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ABSTRACT. In this paper we prove boundedness results on atomic Hardy
type spaces for multipliers of the spherical transform on noncompact
symmetric spaces of arbitrary rank. The multipliers we consider satisfy
either inhomogeneous or homogeneous Mihlin-Hérmander type condi-
tions. In particular, we are able to treat the case of strongly singular
multipliers whose convolution kernels are not integrable at infinity. Thus
our results apply also to negative and imaginary powers of the Laplacian.
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1. Introduction

Suppose that M is a bounded translation invariant operator on L?(R")
and denote by m the Fourier transform of its convolution kernel: M is usu-
ally referred to as the Fourier multiplier operator associated to the multiplier
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m. A celebrated result of L. Hérmander [20] states that if m satisfies the
following Mihlin type conditions

(1.1) ID'm(¢)| < Cle[T ve e R™\ {0}

for all multiindices I of length |I| < |n/2] + 1, where [n/2] denotes the
largest integer < n/2, then M extends to an operator bounded on LP(R")
for all p in (1,00), and of weak type 1. This result was complemented by
C. Fefferman and E.M. Stein [12], who showed that M extends to a bounded
operator on the classical Hardy space H'(R").

In the pioneering works of Stein [35] and R.S. Strichartz [36], the authors
proposed to extend the aforementioned results to Riemannian manifolds.
The purpose of this paper is to do so for spherical multipliers on Riemann-
ian symmetric spaces of the noncompact type, which constitute an impor-
tant generalization of the hyperbolic disc, and are paradigmatic examples
of Riemannian manifolds with bounded geometry and exponential volume
growth.

Notable contributions to this problem on general symmetric spaces of the
noncompact type are [1, 8, 17, 22, 31]. Some of them follow up previous
work on rank one symmetric spaces [21, 34] or complex symmetric spaces
[3].

A related problem is to obtain results similar to those of Hérmander and
Fefferman—Stein for spectral multipliers of the Laplace—Beltrami operator on
Riemannian manifolds. Since the literature on this subject is huge, without
aiming at exhaustiveness we mention that contributions on this problem
on classes of manifolds that include noncompact symmetric spaces can be
found in [6, 7, 13, 16, 23, 25, 27, 29, 28, 33, 37, 39] and the references therein.
Notice that on rank one symmetric spaces spherical multipliers coincide with
spectral multipliers of the Laplacian.

In this paper we establish an analogue of the aforementioned result of
Fefferman and Stein on symmetric spaces of the noncompact type. This re-
quires identifying a space that plays in this context the same role as the
classical Hardy space H'(R") plays on Euclidean spaces. Observe that
noncompact symmetric spaces are not spaces of homogeneous type in the
sense of Coifman and Weiss [9], i.e., the doubling condition fails (for large
balls). Furthermore it can be seen (see Section 4) that the generalizations of
H'(R™) to Riemannian manifolds with Ricci curvature bounded from below
and spectral gap [5, 32, 38], do not produce an endpoint estimate for the
class of strongly singular spherical multipliers we consider.

In order to analyze the state of the art, we need some notation, which is
standard (see also Section 2). We denote by G a noncompact connected real
semisimple Lie group with finite centre, by K a maximal compact subgroup
of G and by X = G/K the associated noncompact Riemannian symmetric
space. It is well known that (G, K) is a Gelfand pair, i.e., the convolution
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algebra L'(K\G/K) of all K-bi-invariant functions in L'(G) is commuta-
tive. The spectrum of L'(K\G/K) is the tube Tz = a* 4+ iW, where W is
the open convex polyhedron in a* that is the interior of the convex hull of
the Weyl orbit of the half-sum of positive roots p. Denote by x the Gelfand
transform (also referred to as the spherical Fourier transform, or the Harish-
Chandra transform in this setting) of the function & in L'(K\G/K). Tt is
known that x is a bounded continuous function on 755, holomorphic in Ty
(i.e., in a* + W), and invariant under the Weyl group W. The Gelfand
transform extends to K—bi-invariant tempered distributions on G (see, for
instance, [15, Ch. 6.1]).

It is well known that the Banach algebra L>(a*)"V of all Weyl invariant
essentially bounded measurable functions on a* is isomorphic to the space
of all G—invariant bounded linear operators on L?(X). The isomorphism is
given by the map m — M where

MFA) =m(A\) f(A)  VfeL*X) VA€a*

Thus M f = fxk, where k is the K—bi-invariant tempered distribution on G
such that K = m. We call k the kernel of M and m the spherical multiplier
associated to M. Notice that the space of all G—invariant bounded linear
operators on L?(X) and the spherical Fourier transform are the counterpart
on X of the class of bounded translation invariant operators on L*(R"™) and
of the Euclidean Fourier transform, respectively.

A well known result of Clerc and Stein [8] states that if M extends to a
bounded operator on LP(X) for all p in (1,00), then m extends to a holo-
morphic function on Ty, bounded on closed subtubes thereof. It is natural
to ask for sufficient conditions on m which ensure that M is bounded on
LP(X) for all p in (1,00), and satisfies some endpoint result for p = 1.

The most popular kind of requirement is that m admits an extension to
the boundary of Tw which satisfies certain differential inequalities on Ty
We briefly examine the differential inequalities that appear in the literature.
J.-Ph. Anker [1], following up earlier results of M. Taylor [37] and J. Cheeger,
M. Gromov and Taylor [7] for manifolds with bounded geometry, proved that
if m satisfies Mihlin type conditions of the form

(12) DIm(Q) < € (1+[¢) "
for every multiindex I of length |I| < |[n/2] + 1, then the operator M is
of weak type 1. Here n denotes the dimension of X. This extends previ-
ous results on special classes of symmetric spaces [3, 8, 34]. The analysis
performed by Anker reveals that the inverse spherical Fourier transform s
of m is integrable at infinity and satisfies a local Hormander type integral
condition. Anker’s result was complemented by A. Carbonaro, Mauceri and
Meda [5], who showed that if m satisfies (1.2), then M is bounded from
the Hardy space H'(X) to L'(X). Here H!(X) is the space introduced in
[5]. The space H'(X) is defined via atoms supported on balls of radius at

VCGTW
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most 1 and satisfying a standard cancellation condition. It is not hard to
see that M is bounded also from the Hardy space h!(X) of Goldberg type,
introduced by Taylor in [38], to L'(X). As a first result in this paper, we
improve the endpoint result in [5] by showing that if a multiplier m satisfies
condition (1.2), then M is bounded from the Hardy space H(X) to H'(X)
(see Theorem 3.4(i)).

Notice that condition (1.2) is a nonhomogeneous Mihlin-Hérmander con-
dition; in particular, neither the multiplier nor its derivatives can have local
singularities on T35. However, it is known that certain classes of multipliers
which have local singularities on T3y are bounded on LP(X), p € (1,00),
and of weak type 1. For instance, if £ is the Laplace—Beltrami operator
on X, Anker and L. Ji [2] showed that the operator £L™7 is of weak type 1
as long as 7 is in (0, 1], and it is not of weak type 1 when 7 > 1. The
multiplier corresponding to £L77 is Q(¢)~ 7, where Q(¢) := ((,¢) + (p, p) is
the Gelfand transform of the Laplacian. Notice that Q(¢)~" is unbounded,
together with its derivatives, near ip (and the points in its Weyl orbit). This
proves that there exist operators bounded on L?(X) and of weak type 1 such
that the associated spherical Fourier multiplier is unbounded on T, i.e., on
the Gelfand spectrum of L'(K\G/K). This, of course, cannot happen for
Euclidean Fourier multipliers. A slightly less singular example is given by
L™ when wu is real and nonzero. The corresponding multiplier is bounded on
Ty, but its derivatives are unbounded near ip (and the points in its Weyl
orbit). It may be worth observing that the kernels of these operators are
not integrable at infinity.

