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A smooth variant of Hopkins—Singer
differential K-theory

Byungdo Park

ABSTRACT. We introduce a smooth variant of the Hopkins—Singer model
of differential K-theory. We prove that our model is naturally iso-
morphic to the Hopkins—Singer model and also to the Tradler—Wilson—
Zeinalian model of differential K-theory.
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1. Introduction

A differential cohomology theory is a construction on smooth manifolds
combining topological data and differential form data in a homotopy the-
oretic way. The first construction of a differential cohomology theory was
due to Cheeger and Simons [CS] for singular cohomology theory which has
applications to geometry. For K-theory, Karoubi [Ka] developed K-theory
with R/Z coefficients and Lott [Lo] developed R/Z-index theory leading to
a construction of differential K-theory and index theorems in differential K-
theory. (See [Kl, FL].) Furthermore, there have been a considerable interest
from type ITA/B string theory to represent Ramond—Ramond fields and to
formulate T-duality. (See [F, KV].)

In [HS] Hopkins and Singer explicitly constructed a differential cohomol-
ogy theory for any generalized cohomology theory and hence for K-theory.

Received August 15, 2016; revised April 12, 2017.

2010 Mathematics Subject Classification. Primary 19L50; Secondary 19L10.

Key words and phrases. Differential K-theory, Chern Character, de Rham theorem.

We gratefully acknowledge a partial support on this work from Mahmoud Zeinalian’s
NSF grant DMS-1309099. Some part of this work was completed during our attendance
at the conference Topology of Manifolds — A conference in honour of Michael Weiss’ 60th
birthday. We thank the organizers for financial support and hospitality.

ISSN 1076-9803/2017
655


http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2017/Vol23.htm

656 BYUNGDO PARK

Their construction provides a correct model of differential K-theory in the
sense of the aforementioned homotopy theoretic idea. Following this work,
several authors have developed models of differential K-theory by using
more geometric cocycle data. (See [BS1, SS, K1, FL, BSSW, TWZ1, HMSV,
TWZ2, GL].) Furthermore, the Hopkins—Singer model has been revisited
by [BG, BNV] with the idea that differential cohomology theories are oo-
sheaves of spectra. More recently Grady and Sati [GS] developed spectral
sequences in differential generalized cohomology theories and have opened
venues in computational aspects.

One natural question arising at this point is whether all the known models
of differential K-theory are isomorphic. Bunke and Schick [BS2] gave an an-
swer to this question: Any two differential extensions with integration of the
same generalized cohomology theory that satisfies certain conditions (such
as being rationally even) are uniquely determined up to a unique natural
isomorphism. However, it is still interesting to see a direct map between
any two different models and proving such a map being an isomorphism has
technically intricate aspects.

This paper is a technical report introducing a smooth variant of the
Hopkins—Singer differential K-theory. This model has an advantage that
its cocycles consist of smooth data; continuous maps and singular cochains
in the Hopkins—Singer model are replaced by smooth maps and differential
forms, respectively. Furthermore, it constitutes an abelian group naturally
isomorphic to the original Hopkins—Singer model. Such an aspect facilitates
comparisons with other models; we establish a natural isomorphism from
the Tradler—Wilson—Zeinalian differential K-theory [TWZ1, TWZ2| to the
Hopkins—Singer differential K-theory, and hence adding one more item to
the following list of known direct comparisons between differential K-theory
models.

e Freed-Lott—Klonoff model to Hopkins—-Singer model: Klonoff [KI,
Theorem 4.34] (Even); Freed and Lott [FL, Proposition 9.21] (Odd).

e Simons—Sullivan model to Freed-Lott—Klonoff model: Simons and
Sullivan [SS], Ho [Hol, Theorem 1] (Even).

e Bunke-Schick model to Freed-Lott—Klonoff model: Ho [Ho2, Propo-
sition 3.2] (Even).

e Tradler—Wilson—Zeinalian model to Simons—Sullivan model: Tradler,
Wilson, and Zeinalian [TWZ2, Remark 3.27] (Even).

e Tradler—Wilson—Zeinalian model to Hekmati-Murray-Schlegel-Vozzo
model: Hekmati, Murray, Schlegel, and Vozzo [HMSV, Theorem 4.2]
(Odd).

e Gorokhovsky—-Lott model to Freed—Lott—Klonoff model: Gorokhov-
sky and Lott [GL, Theorem 1] (Even and odd).

This paper is organized as follows. Section 2 outlines definitions and the-
orems in this paper. Section 3 proves Theorem 1 establishing a natural
isomorphism from the smooth variant of the Hopkins—Singer model to the
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Hopkins—Singer model. Section 4 proves Theorem 2 which constructs a nat-
ural isomorphism from the Tradler—Wilson—Zeinalian model to the smooth
variant of the Hopkins—Singer model. Appendix A gives a proof of relative
de Rham theorem which is used in Section 3.2.

Acknowledgements. We thank Mahmoud Zeinalian for many helpful dis-
cussions and sharing ideas. We also thank Scott Wilson for help in com-
pleting this work and useful conversations. We thank Scott Wilson, Arthur
Parzygnat, and Corbett Redden for reading the preliminary version of this
paper and providing helpful suggestions and comments. Finally, we thank
the anonymous referee for helpful comments.

