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Differential Borel equivariant cohomology

via connections

Corbett Redden

ABSTRACT. For a compact Lie group acting on a smooth manifold, we
define the differential cohomology of a certain quotient stack involving
principal bundles with connection. This produces differential equivari-
ant cohomology groups that map to the Cartan—Weil equivariant forms
and to Borel’s equivariant integral cohomology. We show the Chern—
Weil homomorphism for equivariant vector bundles with connection nat-
urally factors through differential equivariant cohomology.
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Differential cohomology, also known as Cheeger—Simons differential char-
acters [CheeS] or Deligne cohomology [Bry], is a contravariant functor H*
from the category of manifolds to graded abelian groups. It sits in the
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character diagram

0 0
\ N /7
H" Y(M;R/Z) H"(M;7)
__— \ ) 7 \
H" 1(M;R) H™(M) H"™(M;R)
T~ Q1 (A1) — » /
Q" (M)
Qn—l(M)Z d
0 / \ 0

where the two diagonals are short exact sequences, B is the Bockstein ho-
momorphism, and the subscript Z denotes closed forms with Z-periods. Be-
cause it captures both the torsion of integral cohomology and the local struc-
ture of differential forms, differential cohomology has proven to be useful in
a number of contexts. In particular, the Chern—Weil homomorphism factors
through H*, making it a natural home for secondary invariants of principal
bundles with connection. Differential cohomology has now been generalized
in several directions, leading to the notion of a “differential extension” of a
generalized cohomology theory.

The purpose of this paper is to construct a differential extension of Borel’s
equivariant integral cohomology. This was also recently done by Kiibel—-
Thom [KT], and our functors fit into the same short exact sequences. As-
sume that G is a compact Lie group acting smoothly on a manifold M. The
equivariant cohomology of M, with coefficients in an abelian group A, is the
cohomology of the homotopy quotient

H{(M;A):= H(EG xg M; A).
The complex of equivariant forms (Qg(M), dg) is given by the Weil model
(Sg* @ Ag" ®@ QM)

whose cohomology is naturally isomorphic to HE(M;R). One can equiv-
alently use the Cartan model (Sg* ® Q(M))® in place of the Weil model,
as the two complexes are isomorphic (not merely quasi-isomorphic). We
summarize the paper’s main results in two theorems below. Theorem 1.1
contains the important user-friendly properties of Hé It is simply Propo-
sitions 2.3, 4.4, and 4.16 combined into a single statement. In fact, we
show in Proposition 4.18 that the functor ﬁg is characterized uniquely by
properties A and C. Theorem 5.3 states that the equivariant Chern—Weil
homomorphism, with equivariant forms defined by the equivariant curva-
ture Q¢ [BeV], factors through H’g‘; For convenience, we restate it here as
Theorem 1.2 in the specific case of equivariant complex vector bundles.
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Theorerp 1.1. For any compact Lie group G, there exists a contravariant
functor H (=), from the category of smooth G-manifolds to the category of
graded abelian groups, satisfying the following.

(A) There exist natural homomorphisms forming the following character

diagram.
0 0
\ » /
HY Y (M;R/Z) HA(M;Z)
HE Y (M;R) HE(M) HE(M;R)
\ Qn_l(M) / & y
RIT ST
0 / \ 0

(B) For Gy ﬂ Gs a Lie group homomorphism, a smooth map M N
that is ¢-equivariant induces homomorphisms

. F; o .
HE,(N) =5 HE, (M)
compatible with the character diagrams.
(C) A principal G-bundle with connection (P,©) — M induces homo-
morphisms
HE(P) = H*(M)
compatible with the character diagrams.

Theorem 1.2. Let (V,V) — M be a G-equivariant Hermitian vector bundle
with G-invariant connection. There exist natural classes é,(O¢g) € E%k(M)
satisfying

(1) I(¢x(0¢)) =cx (EG xgV — EG xg M) € HZ(M;Z).

(2) R(&%(0c)) = cx (Qa) € QaF(M).

The paper is organized as follows. Appendix A, which appears at the end
of the paper, contains a review of principal bundles with connection and the
equivariant de Rham complex Q¢ (M). Readers unfamiliar with the Weil
model may find it helpful to begin here. While this appendix is expository
and should probably be replaced by a citation to [GS], we use it to introduce
notation and to emphasize the relationship between W(g) and differential
forms on principal bundles with connection.

In Section 2 we define H} (M) using the Hopkins-Singer [HS] cochain
model for H*(EG xg M), but with Q(EG xg M) replaced by Qg(M).
The short exact sequences and character diagram follow immediately. The
advantage of this construction is that one need not leave the world of cochain
complexes and topological spaces. When giving constructions such as the
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Chern—Weil refinement, however, one is forced to play the tedious game of
choosing classifying maps and checking that everything is well-defined.

To emphasize the geometric nature of our constructions, we begin working
with the differential Borel quotient stack E,G X M in Section 3. This is
defined as a contravariant functor that associates to any test manifold X
the groupoid of principal G-bundles with connection (P,0) — X, together
with an equivariant map P — M. In [FreH], Freed-Hopkins show that the
natural map

QL (M) = Q(ESG xg M)
is an isomorphism, and we proceed to give the second definition
HE(M) = H"(ESG xg M).

The details of this definition involve simplicial sheaves and are contained in
Section 6. The virtue is that maps between various stacks induce homomor-
phisms in differential cohomology, as we demonstrate in Section 4.

For example, the homomorphism (B) from Theorem 1.1 is induced by a
natural map

F,
EG1 xgy, M % EGo xg, N,

defined using the associated bundle construction. Similarly, if (P,©) — M
is a principal G-bundle with connection, the pullback gives a natural map

M2 .G xq P,

and this induces the homomorphism in C. For (Q,0) — M a G-equivariant
principal K-bundle with G-invariant connection, the refined Chern—Weil
homomorphism is induced by a natural map

va Xg M — Q;VK,

as described in Section 5. Given a G-bundle with connection mapping to M,
we pull back (@, ©) to form a G x K-bundle with connection, and then we
quotient by G. The equivariant extensions of the Chern forms appear when
forming the connection on the pullback of (Q,©). We conclude Section 5
with a discussion of H, &(M) as differential characters on E,G xg M, and we
show H, 2(M) is naturally equivalent to isomorphism classes of G-equivariant
principal R/Z-bundles on M with invariant connection.

