator
algebras

Douglas Farenick and Mizanur Rahaman

ABSTRACT. In a unital C*-algebra with a faithful trace functional 7,
the set D-(A) of positive p € A of trace T(p) = 1 is an algebraic ana-
logue of the space of density matrices (the set of all positive matrices of
a fixed dimension of unit trace). Motivated by the literature concern-
ing the metric properties of the space of density matrices, the present
paper studies the density space D-(A) in terms of the Bures metric.
Linear maps on A that map D,(A) back into itself are positive and
trace preserving; hence, they may be viewed as an algebraic analogue
of a quantum channel, which are studied intensely in the literature on
quantum computing and quantum information theory.

The main results in this paper are: (i) to establish that the Bures
metric is indeed a metric; (ii) to prove that channels induce nonexpansive
maps of the density space D~ (A); (iii) to introduce and study channels on
A that are locally contractive maps (which we call Bures contractions)
on the metric space D, (A); and (iv) to analyse Bures contractions from
the point of view of the Frobenius theory of cone preserving linear maps.

Although the focus is on unital C*-algebras, an important class of
examples is furnished by finite von Neumann algebras. Indeed, several of
the C*-algebra results are established by first proving them for finite von
Neumann algebras and then proving them for C*-algebras by embedding
a C”-algebra A into its enveloping von Neumann algebra A**.
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1. Introduction

1.1. Motivation. Density matrices, which are positive semidefinite matri-
ces p of a fixed dimension of trace Tr(p) = 1, are an essential feature of
mathematical physics and quantum theory. The monograph of Bengtsson
and Zyczkowski [3], for example, is devoted to the geometry of spaces of
density matrices and to applications to quantum entanglement. Certain ap-
plications require the use of density operators (positive trace-class operators
of unit trace) acting on an infinite-dimensional separable Hilbert space, but
the theory is slightly different in this context because the identity operator,
in contrast to the matrix case, has infinite trace. Another direction where
commonalities with the matrix setting might be expected is with unital C*-
algebras that possess a faithful trace functional in which the identity of the
algebra has finite trace. This occurs, for example, with a large class of in-
teresting separable C*-algebras, and with finite von Neumann algebras. In
this paper we consider both types of operator algebras. Specifically, if A is
an operator algebra (that is, a C*- or von Neumann algebra) possessing a
faithful (finite) trace functional 7, then the set D, (A) of all positive elements
p € A with trace 7(p) = 1 is a norm-closed convex set called the 7-density
space of A.

There are several metrics of interest on spaces of density matrices. Our
interest in the present paper is with the Bures metric, which originates in a
paper of Bures [5] and was later adapted to finite-dimensional Hilbert space
by Uhlmann [30] and Jozsa [20]. Expository works on the Bures metric for
density matrices are given in the monographs [3, 17|, for example.

Definition 1.1. If 7 is a faithful tracial linear functional on a unital C*-
algebra A, and if D-(A) = {p € A : pis positive and 7(p) = 1}, then the
Bures distance dj(o, p) between two elements o, p € D, (A) is defined to be

a5 (0, p) = /1 = (o1 2p1/2)).
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The quantity 7(|c'/2p'/?|) is called the fidelity of o and p and is denoted by
F.(o,p).

If 7 is the canonical trace on the algebra My(C) of d x d complex matrices,
then the Bures distance is well known to be a metric on the space of d x d
density matrices. However, for the case of an arbitrary operator algebra A,
additional work must be carried out to show that dj; is a metric on D-(A)
(see Section §2).

If £: A — Ais a linear transformation that maps D, (A) back into itself,
then & is necessarily positive and trace preserving; we will call such maps
channels, again motivated by the literature in mathematical physics. One
point of departure from the mainstream literature, however, is that we do
not require our channels to be completely positive, which is very often the
basic assumption in quantum information theory. In this we regard we are
guided by the monograph of Stgrmer [28], which demonstrates that complete
positivity is often an unnecessarily strong assumption and that one need only
assume that the positive linear maps in question satisfy the (generalised)
Schwarz inequality. Indeed, our results in this paper are most often phrased
for maps of this Schwarz type.

Every channel £ : A — A induces a continuous affine function fe¢ on
the metric space (D-(A),d}) defined by fe(p) = E(p). It so happens that
the affine functions fe are nonexpansive maps — that is, fg¢ does not in-
crease the Bures distance between pairs of density elements. In an earlier
paper [12], we studied the structure of those channels £ : A — A that in-
duce isometric maps of the metric space (D,(A),d%). In the present paper
we consider the opposite type of behaviour in that we study channels &,
called Bures contractions herein, for which d;(€(0),E(p)) < dj(o, p) for all
pairs of distinct o,p € D-(A). Our interest is with the spectral properties
of Bures contractive channels (from the point of view of Perron-Frobenius
theory), and certain mapping features of these channels, including multi-
plicative domains, fixed points, invariant faces of the positive cone A of A,
and inverses.

In a much earlier paper [26], M. Raginsky studied contractive channels
with respect to the trace-norm metric d (o, p) = 7(|c — p|) on the density-
matrix space. Although a number of our results are inspired by his work,
there are nevertheless some notable differences: (i) we consider what are
called locally contractive linearly induced affine maps of the metric space
(D-(A),dy), whereas Raginsky is concerned with strictly contractive lin-
early induced affine maps of (D;(A),d]); and (ii) we consider general tracial
operator algebras, whereas Raginsky is motivated by issues in quantum com-
putation and therefore is concerned only with matrices. The metrics d and

T induce the same topologies on D,(A) (Proposition 2.8), but the analy-
sis of contractions differs in light of the inequality ﬂdTB(U, p) < di(o,p),
for all o,p € D,(A) (Proposition 2.7). We refer the reader to [19] for a
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study of isometric channels with respect to the trace norm in the setting of
finite-dimensional Hilbert space.

1.2. Definitions, assumptions, and notation. The following definitions
are standard, but are stated here explicitly for clarity.

Definition 1.2. A linear map ® : A — A of a unital C*-algebra A is:

(1) wnital, if ®(1) =1 (the multiplicative identity of A);

(2) positive, if ®(AL) C Ay;

(3) k-positive, if ) : My(A) — My (A) is a positive linear map, where
®®) ([a;;)i;) = [®(ai;)]i; for all k x k matrices [a;;];; with entries
ajj € A;

(4) completely positive, if ® is k-positive for every k € N;

(5) a Schwarz map, if ®(x)*®(z) < ®(z*x), for every x € A.

Note that Schwarz maps are necessarily positive. While it is true that
every unital 2-positive linear map is a Schwarz map, there do exist unital
Schwarz maps that fail to be 2-positive [8].

Definition 1.3 (Channels in the C*-algebra Category). A linear map & :
A — A of a unital C*-algebra A with a distinguished faithful trace functional
T is:

trace-preserving, if T o £ = T;

a channel, if £ is trace-preserving and positive;

a k-positive channel, if £ is trace-preserving and k-positive;

a completely positive channel, if £ is trace-preserving and completely
positive;

(5) a Schwarz channel, if £ is a trace-preserving Schwarz map.

— — —

(1
(2
(3
(4

Definition 1.4 (Channels in the Finite von Neumann algebra Category).
A positive linear map £ : N — N of a (finite) von Neumann algebra N with
a distinguished normal faithful trace functional 7 is:
(1) normal, if € (supy hy) = supy £(hy), for every bounded-above in-
creasing net {hy}, of selfadjoint operators hy € N;
(2) a channel, if £ is trace-preserving and normal.

One natural occurrence of normal traces and channels is as follows. If 7
is a faithful trace functional on a unital C*-algebra A, then the bidual 7**
of 7 is a faithful normal trace on the enveloping von Neumann algebra (i.e.,
on the bidual) A** of A. Moreover, if £ is a channel on (A, 7), then £ is
a channel on (A** 7**); indeed, £** is a Schwarz channel if £ is a Schwarz
channel [15, Lemma 3].
To avoid repetitious statements of hypotheses, the following notational
assumptions are made for the remainder of the paper:
e A denotes a unital C*-algebra, and A4 denotes the cone of positive
elements of A;
e N denotes a finite von Neumann algebra;
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e 7 denotes a fixed faithful trace on a unital C*-algebra A or a fixed
faithful normal trace on a finite von Neumann algebra N;
e GL(A)4 denotes GL(A) N A4, the set of positive invertible elements.

We record the following basic facts about positive linear maps for future
reference.

Proposition 1.5. Assume that £ : A — A is a linear transformation.