2. Main results
Notation 2.1. Throughout this paper, R is the real vector space
K*(point) ® R = Rlu,u "],

where v and ™! are Bott elements with degree 2 and —2, respectively.
Also, X is a smooth manifold, QF(X) the differential graded algebra of R-
valued differential k-forms on X, QF(X) (resp. QF_. (X)) the subalgebra
of closed (resp. exact) R-valued differential k-forms on X, C*(X;R) the
degree k smooth singular cochain group of X with coefficients in R, and
Z¥(X;R) the subgroup of C*(X;R) consisting of degree k cocycles. Note
that our differential forms and cochains are graded by their total degree; for
example, w - u € Q" 2(X) if w is a degree k real-valued differential form.
Unless otherwise mentioned, the integration symbol [ means the integration
of differential forms over smooth singular chains. We denote by I the closed
unit interval [0, 1], p the projection p : X xI — X onto the first factor, and p;
the projection onto the i*" factor of the domain. We will also use a notation
¥ to denote the t-slice maps ¢, : X < X x I defined by ¢;(x) = (x,t).

Notation 2.2. In this paper e is always 0 or 1. We will use the notation F,
to denote classifying spaces of complex K-theory Fy = BU xZ and F; = U.
(We refer readers to Tradler, Wilson, and Zeinalian [TWZ2|, Section 3 for
the models of BU x Z and U that we will be using.) We also denote by
ce the universal Chern character form ce € Q;l(]-".) representing universal
Chern characters in H*(F;R), defined by

R v a1
Co = Ch(vuniv) = e2rw vuniv u ,

where Vv is the universal connection on the universal bundle E — Fy and

=t Y ((—1)” n! g+l =2

\n+1 |
neZo(0} 2r)nt (2n 4+ 1)!

where 6 is the canonical 1-form on the stabilized unitary group U valued in
Lie algebra of U. (Compare [TWZ2, Definition 3.2].)
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The space F, is endowed with a homotopy commutative H-space struc-
ture me : Fo X Fo — Fo. The map myg is defined in [TWZ2, Definition 3.21]
and m; in [TWZ2, Definition 3.7] Both of these maps are smooth by con-
struction. (See also [TWZ2, p.535] for discussions on smoothness and dif-
ferential forms on U and BU x Z.) We will write Z, € F, to denote
Ty : C2 — C>=, the orthogonal projection onto C°__, where C*_ and

oo
C°  are C-vector spaces spanned by {e;}icz and {e; : i € Z~}, respectively,
and Z; ;= 1in U.

Definition 2.3. Let ¢ := ¢ be a universal Chern c}}\aracter form. The
Hopkins—Singer differential K -theory of X, denoted by K*(X), is an abelian
group whose elements are equivalence classes of triples (f, h,w) consisting
of the following data.

e A continuous map [ : X — F,,
e we N(X),
e h € C*71(X;R), satisfying

(1) =t [ [w

Two triples (fo, ho,wo) and (f1, h1,w1) are equivalent if and only if the fol-
lowing holds.

® Wy = W1.
e There exists an interpolating triple (F, H,p*wy) consisting of a con-
tinuous map F : X x I — F, and a cochain H € C*~1(X x I} R),

satisfying
5H:F*/c—/p*wo,

and whose restrictions to X x {0} and X x {1} give (fo, ho,wo) and
(f1, h1,w1), respectively.

The group structure is defined as follows.
(2) (f1, h1,w1) + (f2, h2,wa) := (Mme(f1, f2), h1 + ha, w1 + w2).

Lemma 2.4. The addition + defined in (2) is well-defined and gives I?’(X)
the structure of an abelian group.

Proof. Since me(f1, f2)* [ ¢= f{ [ ¢+ [ [ ¢, it is readily seen that the RHS
of (2) satisfies the triple relation. Suppose (F, H,p*wi) is an interpolating
triple between (f1,h1,w1) and (ff, h],w1). The triple

(mO<F7p*f2)7H +p*h27p*w1 +p*w2)
interpolates between
(ma(f1, f2),h1 + ho w1 +w2) and  (me(fi, f2), b} + ho, w1 + w2).

The operation + being an abelian group operation follows from Lem-
mas 3.9, 3.23, and 3.24 (2) of [TWZ2] and verifying it needs several lemmas
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we shall prove in the following section. We shall give a proof in Section 3.4.
O

Instead of smooth singular cochains and continuous maps in Definition 2.3,
the following definition uses differential forms and smooth maps.

Definition 2.5. Let ¢ := c¢o be a universal Chern character form. The
smooth Hopkins-Singer differential K -theory of X, denoted by K*(X), is
an abelian group whose elements are equivalence classes of triples (f, h,w)
consisting of the following data.

e A smooth map f: X — F,,
o we N(X),
o h € Q*1(X), satisfying
(3) dh = f*c — w.
Two triples (fo, ho,wo) and (f1, h1,w1) are equivalent if and only if the fol-
lowing holds.
® Wy = Wiq.
e There exists an interpolating triple
(Fu Ha P*Wo)v
consisting of a smooth map F': X x I — F,, and a differential form
H € Q71X x I), satisfying
dH = F*c — p*wy,
and whose restrictions to X x {0} and X x {1} give (fo, ho,wo) and
(f1,h1,w1), respectively.
The group structure is defined as follows:

(4) (fl)hhwl) + (fg,hg,&)g) = (m'(f17f2)7h1 + h2awl +UJ2).