A breakthrough in the problem was established by A.D. Ionescu [21] in
the case where the rank of X is one. He was interested in sharp LP bounds
and did not consider weak type 1 estimates. However, by slightly modifying
Tonescu’s argument, it is not hard to see that if m satisfies the following
estimates on T35

Cl¢—ipl™" if |¢ —ip| <1077
(1.3) |DIm(Q)| < Cl¢+ipl™" if[¢+ip| <107
C ¢t otherwise

for 0 < I < N, with N large enough, then M is of weak type 1. Remember
that T reduces to the strip {¢ € C : [Im(¢)| < p} in this case. Notice that
if m satisfies (1.3), then, in particular, its restriction to the boundary of Tw
satisfies the homogeneous Mihlin—-Hérmander conditions (1.1) on R. Note,
however, that the spherical multiplier associated to £~7 does not satisfy
(1.3) when 7 > 0, and the aforementioned result of Anker and Ji cannot be
deduced from Ionescu’s result even when the rank of X is one.

An analogue of (1.3) on higher rank symmetric spaces was introduced by
Ionescu [22]. However, these new conditions do not apply, for instance, to
L% u # 0 (see [31] for details). Inspired by Ionescu’s results, two of us
introduced the so-called strongly singular multipliers [31]. These are Weyl
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invariant functions m on T3y satisfying the following conditions

ClQ(O|™ D2 if |Q(¢)| < 1
clQ(¢)| 11/ if [Q(Q)] > 1,

where 7 is a nonnegative real number, and |I| and d([) are the isotropic
and an anisotropic length of the multiindex I, respectively (see the begin-
ning of Section 3 for the definition of d(/)). Notice that if 7 > 0, then the
multiplier m itself may be unbounded near ip. We remark that condition
(1.4), although technical, is natural: it is satisfied by a class of functions
of the Laplacian that includes the potentials £77 with Re7 > 0 (see Re-
mark 3.3). It is straightforward to check that if X has rank one and 7 = 0,
then conditions (1.4) reduce to (1.3). It is known [31] that if m satisfies
condition (1.4) and 7 is in [0,1), or if m is a function of £ and 7 < 1, then
M is of weak type 1. This generalizes the result of Anker and Ji. As the
aforementioned counterexample of Anker and Ji shows, the weak type 1 es-
timate fails when 7 > 1. It is interesting to notice that if the rank of X is
at least two, and m satisfies (1.4), then its restriction to a* + ip does not
satisfy Mihlin—-H6rmander conditions (1.1); rather, it exhibits the following
anisotropic behaviour: there exists a constant C such that

(1.4) ID'm(¢)] < {

CN(é)—QT—d(I) V¢ € a* such that [¢| <1

; .
(1.5) |D'm(§{+1ip)| < {C|§_|z| V¢ € a* such that [£] > 1.

Here N denotes a suitable anisotropic “norm” (see Section 3 for its defini-
tion). This phenomenon was already noticed in [31].

In this paper we shall prove that all strongly singular multipliers admit
endpoint results for p = 1, no matter how large the parameter 7 is. To obtain
these endpoint results we shall use the atomic Hardy type spaces H'(X)
introduced in [5] and X*(X) introduced in [26], and further investigated in
the series of papers [27, 29, 28]. It is important to keep in mind that the
following strict continuous containments hold

HX)>X'X)o>X’X)>-- >XX)>--.
Moreover, for each positive integer k, LP(X) is the complex interpolation
space between X*(X) and L?(X), for every p € (1,2).
Now we summarize the main results of the paper. We denote by n the

dimension of X and by [n/2] the smallest integer > n/2. We prove the
following (see Theorem 3.4):

(i) If m satisfies (1.2) for all I such that |I| < [n/2] + 2, then M is
bounded from H'(X) to H!(X).
(ii) If m satisfies (1.4) for all I such that

I| < [n/2]+2 and k>71+4 [n/2]+2,
then M is bounded from X*(X) to H*(X).
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(iii) If m satisfies (1.4) for all I such that |I| < [n/2] +2 and k > T,
then M is bounded from X*(X) to L(X).

We complement our analysis by showing that if X is complex, then £,
whose multiplier satisfies (1.4) for all I, is unbounded from H'(X) to L(X)
for all nonzero real u (see Theorem 4.1). A fortiori, the same result holds
for the larger Goldberg type space h'(X) introduced in [32, 37]. A similar
result for £L77, 7 > 0, was proved in [30, Theorem 4.1].

We emphasize that the results in this paper, as well as those concerning
the Riesz transforms in [30], corroborate the fact that X*(X) does serve as
an effective counterpart on X of the classical Hardy space H'(R"), whereas
the effectiveness of the spaces H'(X) and h'(X) is somewhat limited to
operators whose kernels are integrable at infinity.

The paper is organized as follows. Section 2 contains the basic notions of
analysis on X and the definitions of the Hardy spaces H'(X) and X*(X). Sec-
tion 3 contains the positive results for spherical multipliers (Theorem 3.4).
Finally, in Section 4 we prove that if X is complex, then £, v € R\ {0}, is
unbounded from H'(X) to L!(X) (see Theorem 4.1).

We will use the “variable constant convention”, and denote by C, possibly
with sub- or superscripts, a constant that may vary from place to place and
may depend on any factor quantified (implicitly or explicitly) before its
occurrence, but not on factors quantified afterwards.

2. Preliminaries

2.1. Preliminaries on symmetric spaces. In this subsection we recall
the basic notions of analysis on noncompact symmetric spaces that we shall
need in the sequel. Our main references are the books [18, 19] and the papers
[1, 2]. For the sake of the reader we recall also the notation, which is quite
standard.

We denote by G a noncompact connected real semisimple Lie group with
finite centre, by K a maximal compact subgroup and by X = G/K the
associated noncompact Riemannian symmetric space. The point 0 = eK,
where e is the identity of G, is called the origin in X. Let 0 and g =€ & p
be the corresponding Cartan involution and Cartan decomposition of the
Lie algebra g of GG, and a be a maximal abelian subspace of p. We denote
by ¥ the restricted root system of (g,a) and by W the associated Weyl
group. Once a positive Weyl chamber a™ has been selected, ¥ denotes the
corresponding set of positive roots, ¥, the set of simple roots in ¥ and
23 the set of positive indivisible roots. As usual, n = >~ .51 go denotes
the sum of the positive root spaces. Denote by m, the dimension of g, and
set p := (1/2) X ex+ Ma . We denote by W the interior of the convex
hull of the points {w - p : w € W}. Clearly W is an open convex polyhedron
in a*. By N = expn and A = expa we denote the analytic subgroups of
G corresponding to n and a. The Killing form B induces the K—-invariant
inner product (X,Y) = —B(X , H(Y)) on p and hence a G—invariant metric
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d on X. The closed ball with centre x - 0 and radius r will be denoted by
B.(z-0). The map X — expX - o is a diffecomorphism of p onto X. The
distance of exp X - o from the origin in X is equal to | X|, and will be denoted
by |exp X - o] . We denote by n the dimension of X and by ¢ its rank, i.e.,
the dimension of a.