(1) (Russo-Dye) If & is positive, then & is continuous and ||E]| = ||E(1)]|.
(2) € maps D (A) back into itself if and only if € is a channel.
(3) If € is a Schwarz channel, then £(1) = 1.

Proof. The Russo—Dye Theorem is proved in [23, Chapter 2], while the fact
that & maps D-(A) back into itself if and only if £ is positive and 70 & =7
is easy to verify.

To prove the third statement, note that for every x € A we have that
E(x*x) > E(x)*E(x), which implies that

IEI2]* = €]l lz*z]| > [[€(@"2)]| > [|E@)*E@)] = 1€ @)II*.

With x = 1 and using ||€]| = ||E(1)]], the inequality above yields [|£]|* < ||€]],
and so ||€]] < 1. Thus, £(1) is a positive contraction and, therefore, 1 —£(1)
is positive. Hence, 0 < 7(1 —&£(1)) = 7(1) =70 &(1) = 7(1) — 7(1) = 0.
Because 7 is faithful and since 1 — (1) € A4, we see that 7(1 — £(1)) =0
only if 1 — £(1) = 0. Therefore, £(1) = 1. O

2. The Bures Metric

This section establishes, for tracial C*-algebras, a number of important
properties of the trace functional and the Bure metric that are known to
hold in matrix algebras. Once again, the notation assumptions herein are
that A denotes a unital C*-algebra and 7 denotes a faithful trace on A.

2.1. The trace norm is a norm. It is well known that the function
z s 7(ja)

defines a norm on a (semi)finite von Neumann algebra with faithful normal
trace 7. This function also defines a norm on a unital C*-algebra A with
faithful trace 7, as noted in the following result.

Proposition 2.1. The function x — 7(|x|) defines a norm on A.

Proof. Because 7 is faithful, we have 7(|z|) = 0 only if |z| = 0, and so x = 0
when 7(|z|) = 0. Moreover, map x — 7(|z|) clearly satisfies ax — |a|7(|z]).

To prove the triangle inequality, let 2,y € A. By [1, Theorem 4.2], for each
£ > 0 there exist unitaries u,v € A such that |z + y| < u|z|u* + v|y|v* + €l.
Thus, 7(|z +y|) < 7(|z|) +7(Jy|) +e7(1). As this is true for every e > 0, we
deduce that 7(jz +y|) < 7(|z]) + 7(|y|)- O
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Definition 2.2. The norm on A defined in Proposition 2.1 is called the
trace norm on A, and is denoted by || - [|1,-. The induced metric

di(o,p) = llo = plhr
on the density space D, (A) is called the trace-norm metric.

2.2. The Bures metric is a metric. To establish the metric property of
the Bures distance, we begin with the von Neumann algebra category.

Lemma 2.3. If 0,p € D;(N), then:

(1) dp(o,p) = dp(p,0).

(2) If dz(o,p) =0, then o = p.
Proof. For each z € N, let p.(t) = inf {||ze|/|e* =e=¢€?, 7(1 —¢) < t},
which is a Borel measurable function on [0, c0) and which, by [9], satisfies

7(1)
() = /0 pa(t) .

Moreover, the results of [9] show that pu, = p,+ = Mz| and, for any x,y € N,
the equation jijy,+|(t) = pzy+|(t) holds for every ¢ € [0,00). In addition, if
h € Ny and if ¢ : [0,00) — [0,00) is an increasing continuous function such
that ¢(0) = 0, then pyp)(t) = ¥ (ua(t)), for all t € [0,00). In particular,
with 1(t) = v/t, we deduce that 7(|c'/2p!/2|) = 7(|p'/201/?|), for all o, p €
D;(N). Hence, dj (0, p) = dj(p,0).

The tracial arithmetic-geometric mean inequality states that

T (|Ul/2,01/2|) < % (t(0) +7(p)) = 1.

Therefore, (o, p) = 0 implies that 7 (Jo*/2p'/2|) = L (7(0) + 7(p)), which
in turn implies that o = p by [13, Theorem 3.4]. ([

Lemma 2.4. If 7 is a faithful normal trace functional on a von Neumann
algebra N, and if o,p € D-(N), then:

(1) V2dy(o,p) < \/7' (|o1/2 — p/2w|?), for every w € N with ||w| < 1.
(2) There ezists a unitary w € N for which equality in (1) holds.

Proof. If w € N has norm ||w|| <1, then 1 — w*w € N4 and

T (]01/2 — p1/2w]2> =2 <1 - R [T(wal/Qpl/QD
(wal/zpl/QD
|

Y

Y

2 (1 . ‘7’
2 (1 _T(\walﬂpl/?y))
(1-7(

2(1—71 01/2p1/2|)>,

v



BURES CONTRACTIVE CHANNELS ON OPERATOR ALGEBRAS 1375

where the final inequality follows from |wz|* = z*(w*w)z < z*r = |z|? and
the monotonicity of the square root function ¢ — ¢*/2 in functional calculus.

Thus, V2 df (o, p) < \/7- (Jo1/2 — p1/2w[?).

Because N is a finite von Neumann algebra, there exists an extreme point
v of the unit ball of N such that o'/2p'/2 = v|o1/2p'/2| [6]. Therefore, since
the extreme points of the unit ball of a finite von Neumann algebra are
necessarily unitary, v*v = vv* = 1. Thus,

vral/2pl/? V2,12 = |52 120 = pl/251/2,

=|o |o

Hence,

9_9r (’01/2101/2‘) —9_ 9% |:7'(’U*Ul/2p1/2):| — <‘01/2 1/2 V| )
which yields equality in (1). O
Lemma 2.5. If o,p,0 € D-(N), then

dp(o,p) < dp(0,0) + dp(0, p).

Proof. By Lemma 2.4, there are unitaries u,w € N such that the following
hold:

V2d(0,0) = \[7 (jo1/2 — 61/2u]?),
V2d5(0.0) = \[7 (1842 — p1/2u?).

Let v = uw. Thus,

G2 _ pl/2 = g1/2 gL/2y, 4 g1/ 2 — pli2,
— (0_1/2 _ 91/211)) + ((91/2 o p1/2vw*)w
= (02 = 0'2w) + (012 — p?u)w.

Let x = 0'/2—0"/2w and y = —(0"/%2—p'/2u)w so that z—y = o¥/2—p!/?v.
The Cauchy-Schwarz inequality for the sesquilinear form (x,y) — 7(zy*)
yields [7(zy*)| < v/7(|x[*) 7(Jy|*), and so

(VAP + V7D) = (12 + 7(f) + 23/~ (=PI (o)
> (|2f2) + 7(1yl) + 2| (ay")
> r(|af?) + 7(1yl?) + 2R [r(2y")]
= (|l — yP).
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That is,
7 (172 =) < (12 = 02uf?) 7 (042 = )
= \/7' (‘01/2 — 91/2@0‘2) + \/T <‘91/2 _ p1/2u|2>

=V2dg(0,0) + V2d5(0, p).

Because Lemma 2.4 asserts that v/2d}(c, p) < \/7- (‘01/2 _ p1/2q;’2>’ the
triangle inequality d}; (o, p) < d(o,8) + di(6, p) follows. O

Lemmas 2.4 and 2.5 above are modelled on matrix-theoretic results: see
[17, Exercise 2.20].

We are now ready to prove that the Bures metric is indeed a metric in
the formal sense.

Theorem 2.6. The function df is a metric on Dr(A), for every unital
C*-algebra A and faithful trace functional T on A.

Proof. If A is a von Neumann algebra and if 7 is a faithful normal trace
functional, then Lemmas 2.3, 2.4, and 2.5 show that d% is a metric. If these
hypotheses on A and 7 are not in effect, then let the GNS representation of
T be given by 7(z) = (n(2)&,§), for € A, where 7 : A — B(H) is a unital
x-homomorphism and £ € H is a unit cyclic vector for the C*-algebra 7(A).
Let N denote the double commutant of w(A). By [29, Proposition V.3.19],
there exists a faithful normal trace on N such that 7 = 7y o 7. Because
d(o,p) = d3 (n(0),n(p)), for all o, p € D;(A), the metric properties of d7,
are inherited from the metric properties of d}}. ([

Fidelity satisfies F; (o, p) € [0, 1], for all o, p € D-(A), and thus the values
of the Bures metric dj lie in the closed interval [0, 1]. Furthermore, a pair
of 7-density elements ¢ and p are at maximal distance apart if and only if
op = po =0 [12, Theorem 2.4], which is an algebraic orthogonality relation
that we shall denote by o lp. More generally, two elements x,y € T are
orthogonal, denoted by x Ly, if xy = yxr = 2™y = xy* = 0.