A definition of differential equivariant cohomology was previously given
by Gomi [Gom], but it did not fully incorporate Q¢ (M), leading to groups
that are not isomorphic to the ones in this paper. See Kiibel-Thom [KT] for
a more detailed discussion. In fact, many of our results can also be found in
their paper, including the short exact sequences and the refined equivariant
Chern—Weil homomorphism. However, the constructions and methods are
different. The two definitions in this paper involve the topological space
EG xg M and the stack E,G xg M, and most homomorphisms are induced
by bundle constructions. On the other hand, Kiibel-Thom use the simplicial
manifold {G* x M} as the model for the homotopy quotient. We believe
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that having multiple viewpoints will prove to be useful, just as it has for
ordinary differential cohomology.

2. A cochain model

Our first definition of H, &(—) is given by using the Hopkins-Singer con-
struction for H*(EG xg M), with Q(EG xg M) replaced by the Weil model
of equivariant forms Qg (M). The definition, short exact sequences, and ring
structure all follow immediately from the same arguments given in Sections
2 and 3 of the Hopkins—Singer paper [HS], so we will keep the proofs brief.
(In fact, [HS] also contains our construction for the case where M = pt.)
Readers unfamiliar with the Weil model of equivariant forms Q¢(M) can find
a full exposition in Appendix A. As noted in Section A.5, the Weil model
may be replaced, via the Mathai—Quillen isomorphism, by the isomorphic
Cartan model (Sg* ® Q(M))% if desired.

As discussed in Section A.4, let (EG,©gg) — BG be a universal prin-
cipal G-bundle with connection, given as a direct limit of smooth finite-
dimensional bundles. If M is a G-manifold, the Weil homomorphism induces
an inclusion

w(© 1
Qs (M) 22V o (BG <o M) < CF(EG xg M R)

that is a quasi-isomorphism of cochain complexes.

For the moment, we will use general coefficients. Let A C V be a com-
pletely disconnected subgroup of a (possibly graded) vector space, and de-
note Q*(—; V) =Q*(—-) e V.

Definition 2.1. The differential equivariant cochain complex, denoted by

(Cq(q)*(M;A),d), is defined as the homotopy pullback in the diagram

Calg)"(M; A) — = C*(EG x¢ M;A)

(22) | 1

QI(M; V) CH(EG xg M; V).
Explicitly, this is defined so that for k > ¢,
Calq)*(M; A) == CH(EG xg M;A) x C*"Y(EG xg M; V) x Q&(M; V)
d(c, h,w) := (0¢, w — ¢ — Oh, dgw),

and for k < g we restrict to the subcomplex with w = 0.

For = (¢, h,w), we call ¢ the characteristic cocycle and w the curvature,
and we say & is flat if the curvature is zero. The degree n differential
equivariant cohomology is defined as the abelian group

HE(M; A) = H" (C(n) (M; A)) = déﬁ((]z\\??\))ﬁ |
G ) at
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As one would expect, the groups FI&(M ; A) lie in short exact sequences
that are completely analogous to those for ordinary differential cohomology.
We denote the image of HA(M;A) — HZA(M;V) by HA(M; V), and we
denote the subgroup of closed n-forms with A-periods by Q(M;V)a. This
is defined so that under the de Rham isomorphism,

Q&M V)
e (M V)
We will primarily be concerned with A = Z, V = R, and we use the
notations

= HE(M; V).

HE(M) = HE(M;Z),  HE = HE(pt; Z).
In later sections, we will simply use Z C R to simplify notation, but all
results will immediately generalize to general coefficients A C V.

Proposition 2.3. The groups H}(M;A) lie in the short evact sequences

(SES 1) 0 — HEN(M;V/A) —HE(M; A) -5 Q2(M; V), — 0,

anl M .
(SES2) 0— # — HL(M; A) — HE(M; A) — 0,
Q& (M V)
HY Y M v y
(SES 3) 0—> # —HA(M;A) — AL(M; V) — 0,
HE(M;V)a

where A%(M) is the pullback (in sets) of the commutative square
rTn I n

(2.4) iR i
Qi (M)s —e HE (M V),

These sequences fit into the character diagram

0 0
\ /
HY M (M; V/A) I HE(M; A)
/7 \ ) /[' \
HE (M V) n(M;A) HE(M; V)
\ 1 /‘/ R
QL (M;V
Q??l((M; v ))A 6 SV

where B is the Bockstein homomorphism.

Proof. The proof is straightforward and follows from the exact same ar-
guments as those given in [HS]. Alternatively, one can use the homological
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framework of Harvey—Lawson spark complexes, specifically Proposition 1.3
from [HaL]. The key point is that Qf (M) — C*(EG xg M;R) is an inclu-
sion, as noted in Lemma A.17, and it induces an isomorphism in cohomol-
ogy. [l

Proposition 2.5.
(1) C&(M;A) and HE(M; A) define contravariant functors from G-Man
to cochain complexes and graded abelian groups, respectively.
(2) An inclusion Ay — Ay < V' of totally disconnected subgroups of V'
nduces natural transformations

HE (= A1) — HE(—; M),
(3) The cup product and wedge product induce algebra homomorphisms
HE (M A) @ HE (M; Ay) — HETR2(M; A @ Ag),
whereA1®A2CV1®V2.v i
(4) The map M 5 pt makes H{(M; A) into a HY-module.
(5) If V is a ring with sub-ring A, then Hé(M;A) is a graded commu-

tative ring, and I and R are ring homomorphisms.

Proof. The constructions Cf (M) and HY(M) are clearly functorial with
respect equivariant maps f: M — N, as demonstrated in Appendix A, thus
proving (1).

An inclusion A1 < Ay defines natural maps between cochain complexes
C*(—; A1) = C*(—; A2). This induces C%(—; A1) <= C&(—; Ag), thus prov-
ing (2).

For (3), first note that the homomorphism QF (M) — Q*(EG xg M) is
a homomorphism of DGAs, as the basic subcomplex of a G*-algebra is a
sub-DGA. Hence, the product structure from [HS] immediately defines the
product

Calg)™ (M; A1) ® Ca(g2)™ (M; Az) — Calar + g2)" 2 (M Ay @ As)
HENM;Ay) @ HE2 (M Ag) — HEP2(M; Ay @ Ag)
by
(c1,h1,wr)-(c2, ho,ws) := (c1Uca, (—1)‘Cllcluhg—i—hlUwg—f—B(wl,wg),wlAwg).