Lemma 2.6. The addition + defined in (4) is well-defined and gives K*(X)
the structure of an abelian group.

Proof. The RHS of (4) satisfying the triple axiom follows from
m(f1, f2)"c = fie+ fic,
and the well-definedness is verified by the same argument as in the proof

of Lemma 2.4. We give a proof that the operation + is an abelian group
operation in Section 3.4. U

Theorem 1. Let ¢ := co be a universal Chern character form. The assign-
ment

(5) K*(X) —» K*(X)
() (6, [ 1w

is an isomorphism of abelian groups that is natural in X.
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Proof. See Section 3. O

Definition 2.7. Let ¢ := co be a universal Chern character form and
fo, fi: X = Fe

homotopic smooth maps via a smooth homotopy F' : X x I — F,. The
Chern—Simons form of F' is

(© s(F) = (1) [ ()
I
where ch(F) := F*c. Here [, denotes the integration along I.

Definition 2.8. Two smooth maps fo, fi : X — F are cs-equivalent and
denoted by fo ~cs f1 if there exists a smooth homotopy F : X x I — F
between fy and f; such that cs(F) € Q.. (X).

exact

Proposition 2.9. ~ is an equivalence relation.

Proof. f ~¢ f follows from cs(fop) = 0. Suppose fo ~cs f1 with homotopy
F between fy and f; such that cs(F) is exact. Define G(z,t) := F(xz,1—1t).
Then cs(G) = (=1)*7! [;ch(G) = —(=1)*"! [, ch(F) = —cs(F), which is
exact. Hence f1 ~cs fo. Finally, suppose fy ~¢s fi through homotopy F,
and f ~¢s fo through homotopy G. Define

H(z,t):= {
Then H is a homotopy interpolating fo and fs, and

es(H) = (—1)"1/Ich(H) _ (_1)'—1/ch(F)+(—1)'—1/ch(c)

I I
exact(X)' Hence fO ~cs fQ- O

F(z,2t) if t €0, 3]
G(z,2t —1) ifte[3,1

is an element of Q¥
Notation 2.10. We denote by [f]cs the cs-equivalence class of a map
f: X = F.

Definition 2.11. The Tradler-Wilson—Zeinalian differential K-theory of X
is the set

K3y 7(X) == {[f]es : f : X — F is a smooth map}
endowed with a structure of abelian group induced by m,.
Theorem 2. The assignment
O Ky (X) = K*(X)
[fles = [(f, 0, ch(f))]
is an tsomorphism of abelian groups that is natural in X.

Proof. See Section 4. O
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3. Proof of Theorem 1

3.1. Well-definedness. Suppose the triples ( fo, ho,wo) and (f1, h1,w;) are
equivalent; i.e., wy = w; and there exists an interpolating triple (F, H, p*w)
satisfying dH = F*c — p*w. Integrating both sides we obtain:

5/H:F*/c—/p*w,

and hence (F, [ H,p*w) is a triple that interpolates between (fy, [ ho,wo)
and (fl,fhl,wl).

3.2. Injectivity. For any two triples (fo,ho,wo) and (f1,h1,w1), we as-
sume that (fo, [ ho,wo) and (f1, [ hi,w1) are equivalent, i.e., wy = wi, and
there exists an interpolating triple (F, H, p*w) with the triple relation

(7) 5H:F*/c—/p*w.

We pause our proof and prove a lemma that is necessary in proving in-
jectivity. Recall that, given fy, fi, and F' be as in the above paragraph,
there exists a homotopy G : X x I x I — F, between F and a smooth
approximation F of F, which fixes the ends: F(x,0) = F(z,0) = fo(x)
and F(x,1) = F(z,1) = fi(z). By a smooth approximation F' we mean a

smooth map F' that is homotopic to a continuous map F' by a continuous
homotopy G.

Lemma 3.1. F* [ ¢ — F [¢=06K for some K, where K is defined in the
Proof.

Proof. Let G be as in the above paragraph. For G* [ ¢ € C*(X x I?), we
take the slant product with I and then take the exterior derivative. By the
derivation formula for the slant product, we have:

(e [ [y st o
= (-1)° (F*/c—F*/c>.
We denote (—1)*G* fc/[ by K. Note that K|y 01y = 0. O

Now we resume our proof. By Lemma 3.1, equation (7) can be written as

5(H—K):F*/c—/p*w0.

Now consider a differential form

(8) Fe—prwy—d($)
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where $) := (1 — t)ho + thy. This is a closed form on X x I, that vanishes
on X x {0,1}. Hence F'c — p*wy — d($) € Q5(X x I, X x {0,1}). If we
integrate (8), we obtain

[P [ran- [am=sr-x)-5 [ 5

By the relative de Rham theorem (see Appendix A), it follows that
Fe—pruwy —d($) = d'¢,

for some & € Q*"1(X x I) where £ = 0 on X x {0,1}. (Here d’ is the
differential of the relative complex — see Appendix A.) We thus have an
equality F ¢ — p*wy = d(£ + $) in X x I, which is the triple relation for
(F,&+9,p*wp). This triple interpolates between (fo, ho,wo) and (f1, h1,w1).