The relationship between the metric induced by the trace norm and the
Bures metric is made clear by the following fundamental inequality [14] for
fidelity. (The proof in [14] is for the case of matrices.)

Proposition 2.7 (Fuchs-van de Graaf Inequality). For all o,p € D-(A),

1 1
1=35llp =0l < Frlp,0) < \/1 = 4llp - allf
Equivalently,
2-2F(p,0) < |lp—olli,r <21 = Fr(p,0)%



BURES CONTRACTIVE CHANNELS ON OPERATOR ALGEBRAS 1377

Proof. As in the proof of Theorem 2.6, we may assume without loss of
generality that A is a unital C*-subalgebra of a finite von Neumann algebra
N with faithful normal trace 7 such that A is dense in N with respect to the
strong operator topology.

The Powers—Stgrmer inequality [18, 25] asserts that

27(a'?bY?) > 7(a+ b — |a — b)),
for all a,b € A;. Because |7(x)| < 7(|x|) for every x € A, we obtain
2—=|lp=ollir <2F(p,0),

which gives the first inequality.
For the second inequality, observe that, for any unitary « € N and p,o €
D-(A),

2(p_ O') _ (p1/2 +Jl/2u*)(p1/2 o uo_l/?) + (p1/2 o O_I/QU*)(IOI/2 _|_u0_1/2)'

By the triangle inequality for the trace norm and using the Holder inequality
[10], we see that

o= )i - < ("2 + 0" 2u) 3,0 = ua' /)3,
where ||z[2.- is given by \/7(z*z). Simplifying the right hand side yields
o =)l - < (24 2R 7(p 20! 2u)) (2 = 2R 7(p"/ 20! 2u))
=4 —4(R 7(p" %0 ?u))2.
By Lemma 2.4, F-(p,0) = sup R 7(p"/20"/%u), where U(N) is the unitary
group of N. Therefore, the ?EZ((ll\lll)alities above imply that
AF(p,0)* <4—|(p— o)} O

1,7

If d7 denotes the metric on A given by di(z,y) = ||l — y||1,-, then we
have:

Proposition 2.8. The metric spaces (Dr(A),dy) and (D-(A),d]) are home-
omorphic.

2.3. Joint concavity of fidelity. The joint concavity of fidelity, which is
well known for matrices, extends to the level of C*-algebras as well.

Lemma 2.9. Ifa,b,c,d € Ay, then
7(|(a+ b)Y (c + d)2]) > r(ja/2eV?)) + (o 2d2)).

Proof. By the variational principle of [12, Proposition 2.2]), if a,b € Ay,
then

1 _
7(|a'/?p'/?)) = 5%&1&” (t(ay) +7(by™)) .



1378 DOUGLAS FARENICK AND MIZANUR RAHAMAN

Therefore, if a,b,c,d € A4, then
(@ +b)(c+d)"?))

} % Jedihy (rllatb)y) +r((c+djy™)
- % yeinh (o) + ey + [7(by) + T(dy™)))
> ;yeéff;\)+ (I ((ay) +7(cy™M)]) + ;yeci;E{A)+ ([ (by) + 7(dy™Y)])

= 7((a2cM2]) + 7(pMa ).
The inequality above occurs from the fact that if f, g are two positive func-
tions, then inf, (f + ¢)(x) > inf,(f(x)) + infz(g(x)). O
Proposition 2.10 (Joint Concavity of Fidelity). If oj,p; € D-(A), for
j=1,2, and if X\ € [0,1], then
F Aoy + (1 = Nog, Ap1 + (1 — N)p2) > AF-(01,p1) + (1 — N) Fr (02, p2).
Proof. Invoke Lemma 2.9. (]

3. Bures contractive channels
3.1. Definition and examples.

Definition 3.1. Suppose that f: X — X is a mapping on a metric space
(X,d). Then:
(1) f is nonexpansive, if d (f(x1), f(z2)) < d(z1,x2), for all z1, 22 € X.
(2) fis locally contractive, if d (f(z1), f(x2)) < d(z1,x2), for all distinct
r1,T9 € X.
(3) f is strictly contractive, if there exists a constant 0 < C' < 1 such
that d (f(z1), f(z2)) < Cd(x1,z2), for all 1,29 € X.

Of course, our interest in this paper is with the metric space (D-(A),dy).

Proposition 3.2. If £ : A — A is a channel, then the function
fe : D (A) = D,(A)

defined by fs(p) = E(p), for p € D-(A), is a nonexpansive continuous affine
function on the convex metric space (D(A),dy).

Proof. Fidelity satisfies F;(o,p) < F;(E(0),E(p)), for all o,p € D, (A)
(12, Theorem 2.4]. Thus, dj (£(0),E(p)) < dp(o,p), which implies that
fe is a nonexpansive map of the metric space D,(A), and the continuity
of fe follows immediately because nonexpansive maps of metric spaces are
continuous. The map f¢ is obviously affine because £ is linear. U

Definition 3.3. A channel £ : A — A is a Bures contraction if fe is a
locally contractive map of the metric space (D-(A),d}).
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Example 3.4. The completely depolarising channel 2 : A — A defined by

Qx) = :Ef?l,

for x € A, is a Bures contractive completely positive channel.

Proof. Because 2 maps the set D,(A) to the singleton set {%1}, the map
) satisfies d;;(Q(0),Q(p)) = 0 for all o, p € D-(A). The complete positivity
of € follows from the fact that the range of €2 is the abelian C*-algebra
C1. [l

A unitary channel x — uxu® is an isometry of the density space D, (A),
and so such channels are not Bures contractive. Random unitary channels
may also fail to be Bures contractive.

Example 3.5. The channel &, : Ma(C) — M3(C) defined, for x € M3(C),
by Ex(z) = Auau* + (1 — X)vzv*, where X € [0, 1] and

_o-12] 0 1 _o—1/2| 0 —i
u =2 [1 O] and v =2 [z EE

is not a Bures contraction.

Proof. With respect to the normalised trace 7 on My(C), the matrix units
e11 and egg are density elements. If A is neither 0 nor 1, then £y(e11) = eg9
and €y (ea2) = e11. Hence,

dp (Ex(e11),Ex(e22)) = dp (e22,e11) = dp (e11, €22) ,

which shows that &£ is not a Bures contraction. If A is 0 or 1, then the
channel is a unitary channel, failing again to be Bures contractive. ([

Proposition 3.6. If & and & are channels on A, and if at least one of
them is Bures contractive, then so is A&y + (1 — X)Ex2, for every A € (0,1).

Proof. Without loss of generality, assume that £ is Bures contractive, and
let o, p € D-(A). By Corollary 2.10,

FL(0&(0) + (1= NE(0), A8 () + (1 = N)Ex(p))
> AF(E1(0), E1(0)) + (1= N (E2(0), E(p))
> AFr(0,p) + (1 = A)Fr (0, p)
= Fr(0,p).
Thus, A1 + (1 — X)&2 is Bures contractive. O

Corollary 3.7. The relative interior of the conver set of channels consists
entirely of Bures contractive channels. In particular, if £ : A = A is a

channel, then for every e > 0 there exists Bures contractive channels &' and
E" such that ||€ —E&'|| < e and d (E(p),E"(p)) < &, for all p € D-(A).
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Proof. Proposition 3.6 implies that every channel in the relative interior
of the convex set of channels is a Bures contractive channel. Because the
relative interior of a convex set is dense in the convex set, the remaining
assertions are immediate. ([

Proposition 3.6 gives an efficient construction of Bures contractive chan-
nels.

Example 3.8 (Depolarising Channels). For each A\ € (0,1), the depolar-

ising channel €, : A — A, defined by Ex(z) = Az + (1 — )\)%1, is Bures

contractive.

Proof. &, is a convex combination of the identity channel I and the com-
pletely depolarising (Bures contractive) channel Q. Therefore, by Proposi-
tion 3.6, &) is a Bures contraction. O

Example 3.9. The channel £ : My(C) — M3 (C) defined by

| T m2 | _ 1[ @y + 2ufe T2
To1 T2 2 712 Top + TUFL2
is a (non-2-positive) Bures contractive Schwarz channel with respect to the
canonical trace Tr of Ma(C).