Here B(wi,ws) € CK1H*2=1(EG x ¢ M;R) is any natural cochain homotopy
between A and U, and we denote the product in Qg(M) by A in a slight
abuse of notation.

For (4), the map M 5 pt is G-equivariant, so it induces natural ring

. T
homomorphisms H,(pt; Z) -$ H}(M;Z). The composition
. . QL - . . .
g ® He(M; A) S5 H5(M; Z) @ Hg(M; A) — H5(M; A)
makes Hy,(M;A) into an H-module.
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Item (5) follows similarly. If A is a ring, the product in H}, can be
composed with the product in A, giving
HE(M;A) @ HE(M;A) — HE(M; A® A) — HE(M;A).
The homomorphisms I and R preserve products at the cochain level, so the
induced maps Hp(M;A) EN Hi(M;A) and HE(M;A) i QL(M;V)p are
also ring homomorphisms. O

Let us now use Propositions 2.3 and 2.5 to analyze H} (M) in a few simple
examples.

Example 2.6. If G = e is the trivial group, then Qg (M) = Q(M), and we
can take EG = pt. This recovers the usual differential cohomology
H*(M;A) = H*(M;A).

Example 2.7. The point pt is trivially a G-manifold, and the Borel con-

struction is EG xg pt & BG. For G compact we have H?*(BG;R) =

Q% (pt) = S*(g")¢ and H***1(BG;R) = Q%™ (pt) = 0. The short exact

sequences (SES 2) and (SES 1) give isomorphisms

(2.8) o =~ H**(BG;z),  HX¥''=~ H*(BG;R/Z).

Furthermore, (SES 2) becomes

Sk(g*>G
Sk(g*)§

where % can also be written as H?*(BG;R) ® R/Z.
Z

(2.9) 0— — HZF — H*Y(BG;Z) — 0,

Example 2.10. If G =T is a finite group, the Lie algebra is trivial. Hence,
the equivariant forms Qr (M) are simply the invariant forms Q(M)". When
M is a point, (SES 2) implies

H} =~ H*(BT;Z).
Example 2.11. For G = S!, we know that H*(BS';Z) =~ H*(BS!;R)z =
Z[t], where |t| = 2. The above identities (2.8) and (2.9) imply
o = H**(BS';z) = 71",
% >~ g**(BSY;R) @ R/Z = (R/Z)t".

We now show that as a graded commutative ring, this can be written
75 = (2o (R/2)9)1),

where |§] = 1 and |t| = 2. The relations 0t = t0 and 62 = 0 are implied by
the adjectives graded commutative.

To verify this is a ring isomorphism, first note that the characteristic
class map gives a ring isomorphism ﬁg’{ = Zt] in even degrees. We can
use the product’s definition to determine what happens when multiplying
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by odd-degree elements. Choose some cocycle a € Z?(BS"; Z) representing
the generator of H%(BS';Z). An even element nt* ¢ 7tk = Hgff can be
represented by a cocycle of the form (o, b, t*), and an odd element [r]0t* €
(R/Z)0tF = ﬁgff“ can be represented by (0,7a* 0). The cochain-level
product yields

(nakt, b, ntk1) - (0, ra*2, 0) = (0, nrafi %2, 0),
(O, 7’10/“1’ 0) . (07 7,20/627 0) _ (0’ 0, O)
So, the product of two odd elements is 0, and (ntkl) . ([T]gtka) _ [nr]gtkjl-kka.

Example 2.12. Similarly, the odd cohomology groups of BU(n) vanish,
and

U(n)
H%BU@%ZMEH%BUmﬁRm%(SMQMYL: > Zlex, ..., cnl.
The same argument given in the previous example shows that
A, = H*(BU(n); Z),

Hf]’%l ~ H?*(BU(n);R)) @ R/Z,

and as graded commutative rings with |¢;| = 2i and |0| = 1,
-%w%@®®ﬂmhww%.

3. Differential cohomology of the differential quotient stack

From the description of the Weil algebra W(g) in Appendix A, it is clear
that equivariant forms Q¢ (M) most naturally arise when considering princi-
pal bundles with connection. While the topological space EG — BG can be
viewed as a universal bundle with connection, it does not naturally represent
the category of principal bundles with connection on general manifolds. For
this reason, it will be more convenient to replace EG xg M with the stack
E,G xg M and study its differential cohomology. While we are not aware
of any work specifically on H *(EJG xg M), the general idea of defining dif-
ferential cohomology via sheaves on manifolds has been widely used. This
includes, but is not limited to, [Bun, BunNV, HQ, FSS].

3.1. Background. First, remember that a groupoid is a category in which
every morphism is invertible. Any set S can be viewed as a category, where
the only morphisms are the identity morphisms. We denote this fully faithful
embedding of the category of sets into the category of groupoids by Set C
Gpd.

A stack M (on the site of smooth manifolds) is a contravariant functor
from the category of manifolds to the category of groupoids satisfying a
descent condition; we denote the category by

Stack = Shvgpg C Fun(Man®?, Gpd).



450 CORBETT REDDEN

This means that associated to every manifold X is a groupoid M (X), and

a smooth map X3 i) X5 induces a functor

M(Xo) L M(xy).

There are associative natural transformations ¢*f* = (g o f)* to deal with
composition of functions. To be a stack, as opposed to a prestack, M must
also satisfy a sheaf/descent condition that all of our examples will satisfy
(see [Hei] or Section 6 for more details).

Example 3.1. Any smooth manifold N defines a stack N by associating to
X the set
N(X) =C®(X,N) € Set,

and to a smooth map X, L X, the pullback C*° (X2, N) LN C>*(X1,N).

Example 3.2. Principal G-bundles with connection form a stack, which
we denote B,G. To any manifold X, let B,G(X) be the groupoid whose

objects are principal G-bundles P =+ X with connection © € Q'(P;g). A

morphism (Py,©1) A (P2,©2) is a bundle map preserving the connection;
i.e., it is a G-equivariant map ¢

® P2
X

such that ¢*(©3) = ;. Such a ¢ must be a diffecomorphism, and hence
all morphisms in B,G(X) are isomorphisms. Since bundles and connections
pull back, a smooth map f: X; — X5 induces a functor

[ B,G(X2) = B,G(X).