3.3. Surjectivity. We consider the special case that the classifying map
f: X — F, is given by a smooth map and then the general case.

Case I. We choose an element [(f, h,w)] € K*(X), with the property that
there exists a representative (f,h w) with f smooth. Consider the triple
relation for the representative (f, h,w)

=t [ [w

By de Rham theorem, f*c — w = d¢ for some differential form £ on X, and
hence 6h =6 [ €. Since h — [ £ represents a cohomology class, there exists
n € Qf(X) such that [h— [&] = [[ 1] or equivalently, h — [ & = [ 5+ du for
some cochain pu. We write ¢ := & + 7.

Now we consider the triple (f,{,w). The map (5) takes this triple to
(f, | ¢,w). We claim that (f, [ (,w) and (f, [ (+0p,w) are equivalent. The
following lemma is standard but we give a proof for sake of completeness.

Lemma 3.2. If a, f € Z"(X;R) such that « — = 6k for some k €
C" Y X;R), then there exists L € Z"(X x I;R) such that YjL = a and
YL = . (Recall Notation 2.1.)

Proof. Consider an interval I as a CW complex with two O-cells a, b, and
a l-cell e. We define cochains e* € CY(I;R) by e — 1, a* € C°(I;R) by
a— 1and b~ 0, and b* € C°(I;R) by a ~ 0 and b +— 1. Then, for any
O-cell v in X,

(opz)a” (v) = a*(p2.to,v) = a*(a) =1,

and similarly,
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Also, for any 1-cell o in X,
(Yop2)e” (o) = " (p2.t0.(0)) = €*(0) =0,
and similarly, (¢fp5)e*(c) = 0. We also have:
da*(e) =a*0(e) =a*(b—a) = —1 & da* = —e*,
b (e) =b"0(e) =b"(b—a) =1 & b = e*.

Since there is no 2-cell in I, we also have de* = 0.
Now we take L := pjaUpia™ +piBUpsb* + (—1)"pik Upse*. We see that:

0L = (—1)"plaUdpsa™ + (—1)"piB U dp3b* + (—1)"dpik Upse™ +0
= (=1)" (=pla U pse” + p1 B U pse” + dpik U pse™) = 0,
since 0k = a — 5. Also,
(O

= (op1)er U (hgpa)a” + (¥op1) B U (Yop2)b” + (—1)" (vop1)k U (vopa)e’
=aUl+5U0+0=q,

YL
= (Yip1)a U (Yips)a”™ + (¥1p1)B U (Y1p3)b™ + (—1)"(Yip])k U (Yips)e”
=aU0+BULl+0=4 O

We continue proof of surjectivity. By Lemma 3.2, there exists a cocycle L
on X x I such that ¢5L = 0 and ¢] L = ou. Using this L, we form the triple

(fop,p* [ ¢+ L,p*w). This triple restricts to (f, [ ¢,w) and (f, [ (+du, w)
at each end. Furthermore,

o fers) i femr (7 for ) e fo-

where in the first equality, we used the fact that 7 is a closed form. Hence
the claim. Therefore, for any [(f, h,w)] € K*(X) with smooth f, there is an
element [(f,(,w)] € K*(X) in the preimage.

Case II. We consider a triple whose classifying map is not necessarily
smooth. Given any [(f, h,w)] € K*(X), it suffices to show that there exists
a triple (f,h',w), with a smooth classifying map f, equivalent to (f,h,w).
We consider a smooth approximation f of f satisfying that f and f are
homotopic through a homotopy g with f = g(—,1).

Lemma 3.3. Let (fo,h,w) be a triple representing an element of I?'(X).
Suppose fo is homotopic to f1 via a homotopy F'. Then the triple (fo, h,w)

is equivalent to (fl,h—i— Dlel+ips [ /I )
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Proof. We take an interpolating triple (F, p*h+ (=1)ldH1G* fc/[,p*w),
where G is a homotopy between F' and fy o p defined by

9) G:XxIxI—F,
if ¢t <
Gt s) = F(x,t) 1‘ft_s
F(z,s) ift>s.

In particular, G(z,t,0) = F(z,0) = foop and G(x,t,1) = F(x,t) = F.
Let 15 : X x I — X x I x I be a s-slice map defined by (z,t) — (z,t, s).

%(G*/ /I> (G o )" //I_ (foop)* //I_o
¢1<G*/ /I> (G o) //I—F*/ 1.

the triple (F, p*h+ (=1)le+igr [ c/I,p*w) interpolates the between given
two triples. We verify the triple relation

(5<p h+ (- C+1G*/ /1)

= p*oh+ 0 ((—1)'Cl+1G* /c/]>
:p*(fa‘/c—/w)+(—1)|C|+1(5G*/C/I+G*/0/8I
:p*fg/c—/p*w+(%*G*/c—%*a*/c)
i foe [ (7 fomtnerr [ o e

Therefore, by Lemma 3.3, the triple

<f h+ (- |C|+1F*/ /I >

is equivalent to (f,h,w). Now a preimage of [(f,h',w)] can be found, by
Case 1.