We identify functions on the symmetric space X with K-right-invariant
functions on G, in the usual way. If E(G) denotes a space of functions on
G, we define F(X) and E(K\X) to be the closed subspaces of E(G) of the
K-right-invariant and the K—bi-invariant functions, respectively. We write
dz for a Haar measure on (G, and let dk be the Haar measure on K of total
mass one. The Haar measure of G induces a G—invariant measure p on X
for which

j f(x-o)ducr-o>=:j f@)de  VfeOuX)
X G

We shall write ’E ‘ instead of u(F) for a measurable subset E of X. We
recall that

(2.1) JG f(z)dz = J

J J f(klepokig)(S(H)dkldek}Q,
KJatJK

where dH denotes a suitable nonzero multiple of the Lebesgue measure on
a, and
(2.2) S(H)= ] (sinha(H))™ <Ce*H)  VHca.

aext

We recall the Iwasawa decomposition of GG, which is G = K A N. For every x
in G we denote by H(x) the unique element of a such that x € K exp H(z)N.

For any linear form A : a — C, the elementary spherical function ¢ is
defined by the rule

() = J e~ (ATAHETR) . yr e G.
K

In the sequel we shall use the following estimate of the spherical function g
[2, Proposition 2.2.12]:

(2.3) polexp H-0) < (1+ |H|)P | e=2(H)  wH ot

The spherical transform Hf of an L'(G) function f, also denoted by f, is
defined by the formula

M) = JG F@)éa@)de VA€ a

Harish-Chandra’s inversion formula and Plancherel formula state that for
“nice” K-bi-invariant functions f on G

(2.4) f@ﬁzj*ﬂM¢xdeM Vi e G
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and . 12
Il = | [ R w] T vre ey

where dv(\) = c,|c(A)| 72 d), and ¢ denotes the Harish-Chandra c-function.
We do not need the exact form of c. It will be enough to know that there
exists a constant C' such that

(2.5) e[ <C(1+A)",

[18, IV.7]. The spherical transform can be factored as follows H = FA,
where A is the Abel transform, defined by

Af(H) = &Pt J f((exp H)n) dn VH € a,
N

and F denotes the Euclidean Fourier transform on a.

Next, we recall the Cartan decomposition of G, which is G = K expat K.
In fact, for almost every x in G, there exists a unique element A™(z) in a®
such that x belongs to K exp AT (z)K.

Lemma 2.1. The map A" : G — a is Lipschitz with respect to both left and
right translations of G. More precisely

A*(y2) — AT ()| < d@-0,0) and  |AT(ay) — AT(y)| < d(w-0,0),
for all x and y in G.

Proof. The first inequality follows from |A*(yz) — A1 (y)| < d(yx-0,y-0),
see [2, Lemma 2.1.2], and the G-invariance of the metric d on X.

The second inequality follows from the first, for AT (z71) = —0 AT (2),
where o is the element of the Weyl group that maps the negative Weyl
chamber —a™ to the positive Weyl chamber a™. O

For every positive r we define
bp={H €a:|H|<r}
B, = K(expb,)K
b.={Heca:(w-p)(H)<|p|r for all w e W}
Bl = K(expb.)K.
The set B, is the inverse image under the canonical projection 7 : G — X
of the ball B,.(0) in the symmetric space X. Thus, a function f on X is
supported in B,(0) if and only if, as a K-right-invariant function on G, is

supported in B,. We shall use the following properties of the sets defined
above [1, Proposition 4].

(2.6)

Proposition 2.2. The Abel transform is an isomorphism between
CX(K\X) and CZ(a)V.
Moreover the following hold:
(i) supp f C B, if and only if supp (Af) C b,.
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(ii) supp f C B.. if and only if supp (Af) C b...
We shall also need the following lemma.

Lemma 2.3. The following hold:

(i) There exists a constant C such that |BL| < C =1 2Pl" for allr > 1.
ii) There exists an integer M such that By-B!. C B’ or every r > 0.
T r+M

Proof. To prove (i) we apply the integration formula in Cartan coordinates

B =Wl | sman,
atno’.
and use the estimate (2.2) for the density function §. The conclusion
follows by choosing orthogonal coordinates (Hi,...,H;) on a such that
Hy, = p(H)/|p|, and observing that there exists a constant C' such that
|(H1, - ,Hg_1)| < CHyon atn b;

Next we prove (ii). Denote by ¢ the Minkowski functional of the set bf.
Since b/ is convex and absorbing, < is a norm on a. Define ¢(z) = ¢(A*(z))
for all  in G. By Lemma 2.1, < is left (and right) uniformly continuous on
G. Thus there exists ¢ > 0 such that |S(xy) — S(y)| < 1 for all z in B, and
all y in G. Therefore

(2.7) (zy) <é(y)+1 VzeB., Yyed.

Now, if x € By there exist M elements x1,...,xp in B, such that x =
x1x9 -+ - xp. Thus, iterating (2.7), we get

S(ry) <<(y)+M VYo e By, Vyed.

Since By, = {z € G : {(x) < r} for all 7 > 0, this proves that By-B,. C B, ,,,
as required. O

2.2. Hardy spaces on X. In this subsection we briefly recall the defi-
nitions and properties of H'(X) and X*(X). For more about H'(X) and
XF*(X) we refer the reader to [5] and [26, 27, 29], respectively.

Definition 2.4. An H'-atom is a function a in L?(X), with support con-
tained in a ball B of radius at most 1, and such that:

(i) [gadu=0.

(ii) flall2 < |B|7%.

Definition 2.5. The Hardy space H'(X) is the space of all functions g in
LY(X) that admit a decomposition of the form g = >_jo1¢jaj, where aj is
an H!'-atom, and > 721 lejl < oo. Then ||g| g1 is defined as the infimum of

>_7211¢j| over all decompositions above of g.

Remark 2.6. A straightforward consequence of [26, Lemma 5.7] that we
shall use repeatedly in the sequel is the following. If f is in L?(X), its support
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is contained in Bg(o0) for some R > 1, and its integral vanishes, then f is in
H'(X), and

|1l < CRBRO" |£]l,

An easy adaptation of the proof of [26, Lemma 5.7] shows that if f is in
L*(X), its support is contained in B, for some R > 1, and its integral
vanishes, then f is in H!(X), and

1/2

1l < CRIBR [I£]], -

The Hardy type spaces X*(X) were introduced in [26] as certain Banach
spaces isometrically isomorphic to H'(X). An atomic characterization of
X*(X) was then established in [27], and refined in [29]. In this paper we
adopt the latter as the definition of X*(X). We say that a (smooth) function
q on X is k—quasi-harmonic if £Fq is constant on X.

Definition 2.7. Suppose that k is a positive integer. An X*-atom is a
function A, with support contained in a ball B of radius at most 1, such
that:

(i) [x A qdu =0 for every k-quasi-harmonic function g.
. ~1/2
(i) Al < |B|7V2
Note that condition (i) implies that [y Ady = 0, because the constant

function 1 is k—quasi-harmonic on X.