The groupoid of principal G-bundles on X, without connection, is defined
analogously and denoted BG.

P

The collection of morphisms between stacks Shvgpd(Mi, Mz) naturally
forms a groupoid. An object M 2, M, in this groupoid is a collection

of functors M; (X) ), M (X) for all X, together with natural transfor-
mations U(f): U(X)of* = f*oW(Y) for all smooth f: X — Y'; morphisms
between morphisms are given by natural transformations, which must be in-
vertible since Ma(—) is always a groupoid.

The Yoneda Lemma states that there is a canonical equivalence of cate-
gories

M(X) = Shvgpa(X, M),

and this defines a faithful embedding of the category of manifolds into the
2-category of stacks. For this reason, we will usually not distinguish between
a manifold X and its associated stack X. We can also view an object in
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the category M (X) as a map X — M. Thus, maps between stacks are a
generalization of smooth maps between manifolds; when M and X are both
manifolds,

Shvgpd(X, M) = M(X) = C™(X, M).
Via Yoneda, any bundle (P,0) — X is naturally equivalent to a map

x 29 3 q,

and the groupoid of bundles with connection is naturally equivalent to the
category of maps X — B_G. This makes B,G a more convenient classifying
object for many purposes than the ordinary topological space BG.

Example 3.3. Differential forms of degree k define a stack QF, where
QF(X) € Set

is a set viewed as a groupoid with only identity morphisms. A differential
form w € QF(X) is equivalent to a morphism X < QF.

Example 3.4. If M is a (left) G-manifold, the differential quotient stack
E,G XM is defined as follows. An object of (E,G x¢ M) (X) is a principal
G-bundle with connection (P,0) — X, together with a G-equivariant map
f: P — M. The map f is equivalent to a section F' of the associated fiber

bundle P xg M, with the equivalence given by F(x) = [p, f(p)] € P xg M.
(P,0) LM (P,©) xg M
x EOD g GuoM i — J{ >F
X X

A morphism
(X «(P,01) % M) 2, (X (P, 0,) 2 M)

is a connection-preserving bundle isomorphism that covers the maps to M;
ie.,
P17 61
/( k
X \ = / M
f:
(

2

P27 @2)

with QO*(@Q) = @1.

In the case where M = pt, there is only one map P i) pt, leading to the
natural isomorphism E,G X pt = B,G. We also let £G xg M denote the
stack defined analogously via bundles without connection.
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Remark 3.5. Other possible notations for this quotient stack with connec-
tions could include M /¥ G and (Mg)y. We choose to use E,G xg M to
emphasize the correspondence between maps of stacks and maps of topolog-
ical spaces.

3.2. Differential forms on the quotient stack. We want to study the
differential cohomology of £.,G xg M, but it is not immediately clear what
that means. As a first step, let’s understand differential forms. Since
QO"(X) = Shvgpq (X, Q™), it is natural to define

(3.6) Qn(va Xa M) = ShVGpd<£vG Xa ]\47 Qn)

An element of Q"(E,G xg M) is equivalent to functorially assigning, for all
manifolds X, an element of Q" (X) to every object in (E,G x¢M)(X). Since
2"(X) has only identity morphisms, isomorphic objects in (E,G xg M)(X)
must give equal elements in Q" (X).

Based on the description of Qg (M) in Appendix A, there is an obvious

homomorphism
(3.7) QL (M) = Q*(EG xa M).
While it is not difficult to show this is injective, Freed—Hopkins prove it is
in fact an isomorphism of abelian groups [FreH, Theorem 7.28]. Though
Qg (M) is usually regarded as an algebraic replacement for Q(EG xg M),
it is the actual de Rham complex of the stack £,G xg M.

We now explain the homomorphism (3.7). To a map X — E,G xg M,
which is an object of (E;G xg M)(X), the composition ©* o ff, = 0* ® f*
defines a homomorphism QF (M) — Q"(X), as indicated in the following
diagram.

e

(P,0) LM Qg (P) O (M)
| ) Je
X O™ (P)iase = O (X)

More explicitly, for w ®n € W2 (g) and ¢ € Q¥(M), then
w@N®Y = w Q) AN A frop € TFQETITR (X)),
This construction is invariant under morphisms in (E,G xg M)(X). If

(Plv @PI)
;ﬂ/l *
X \ ¢ | / M
2 fa
(P2,0p,)
with ¢*(03) = 01, it immediately follows that

(05 f3) = ¢"O5 @ (fa0¢)" = O @ ff.
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Since ¢ covers the identity on X, the two homomorphisms Q7% (M) — Q" (X)
are equal.

The de Rham differential induces a universal map of stacks d: Q" —
Qn+1. This gives a differential Q"(E.G xg M) % Q"(E.G x¢ M), and
(Q(E,G xg M),d) is naturally isomorphic to (25(M),dg) as a cochain
complex.

Remark 3.8. Note that the cochain complex Q(E,G xg M) is given by

s i) ShVGpd(ZVG Xa M, Qn) i) ShVGpd(va Xa M, Qn+1) i) s

Each degree is computed individually, with 2" being set valued, as opposed
to some version of maps to the complex Q*, where there are nontrivial
morphisms.

Example 3.9. In the case where M = pt, we have that (Sg*)¢ = Q(B,G),
which is concentrated in even degrees. A bundle with connection (P,0) —
X is naturally viewed as a map (P,0): X — B,G; the induced map on
differential forms is the usual map from Chern—Weil theory
o~ PO)*
(575")¢ - 2 (8,6) 2 02 (x)

W w(QA™).

3.3. Differential cohomology via sheaves. We now briefly outline the
construction of H "(E,G xg M) and state the main properties. Because the
details are not important to understanding the constructions in Sections 4
and 5, we postpone them until Section 6.

Amongst its many constructions, ordinary cohomology can be represented
by homotopy classes of maps to a space. For A an abelian group, there exists
an Eilenberg-MacLane space K(A,n) € Top with

H"(X;A) = [X,K(A,n)] =hoTop(X, K(A,n)).