Proof. The proofs that £ is a Schwarz map and fails to be 2-positive are
given in [8]. It is clear that &£ is trace preserving; hence, £ is a Schwarz
channel. Let & and & be given by
Tr(z 1
Ei(x) = Triz) 1 and &(z) = =z,
2 2
where ! denotes the transpose of z. Since the map &; is the completely
depolarising channel on Ms(C) with respect to the canonical trace, & is a
Bures contraction. Therefore, by Proposition 3.6, %(51 + &) =& is also a
Bures contraction. O

Unitary channels are isometries of the metric space (D;(A),dy). The
next result shows that channels that commute with the unitary channels are
necessarily locally contractive maps of (D;(A),d}y).

Proposition 3.10. Assume that a channel £ on a finite factor N commutes
with every unitary channel on N; that is, £ o Ad, = Ad, o & for every
unitary u € N, where Ad,, denotes the channel x — uxu®*. Then there exist
nonnegative real numbers o and 8 such that £(x) = ax + pr(x)l, for all
x € N. In particular, if £ is not a scalar multiple of the identity channel,
then € is Bures contractive.

Proof. Let 7 denote the faithful normal trace on N, which without loss of
generality we assume to be normalised. Because N is a factor, 7 is the unique
tracial state on N for which 7(1) = 1.
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We begin by adapting an argument used in the proof of [4, Theorem
3.1] to our purpose. Let M be any (unital) von Neumann subalgebra of
N, and suppose that a unitary u € N satisfies uy = yu for every y € M.
Therefore, for each y € M, E(y) = E(uyu*) = u€(y)u*, by the hypothesis
that £ o Ad,, = Ad,, o €. Hence, £(y) commutes with u, which implies that

EM) C (Span{u e M'NN : v'u=wu* = 1})/ NN
=(MNN)NNCM =M.

The property that £(M) C M, for every von Neumann subalgebra M of N,
is equivalent to the assertion that £ has the form £(z) = ax + ¢ (x)1 for
some « € C and linear functional ¢ on N [4, Theorem 2.1]. The hypothesis
€ oAd, = Ad, o € for every unitary v € N implies that ¢ (uzu*) = ¥ (z)
for all unitaries u and all x € N. Hence, 1 is a tracial functional. Since
N is a factor, ¥ = 87 for some § € C. The trace preservation of £ yields
a+ f =1, and so £ is unital. Hence ||&|| = 1; thus, if x € ker 7 is nonzero,
then ||z|| > [|E(z)| = || ||z| and |a] < 1. Moreover, £(z*) = E(x)* for
x € ker T yields a € R. Select a noninvertible positive h € N; the positivity
of £(h) implies that aX + 8 > 0 for every A in the spectrum of h. With
A = 0, in particular, we obtain 8 > 0. Therefore, « = 1 —  and |a] < 1
imply that «, 8 € [0, 1].

If £ is not a scalar multiple of the identity channel, then 5 # 0. Thus, £ is
a convex combination of two channels, one of which is depolarising. Hence,
by Proposition 3.6, £ is a Bures contraction. U

3.2. Multiplicative domains.

Definition 3.11. The multiplicative domain of a positive linear map & :
A — A is the set

Mo ={z € A : O(zy) = &(2)P(y), ®(yz) = ®(y)P(x), Vy € A}.

Thus, the multiplicative domain of ® is the largest C*-subalgebra of A
upon which the linear map & is multiplicative. A related set is

Sp={reA: o(a"x)=0(x)"®(z), P(zz") = O(x)P(x)*}.

Of course S¢ € Mg. However, if ® is a Schwarz map, then S¢ = Mg
[7, 28].

Proposition 3.12. If £ : A — A is a channel, then fg is isometric on the
set D-(A) N Mg. That is,

dp (E(0),E(p)) = dp(o, p),
forall o,p € D (A) N Mg.
Proof. We shall prove that

Fr(p,0) = Fr(E(p),E(0))
for all o, p € D-(A) N Mg.



1382 DOUGLAS FARENICK AND MIZANUR RAHAMAN
To this end, select z € ALNMg¢. Because Mg is a C*-algebra, the element
21/2 also belongs to Mg. Thus,
£(w) = £(V20?) = EVHEE?) = £,

which shows that £(x)/2 = £(z'/2). Now for p,o € D,(A) N Mg, the
element pY/25p'/? lies in Mg; thus,
Fr(E(p),E(0)) = T(E(p)*E(0)E(p)"/?) 7]
(p")E(0)E(p" )]
£(p20p1/2) 7
(p*2apt/?)1/%)]
= r{(p20pM2)1/2)
= F:(p,0).
Hence, the affine function fg is isometric on D, (A) N Meg. O

Corollary 3.13. The multiplicative domain of a Bures contractive channel
isCl={A1: XeC}.

Proof. If not, then the Bures contractive channel £ in question possesses
at least two distinct 7-density elements o and p. Therefore, the feature
di(E(0),E(p)) < di(o, p) cannot hold, by Proposition 3.12. O

The preceding result is a stronger form of a corresponding theorem of
Raginsky [26] for the trace-norm metric.

A partial converse to Proposition 3.12 is the following result on the hered-
itary nature of multiplicative domains.

Proposition 3.14. If £ is a Schwarz channel, and if o € Mg is a T-density
element for which there exists p € Dr(A) such that

dp(o,p) = dp (£(0),E(p))
then o*/2pot/? € Meg.

Proof. Because 0 € Mg, we have that £(c0)'/? = £(c'/?) and, for every
x € A, that £(c/%z) = £(¢'/?)E(x). Thus, using the Schwarz inequality

5(0’1/2p01/2)1/2 > 5([01/2p01/2]1/2),
we obtain
T([E(0) E(p)E(e) /2)2) = T([E(0"*)E(p)E(@*)]'?)
r([£(0"2p0)]172)
> 1o 5[(01/2@71/2)1/2].
Hence, the inequality must be an equality, resulting in
[£(0)!2E(p)E(0) 212 = El('2pa %)),
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The equation above implies that o/ 2p01/ 2 € Me. O

Corollary 3.15. If £ is a Schwarz channel, and if 0 € Mg is an invertible
T-density element for which there exists p € Dr(A) such that

dp(o,p) = dp (E(0),E(p)) ,
then p € Mg.

Proof. The hypothesis and Proposition 3.14 imply that o'/2pc!/?2 € M.
Because 0~ /2 € Mg, the element p = o~ 1/2 (01/2p01/2) o~ 1/2 also lies in

Meg. O
Definition 3.16. The centre of the convex set D,(A) is the element
¢=7(1)"11.

The next proposition gives a necessary and sufficient criteria for a positive
element to be in the multiplicative domain.

Proposition 3.17. If £ : A — A is a Schwarz channel and if a € Ay is
nonzero, then a € Mg if and only if the T-density elements 7(a)"'a and
7(a)"1E(a) are equidistant from the centre ¢ of Dy (A).

Proof. Assume that a € Mg and let p = 7(a) 'a. It was shown in the
proof of Proposition 3.12 that £(p'/2) = £(p)'/?; therefore,

(o) T[E(PVA)]  T[E(p)YH

F(p,¢) =Fr(p,7(1)711) = < = = -
(p, ) (p,7(1)7°1) ()} e (1)}
= Fr(E(p), 7(1)7'1)

Hence, 7(a) 'a and 7(a)~*€(a) are equidistant from the centre ¢ of D, (A).

Conversely, assume that d; (7(a)a,()) = df (7(a)"'€(a),()). There-
fore, the fidelities F-((7(a) 'a,7(1)7'1)) and F-((7(a)'&(a), 7(1)~'1)) co-
incide, which implies that T(al/ H=1(& (a))l/ 2. The Schwarz inequality
asserts that £(a) = 5(a1/2a1/2) > (5(a1/2))2. Since the square root is an
operator monotone function, we obtain 5(&)1/2 > 5(&1/2). Hence,

r(a/2) = 7lE(@)"2] 2 rlE(@!/2)] = r(a/?).
By the faithfulness of trace, 5(@)1/2 = E(al/Q). Therefore,
£(a) = [E(a)'?] = [£(a'))? = £(a'?)E(a!/?),

which shows that a*/?2 € Sg. Because S¢ = Mg for Schwarz maps, we
deduce that a € Mg. O

Recall that 2-positive linear maps are Schwarz maps; thus, by Proposi-
tion 1.5, 2-positive channels are unital maps.
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Proposition 3.18. Suppose that a 2-positive channel £ has the form
1

for some 2-positive channels ® and V. If one of ® or ¥ is a Bures contrac-
tion, then the multiplicative domain of £ is C1.

Proof. By [7, Theorem 3.3],
Meg=MoesNMgn{zeA: &x)=>2(x)=V()}.
If ® or ¥ is a Bures contraction, then it is has multiplicative domain C1, by

Corollary 3.13. Therefore, Mg = C1. O

Because the set of 2-positive channels is convex, the proposition above says
that any map lying on a line segment passing through a Bures contraction
will have trivial multiplicative domain.