Definition 2.8. The space X*(X) is the space of all functions F of the form
>_j¢j Aj, where A; are Xk-atoms and >_jlejl < oo, endowed with the norm

|F|| x+x = inf Z lej| « F = ch Aj, where A;j is an XFk_atom
J J

2.3. Estimate of operators. We shall encounter various occurrences of
the problem of estimating the H'(X) norm of functions of the form a * v,
where a is an H'(X)-atom with support in Br(o) for some R < 1, and v
is a K-bi-invariant function with support contained in the ball Bg(o). The
following lemma contains a version of such an estimate that we shall use
frequently in the sequel.

Lemma 2.9. Suppose that a and v are as above. The following hold:
(i) There exists a constant C such that
lla s [
) {|BR+B<0>\”2 win ([, CR [¥2l,) #R+5<1
L@+ 8)[Bresto) " |1, JR+5> 1.
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(i) Suppose further that v is of the form A~Y(®Ar), where ® is a
smooth function with compact support, and define s := (n — £)/2.
Then there exists a constant C such that

A7 @AR), < C [[@Ax] .

and

[V[A™H(®AR)]

Hz <C H‘I)AﬁHHsH(a) ’

where H*(a) denotes the standard Sobolev space of order s on a.

Proof. First we prove (i). Notice that the support of a * 7 is contained in
Bpys(0) and that its integral vanishes. Furthermore || fyH2 < nyH2
In the case where R+ 3 > 1 the required estimate follows from Remark 2.6
above. Thus, we may assume that R + 8 < 1. Observe that
a *
axy = T llaxrlls | Bris(o)]',
la* ]2 |Brs(o)]

unless a *x v = 0, in which case there is nothing to prove. Then

a* -y

1/2
la 2 |Brys(o)|"

is an H'-atom, whence its norm in H'(X) is at most 1. Therefore

1/2
la Y|l < lla* V]2 | Brig(o)]"*.

To conclude the proof of the estimate when R + 5 < 1, it remains to prove
that

la * y[l2 < min ([|yll2, C R [[V7]2).

Clearly [la v[l2 < [lall1 [|7]l2 < [l7/l2- To prove that [lax |2 < C R [|[V7y]2,
we argue as follows. The function a has vanishing integral. Hence

axy(z-o0) = J a(y - o) [v(y~'w - 0) —y(x - 0)] du(y - o).
Br(0)

Then, by the generalized Minkowski inequality,

(2.8)

a2
1/2

< J dp(y - o) la(y - o) U Yy~ 0) = y(z - 0)|* dp( - 0)
Br(o) Bprts(0)
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Take a vector field Y in p such that y=! = exp Y. Then, for all z in Bg5(0)

rl
-1

v(zexp Ad(z~1)tY - 0)|dt

d
at’

(2.9) [v(y'z-0) —(z-0)| <

= \Ad(mfl)Y'y(a: exp Ad(z~1)tY - o)| dt

JO

rl

< | |Ad(@ ")Y||Vy(zexp Ad(z~1)tY - 0)| dt

JO

1
<C |Y\J [V~ (exp(tY)z - 0)| di;
0

in the last inequality we have used the fact that sup, .5, |Ad(z71)| < c0.
Thus, by (2.9), Minkowski’s integral inequality, and the fact that |Y| < R,

1/2
U Yy~ 0) — y(z - o) dpu( 0)]
Br+p(o)

1 1/2
< C|Y\J dt J |V’y(exp(tY):c-o)}2d/L(a:-o)
0 Bryp(o)

1/2
<CR

)

j V(- o) dul - 0)
Bg (o)

where we have used the fact that |Y| < R, because y - 0 is in Bg(o). This
concludes the proof of the required estimate in the case where R+ 8 < 1,
and of (i).

Next we prove the second inequality in (ii): the proof of the first inequality
is similar, even simpler, and is omitted. Observe that

VA (@AR)] |5 = (L[AT (@AR)], AH(DAK)).
Then Plancherel’s formula and estimate (2.5) for Plancherel’s measure imply

that
(2.10)

VA~ @an)]], =

I

1/2
| o+ 13 [F @A) dvm]

1/2
<C J (14 |A?)H =072 \]-'(@Am)()\)fd)\]

1/2
<C J (T — 2)+D2 (D Ar)(H) | dH]

=C H‘I).A/{‘

Ha+1 9
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as required. Notice that have used the Euclidean Plancherel’s formula in
the second inequality above. ([

3. Spherical multipliers

In this section we consider two classes H*(Tw;J) and H(Tw;J, 7) of
spherical multipliers on X and the associated convolution operators. We
shall investigate endpoint results for these operators that involve either
H'(X) or X*(X). We find that convolution operators associated to mul-
tipliers in H>(Tw;J) and H(Tw; J,7) have quite different boundedness
properties. The main reason for this is that the convolution kernels associ-
ated to multipliers in H>(Tw; J) are integrable at infinity, whereas those
associated to multipliers in H (Tw; J,7) may be not.

Definition 3.1. Suppose that J is a positive integer. Denote by H>(Tw; J)
the space of all Weyl invariant bounded holomorphic functions in the tube
Tw such that

(3.1) ID'm(Q)| < C @+ v eTw

for all multiindices I such that |I| < J. The norm of m in H>®(Tw;J) is
the infimum of all constants C' such that (3.1) holds.

To introduce the second class of multipliers, we need more notation.
For every multiindex I = (i1,...,ip) we write I = (I',ig), where I' =
(41,...,3¢—1). Denote by |I| the length of I, and by d(I) its anisotropic
length, which agrees with |I| if £ =1, and is defined by

A(I) =iy + - + g1 + 2is
if £ > 2. We write any point £ in a* as &' + & p/|p|, where £’ is orthogonal to
p. We denote by | - | the Euclidean norm [¢| = (|¢/|2 4 ¢2)!/2 and by N the
anisotropic norm N (¢) = (|¢/|* + €2)1/4. Since we may identify a* with a,

we can define A also on a. There exists a constant ¢, such that if a function
f on ais given by f(H) = fo(N(H)) for some fy : [0,00) — C, then

(3.2) J f(H) dH = ¢ J:O fo(s) s* ds.

Recall that Q(X) = (A, A) + (p, p) is the Gelfand transform of £. We recall
the definition of singular spherical multipliers that was introduced in [31,
Definition 3.7].

Definition 3.2. Suppose that J is a positive integer and that 7 is in [0, o).
Denote by H(Tw; J, 7) the space of all Weyl invariant holomorphic functions
m in Ty such that there exists a positive constant C such that

C Q)72 i 1Q(¢) < 1

Im
(3.3) ID'm(Q)] < {C‘Q(C)|_|I|/2 if |Q(¢)| > 1,
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for every |I| < J and for all ¢ € T+, where WT = (a*)* N'W and (a*)+ is
the interior of the fundamental domain of the action of the Weyl group W
that contains p. The norm HmH H( is the infimum of all C' such that

(3.3) holds.