While differential cohomology cannot be represented by a fixed topological
space, it can be represented by a sheaf of “spaces” on the site of manifolds
[FSS, Bun, HQ, BunNV]. We work with simplicial sets for convenience, as
they form a natural home for groupoids, topological spaces, and chain com-
plexes. Letting coGpd denote the (00, 1)-category of simplicial sets spanned
by Kan complexes, define K(Z,n) € Shvaegpd to be a sheaf fitting into a
homotopy-commutative diagram of the form

K(Z,n) —— K(Z,n)

]

N(Q1) —= K(R,n).

Here, IC(A,n) is an object in Shvogpd representing ordinary cohomology.
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We can consider the sheaf of groupoids £.,G xg M as a sheaf of oo-
groupoids via the nerve construction N. The cohomology groups and differ-
ential cohomology groups are defined by considering maps between sheaves
in the homotopy category:

Hn(va Xa M; A) = hOShVOOGpd(N(ZVG Xa M),]C(A, n)),
H™"(E,G xg M) :=hoShvgpd (N(E,G xg M), K(Z,n)).

The following theorem is essentially a consequence of the Freed—Hopkins
isomorphism (3.7) and the work of Bunke-Nikolaus-V6lkl on homotopy-
invariant sheaves [BunNV]. The proof is given at the end of Section 6.

Theorem 3.11. The two definitions of HE‘;(M) are naturally equivalent,
H"(EG xg M) = H" (Cq(n)*(M;Z)) .

This leads to the following commutative square.
(3.12)

HY(EG xg M) H"(EG xg M;Z) = HL(M;7)

| |

QL (M) = Q" (EG xg M) —= H(E,G x¢ M;R) = H2(M;R).

The isomorphism in the bottom-left corner is given by the Freed—Hopkins
isomorphism (3.7). The two isomorphisms on the right are induced by the
map EG xgM — E,G xg M, which induces an isomorphism in cohomology
(Propositon 6.7). In the following sections, we will use these two proper-
ties to check that maps of stacks induce the desired maps at the level of
differential forms and cohomology.

Example 3.13. Since Q?**~1(B_G) = 0, the short exact sequence (SES 2)
gives an isomorphism

H*(B.G) = H*(BG;Z).

The Cheeger—Chern—Simons refinement of Chern—Weil theory [CheeS]| can
then be repackaged in the following way. A principal G-bundle with con-
nection (P,©) — X is equivalent to a map

x L9 g q

and this induces a homomorphism
72k (PO)" ok ~ 72k .
H*(X) «—— H*(B,G) = H*(BG;Z).

Hence, any universal characteristic class in H**(BG;Z) has a canonical dif-
ferential refinement.



DIFFERENTIAL BOREL EQUIVARIANT COHOMOLOGY 455

4. Constructions of maps between stacks

We now explain how some important constructions, frequently described
using classifying spaces or equivariant forms, are naturally given by explicit
geometric constructions involving bundles with connection.

4.1. Associated bundles. Let ¢: G; — G2 be any Lie group homomor-
phism, with ¢.: g1 — g2 the associated Lie algebra homorphism. The as-
sociated bundle construction, which functorially makes any G1-bundle with
connection (P, ©) into a Go-bundle with connection, induces morphisms

E Gy — E Gy

L

B.Gy — BGo.

The most common example is when ¢ is an inclusion, which is usually re-
ferred to as extending the structure group. For more details on the associ-
ated bundle construction, see Chapter I1.6 of [KN] or Section 1 of [Fre].

If (P,©) € B,G1(X), the associated Ga-bundle is defined

(4.1) Py:=P x4 Ga = (P x Ga)/G1 = (P x G2) /((pg,9) ~ (p, #(9)g"))-

To define the induced connection ©4 on Py, first note that the natural map

P % P,, given by p — [(p,1)], is ¢-equivariant. Hence, the horizontal
subspaces of T'P are mapped equivariantly into T'Py, and the image extends
uniquely to an equivariant horizontal distribution in T'Py. The induced
connection ©4 can also be described as the unique connection on Py that is
compatible with © in the sense that

(4.2) 9" (04) = ¢+(0) € Q! (P; g2).

Therefore, the associated bundle construction is compatible with the Weil
homomorphism, giving the commutative diagram

W(g1) —>— Q(P)

(4.3) ** @
0%
W(ga) — Q(Py).
Proposition 4.4. Let F': M — N be a ¢-equivariant map, where
¢: G1 — GQ
is a Lie group homomorphism.

(1) The associated bundle construction gives a natural morphism

F,
EG1 xg, M 2 EGa Xg, N.
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(2) The homomorphism induced by Fy on differential forms is naturally
isomorphic to ¢* @ F* in the Weil model.

Qs (V) —=m TG y N) = Q(EGH %, M) <2 O, (M)
M N
W(g2) @ Q(N) ren Wi(g1) ® Q(M)

(3) The homomorphism induced by Fy on ordinary cohomology is natu-
rally isomorphic to the homomorphism induced by the maps of clas-
sifying spaces

EG1 XGq M — (EGl X Gg) XGo N — EG2 X Gy N.
(4) The induced homomorphism
rT % F; rT %
He,(N) — Hg, (M)
recovers the expected homomorphisms in equivariant cohomology and
equivariant forms.

Before giving the proof of Proposition 4.4, we wish to first introduce
notation for three special cases. In two of the cases, the general construction
simplifies, so we also show what happens when the stack is evaluated on a
general manifold X.

Example 4.5. Suppose that M and N are G-manifolds, and M o Nis
G-equivariant. The morphism of stacks

EG xg M Lo, .G xa N

(P,0) L~ M (Pe) L m FonN
! - !
X X

induces the homomorphism of abelian groups
. Fx .
HE(N) =5 Hg(M).
Example 4.6. Let M be a Go-manifold. A homomorphism G4 i) Go

naturally defines a Gi-action on M via g1 - M := ¢(g1) - M, and the identity

map M L Mis ¢-equivariant. The associated bundle construction then
induces

1
EG xg, M =% E_Goy xay M,

- (A
HE, (M) <— HE, (M),
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Example 4.7. Suppose that K < G is a normal subgroup, and suppose the

quotient map M 4 M /K is a smooth map between manifolds. Then, ¢ is

K
equivariant with respect to the quotient group homomorphism G /—> G/K.