3.4. Group homomorphism and naturality. We first prove that (2)
and (4) is an abelian group operation as claimed in Lemmas 2.4 and 2.6,
respectively. Note that (Z,,0,0) is the identity. The existence of inverses
will follow from similar arguments. We prove associativity presently.
Suppose given three triples (f1,h1,w1), (f2,he,ws), and (f3,hs,ws3) in
IA('(X). By the argument in Case II in Section 3.3, we may assume that fi,
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f2, and f3 are smooth. Consider the following triples

(10) (me(f1,me(f2, f3)), h1 + ho + h3, w1 + w2 + w3),
(me(me(fi, f2), f3)), h1 + ho + h3, w1 + w2 + w3).

By [TWZ2, Lemmas 3.24 (2) and 3.9] for mg and m, respectively, two
maps Mme(f1,mMe(f2, f3)) and me(me(f1, f2), f3) are cs-equivalent such that
cs(I's) = 0 for some homotopy I's between these maps. Smoothness of the
homotopy I'e also follows from [TWZ2, Lemmas 3.24 (2) and 3.9]. From
Lemmas 3.3 (using the homotopy I's) and 3.2, it follows that the triples in
(10) are equivalent.

Now suppose any three triples (f1, h1,w1), (f2, he,ws), and (fs3, hs,ws) are
in K*(X). Again me(f1,me(f2, f3)) ~cs Me(me(f1, f2), f3) by the same rea-
son, and triples again of the form (10) are equivalent by a similar argument
in Section 4.1 below and the fact that cs(I's) = 0.

It is readily seen that the map (5) is a group homomorphism. It is natural
in X by the change of variables formula.

4. Proof of Theorem 2

4.1. Well-definedness. Suppose fo ~¢s f1 through a homotopy F. We
have to show that two triples (fo,0, ch(fg)) and (f1,0,ch(f1)) in K*(X) are
equivalent. Since cs(F) is exact, it follows that ch(fp) = ch(f1). We define an
interpolating triple by (F,cs(G), p*ch(fo)), where G is a homotopy between
foopand F defined in (9). We have the triple relation

des(G) = ch(F) — ch(fo o p),

and the triple (F,cs(G), p*ch(fo)) becomes (fo,cs(foopo ), ch(fo)) (resp.
(f1,cs(F),ch(fo))) when it is restricted to X x {0} (resp. X x {1}). We
claim that triples (f1,cs(F),ch(fo)) and (f1,0,ch(fy)) are equivalent. This
can be easily verified by applying the following Lemma.

Lemma 4.1. If a, B € Q¥(X) are such that « — = dvy for some v €
Q" Y(X), then there exists £ € QY(X x I) such that V3¢ = o and Y& = B.

Proof. Set £ := (1 —t)p*a+tp*f —dt Np*y € Q*(X x I). Then
dé = —dt Np*a+dt Ap*S+dt Ap*dy =0,
o€ = a,
Yi§ = p. O

Since cs(F) is exact, we may write cs(F') := du. We apply Lemma 4.1
with a = dp and g = 0. More explicitly, the interpolating triple between

(f1,es(F), ch(fo)) and (f1,0,ch(fo)) is (f1 o p, &, p*ch(f1)) where
E:=(1—t)p"du—dt Ap*u.
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We see that d§ = —dt A p*dp + dt A p*dp = 0, Y& = dp, and 97§ = 0. The
triple relation is easily verified: d¢ = 0 = ch(f1 o p) — p*ch(f1). Thus the
map is well-defined.

4.2. Injectivity. Suppose two triples (fo,0,ch(fp)) and (f1,0,ch(f1)) in
K*(X) are equivalent. i.e. ch(fp) = ch(f1) and there exists a homotopy F
between fy and fi, such that

dH = ch(F) — p*ch(fo)
for some differential form H € Q®*~'(X x I). Integrating both sides along I,

we get
/Ich(F)—O:/Ich(F)—/Ip*ch(fo):/IdHJrO

:/dH+(—1)H|1 H:d/H.
I oI I

This shows that cs(F) is exact, and hence fy ~cs fi.

4.3. Surjectivity. We need two lemmas. The following lemma follows
from [TWZ2].

Lemma 4.2 (Strong Venice Lemma). Given h € Q*~1(X) and a smooth
map f1 : X — Fe, there exists a smooth map fo : X — Fe and a smooth
homotopy F : X x I — Fo between fo and fi such that cs(F') = h.

Proof. Given such a differential form h, Theorem 3.17 (2) of [TWZ2] shows
that there exists a homotopy G : X x I — F, such that G(x,1) = Z, and
cs(G) = h. (See Notation 2.2 for the definition of Z,.)

Accordingly, define a homotopy F' : X x I — F, by

F(x,t) := me(G(x,1), p(f1(x)))-
Note that F(x,1) = me(G(z,1),p(fi(x))) = fi(x) and
es(F) = (—1)*1 /Ich(G) +(=1)*! /Ip ofi =cs(G)+0=h.
At t =0, F(z,0) = me(G(x,0),p(f1(x))) which we denote by fo(z). O

Lemma 4.3. Let (fo,h,w) be a triple representing an element of K*(X).
Suppose fo is homotopic to f1 via a homotopy F. Then the triple (fi,h +
cs(F),w) is equivalent to (fo, h,w).