TW;']vT)

Hereafter we shall often write ||m|| () for [|m|| geo 1y .0y, and [|m||(.) for

HmHH(Tw;J,T)'

As observed in [31, Remark 3.8] and in the Introduction, if m is in
H(Tw:; J, T), then its restriction to a* + ip exhibits the following anisotropic
behaviour when the rank of X is at least two. There exists a constant C'
such that for every I with |I| < J and all £ € a*

Cllmll(gry N(€)7240if ¢ <1

3.4 D! Pl <
(3.4) | D m(& +ip)| < {C HmH(J,q—) |£‘_|I| if [§] > 1.

Remark 3.3. The class H(Tw;J, 7) strictly contains an interesting class
of functions of the Laplacian. Indeed, suppose that J is a nonnegative
integer and that 7 is in [0, 00). and that M is a holomorphic function in the
parabolic region in the plane defined by

P = {(z,y) e R?: y* < 4|p|*z}
and there exists a positive constant C' such that

Clz|777 if 2| <1

. V:eP Vje{o1,....J}
Cle|  if 2] > 1 ‘ Jed }

(35) [MY(z)| < {

Then M o@ belongs to H(Tw;J, ) and the associated convolution operator
is M (L). This was proved in [31, Proposition 3.9]. Notice that P is the image
of Ty under the function Q.

We shall denote by ‘HM ‘Hm;% the operator norm of M qua linear operator
between the Banach spaces 2 and B. In the case where 2 = B, we shall
simply write H‘Mmm instead of HlMMmm The main result of this section is
the following.

Theorem 3.4. Suppose that J is an integer > [n/2] + 2 and that T > 0.
The following hold:

(i) There ezists a constant C' such that
Ml < € limll o gy Y€ H*(Tws J).
(ii) If k > 7+ J, then there exists a constant C such that
Mg = € limll g ¥m € H(Ty; J, 7).
(ii) If k > 7, then there exists a constant C' such that
liHXk;Ll =C HmHH(Tw;J,T) Vm € H(Tw; J, 7).

TW;']vT)
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The proof of Theorem 3.4(iii) requires estimating the Fourier transform
of multipliers on a*, which are compactly supported and satisfy a local
anisotropic Mihlin condition. Related estimates were proved by E. Fabes
and N. Riviere [11] long ago.

Lemma 3.5. Suppose that 8 is a positive real number and that J is an
integer > £ + 1+ 3. Assume that m is a smooth function on a* \ {0} that
vanishes outside a compact set, and that there exists a positive constant Cy
such that
|DTm(N)] < Co NV~ wx € a*\ {0}
for every multiindex I with |I| < J. Then there exists a constant C such
that
(F'm)(H)| <C+NH)] T VHea

Proof. Observe that m is a distribution with compact support, whence
F~lm is smooth by the Paley-Wiener theorem. Thus, it suffices to prove
the required estimate for N(H) large. For simplicity we assume that the
support of m is contained in {A : N (\) < 1}. For every positive integer j
we define the anisotropic annulus

Fi:={\ca: 2797 <N\ <277}
its Lebesgue measure is approximately 2771 Denote by 1 a smooth
function with support contained in [1/2,2], and such that

1= "9(@N(0N) VYrea \{0}: NN <L

j=1
For simplicity, set ¥;(A) = ¥(2/N'(})), and write m = Yol im. Tt is
straightforward, albeit tedious, to check that there exists a constant C' such
that

D! (;m)(N)| < NPy e o
for every multiindex I such that |I| < J and for every positive integer j.
Fix H such that N (H) is large, and write

Flm(H) = >, Flem(H)+ Y F'wym)(H).
JN(H)<29 JN(H)>29
By the Euclidean Fourier inversion formula, the assumptions on m, and
(3.2), we may estimate each summand in the first sum as follows

| F~ (y;m)(H)| < J Im(\)| dX < Co J NP A < ¢ 2778+,
j Fj

In order to estimate the summands in the second sum, we introduce the dif-

ferential operator A on a* defined by Zf;% Gii +0),, use Fourier’s inversion

formula, and integrate by parts, using the identity

Khel)\(H) — (ZH@ _ ‘Hl‘2)2h ez/\(H)
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We obtain

|7~ (v m)(H)| < C |iH, — \H’|2\*2h JF \&h(%m)(x)\ d\
< C’N(H)‘%J N (NP2 dx
F;
< CN(H)—Qh 2—j(6—2h+€+1)’

for every h < J/2. By combining the last two estimates, we see that

|F~im(H)| < C Z 9 JBHHD L O N (H) 7" Z 9—i(B—2h++1)
JN(H)<29 GN(H)>29
< ON(H) 17,

as required. O

We are now ready to prove Theorem 3.4. Following up an idea of Anker [1],
in the proof of Theorem 3.4(i) we decompose the Abel transform Ax of the
kernel of the operator M, rather than the kernel itself, via a partition of
unity that we now describe. For every function ¢ on a and every positive
number ¢ we denote by ¢’ and ¢; the functions defined by

O'(H)=¢(tH) and  ¢(H)=t"¢(H/t) VH€a.
Denote by ¥ a smooth radial function on a with support contained in the

annulus {H € a: 271 <|H| < 2} and such that Y, 4 2" =1ona) {0}

Also, set @ :=1—>72, ¥27" . Notice that the support of ® is contained
in by (see (2.6) for the definition of bg).

Proof of Theorem 3.4. First, we prove (i). By [24, Theorem 4.1] and the
translation invariance of M, it suffices to show that there exists a constant
C such that

(3.6) [Ma|, <C HmH(J) ,

for each H'-atom a supported in Bg(o), with R < 1. We consider the cases
where R > 107! and R < 107! separately.
In the first case we consider a partition of unity on a of the form

(0.9}
1=2+> vj,
j=1

where w;- is a smooth Weyl invariant function on a with support contained
in the “polyhedral annulus” b’ 5\ b} (see (2.6) for the definition of b’). Note
that H is in b’ 5\ b’ if and only if j[p| < (w - p)(H) < (§ + 2) |p|, where w
is the element in the Weyl group such that w - H belongs to the (closure of
the) positive Weyl chamber.
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In the second case we consider a partition of unity on a of the form

1_(1)1/R+Z\Ill/2 R)+Z¢]’

7=0

where N is the least integer for which 2V R > 1/2. Note that ®1/%, g/ @"R)
and 1), are smooth Weyl invariant functions on a with support contained in
bar, bontip \ bon-1p and ba \ byg-1, respectively. Furthermore 47, j > 1, is
as in the decomposition above in the case where R > 1071,

The proof of estimate (3.6) in the case where R > 1071 is simpler than
that in the case where R < 10~!. We give full details in the second case,
and leave the first case to the interested reader.

Thus, suppose that a is an H'(X) atom with support contained in Bg(0)
and that R < 10~!. We decompose & as follows

N
(3.7)  k=ATH(@VEAR) + Y AT (WY AR) + ZA (¥ Ar),

h=1 7=0

and estimate the H'(X) norm of the convolution of a with each summand
separately. This will be done in Step I-Step III below. It is important to
keep in mind that Ax = F~lm, i.e., Ax is related to the multiplier m via
the Euclidean Fourier transform.