3.3. Fixed points.

Definition 3.19. If ® is a linear transformation on a vector space V', then
x € V is a fized point of ® if ®(x) = z. The vector subspace

Fix®={z eV : &(z) =z}
is called the fized point space of P.

Our interest here is with the fixed points of positive linear maps and
channels. The first assertion of the following proposition is widely known,
while the second assertion is an algebraic variant of a theorem of Kribs [22].

The notation [z, y| below denotes the commutator [z,y] = zy — yx.

Proposition 3.20. The following statements hold for a unital channel £
on A:
(1) If € is a Schwarz channel, then Fix € is a unital C‘k algebra.

(2) If there exist wi,...,w, € A such that E(x Zwkazwk, for all

x € A, and if the linear span of the pmjectwns n the C*-algebra
Fix £ is dense in Fix &, then

Fix€={z e A: [z,w] =[z,wp] =0, VE=1,...,n}.
Proof. Suppose that £ is a Schwarz channel. If z € Fix £, then the Schwarz
inequality yields 0 < E(z*x) — E(x*)E(x) = E(z*x) — x*x, where the final
equality is a consequence of the hypothesis z € Fix&. On evaluating the
trace, we obtain the inequality
0<7[€(z"x) = E(@")E(x)] = T(x*x) — T(a¥x) = 0.

Thus, the positive element &(z*x) — E(x*)E(x) has zero trace, which yields
E(x*x) = E(x*)E(x). Hence, z € Sg = Mg. Therefore, if z1,29 € Fix€,
then x1,x9 € Mg and so E(z1x2) = E(x1)E(x2) = x129, Which proves that
T1x9 € Fix €.
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To prove the second assertion, suppose without loss of generality that A
is represented faithfully as a unital C*-subalgebra of B(H) for some Hilbert
space H. The set Bg = {z € A : [z,w] = [z,w}] =0, VE =1,...,n}
is a unital C*-subalgebra of A such that B¢ C Fix&. Conversely, choose a
projection p € Fix&. If £ € H, then,

n n

IPE]1> = (p€, &) = (EW)E,€) =D (pwi&, wi€) =D |pwig]*

k=1 k=1
Thus, if £ € kerp, then wi§ € kerp for every k, which proves that ker p is
invariant for each wjy. A similar argument, using 1 — p € Fix & in place of
p shows that ranp = ker(1 — p) is invariant for each wj. Thus, ranp is a
reducing subspace for each wy, which proves that pw; = wyp for each k.
Hence, p € B¢. Because the linear span of the projections in Fix £ is dense
in Fix &£, we deduce from the continuity of £ that Fix& C Bg. (]

A useful result concerning fixed points of Bures contractive Schwarz chan-
nels is:

Proposition 3.21. If £ is a Bures contractive Schwarz channel, then
Fix& =C1.

Proof. By Proposition 3.20, the fixed point subspace of a Schwarz channel is
a C*-algebra; hence, Fix £ is a subset of the multiplicative domain Mg of £.
In addition, £ is a Bures contraction; therefore, Mg = C 1 by Corollary 3.13.

O

4. Frobenius theory of Bures contractions

4.1. Irreducible channels. The central idea in Frobenius theory is that
of irreducibility. This notion appears as a combinatorial concept in matrix
theory, but in more general contexts the notion of irreducibility is related
to the absence of invariant faces in a cone. The main results of this section
show that Bures contractive channels are irreducible, in both the C*-algebra
and von Neumann algebra frameworks.

Definition 4.1. A nonempty subset F' of Ay is a face of Ay if, for a € Ay
and b € F, the inequality a < b holds only if a € F'.

Definition 4.2. Assume that ® : A — A and ¥ : M — M are positive linear
maps of a C*-algebra A and a von Neumann algebra M, and assume that ¥
is normal.
(1) If there exists a norm-closed face F' of A different from {0} and Ay
such that ®(F) C F, then ® is said to be reducible.
(2) If there exists a ultraweakly-closed face F' of M4 different from {0}
and My such that W(F) C F, then ¥ is said to be reducible.

A positive linear map on A or M that is not reducible is called irreducible.
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The precise determination of the norm-closed faces and the ultraweakly-
closed faces of the positive cones of, respectively, C*-algebras and von Neu-
mann algebras is provided in the monograph [2].

The concept of irreducibility is highly studied in matrix theory. In our
setting, a matrix ® with nonnegative entries is a positive linear map on the
abelian C*-algebra A = C? relative to the canonical trace, and such a map
® is irreducible in the sense of Definition 4.2 if and only if @ is irreducible
in the sense of matrix theory (in that the directed adjacency matrix of & is
strongly connected).

In noncommutative algebra, a decomposable map ® : My(C) — My(C) of
the form

m n
d(x) = Z agray, + Z bex'b},
k=1 =1

for x € My(C), is irreducible if and only if the only invariant subspaces in
common for the family of operators {a,b; }1 ¢ are the trivial subspaces {0}
and C? [11].

The following observation is a variant of [11, Proposition 1].

Lemma 4.3. If® : M — M is a normal positive linear map of norm ||®|] <1
on a von Neumann algebra M, then ® is reducible if and only if there exists
a nontrivial projection p € M such that ®(p) < p.

Proof. Assume that ® is reducible; thus, there is a nontrivial ultraweakly-
closed face F' of M4 such that ®(F) C F. Therefore, there exists an
ultraweakly-closed left ideal J of M such that F' = Jy [2, Theorem 3.13].
Now, if 1 were an element of F', then 1 € J; C J implies that z = z(1) € J
for every z € M, and so we would obtain J = M and F' = M, which is
impossible since F' is nontrivial.

Consider now F1 = FN{z € M : ||z|| < 1}, which is a (weakly-closed)
face of M. Because both F' and the closed unit ball of M are invariant under
®, we deduce that F} is ®-invariant. Furthermore, the exists a projection
p € Fy such that a < p for all a € F} [2, Proposition 3.9]. By the remarks of
the previous paragraph, p # 1; and since F' # {0}, F' has a nonzero elements
a of norm ||al| < 1. Thus, p is a nontrivial projection. Because p € F} and
F is ®-invariant, we have that ®(p) € F}, whence ®(p) < p.

Conversely, suppose that p € M is a nontrivial projection such that ®(p) <
p. Let F ={a € M4 : a < p}, which is a proper ultraweakly closed face of
M,. Further, if a € F, then a < p implies that ®(a) < ®(p) < p, and so
®(a) € F. Therefore, ® is reducible. O

Corollary 4.4. A contractive normal trace-preserving positive linear map
E on a finite von Neumann algebra N is reducible if and only if there exists
a nontrivial projection p € N such that £(p) = p.



BURES CONTRACTIVE CHANNELS ON OPERATOR ALGEBRAS 1387

Proof. If £ is reducible, then Lemma 4.3 shows that £(p) < p for some
nontrivial projection p € N. Because 70 & = 7,

0<7(p—E&p)=1p) —T10&(p)="1(p) —7(p) =0.

Hence, as the trace 7 is faithful, £(p) = p.
Conversely, if £(p) = p, then £ is reducible by Lemma 4.3. O

Example 4.5. Suppose, for A € (0,1), that £\ : M2(M) — M2(M) is the
channel & (x) = Auzu* + (1 — Nvzv*, for x € Mg(M), where

101 q |0 =
u=11 o and v=| . |,
and where M is a finite von Neumann algebra. Then &) is reducible, except
in the case where M = C.

Proof. Because u and v are selfadjoint unitaries, Proposition 3.20 shows
that Fix £y is the commutant of the set {u,v}. A straightforward calculation
@ 0 ] ta € M}. Hence, there
0 a

is always nontrivial projection p for which £\(p) = p, except in the case
where M =2 C. Therefore, by Corollary 4.4, £, is irreducible if and only if
M == C. O

shows that the commutant of {u,v} is { {

Recall that if @ : A — A is a positive linear map on a unital C*-algebra
A, then ®** : A*™* — A** is a normal positive linear map on the enveloping
von Neumann algebra A** of A.

In what follows, if § C A, then S, shall denote SN A,.

Lemma 4.6. The following statements are equivalent for a positive linear
map D : A — A:

(1) @ is reducible;

(2) ®** is reducible.

Proof. If 7, : A — B(H,) is the universal representation of A, then A =
w(A) C w(A)” = A**; therefore, assume without loss of generality that A is
represented as a weakly dense unital C*-subalgebra of A**.