Quotienting M and G by K induces the stack morphism

EG xg M K, E(G/K) g/ M/K
(PO) T
(P,O) LM g
— v f/K v
i (P/k,0/k) —= M/K
X l

X

(with dotted arrows indicating maps no longer being used) and a homomor-
phism

ST % qu STk
e (M/K) 255 H (M),
If K acts freely, this induces the usual isomorphism

(4.8) HZ (MK —) % HE(M; —)

in equivariant cohomology.

Proof of Proposition 4.4. Part (1) is given by constructing, for every X
and natural with respect to maps X — Y, the following functor.

(E,Gr xay M) (X) L), (EoGa xa, N) (X)

(P7®) XGlM (P¢7®¢) XG2N
= e
X X

To explain in a bit more detail, the associated bundle construction associates
to (P,©) the bundle (Pp,O4), along with a ¢-equivariant map P LN py,.
Since M &5 N is also ¢-equivariant, the map

PxMEZE px N

descends to the quotient

Pxg M5 pyxg, N,

and we precompose with original section s. The associated bundle construc-
tion is functorial, so any morphism ® in (E£,G1 x¢, M) (X) will induce a
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morphism Fy(®) in (E£,G1 xa, M) (X), as evidenced by the following com-
mutative diagram.

(P,("')) XGI Mt)(P¢7@¢) XG2 N

X ~ o ~|®,
Y\A\ oxF

© T (PLO) xg, M (P},0)) xg, N

Hence, the associated bundle construction induces a morphism of stacks.
For part (2), we simply trace through the construction of F; and the Weil
homomorphism. Let w € Q(E G2 xg, N), which may be written as a sum
of homogeneous elements a ® ¢ € (W(g2) ® Q(N))y .5 Then, calculate
F(;fw € Q(E,G1 xg, M) by evaluating on a test manifold X. By definition,

F¢ w

(EG1 xa, M) (X) =% (E,Gy xa, N) (X) % Q(X)

(P,©) xg, M (Ps,04) Xg, N
) — | )@ = s (e XF) @@ @)
X X

As noted in (4.3), the associated bundle construction is compatible with the
Weil homomorphism, and therefore

(px F)*(a(8y) @) = a(p*©y) @ Fh = a($:0) @ F*p = (¢")(0) @ F*¢.
Consequently, Fjw gets mapped to s*((¢*a)(©) @ F*¢) € Q(X), and this
is the same element that ¢*a ® F*¢ € Qg, (M) maps to.

To see part (3), choose a classifying map for the Go-bundle EG; x4 Go,

which gives the following diagram. We do not need to assume the classifying
map is connection preserving.

)4
/\
EG1 XG1 M4>EG1 ><¢ G2 4>EG2

l | |

BGq = BGq BG

For any X i) BG, there is an isomorphism of associated bundles
[Y(¥*EGs) = (f*EGh).
This implies the diagram
EG) xg, M ——= EGy xg, M

l |

ZGl XG4 M—- ZGQ X Gy N
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is commutative up to isomorphism, or homotopy-commutative. As shown
in Proposition 6.7, the vertical maps induce isomorphisms in ordinary coho-
mology. Therefore, the induced map on the cohomology of the differential
quotient stacks

F*
H*(E,Ga xa, N; A) =% H*(EG1 xg, M; A)

is given by the usual map between the homotopy quotient spaces.
Part (4) follows immediately from parts (2) and (3), and (3.12). O

4.2. Pulling back equivariant bundles. As discussed in the previous
section, if G acts freely on a manifold P, there is a natural homomorphism

. g -

H*(P/G) =% Hg(P)
inducing the standard isomorphism in cohomology. We now describe the
one-sided inverse to this map. First we outline the result, then we give the
construction, and then we check the details.

To obtain a map in the opposite direction, one must choose a connection ©
on P. Using this and denoting M = P/G, one naturally obtains a morphism
of stacks

M -2 EGxg P

by pulling back the bundle (P,©), as indicated below when the stack is
evaluated on a manifold X.

X > M
Proposition 4.16 will imply that the induced map

HE(P) = HY(EG xg P) 25 H* (M)

recovers the isomorphism inverse to q;‘G at the level of cohomology, and it
recovers the Weil homomorphism
o -
QG(P) = (W(g) ® Q(P))basic — Q(P)basic - (M)
a®p —  a(0)®1y

at the level of differential forms.

The above is actually a special case of what happens when we have an
equivariant principal bundle with connection. Suppose that (Q,©) — M is a
G-equivariant principal K-bundle with G-invariant connection. This implies
that @ is a (G x K)-manifold, M is a G-manifold, and the map Q — M is
equivariant. (Note that in the following discussion, G will always act on the
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base manifold M, and K will be the structure group for a principal bundle.)
The above construction generalizes to give a stack morphism

G xg M Oa, E (G x K) xagxk Q,

and this gives the expected classical maps in cohomology and equivariant
forms. In particular, we get the following maps between short exact se-
quences.

QE_XIK(Q) rT% * .
O ic@: Mo Q) = Hoxg (Q:Z) —0
[ Jo <[ Jr )
Q*—l M o N
0 92?1((1\4))2 HE (M) —— H5(M;Z) —— 0

0 ——= He o (QR/Z) —— HE, 1 (Q) —— Q5 c(Q)z —— 0

1~ @g( >q;K eg< >q;K

0 —— He ' (M;R/Z) HE(M) ——= Qg (M)z —0

Let us now give the precise construction in slightly greater generality.
Assume that K is a normal subgroup of G with quotient G/K = G, and
furthermore assume that we have fixed a splitting of the Lie algebra, i.e.,

(4.9) 15 K—G—-G—1
g=g@t

Such a decomposition of Lie algebras must exist since our groups are com-

pact. Of primary interest is when G=GxK , but we wish to also allow
examples such as SU(n) < U(n) — U(1) or U(1) < Spin®(n) — SO(n).

Definition 4.10. For M € G-Man, let é—BunKy(M) be the groupoid of G-
equivariant principal K-bundles on M with invariant connection. An object
(Q,0) € G-Bunk v(M) is a principal K-bundle with connection on M such
that:

e Q € G-Man and Q 5 M is equivariant.

e 0¢€ (2(Q) ®e)°.
For (Q;,0;) € é—BunKy(M), a morphism (Q1,0) 2 (Q2,02) is a G-
equivariant map Q1 LA ()2 which is an isomorphism of K-bundles with

connection.