Step 1. We denote by HA_1(<I>1/R.A/£)HCU2 the norm of the convolution
operator f > fx A1 (<I>1/R.A/£) on L?(X). Observe that

HA_I(‘I’URAH) = HHA_l(‘I’l/RA“)HLw(a*) .
Since H = FA, ’H.A_l(q)l/R.Aﬁ) = (]:<I>1/R) *q+ m. Therefore
AT (@R AR) 6,y < IIFRY sy [l < IF QY 1y Il

HC’UQ —
Observe further that [|[F@VE||, . = [[(FO)ykl gy = [F2/ L0
which is finite, and independent of R. By Proposition 2.2(i), the support of
A-H(®YVE Ak) is contained in Bagp(o), whence

(38)  flax AT (@VEAR) 1 < /[Bsr(o)] [lall, AT (@ AR)|c,,

HCUQ

B
<o\ [Pl oy,
Bi(o)
<O mf,

we have used the local doubling condition in the last inequality.

Step 11. Next we estimate the H'(X) norm of Z}]Ll ax A1 (\Ill/(th)A/{). B
Proposition 2.2(i), the support of A~! (‘I’l/(QhR)AFa) is contained in the ball
centred at o with radius 2" R, whence the support of a* A~! (qll/(QhR)Am)
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is contained in the ball centred at o with radius (1 + 2h+1) R, which is less
than 1. Thus, we may apply the first estimate in Lemma 2.9(i), and conclude
that there exists a constant C, independent of R and h, such that

lax ATH@VEOAR) |1 < 20RO R [|V{AT (R0 AR)
< CER"R [V AR g
where s = (n — £)/2. We have used the second estimate in Lemma 2.9(ii),
with Wl/2"R) i place of @, in the second inequality above.

We shall prove that there exists a constant C', independent of R and h,
such that

(3.9) H\Iﬂ/@”R)AnHHSH(G) < C |ml|, @"R)7

The last two bounds clearly imply the required estimate, for
N h
Za*A (\Ill/QR)A)
h=1

sup

N
s <l X2t <

H1
Thus, it remains to prove (3.9). Write ¢ instead of (2"R)~!. Then (3.9) may
be rewritten as

(3.10) 10 A g oy < C lImll 5 #7472,

with v = s + 1. We shall prove (3.10) in the case where v is a positive
integer. The estimate in the case where v is not an integer will follow from
this by interpolation.

Thus, suppose that v is a positive integer. We set D := (z"lal, ey i_lag).
By the definition of the Sobolev norm and Leibnitz’s rule, we see that

2
1WA e oy

:J W (H) As(H) [P dH + Y J |DP (W Ar)(H)|* dH
¢ |B|=v "
w(H 28|-2|8'| B Ak 2
gL(t)yA )| dH+c[;Vﬁ%t J |D¥ (Ak)(H)|” dH,

where A(t) denotes the annulus {H € a: (2t)~! < |H| < 2/t}. For each
of length at most J — £/2 the estimate

J D7 (AR) ()| dH < C ||ml|(, 217"

is a straightforward consequence of [40, Lemma 4.1, p. 359], which is a
well known statement concerning Euclidean Fourier multipliers satisfying
Hormander conditions. Observe that s +1 = (n—4{)/2+1 < J —{/2, for
we are assuming that J > [n/2] + 2. Therefore,

9 A < Il #
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thereby proving (3.10), and concluding the proof of Step II.

Step II1. It remains to estimate the H'(X) norm of the terms a*.A_l(ﬂ);-A/i),
j=0,1,2,... in the decomposition (3.7). These estimates are reminiscent
of those obtained by Anker in [1, Proposition 5]. We shall give details in
the case j > 1. The case where j = 0 is even simpler, and may be treated
similarly, with slight modifications.

By Proposition 2.2(ii), the support of A_l(wg-A/@), as a K-bi-invariant
function on G, is contained in By, 5, hence that of ax A~ (1} Ar) is contained
in Bg - B§~+2, which, by Lemma 2.3, is contained in B;‘+3+M for a suitably
large integer M. Thus, the support of a*A_l(dJ;-Am) isin B§+3+M. Further-
more, its integral vanishes. Remark 2.6 combined with Lemma 2.9(ii) (with
1} in place of ®) and Lemma 2.3(i), implies that there exists a constant C,
independent of a and j, such that
(3.11)

Jax A7 AR e < € G+ 34 M) B A7 )]
< Cj(€+1)/2 elrli H’(’Z);'AK’HHS(a) ’

where s is equal to (n — ¢£)/2. We shall estimate the Sobolev norm of or-
der s above, when s is a nonnegative integer. The required estimate for
nonintegral s will follow from this by interpolation.

Thus, suppose that s is a nonnegative integer. We need to estimate
Hzﬁ;Afsz and HDﬁ(@ZJ}A/{) H2 for all multiindices 8 of length s. By Leibnitz’s
rule, DA (¢jAk) may be written as a linear combination of terms of the
form DA 1/);- DP2(Ar), where B1 + B2 = . By the Euclidean Paley-Wiener
theorem, F 11}3- is an entire function of exponential type, and recall that m is
holomorphic in Ty and bounded on T35 together with its derivatives up to
the order J. Thus, by Euclidean Fourier analysis,

}-[D&w; DB (Af{)] (\)
—| a-9n FuO - 9 ¢t m©a

— | = gm it PO =€) (€4 i) mle + in)de,

which equals the Fourier transform of D% Vi - (D + ip)?2 F~tm, evaluated
at the point A —ip. Here m,(\) = m(\ +ip). Thus,

[DP ) DP2(Ak)|(H) = e="H) DP1p(H) (D + ip)> F " my,(H).
Observe that p(H) > |p|j and Zé:l |Hp|*) > ¢j%) > 0 for all H in the
support of 1/13-. The first of the two inequalities above follows directly from

the definition of the support of 1!)3-, and the second is a consequence of the
trivial estimate

1?7 3% < p(H)* < |pl*” |[H|*)  VH € a® Nsupp(¥)),
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and the fact that |H|?>/ < C ZEL:1 |H7|?/ (the left and the right hand side
are both elliptic polynomials of the same degree). Hence

D%y DP (AR,
< e 2l J | DA (H) (D +ip)* Fmy(H)[*
a

¢
< Cj ¥ e 2l || Dyt |2 ZJ |HL | [(D + ip)®2F~tm,(H)|* dH.
L=1"%
It is straightforward to prove that the L°° norms of D51¢§- are uniformly
bounded with respect to all positive integers j and all multiindices 1 of
length at most J. By the Euclidean Plancherel formula, the last integral is
equal to

J O2]C +ip)Pm,] M7 ax,

which, in turn, may be estimated by
C HmH(J) J (1+‘)\‘)2(|52|*J) dy<C HmH(J) J (1+’/\|)2(57J) da.
a* a*

Since J—s > £/2, the last integral is convergent. By combining the estimates
above, we see that there exists a constant C, independent of j, such that

|1D° (jAR)||, < C [|ml],, i~ 7719,

Slight modifications in the argument above prove that HI/J}.AK,HZ satisfies a
similar estimate. Then, by (3.11), there exists a constant C, independent of
7, such that

la e AT (WG AR) [ g1 < C [|m] 5y G,
Thus, the H*(X) norm of 337°, A~! (¢} Ax) may be estimated by

C HmH(J) Z joIHED/2,
j=1

This series is convergent, for J > (¢ + 3)/2 by assumption, and the proof of
(i) is complete.