If ®** is reducible, then there exists a nontrivial projection p € A** such
that ®**(p) < p. The set F' = {a € Ay : a < p} is a norm-closed proper
face of Ay (as p € {0,1}). Furthermore, if a € F, then the inequality a < p
leads to ®(a) = ®**(a) < ®**(p) < p, implying that ®(a) € F. Hence, P is
reducible.

Conversely, suppose that ® is reducible. Without loss of generality we may
assume that & is a contraction, as the invariance of a proper norm-closed face
F of Ay under @ is independent of the norm of ®. Let J be a norm-closed
left ideal such that F' = J,, and fix an increasing right approximate identity
for J — namely, an increasing net {e)}, C J4 such that limy ||z — zey|| =0
for every z € J. Considered as a subset of A**, the ultraweak closure of J
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is 77V = {zq : z € A*} where ¢ € A** is the least projection such that
aq = a for every a € Jy and is given by ¢ = sup, ey [2, Proposition 3.44].
Since |lex]] < ||¢]] = 1 and @ is contractive, the element ®(e)) € F has norm
no greater than 1; thus, ®(ey) < ¢ [2, Proposition 3.9]. Hence, using the
normality of ®** we obtain

O™ (q) = ¢** <sup e)\> =sup ®**(ey) = sup ®(ey) < ¢,
A A A

which implies that ®** is reducible, by Lemma 4.3. ([l

The following two results establish the relationship between Bures con-
tractiveness and the irreducibility of Schwarz channels.

Theorem 4.7. A Bures contractive Schwarz channel on a finite von Neu-
mann algebra is irreducible.

Proof. Let £ : N — N be a Bures contractive Schwarz channel on a finite
von Neumann algebra N with faithful normal trace 7. Assume that & is
reducible. Thus, there is a nontrivial projection p such that £(p) = p, by
Proposition 4.3. Since p = pp* = p*p = E(p)*E(p) and E(p) = E(p*p), the
projection p is in the multiplicative domain of €. Corollary 3.13 asserts
that the multiplicative domain of a Bures contractive Schwarz channel is
C1. Hence, p must be 0 or 1, in contradiction to the fact that p is neither 0
nor 1. Therefore, £ must be irreducible. O

Theorem 4.8. A Bures contractive Schwarz channel on a tracial C*-algebra
15 irreducible.

Proof. Let £ : A — A be a Bures contractive Schwarz channel. Assuming
that A C A**, the faithful £-invariant trace 7 on A extends to a faithful
E**-invariant trace 7** on A**.

Assume, contrary to what we aim to prove, that £ is reducible. There-
fore, by Lemma 4.6, £** is reducible; thus, £**(p) = p, for some nontrivial
projection p € A**. Likewise, £**(¢q) = ¢, where ¢ = 1 — p. Hence, p and ¢
are nonzero positive contractions A** such that plg and £**(p) LE*(q). If
a,b € A** are positive and satisfy a < p and b < ¢, then ab = ba = 0. To
verify this, note that

0 < 7(b/2ab'/?) < 7 (b/2pb /) = 7 (pbp) < T (pgp) = 7" (pq) = 0,

which implies that b'/2ab'/2 = 0. As these are operators acting on the
universal representation Hilbert space H, for A, we obtain 0 = [lab'/2¢||? for
every £ € H,; hence, ab'/? = 0, which yields ab = 0 and ba = 0.

By the Kaplansky Density Theorem, there are increasing nets {aq }o and
{bg}p of positive operators in A converging strongly to p and ¢, respectively.
Thus, p = sup, an and g = supg b yields, by the normality of £**, that

E™(p) =supE™(aq) =sup&(as) and £ (q) = sup E*(bg) = sup E(bg).
a « B B
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Thus, by the arguments of the previous paragraph, a,Lbs and £(aq)LE(bg)
for all a and 3, which contradicts the hypothesis that £ is a Bures contrac-
tion. Therefore, it must be that £ is irreducible. O

Examples 3.5 and 4.5 demonstrate that the converses of Propositions 4.7
and 4.8 do not hold.

Proposition 4.9. If £ is a Schwarz channel on N, then there exists a
(normal) completely positive channel I : N — N such that 11> = II and
ranll = Fix&. Furthermore, € is an irreducible channel if and only if 11 is
Bures contractive channel.

Proof. The hypothesis on £ implies that Fix £ is a unital C*-algebra (Propo-
sition 3.20). Furthermore, because £ is normal, the C*-algebra Fix £ is a von
Neumann subalgebra of N. Hence, there exists a unital completely positive
normal map IT : N — N such that I12 = II, 7o Il = 7, and ran IT = Fix £ [28,
Propositions 2.2.6, 2.2.11].

Suppose that £ is irreducible. Thus, Fix€ = C1, and so II(z) = A1
for every x € N. From 7 o Il = 7 we deduce that A\, = % Hence, II is
depolarising and, therefore, Bures contractive.

Conversely, assume that II is a Bures contraction. Thus, Fix& = C1
implies that Fix& has no nontrivial projections. Therefore, the equation
E(p) = p holds for a projection p € N only if p is trivial. Hence, £ is
irreducible. [l

4.2. Perron value. The identity operator on A will be denoted by I and
the spectrum of a bounded linear operator ® : A — A is denoted by Sp .
That is,

Sp® = {\ € C|® — A is not an invertible operator on A}.

Of special interest are the point spectrum Sp, ®, which consists of the eigen-
values of @, and the approximate point spectrum Sp,, ®, which consists of
approximate eigenvalues of ®. Thus, A € Sp,, @ if and only for every € > 0
there exists a nonzero x € A such that ||®(x) — Az|| < ¢||z].

If ® is a positive linear map, then one might expect a Perron—Frobenius-
type behaviour with regards to the spectrum of ®. This has been known for
several decades to be true.

Theorem 4.10 (Perron-Frobenius). [27, Appendix 2.2] If & : A — A is
a positive linear map, then the spectral radius of ® is an element of the
spectrum of ®.

Definition 4.11. The spectral radius of a positive linear map ¢ : A — A is
called the Perron value of ®.

If £ is a Schwarz channel on A, then £ is unital (Proposition 1.5) and so
1 € Sp, €. But as [|€]| < 1, the spectrum of & lies in the closed unit disc of
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C, which implies that the spectral radius of £ is 1. Thus, the spectral circle
for such & is the boundary T of the closed unit disc.

A theorem of Groh [16] states that if ® is an irreducible unital Schwarz
map on a unital C*-algebra, then the peripheral point spectrum Sp, ® N'T
is a subgroup of T. In the case of Bures contractive channels, one has that
this subgroup is trivial:

Proposition 4.12. If £ : A — A is a Bures contractive Schwarz channel,
then

Sp, £NT = {1}.

Proof. Suppose that w € T is an eigenvalue of £ with (nonzero) eigenvector
x. Because & preserves selfadjointness, it is also true that £(z*) = wa™.
Therefore,
E(x*r) > E(x)*E(x) = wrwe = z™x.
Applying the faithful trace 7 to the inequality above yields the inequality
0<7[€(z*x) — E(x)*E(x)] = T(2¥x) — T(2"x) = 0.

Thus, the positive element £(z*x) — £(x)*E(x) has zero trace, which yields
E(x*x) = E(x)*E(x). Hence, x € Sg¢ = Mg. However, Corollary 3.13
asserts that the multiplicative domain of a Schwarz channel is C1; hence,
x € ker(€ — I) Nker(€ — wl), and so w = 1. This proves that

Sp, ENT = {1}. O

It is well-known that if a completely positive channel £ on My(C) has
a completely positive inverse, then £ must be a unitary channel. As uni-
tary channels are Bures isometries, intuition suggests that invertible Bures
contractive channels fail to be channels.

Proposition 4.13. The linear inverse of a bijective Bures contractive chan-
nel is not positive.

Proof. If £ : A — A is bijective channel, and if £~ were also a channel,
then £7! satisfies the monotonicity property with respect to the fidelity
function, implying for all distinct o, p € D-(A) that

Frlo,p) = Fo(€ V0 £(0), €7 0 £(p)) > F(E(0),E(p)) > F(o,p),
in contradiction to F-(E(0),E(p)) = Fr(o,p). O

4.3. Nonscalar extreme points.

Proposition 4.14. Assume that A is finite (i.e., zy = 1 only if yx = 1)
and prime (i.e., xay = 0, for every a € A, only if t =0 ory=20). If € is
a Bures contractive Schwarz channel, and if A1 denotes the closed unit ball

of A, then the image E(A1) does not contain any nonscalar extreme points
Of Al.