Proof. We choose (F,p*h 4 cs(G),p*w), where G is a homotopy between
F and fjy o p defined in (9). We verify that this triple interpolates between
(fo, h,w) and (f1,h + cs(F),w). First, we have

G(F,p*h+ cs(G), p*w) = (fo, h+ cs(G o o), Yip*w) = (fo, hyw),
GHF,p*h + es(G), p*w) = (fi,h + cs(G o ¥n), ¥ip*w) = (f1,h + cs(F),w),

where 1;5 is as defined in the proof of Lemma 3.3.
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The triple condition then follows from
d(p*h+cs(G)) =p" foe—p'w+ Fc—p* fyec = Fc—p'w. O

We now prove surjectivity. Take any representative (fi,h,w) of any ele-
ment in K*(X). Applying Lemma 4.2 with h and f;, we may write h = cs(F)
where F' is a homotopy between fy and f; for some fy. Note that ch(fy) = w,
because

ch(f1) — ch(fo) = dh = ch(f1) —w.
By Lemma 4.3, the triple (fo,0,w) is equivalent to the triple (f1,cs(F),w).
Since (fo,0,w) is a representative of the image of [fy] € IA(%WZ(X), [fo] is a
preimage of (f1,h,w) € K*(X).

4.4. Group homomorphism and naturality. The given map is a group
homomorphism since ch(m(fo, f1)) = ch(fo) + ch(f1). It is natural in X by
the naturality of ch.

Appendix A. Relative de Rham theorem

We state and prove a variant of de Rham theorem for relative cohomology
groups. This result is certainly well-known and classical, but we did not find
a reference. Throughout this appendix, let X be a smooth manifold, Y a
closed submanifold, and ¢ : Y < X a smooth embedding.

Definition A.1. The relative de Rham compler (2°(X,Y),d,) is defined
by QF(X,Y) := kers} and dj, := d|ker; for each k > 0, where

i QF(X) = QF(Y)
is the restriction map.

Since +* commutes with d, the image of dj, is contained in QFL(X,Y),
hence the pair (2°(X,Y),d,) is a complex. Also note that the kernel of d},
is Q8 (X) Nkeri}.

Definition A.2. The degree k relative de Rham cohomology groups of the
pair (X,Y) is defined by

Hip(X,Y) :=kerd,/Im dj,_,, k€Z
Lemma A.3.

(1) In the following diagram, the rows are exact, and the squares are
commutative.

"
K

0—— OF(X,Y) —— QF(X) QFY) ——0

bk

0— = QFI(X,Y) 2= QM (X) L ktl(y) o0
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(2) The following sequence of cohomology groups is ezxact.
0 = Hop(X,Y) = Hap(X) = Hgp(Y) L Hap(X,Y) = Hap(X) = -

Proof. (1) The surjectivity of the map 1} : Q*(Y) — QF(X) for k € Z
follows from Whitney’s embedding theorem. The diagram is commutative
because pull-back commutes with d. (2) follows from the snake lemma. O

Proposition A.4 (Relative de Rham Theorem). The assignment

/ CHE(X,Y) = HYNX,Y;R)

e ]

is a natural isomorphism of groups for each k € 7Z.

Proof. We use the 5-lemma. Consider the following diagram.

*

_ k1 _ d4R ;
HAH(X) —= HEH(Y) —% HE(X)Y) — HE (X)) —> HR (V)

oA T

H*(X) ——= H*(Y) H*(X,Y) — H*(X) —~ H*(Y)

The first and the last squares are commutative by naturality of de Rham
theorem. The third square commutes by Stokes’ formula. We verify the
commutativity of the second square. Take any [0] € Héﬁg L(Y). There exists
n € QF1(X) whose restriction to Y is 6. The restriction of the differential
form dn € QF(X) to Y is identically zero. Hence dn is a representative of
the cohomology class d4r([0]) € HX:(X,Y). Applying the vertical map, we
obtain [ [ dn]. Now we apply the vertical map to [] and then the connecting
map. This gives 6[[ 0] € H*(X,Y;R). Since [n is a cochain in X that
restricts to [ 6 in Y, the k-cochain [ dn represents the smooth singular

relative cohomology class 4] [ 6], since ¢} ( [ dn) is vanishing. O
References
[BG] BuUnkE, ULRICH; GEPNER, DAvID. Differential function spectra, the differen-

tial Becker—Gottlieb transfer, and applications to differential algebraic K-theory.
Preprint, 2016. arXiv:1306.0247v2.

[BNV] BUNKE, ULRICH; NIKOLAUS, THOMAS; VOLKL, MICHAEL. Differential cohomol-
ogy theories as sheaves of spectra. J. Homotopy Relat. Struct. 11 (2016), no.
1, 1-66. MR3462099, Zbl 1341.57020, arXiv:1311.3188, doi: 10.1007/s40062-014-
0092-5.