Remark 4.11. For G = G x K, the condition © € (QQ) ®E)GXK can be
rewritten as k*© = Ad-1 © and ¢*© = ©. Also, in this case we may refer
to G-equivariant K-bundles as G-equivariant K-bundles. This is a standard
convention, and we hope it does not cause any confusion.
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Given an element (Q,0) € é-BunKy(M), we want to define a natural
map O¢q

O¢
é_\

EVG XGQWEVG XGM

such that the composition ¢x o O is naturally isomorphic to the identity.
We first describe the construction, hopefully emphasizing the geometric na-
ture and naturalness. The details, which are relatively straightforward, are
then checked in Proposition 4.16. While the induced maps in cohomology
and equivariant forms that we recover are well-known, and the construction
of ©¢ appears implicitly in [BoT], we do not know any references where
this construction is done in general at the level of principal bundles with
connection.

We now give a functor between the two groupoids produced when the
stacks are evaluated on a test manifold X. Denoting © = ©¢ for added
clarity, the map is given by the following construction.

(£,8 %6 M)(X) 29 (2.6 x5 Q)(X)
@ fQ) (5@, 7p0p ® (J*Oq — iny0,/°0q) ) - (@,00)
(Pop)Ln ™| (P,©p) ! Y

-
Y
X X

Our new G-bundle is given by pulling back ). The connection on f*@ is
given by the pulling back the connections on P and @) and subtracting a
correction term. This extra term is defined to be the image

Qe (ffQ et — al(ffQ ot
TpOp ® f*@Q — Lﬁ;@Pf*@Q

under the natural contraction g@Q!(f*Q) < Q0(f*Q). While this term may
initially seem obscure, it is necessary to ensure that we produce a connection
on f*@Q, and it has a simple description in the Weil model.

Define the equivariant extension of the connection and curvature forms

by
(4.12) B¢ =0 — 15,0 e (W(g)20Q) ®¢,
(4.13) Q¢ = deOc + 5[0 A O¢] e (W(g) ® Q) ®¢t.

To clarify, 15,© € Alg* ® QY(Q) ® € and it is evaluated on elements ¢ € g
by contracting the connection along the vector field in ) generated by the
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G-action; i.e.,
(19,0,€) 1= 10 € QV(Q; ¥).

The & portion of the connection on f*Q is simply the image of the equivariant
connection ©¢g under the Weil homomorphism

W(a) ©0(Q) ot T o F0) o

@G =0 — ng@  — f*@Q — Lnj,@pf*GQ-
Note that the additional term Lr56p f~*@Q uses the connection on the G-

bundle P to detect the G-action on . This is key to understanding the
equivariant Chern—Weil homomorphism in Section 5.

Remark 4.14. In the Cartan model for equivariant forms (see Section A.5),
the equivariant connection and curvature simplify to

Q¢ +— 0O € S%* 2 0N Q) ®¢,
Qg+ Q — 10,0 c (Sog* ® QYQ) + S%g* @ QO(Q)) @,
with Qg becoming the familiar equivariant curvature defined in [BeV, §2].

We proceed to check that ©g and Qg are equivariant forms and the above
construction satisfies the desired properties.

Lemma 4.15. For (Q,0) € é—BunK,v(M), the forms Og and Qg are
G-invariant and g-horizontal. In other words, they live in the subcomplex

(W(g) @ 2(Q) ® E)ghor. When G = G x K, this can be written

Oc € 05(Q:8),  Qa € QZ(Qs ).
Proof. To see that O is g-horizontal, let £ € g. Then
Lé‘@G = Lg@ - ng(é)@ = Lg@ - Lg@ =0.

We show both terms in O are G-invariant. First note © € (Q'Q)® E)G.
To check the term 14,0, observe that 0, € (A'g* ® g)G = (AMg*® g)G, and
the contraction map
g2 0(Q) — Q)
QW r—r Lew

is é—equivariant. Hence,
10,0 € (Mg* Q) e,

S0 O©¢ is g-horizontal and G-invariant.

From the Leibniz rule for ¢¢ and the definition of tensor product of rep-
resentations, it immediately follows that [©¢ A ©¢] is also g-horizontal and
G-invariant. The standard identities (A.3) and (A.4) imply that dgO¢ is
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also G-invariant and g-horizontal. Consequently, )¢ is invariant and hori-
zontal. [l

Proposition 4.16. Assume é/K & G satisfying (4.9). Let (Q,0) €
G—Bun[gv(M).

(1) The above construction defines a natural morphism ©¢g

O¢
é_\

'Z:Vé XéQW)'EVG XGM

such that the composition g,k o O¢ is naturally isomorphic to the
identity.
(2) The induced map

QEG x5 Q) -5 Q(E,G g M)

is equivalent to the homomorphism ©¢: Qz(Q) — Qa(M) induced
from

W(g) @ W(E) © 2(Q) -5 W(g) @ Q)
a-B-yr—a-B(Og)- 7.

(3) The induced map in cohomology is the standard isomorphism
HE(Q; —) — He(M; —).

Proof. For part (1), we must check that our construction defines a principal

G-bundle with connection. Since P —> M &L Q are equivariant maps
between G—mamfolds the pullback f*@ is naturally a G-manifold. The
freeness of the G-action follows easily by the following argument. Suppose
g€ G satisfies J(p,q) = (p,q) for some point in f*Q C P x Q; then gp =
p € P implies g = 1 and hence g € K. Since K acts freely on @), then g = 1.
Hence, f*@Q — X is a principal G-bundle. To show that

(417)  Opq=1pOp & ([*Oq — trr0,/70q) € QA (f*Q) @ (g B t)

is a connection, we must check it is G- equivariant and restricts fiberwise
to the Maurer—Cartan 1-form on G. By Lemma 4.15, we see that f*@Q —

Lrt6p f ©¢ must be G-invariant and g-horizontal, since it is the image of
O¢ under the map

(W(g) ® Q(Q) ® E)g hor ( (f Q) ® E)g hor”
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This, combined with the fact that ©p € (Q'(P) ® g)G, implies that (4.17)
is an element of (Ql(f*Q) ® (g {?))G. Similarly, if & @ &> € g @ &, then
a6 (THOP ® (f1OQ — try0,/°0q))
= (16,0p) ® (16,0q) + 0@ 1, (f'OQ — trp0,/ Oq)
=& D &o.