BURES CONTRACTIVE CHANNELS ON OPERATOR ALGEBRAS 1391

Proof. Without loss of generality, suppose there exists a nonscalar a € A
with [Ja]| < 1 such that £(a) is an extreme point of the unit ball of A.
By Kadison’s Theorem [21], £(a) is necessarily a partial isometry satisfying
(1 = E&(a)*E(a))A(1l — E(a)é(a)*) = {0}. Using the quasi-transitivity and
finiteness of A, we get £(a)*E(a) = 1 = E(a)é(a)*. Since & is unital and
aa* < 1, we have £(aa*) < 1. Now using the Schwarz inequality,

1=E(a)é(a)" <&(aa*) <1,

resulting in £(aa™) = £(a)€(a)*. Similarly, £(a*a) = E(a)*E(a). Hence, a
belongs to the multiplicative domain of £. Since a Bures contractive map
has 1-dimensional multiplicative domain, this contradicts the assumption.

Hence £(A1) can not contain any nonscalar extreme points of the closed unit
ball of A. O

5. Concluding remarks

The results herein confirm the intuition that one might have concerning
(Bures) contractions of the density space — the irreducibility of such maps is
one such example. With an eye toward applications, one may make several
other statements, such as the following assertion concerning error correction.

If £: A — Ais a channel, and if C is a nonempty susbet (of codes) of the
density space D-(A), then & is correctable on C if there exists a channel R
on A for which Ro&(p) = p, for every p € C. It was observed by Petz in [24]
that the preservation of certain distinguishability measures between density
operators is a sufficient condition for correctability on those operators; it is,
in fact, a necessary condition also, as shown by the result below.

Proposition 5.1. Bures contractive channels are not correctable on any set
of codes of cardinality larger than 1.

Proof. Assume that C is a nonempty susbet of D (A) consisting of at least
two elements, and that there exists a channel R on A for which Ro&(p) = p,
for every p € C.

If o, p € C are distinct, then

dp(o,p) > dp (E(0),E(p)) = dp (R o E(0), R o E(p)) = dp(0, p),

which is impossible. Thus, £ is not correctable on any set C that has at least
two elements. O

Acknowledgement

The authors wish to thank the referee for comments regarding this paper
and, in particular, for suggesting Corollary 3.7.



1392 DOUGLAS FARENICK AND MIZANUR RAHAMAN
References
[1] AKEMANN, CHARLES A.; ANDERSON, JOEL; PEDERSEN, GERT K. Triangle inequal-

2l

(4]

(5]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

ities in operator algebras. Linear and Multilinear Algebra 11 (1982), no. 2, 167-178.
MR0650729, Zbl 0485.46029, doi: 10.1080,/03081088208817440.

ALFSEN, ERIK M.; SHULTZ, FREDERIC W. State spaces of operator algebras. Ba-
sic theory, orientations, and C*-products. Mathematics: Theory & Applications.
Birkhduser Boston, Inc., Boston, MA, 2001. xii+350 pp. ISBN: 0-8176-3890-3.
MR1828331, Zbl 0983.46047, doi: 10.1007/978-1-4612-0147-2.

BENGTSSON, INGEMAR; ZYCZKOWSKI, KAROL. Geometry of quantum states.
An introduction to quantum entanglement. Cambridge University Press, Cam-
bridge, 2006. ISBN: 978-0-521-81451-5; 0-521-81451-0. MR2230995, Zbl 1155.81002,
doi: 10.1017/CB0O9780511535048.

Buar, B.V. RAJARAMA. Linear maps respecting unitary conjugation. Ba-
nach J. Math. Anal. 5 (2011), no. 2, 1-5. MR2780863, Zbl 1228.46056,
doi: 10.15352/bjma/1313362996.

BURES, DONALD. An extension of Kakutani’s theorem on infinite product measures
to the tensor product of semifinite W*-algebras. Trans. Amer. Math. Soc. 135 (1969),
199-212. MR0236719, Zbl 0176.11402, doi: 10.2307/1995012.

CHODA, HIsASHI. An extremal property of the polar decomposition in von Neu-
mann algebras. Proc. Japan Acad. 46 (1970), 341-344. MR0355624, Zbl 0207.44402,
doi: 10.3792/pja,/1195520348.

CHol, MAN DUEN. A Schwarz inequality for positive linear maps on C*-algebras.
Illinots J. Math. 18 (1974), 565-574. MR0355615, Zbl 0293.46043,

CHor, MAN DUEN. Some assorted inequalities for positive linear maps on C*-algebras.
J. Operator Theory 4 (1980), no. 2, 271-285. MR595415, Zbl 0511.46051.

Fack, THIERRY. Sur la notion de valeur caractéristique. J. Operator Theory 7 (1982),
no. 2, 307-333. MR658616, Zbl 0493.46052.

FAack, THIERRY; KoOsAKi, HIDEKI. Generalized s-numbers of 7-measurable oper-
ators. Pacific J. Math. 123 (1986), no. 2, 269-300. MR840845, Zbl 0617.46063,
doi: 10.2140/pjm.1986.123.269.

FARENICK, DouGLAs R. Irreducible positive linear maps on operator algebras. Proc.
Amer. Math. Soc. 124 (1996), no. 11, 3381-3390. MR1340385, Zbl 0864.46034,
doi: 10.1090/S0002-9939-96-03441-7.

FARENICK, DOUGLAS; JAQUES, SAMUEL; RAHAMAN, MIzANUR. The fidelity
of density operators in an operator-algebraic framework. J. Math. Phys. 57
(2016), no. 10, 102202, 15pp. MR3564319, Zbl 1349.81058, arXiv:1602.08177,
doi: 10.1063/1.4965876.

FARENICK, DoUGLAS R.; MANJEGANI, S. MAHMOUD. Young’s inequality in opera-
tor algebras. J. Ramanujan Math. Soc. 20 (2005), no. 2, 107-124. MR2169091, Zbl
1099.47017.

Fucas, CHRISTOPHER A.; VAN DE GRAAF, JEROEN. Cryptographic distinguisha-
bility measures for quantum-mechanical states. IEEE Trans. Inform. Theory 45
(1999), no. 4, 1216-1227. MR1686254, Zbl 0959.94020, arXiv:quant-ph/9712042,
doi: 10.1109/18.761271.

GARDNER, L. TERRELL. Linear maps of C*-algebras preserving the absolute value.
Proc. Amer. Math. Soc. 76 (1979), no. 2, 271-278. MR537087, Zbl 0425.46042,
doi: 10.2307/2043002.

GROH, ULRICH. The peripheral point spectrum of Schwarz operators on C*-
algebras. Math. Z. 176 (1981), no. 3, 311-318. MR610212, Zbl 0457.47029,
doi: 10.1007/BF01214608.


http://www.ams.org/mathscinet-getitem?mr=0650729
http://zbmath.org/?q=an:0485.46029
http://dx.doi.org/10.1080/03081088208817440
http://www.ams.org/mathscinet-getitem?mr=1828331
http://zbmath.org/?q=an:0983.46047
http://dx.doi.org/10.1007/978-1-4612-0147-2
http://www.ams.org/mathscinet-getitem?mr=2230995
http://zbmath.org/?q=an:1155.81002
http://dx.doi.org/10.1017/CBO9780511535048
http://www.ams.org/mathscinet-getitem?mr=2780863
http://zbmath.org/?q=an:1228.46056
http://dx.doi.org/10.15352/bjma/1313362996
http://www.ams.org/mathscinet-getitem?mr=0236719
http://zbmath.org/?q=an:0176.11402
http://dx.doi.org/10.2307/1995012
http://www.ams.org/mathscinet-getitem?mr=0355624
http://zbmath.org/?q=an:0207.44402
http://dx.doi.org/10.3792/pja/1195520348
http://www.ams.org/mathscinet-getitem?mr=0355615
http://zbmath.org/?q=an:0293.46043
http://www.ams.org/mathscinet-getitem?mr=595415
http://zbmath.org/?q=an:0511.46051
http://www.ams.org/mathscinet-getitem?mr=658616
http://zbmath.org/?q=an:0493.46052
http://www.ams.org/mathscinet-getitem?mr=840845
http://zbmath.org/?q=an:0617.46063
http://dx.doi.org/10.2140/pjm.1986.123.269
http://www.ams.org/mathscinet-getitem?mr=1340385
http://zbmath.org/?q=an:0864.46034
http://dx.doi.org/10.1090/S0002-9939-96-03441-7
http://www.ams.org/mathscinet-getitem?mr=3564319
http://zbmath.org/?q=an:1349.81058
http://arXiv.org/abs/1602.08177
http://dx.doi.org/10.1063/1.4965876
http://www.ams.org/mathscinet-getitem?mr=2169091
http://zbmath.org/?q=an:1099.47017
http://zbmath.org/?q=an:1099.47017
http://www.ams.org/mathscinet-getitem?mr=1686254
http://zbmath.org/?q=an:0959.94020
http://arXiv.org/abs/quant-ph/9712042
http://dx.doi.org/10.1109/18.761271
http://www.ams.org/mathscinet-getitem?mr=537087
http://zbmath.org/?q=an:0425.46042
http://dx.doi.org/10.2307/2043002
http://www.ams.org/mathscinet-getitem?mr=610212
http://zbmath.org/?q=an:0457.47029
http://dx.doi.org/10.1007/BF01214608