[BS1] BUNKE, ULRICH; SCHICK, THOMAS. Smooth K-theory. Astérisque 328 (2009),
45-135. MR2664467 (2012a:19015), Zbl 1202.19007, arXiv:0707.0046.

[BS2] BuNkKE, ULRICH; SCHICK, THOMAS. Uniqueness of smooth extensions of gen-
eralized cohomology theories. J. Topol. 3 (2010), no. 1, 110-156. MR2608479
(2011e:55011), Zbl 1252.55002, arXiv:0901.4423, doi: 10.1112/jtopol/jtq002.


http://arXiv.org/abs/1306.0247v2
http://www.ams.org/mathscinet-getitem?mr=3462099
http://zbmath.org/?q=an:1341.57020
http://arXiv.org/abs/1311.3188
http://dx.doi.org/10.1007/s40062-014-0092-5
http://dx.doi.org/10.1007/s40062-014-0092-5
http://www.ams.org/mathscinet-getitem?mr=2664467
http://zbmath.org/?q=an:1202.19007
http://arXiv.org/abs/0707.0046
http://www.ams.org/mathscinet-getitem?mr=2608479
http://zbmath.org/?q=an:1252.55002
http://arXiv.org/abs/0901.4423
http://dx.doi.org/10.1112/jtopol/jtq002

A SMOOTH VARIANT OF HOPKINS-SINGER DIFFERENTIAL K-THEORY 669

[BSSW]

[CS]

(GL]

[GS]

[HMSV]

[Hol]

[Ho2]

(HS]

BUNKE, ULRICH; SCHICK, THOMAS; SCHRODER, INGO; WIETHAUP, MORITZ.
Landweber exact formal group laws and smooth cohomology theories. Al-
gebr. Geom. Topol. 9 (2009), no. 3, 1751-1790. MR2550094 (2011d:55005), Zbl
1181.55006, arXiv:0711.1134, doi: 10.2140/agt.2009.9.1751.

CHEEGER, JEFF; SIMONS, JAMES. Differential characters and geometric in-
variants. Geometry and Topology (Proceedings of the Special Year held at
the University of Maryland, College Park 1983/84), 50-80, Lecture Notes in
Math., 1167. Springer, Berlin, 1985. MR0827262 (87g:53059), Zbl 0621.57010,
doi: 10.1007/BFb0075216.

FREED, DANIEL S. Dirac charge quantization and generalized differential co-
homology. Surveys in differential geometry, 129-194, Surv. Differ. Geom., 7.
Int. Press, Somerville, MA, 2000. MR1919425 (2003h:58035), Zbl 1058.81058,
arXiv:hep-th/0011220, doi: 10.4310/SDG.2002.v7.n1.a6.

FREED, DANIEL S.; LOTT, JOHN. An index theorem in differential K-theory.
Geom. Topol. 14 (2010), no. 2, 903-966. MR2602854 (2011h:58036), Zbl
1197.58007, arXiv:0907.3508, doi: 10.2140/gt.2010.14.903.

GOROKHOVSKY, ALEXANDER; LOTT, JOHN. A Hilbert bundle description of dif-
ferential K-theory. Preprint, 2016. arXiv:1512.07185v3.

GRADY, DANIEL; SATI, HISHAM. Spectral sequences in smooth generalized co-
homology. Preprint, 2016. arXiv:1605.03444v1.

HEKMATI, PEDRAM; MURRAY, MICHAEL K.; SCHLEGEL, VINCENT S.; V0zzO0,
RayMOND F. A geometric model for odd differential K-theory. Differential
Geom. Appl. 40 (2015), 123-158. MR3333100, Zbl 1317.19013, arXiv:1309.2834,
doi: 10.1016/j.difgeo.2015.02.001.

Ho, MAN-Ho. The differential analytic index in Simons—Sullivan differential K-
theory. Ann. Global Anal. Geom. 42 (2012), no. 4, 523-535. MR2995203, Zbl
1257.19005, arXiv:1110.0151, doi: 10.1007/s10455-012-9325-1.

Ho, MAN-HO. Remarks on flat and differential K-theory. Ann. Math. Blaise
Pascal 21 (2014), no. 1, 91-101. MR3248223, Zbl 1329.19010, arXiv:1203.5383,
doi: 10.5802/ambp.337.

HoOPKINS, MICHAEL J.; SINGER, ISADORE M. Quadratic functions in geome-
try, topology, and M-theory. J. Differential Geom. 70 (2005), no. 3, 329-452.
MR2192936 (2007b:53052), Zbl 1116.58018, doi: 10.4310/jdg/1143642908.
KAHLE, ALEXANDER; VALENTINO, ALESSANDRO. T-duality and differential K-
theory. Commun. Contemp. Math. 16 (2014), no. 2, 1350014, 27 pp. MR3195150,
Zbl 06295962, arXiv:0912.2516, doi: 10.1142/S0219199713500144.

KAROUBI, MAX. Homologie cyclique et K-théorie. Astérisque 149 (1987), 147
pp. MR0913964 (89¢:18019), Zbl 0648.18008.