Next we prove (ii). Recall that the operator £ (Z + £)~!, which we shall
denote by U in the sequel, establishes an isometric isomorphism between
H'(X) and X!(X). Similarly, 4* establishes an isometric isomorphism be-
tween H'(X) and X¥(X) (see [26, 27] for details). Thus, to prove that M
is bounded from X*(X) to H'(X) is equivalent to showing that MU is
bounded on H'(X). The multiplier associated to MU* is m Q¥ (1 + Q)~*.
It is straightforward, though tedious, to check that if £ > 7 + J, then there
exists a constant C', independent of m, such that
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The required conclusion then follows from (i).
Finally, we prove (iii). Denote by L an integer > 7 + J. Define M; and
My by

Mi=M(EZ—-e 5L and My=MI[T - (T -e 5.

A straightforward, albeit tedious, calculation shows that there exists a con-
stant C, independent of m, such that the multiplier mq associated to My
satisfies

lmall(y < € llml| .7y -
By (i) the operator M; is bounded on H!(X) with norm bounded by
Cllm||(s.ry- Then My is a fortiori bounded from X*(X) to L'(X), with
the required norm bound.
It remains to show that My is bounded from X*(X) to L'(X), and that

the appropriate norm estimate holds. By [29, Corollary 6.2 and Prop. 6.3],
and the translation invariance of My, it suffices to show

Sup [M2All1 < oo,

where the supremum is taken over all X*-atoms A with support contained
in a ball B centred at o. Recall that the radius of B is at most 1.

Suppose that A is such an atom. By Schwarz’s inequality, the L?-boun-
dedness of £7* and the size condition of A,

Mol < Mo 1274,
< Mo, e all, (B2
< Mol 1812 512
< C [l MoL]

To conclude the proof of (iii), it then suffices to show that there exists a
constant C, independent of m, such that H‘Mgﬁkmﬂ <C HmH(J,T). We

give details in the case where the rank of X is > 2. The proof in the rank
one case is much easier, and is omitted.

For the rest of the proof of (iii), we shall denote the spherical multiplier
and the convolution kernel of My LF by ma . and Ko i, respectively. We shall
prove that there exists a constant C, independent of m, such that

w2kl < € flmll 57, -
We need the following notation. Define the function w :a — R

(3.12) w(H) = min o(H) VH € a,

aEX
and, for each ¢ > 0, the subset s. of at by
(3.13) se={He€a:0<w(H)<ch
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s, is the set of all points in at at “distance” at most ¢ from the walls of a™.
We shall estimate kg j, in

Bs(0), Bi(o)°NKexp(si)-o and [Bi(o)U K exp(sy)-o]°

separately.

We first estimate kg1, in Ba(0). Recall that mgj = QF[1—(1—e)Lm.
Since k > 7, by condition (3.3) there exists a constant C, independent of m,
such that

(3.14) ma kW] < C [Im]| 5.,y L+ AN e” Re@Y) v € T

This, the spherical inversion formula and estimate (2.5) for the Plancherel
measure entail the pointwise bound

[Ke(exp H - 0)| < O [|m]| .., J (L+ PPt dr < C Iml| ..
a*

for every H in by. Thus, ko is integrable in By(o), and there exists a
constant C, independent of m, such that

Korldp < C |lml|, ;. -
J, 0 Ir2el 00 = C Il

Next, we indicate how to estimate kg (exp H - 0) when H is close to the
walls of the Weyl chamber, but off the ball b;. We shall argue as in the proof
of [31, Theorem 3.2-Step III]. A straightforward computation shows that for
each nonnegative integer s and each positive o there exists a constant C|
which does not depend on m, such that

| D ma k(A +in)| (14 AD* < C [lml] ) e RO/

for all [I| < ¢+ 1 and for all n € W (o). Here W (o) is the set of all n in W
such that |[n —w - p| > o for all w € W. By [31, Lemma 5.6 (ii)], there exist
an integer s and positive constants ¢ and C' such that

J |K2,k] dpt
Bi(0)°NK exp(s1)-0

<C max sup J ‘DlmQ,k;()\-Fiﬁ)‘ (L4 [A])? dA.
HI<l+1 pew (o) Ja

By combining the last two estimates, we see that
Kokl du < C ||\m|| ;. -
JBl (0)°NK exp(s1)-0 H H (J57)

Finally, we estimate xo away from the walls of the Weyl chamber and
off the ball B;(0). We shall use the Harish-Chandra’s expansion of spherical
functions away from the walls of the Weyl chamber [19, Theorem 5.5, p. 430].
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Denote by A the positive lattice generated by the simple roots in X*. For
all H in a* and X in a*

(3.15) lc(A\)| 72 o (exp H)
— ¢ P(H) Ze—q(H) Z c(—w- N1 (w- \) e (wA)(H)
qeA weW

The coefficient I'g is equal to 1; the other coefficients I'; are rational func-
tions, holomorphic, for some ¢ in R™, in a certain region Tyy: that we now
define. For each t in R we denote by W the set

(3.16) Wi={AeW: w*(\) >t}
where w* : a* — R is defined by
*(A) = mi A VA € a”.
W (A) = min (e, A) €a
For each ¢ in R~ the set W' is an open neighbourhood of W that contains
the origin. Thus, the tube T+ = a* + iW' is a neighbourhood of the tube
Tw+ = a* +iWT in af. that contains a* + 0.

We denote by ¢ the function ¢(A) = ¢(—\) which is holomorphic in Ty
for some negative ¢t and satisfies the following estimate

ma/ n
@' r<c T Q+ieh===""=ca+1c)™ % v¢e Ty
a62+

This, the analyticity of (¢)~! on Tyy+, and Cauchy’s integral formula imply
that for every multiindex [

(3.17) DT < C(1+1¢)"

Observe that there exists a constant d, and, for each positive integer N,
another constant C such that

(3.18) ID'T,(¢)| <C(1+|¢)? V¢ e€Tw: VI:|I|<N.

D72 ¢ e T

Indeed, the estimate of the derivatives is a consequence of Gangolli’s estimate
for T'y [14] and Cauchy’s integral formula. The Harish-Chandra expansion
is pointwise convergent in a® and uniformly convergent in a™ \ s. for every
c>0.

By proceeding as in the proof of Step II in [31, Theorem 3.2], and using the
Harish-Chandra expansion (3.15) of the spherical function ¢y, we may write
MW kg = ﬁé?,l + /{%}C, where ¢, is as in the inversion formula (2.4),
|W| denotes the cardinality of the Weyl group, and

k) (exp H - 0) = ¢ PH) J Mo p(A) e(=X) L e H) 4
u*

mél,)c(epo 0) Z e PH J mlk()\)c(—)\)*lFq()\)e“‘(H)d)\.
9eA\{0} “
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To estimate Iiglll on [Bi(0) U K exp(s1) - 0], first we move the contour of

integration to the space a* + ip and obtain
(3.19) /{éll)c(exp H o)
= Z e 2p(H)—a(H)
q€A\{0}

XJ ma k(A +ip) (=X +ip) 1 Ty(\ +ip) GIAH)
a*

We now estimate the absolute value of the integrand. We use the point-
wise estimate (3.14) as an upper bound for |ms |, and estimates (3.17) and
(3.18) for |c™1| and the coefficients |T'y| of the Harish-Chandra expansion,
respectively, and obtain

|/~£§1,)C (exp H - o)‘

<Clml ., 3o e (1 4 |q|)dj o~ ReQ)/2 g
g€A\{0} «
<Clml| .y D e 7D (14 |q)) .
qeA\{0}
Notice that (see (3.12) for the definition of w)
g(H) = Y naa(H)>w(H) Y na=w(H)|q|
aEEs QEZS
This, and the fact that w(H) > 1 for every H in a™ \ s1, imply that

e~ () < o-lalw(H) < l-lal-w(H)

Therefore
e B o) £C ] €200 S (1 g
geA\{0}
< C [ml] y,py 2= WH € at\ (b1 Us1).