(17]

18]

(19]

[20]
(21]

22]

(23]

24]

25]

[26]

27]

(28]

29]

(30]

BURES CONTRACTIVE CHANNELS ON OPERATOR ALGEBRAS 1393

HAYASHI, MASAHITO. Quantum information. An introduction. Springer-Verlag,
Berlin, 2006. xiv+426 pp. ISBN: 978-3-540-30265-0; 3-540-30265-4. MR2228302, Zbl
1195.81031, doi: 10.1007/3-540-30266-2.

Hoa, DINH TRUNG; OsAKA, HIROYUKI; TOAN, Ho MINH. On generalized Powers—
Stgrmer’s inequality. Linear Algebra Appl. 438 (2013), no. 1, 242-249. MR2993379,
Zbl 1270.46057, arXiv:1204.6665, doi: 10.1016/j.1aa.2012.07.053.

JIAN, LoNG; HE, KAN; YUAN, QING; WANG, FEI. On partially trace distance pre-
serving maps and reversible quantum channels. J. Appl. Math. (2013), Art. ID 474291,
5 pp. MR3115288, doi: 10.1155/2013/474291.

JozsA, RICHARD. Fidelity for mixed quantum states. J. Modern Opt. 41 (1994), no.
12, 2315-2323. MR1312945, Zbl 0941.81508, doi: 10.1080/09500349414552171.
KADISON, RICHARD V. Isometries of operator algebras. Ann. Of Math. (2) 54 (1951),
325-338. MR0043392, Zbl 0045.06201, doi: 10.2307/1969534.

KRriBs, DaviD W. Quantum channels, wavelets, dilations and representations of O,,.
Proc. Edinb. Math. Soc. (2) 46 (2003), no. 2, 421-433. MR1998572, Zbl 1051.46046,
arXiv:math/0309390, doi: 10.1017/5S0013091501000980.

PAULSEN, VERN. Completely bounded maps and operator algebras. Cambridge
Studies in Advanced Mathematics, 78. Cambridge University Press, Cam-
bridge, 2002. xii+300 pp. ISBN: 0-521-81669-6. MR1976867, Zbl 1029.47003,
doi: 10.1017/CBO9780511546631.

PETz, DENES. Sufficiency of channels over von Neumann algebras. Quart. J.
Math. Ozford Ser. (2) 39 (1988), no. 153, 97-108. MR0929798, Zbl 0644.46041
doi: 10.1093/qmath/39.1.97.

PowegRrs, ROBERT T.; STORMER, ERLING. Free states of the canonical anticommu-
tation relations. Comm. Math. Phys. 16 (1970), 1-33. MR0269230, Zbl 0186.28301,
doi: 10.1007/BF01645492.

RAGINSKY, MAXIM. Strictly contractive quantum channels and physically realizable
quantum computers. Phys. Rev. A 65 (2002), 032306. arXiv:quant-ph/0105141.
SCHAEFER, HELMUT H. Topological vector spaces. Graduate Texts in Mathematics,
3. Springer-Verlag, New York-Berlin, 1971. xi4+-294 pp. MR0342978, Zbl 0217.16002,
doi: 10.1007/978-1-4612-1468-7.

STORMER, ERLING. Positive linear maps of operator algebras. Springer Monographs
in Mathematics. Springer, Heidelberg, 2013. viii+134 pp. ISBN: 978-3-642-34368-1;
978-3-642-34369-8. MR3012443, Zbl 1269.46003, doi: 10.1007/978-3-642-34369-8.
TAKASAKI, MASAMICHI. Theory of operator algebras. I. Encyclopaedia of Mathemat-
ical Sciences, 124. Operator Algebras and Non-commutative Geometry, 5. Springer-
Verlag, Berlin, 2002. xx+415 pp. ISBN: 3-540-42248-X. MR1873025, Zbl 0990.46034.
UHLMANN, ARMIN. The “transition probability” in the state space of a *-algebra.
Rep. Mathematical Phys. 9 (1976), no. 2, 273-279. MR0423089, Zbl 0355.46040,
doi: 10.1016,/0034-4877(76)90060-4.

(Douglas Farenick) DEPARTMENT OF MATHEMATICS & STATISTICS, UNIVERSITY OF RE-
GINA, REGINA, SASKATCHEWAN S4S 0A2, CANADA
douglas.farenick@uregina.ca

(Mizanur Rahaman) DEPARTMENT OF MATHEMATICS & STATISTICS, UNIVERSITY OF
REGINA, REGINA, SASKATCHEWAN S4S 0A2, CANADA
mizanurl@gmail.com

This paper is available via http://nyjm.albany.edu/j/2017/23-63.html.


http://www.ams.org/mathscinet-getitem?mr=2228302
http://zbmath.org/?q=an:1195.81031
http://zbmath.org/?q=an:1195.81031
http://dx.doi.org/10.1007/3-540-30266-2
http://www.ams.org/mathscinet-getitem?mr=2993379
http://zbmath.org/?q=an:1270.46057
http://arXiv.org/abs/1204.6665
http://dx.doi.org/10.1016/j.laa.2012.07.053
http://www.ams.org/mathscinet-getitem?mr=3115288
http://dx.doi.org/10.1155/2013/474291
http://www.ams.org/mathscinet-getitem?mr=1312945
http://zbmath.org/?q=an:0941.81508
http://dx.doi.org/10.1080/09500349414552171
http://www.ams.org/mathscinet-getitem?mr=0043392
http://zbmath.org/?q=an:0045.06201
http://dx.doi.org/10.2307/1969534
http://www.ams.org/mathscinet-getitem?mr=1998572
http://zbmath.org/?q=an:1051.46046
http://arXiv.org/abs/math/0309390
http://dx.doi.org/10.1017/S0013091501000980
http://www.ams.org/mathscinet-getitem?mr=1976867
http://zbmath.org/?q=an:1029.47003
http://dx.doi.org/10.1017/CBO9780511546631
http://www.ams.org/mathscinet-getitem?mr=0929798
http://zbmath.org/?q=an:0644.46041
http://dx.doi.org/10.1093/qmath/39.1.97
http://www.ams.org/mathscinet-getitem?mr=0269230
http://zbmath.org/?q=an:0186.28301
http://dx.doi.org/10.1007/BF01645492
http://arXiv.org/abs/quant-ph/0105141
http://www.ams.org/mathscinet-getitem?mr=0342978
http://zbmath.org/?q=an:0217.16002
http://dx.doi.org/10.1007/978-1-4612-1468-7
http://www.ams.org/mathscinet-getitem?mr=3012443
http://zbmath.org/?q=an:1269.46003
http://dx.doi.org/10.1007/978-3-642-34369-8
http://www.ams.org/mathscinet-getitem?mr=1873025
http://zbmath.org/?q=an:0990.46034
http://www.ams.org/mathscinet-getitem?mr=0423089
http://zbmath.org/?q=an:0355.46040
http://dx.doi.org/10.1016/0034-4877(76)90060-4
mailto:douglas.farenick@uregina.ca
mailto:mizanur1@gmail.com
http://nyjm.albany.edu/j/2017/23-63.html

	1. Introduction
	1.1. Motivation
	1.2. Definitions, assumptions, and notation

	2. The Bures Metric
	2.1. The trace norm is a norm
	2.2. The Bures metric is a metric
	2.3. Joint concavity of fidelity

	3. Bures contractive channels
	3.1. Definition and examples
	3.2. Multiplicative domains
	3.3. Fixed points

	4. Frobenius theory of Bures contractions
	4.1. Irreducible channels
	4.2. Perron value
	4.3. Nonscalar extreme points

	5. Concluding remarks
	Acknowledgement
	References