KroNorr, KEVIN ROBERT. An index theorem in differential K-theory. Thesis
(Ph.D.)-The University of Texas at Austin. Lect. Notes in Math., 763. ProQuest
LLC, Ann Arbor, MI, 2008, 119 pp. MR2711943, hdl.handle.net/2152/3912.
Lott, JOHN. R/Z index theory. Comm. Anal. Geom. 2 (1994), no. 2, 279-311.
MR1312690 (95j:58166), Zbl 0840.58044, doi: 10.4310/CAG.1994.v2.n2.a6.
SIMONS, JAMES; SULLIVAN, DENNIS. Structured vector bundles define differ-
ential K-theory. Quanta of maths, 579-599, Clay Math. Proc., 11. Amer.
Math. Soc., Providence, RI, 2010. MR2732065 (2011k:19009), Zbl 1216.19009,
arXiv:0810.4935.

TRADLER, THOMAS; WILSON, ScorT O.; ZEINALIAN, MAHMOUD. An
elementary differential extension of odd K-theory. J. K-Theory 12
(2013), no. 2, 331-361. MR3142366, Zbl 1327.19014, arXiv:1211.4477,
doi: 10.1017/is013002018kt218.


http://www.ams.org/mathscinet-getitem?mr=2550094
http://zbmath.org/?q=an:1181.55006
http://zbmath.org/?q=an:1181.55006
http://arXiv.org/abs/0711.1134
http://dx.doi.org/10.2140/agt.2009.9.1751
http://www.ams.org/mathscinet-getitem?mr=0827262
http://zbmath.org/?q=an:0621.57010
http://dx.doi.org/10.1007/BFb0075216
http://www.ams.org/mathscinet-getitem?mr=1919425
http://zbmath.org/?q=an:1058.81058
http://arXiv.org/abs/hep-th/0011220
http://dx.doi.org/10.4310/SDG.2002.v7.n1.a6
http://www.ams.org/mathscinet-getitem?mr=2602854
http://zbmath.org/?q=an:1197.58007
http://zbmath.org/?q=an:1197.58007
http://arXiv.org/abs/0907.3508
http://dx.doi.org/10.2140/gt.2010.14.903
http://arXiv.org/abs/1512.07185v3
http://arXiv.org/abs/1605.03444v1
http://www.ams.org/mathscinet-getitem?mr=3333100
http://zbmath.org/?q=an:1317.19013
http://arXiv.org/abs/1309.2834
http://dx.doi.org/10.1016/j.difgeo.2015.02.001
http://www.ams.org/mathscinet-getitem?mr=2995203
http://zbmath.org/?q=an:1257.19005
http://zbmath.org/?q=an:1257.19005
http://arXiv.org/abs/1110.0151
http://dx.doi.org/10.1007/s10455-012-9325-1
http://www.ams.org/mathscinet-getitem?mr=3248223
http://zbmath.org/?q=an:1329.19010
http://arXiv.org/abs/1203.5383
http://dx.doi.org/10.5802/ambp.337
http://www.ams.org/mathscinet-getitem?mr=2192936
http://zbmath.org/?q=an:1116.58018
http://dx.doi.org/10.4310/jdg/1143642908
http://www.ams.org/mathscinet-getitem?mr=3195150
http://zbmath.org/?q=an:06295962
http://arXiv.org/abs/0912.2516
http://dx.doi.org/10.1142/S0219199713500144
http://www.ams.org/mathscinet-getitem?mr=0913964
http://zbmath.org/?q=an:0648.18008
http://www.ams.org/mathscinet-getitem?mr=2711943
http://hdl.handle.net/2152/3912
http://www.ams.org/mathscinet-getitem?mr=1312690
http://zbmath.org/?q=an:0840.58044
http://dx.doi.org/10.4310/CAG.1994.v2.n2.a6
http://www.ams.org/mathscinet-getitem?mr=2732065
http://zbmath.org/?q=an:1216.19009
http://arXiv.org/abs/0810.4935
http://www.ams.org/mathscinet-getitem?mr=3142366
http://zbmath.org/?q=an:1327.19014
http://arXiv.org/abs/1211.4477
http://dx.doi.org/10.1017/is013002018jkt218

670 BYUNGDO PARK

[TWZ2] TRADLER, THOMAS; WILSON, SCOTT O.; ZEINALIAN, MAHMOUD. Differential K-
theory as equivalence classes of maps to Grassmannians and unitary groups. New
York J. Math. 22 (2016), 527-581. MR3522131, Zbl 06600778, arXiv:1507.01770.

(Byungdo Park) CUNY GRADUATE CENTER, 365 FIFTH AVE, NEwW YORK, NY 10016,
USA
byungdpark@gmail.com

This paper is available via http://nyjm.albany.edu/j/2017/23-30.html.


http://nyjm.albany.edu/j/2016/22-24v.pdf
http://nyjm.albany.edu/j/2016/22-24v.pdf
http://www.ams.org/mathscinet-getitem?mr=3522131
http://zbmath.org/?q=an:06600778
http://arXiv.org/abs/1507.01770
mailto:byungdpark@gmail.com
http://nyjm.albany.edu/j/2017/23-30.html

	1. Introduction
	2. Main results
	3. Proof of Theorem 1
	4. Proof of Theorem 2
	Appendix A. Relative de Rham theorem
	References