Then we integrate in polar co-ordinates, use (2.2) to estimate the density
function §(H), and obtain

}‘/{éll)c‘ dp<C HmH(J;T) e~ dH

JaJr\(blUﬁl)
<C HmH(J,T) ’

J[Bl (0)UK exp(s1)-0

for the last integral is easily seen to be convergent.
It remains to estimate /iéolz: on [Bi(0) U K exp(sy) - o]c. Much as before,
we move the contour of integration from a* to a* + ip, and obtain

)

a*
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Set f(A) = mar(A+ip)c(—X +ip)~!. We may decompose f as the sum of
O f and (1 — ©) f, where O is a smooth function of compact support in a*,
which is equal to 1 near the origin. Observe that (1 — ©) f is in the Eu-
clidean Sobolev space H”(a*), with norm dominated by C' ||m|| (Jor) " Since

J > |£/2] + 1, its inverse Fourier transform is in L'(a), by a celebrated
result of Bernstein, and || F~![(1 - G))mel(a) <C HmH(J.T) . As to Of, a

straightforward computation together with estimate (3.17) for the deriva-
tives of ¢!, and the assumption on m (in particular (3.4)), shows that there
exists a constant C', independent of m, such that

|DI(@f)()\)} <C HmH(JT) N()\)Qk—QT—d(I)
for all I such that |I| < J. Set 8 = min{1, 2k — 27}. Observe that
J>04+1+8 and NO)*T <ONO

on the support of ©. Thus, ©f satisfies the assumptions of Lemma 3.5,
whence

‘f_l(@f)(H)‘ <C HmH(J;T) [1 _|_N’(H>]f£fl—ﬁ'

By combining these estimates, we see that

| Jldns | - ey < F o) an
[Bl(o)UKexp(sl)-o] [b1Usq]¢

< C lm| .., [1 + L(l +N(H)) P dH].

By integrating in anisotropic polar co-ordinates (see (3.2)), we obtain

J (1+NH) 1 PaH = ceJ A+ dr < o0,
a 0
because 8 > 0.
This concludes the proof of (iii), and of Theorem 3.4. O

4. Unboundedness on H'(X) of imaginary powers

In this section we prove that if G is complex, then the imaginary powers
L%y € R\ {0}, are unbounded from H'(X) to L'(X). Thus the endpoint
result in Theorem 3.4(iii) is sharp. We restrict to the case where G is
complex, for in this case we are able to obtain asymptotic estimates of
the kernel of £~. However, we believe that Theorem 4.1 is true for any
noncompact symmetric space. A key role in these estimate is played by the
fact that the heat kernel is given by the following explicit formula [4]

hi(z - 0) = ol - 0) (4t) /2 e lelPt=le-ol?/41 Vo -0 € X.



1352 GIANCARLO MAUCERI, STEFANO MEDA AND MARIA VALLARINO

By standard subordination to the heat kernel, the kernel k2™ of £~ is
given by

(4.1)
. 1 [ .
2iu . — tw—l h . dt

-0 = g, 7 o

__po(z-0) r" piu=—n/2—1 o—|pl2t—la-o2 /4t 4
()T (i) Jo
= C(TL, U) @0(1‘ . 0) |g; . 0|iu_n/2J Siu—n/2—1 e_(5+571)|p||$'0|/2 dS.
0

Theorem 4.1. If G is complex and u € R\ {0}, then L™ does not map
HY(X) to L (X).

We need a couple of technical lemmata. It may be convenient to define the
function ¥ on X\ {0} by

U(z-0)=|x- O|—(n+1)/2 ©o( - 0) e lollzol
Lemma 4.2. There exist constants Cy and C, depending on u, such that
KEU(z - 0) ~ Cy |z - 0o|™ ¥(z - 0) as |x - o| tends to oo,
i.e., the ratio between the left and the right hand side tends to 1, and
VK2 (z - 0)| < C ¥(x-0) Vz -0 € Bi(o)°.
Proof. The estimate of x2™“ follows from (4.1) and the estimate

o

i — _ _ -1 . _ _ .
J siumn/21 (s Dlpllol/2 g (g o] 1/2 ool
0

as |z - o| tends to oo, obtained by the Laplace method [10].

To estimate V£3™(x-0), we differentiate (4.1) and observe that V«3™(x-0)
may be written as the sum of three terms containing as factors Vo (x - 0),
V|x - o| and

o
V|l‘ . 0|J 8iu—n/2—1(8 + 8_1) e—(s+s*1)\p\|a:~o|/2 ds.
0

The desired conclusion follows, since |V|z - of| = 1 for z ¢ K,
[Vo(a - 0)| < C oz - o) Vz -0 € Bi(0)°,
and

oo
J Siu—n/2—1(8 + 8—1) e—(s+s—1)‘p\|x.o|/2 ds = |.’E . 0’—1/2 e—\p||z.o\’
0

i.e., the ratio between the absolute value of the left hand side and the
right hand side is bounded and bounded away from 0, again by the Laplace
method. ([

Lemma 4.3. Furthermore, for each € > 0 the following hold:
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(i) There exists a positive number ny such that

sup ¥ <(l+4+¢) inf W Vn <mny Yy-o¢€ Ba(o)".

By (y-0) By (y-0)
(ii) For each R > 0 there exists a neighbourhood U of the identity in K
such that

U(agua-0) < (1+¢)¥(aga- o) Vu e U Va € exp bs.

Proof. It is straightforward to check that the proof of [30, Lemma 4.2]
extends almost verbatim with ¥ in place of x§. We omit the details. U

Finally we prove Theorem 4.1.

Proof of Theorem 4.1. Fix ¢ > 0. We shall prove that £7%f is not in
-1

LY(X), where f = by 1p,0) — by an(a;zl‘O)’ by = ‘Bn(o)‘ ; m < 1o, and no

is as in Lemma 4.3(i). By arguing much as in the proof of [30, Lemma 4.2],

we see that

‘f * ngi“(x . 0)}

> by J kg (z Yy o) du(y - o)| — by J gz ag'y - o) duly - o).
By (o) By (o)

Observe that the mean value theorem, and Lemmata 4.2 and 4.3 imply that

<n sup |Vk3"|
By(z=1-0)

<Cn sup V¥
By(z—10)

<COn(l+e)¥(z"-o)

b | Ry o) duty o) - e o)
Bn(o)

so that for ‘x . o‘ large

> |k (z™!0)| = Cn(l+e)¥(z" o)

an Ko (z 7y - 0) duly - o)
Bny(o)

> |2 - cn+a) w0,

We choose 7 so small that C'n (1+¢) < Cp/4. Similarly, we may prove that

an ko “(z ag y - 0) duly - 0)| < [200 +Cn(l+ 8)} V(agz - o).
B,,(o)

Altogether, these estimates and the choice of 1 imply that for ‘x . 0‘ large
enough

ool oo 1-9 TR

The conclusion follows as in the proof of [30, Lemma 4.2]. O
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