Therefore, the morphism of stacks O¢ is well-defined. The map wp gives
a natural isomorphism (f*Q)/K = P compatible with the connections.
Hence, g/ o O¢ is naturally isomorphic to the identity on £,G X M.

The proof of part (2) is given by tracing through the Freed-Hopkins
isomorphism, discussed in Section 3.2, and the definition of our map. Es-
sentially, we must show that the diagram

Qoxr(Q) — QE(C x K) xGxx Q)

Qc(M) QLG x¢ M)

commutes by evaluating on a test manifold X. Consider a homogeneous
element afy € Qaxx(Q) C W(g) @ W(t) ® Q(Q). We first check the
clockwise direction. Given X — E_G xg M, we have

(f*Q,0-¢) —~ (Q,0)

(P.0p) L= M le i
i ~ (P,6p) —L— M
X
!

where N N
Op-q = 750p ® (O  iry0,/°0).
Therefore, a8y € Qaxx(Q) gets mapped to
AmpOP) A B([*O = trro, [7O) A [y € Q" Q)i basic = AX).
Going counter-clockwise, we first have that a8y — af(0¢g)7y, which lives in
(W(g) ® Q(Q))GXK-basic = (W(g) ® Q(]\4))G’-bausic '
When we evaluate on X + (P, 0) EN M,
QB(QG)7 — Oé(@p)ﬁ(f*@ - LGPf*Q)f*rV € Q(P)G—basic = Q(X)

Pulling this back up to f*@ via 7} gives us the form from the other direction.
Hence, they restrict to the same form in Q(X).
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Finally, part (1) implies that O, o ¢}, = Id, and we know from (4.8) that
q;‘ ¢ is an isomorphism in ordinary cohomology. Therefore, part (3) follows
immediately. (]

4.3. Uniqueness of H &+ A natural question is whether one can give an
axiomatic characterization of the functor ﬁé We now show that the char-

acter diagram, combined with the maps H}(P) " *(M) for principal
G-bundles with connection, uniquely characterize our differential extension
of Borel equivariant cohomology. The idea is to use ©* to regard FI&(M )
a subgroup of H*(EG xg M) and invoke the Simons-Sullivan axiomatic
characterization of differential cohomology. It is unknown to the author if

the uniqueness result holds without assuming the additional structure maps
or.

Proposition 4.18. If Hy, is a functor from G-manifolds to graded abelian
groups satisfying parts A and C of Theorem 1.1, then there is a natural
equivalence Hg, — Hé that commutes with the identity map on all other
functors in the character diagram.

Proof. Assume that Hg satisfies Theorem 1.1 parts A and C. As described
in Section A.4, let (EG,Opgqg) — BG be the universal bundle with connec-
tion obtained as a direct limit of smooth manifolds. The projection map
EG x M — M is G-equivariant and can be combined with the universal
connection to produce

HE(M) — HE(EG x M) Ok, H*(EG xg M).
On ordinary cohomology, this map is an isomorphism. Since the Weil ho-
momorphism Qg (M) — Q(EG x g M) is injective (Lemma A.17), it follows
from the short exact sequence (SES 2) that Hf, (M) is naturally an abelian
subgroup of H*(EG x g M). The same argument shows H, &(M) is a subgroup
of H*(EG x¢g M).

In [SS], Simons—Sullivan show the character diagram uniquely charac-
terizes ordinary differential cohomology, and there exists a unique natural
transformation H* = H*. This isomorphism combines with (SES 2) to give
the following.

i) HE, (M)

0 Q*Gilr(_‘M)Z e

H(M;Z) ——0

1%

O~ YEGxgM S %
0— Grpenine — H*(EG x¢ M) —= H*(EG x¢ M;Z) —= 0

N

Q5N (M) e
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It immediately follows that H, (M) and H &(M) can be naturally considered
as the same abelian subgroup of H*(EG x M), and this gives us our desired
natural isomorphism. U

5. Equivariant Chern—Weil theory

The constructions in Propositions 4.4 and 4.16 combine to give a geo-
metric interpretation of equivariant Chern-Weil theory. For simplicity, let
G = G x K in the following preliminary discussion.

Suppose that M is a G-manifold and (Q, ) — M is a G-equivariant prin-
cipal K-bundle with G-invariant connection; i.e., (Q,0) € G-Bung v(M).
We briefly explain two classical ways to construct equivariant characteristic
classes. The first construction is purely topological and does not use the
connection. Consider the principal K-bundle EG xg Q — EG xg M. The
choice of classifying map

(5.1) EG xg M — BK.
induces a homomorphism
H*(BK;A) — H{(M; A)

for any abelian group A. The second method, due originally to Berline—
Vergne [BeV], uses the connection to construct an equivariant differential
form. Given w € (S™*)F =~ H?"(BK;R), define the equivariant Chern—
Weil form

w(06) == w(Q') € QF (M),
As noted in Remark 4.14, this becomes
w((Q —10,0)"") € (Sg* @ UM))°

in the more commonly used Cartan model. While the form w(O¢) depends
on the connection O, its class in HZ*(M;R) does not. These give equivariant
Chern classes and forms when K = U(n), and equivariant Pontryagin classes
and forms when K = SO(n). In [BoT], Bott—Tu use the universal connection
on EG to show these two constructions give the same classes in H(M;R).
The following construction is similar to theirs, but we replace EG with £_,G
and view everything in the world of stacks.

Suppose that (Q,0) € G-Bung v(M). The following maps compose to
give a refinement of (5.1) to stacks.

(5.2)  EG xg M 2% £ (G x K) xaxx @ — BSG x K) L% B_K.

The first map is given by the bundle pullback construction of Section 4.2,

the second is induced by the equivariant map () — pt, and the third map is

G
induced by the quotient G x K /—> K. When applied to a test manifold X,
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the composition performs the following construction.

(@, 0q)
l“M (1"Q.750p & ([*0g — 10, [*0q)) /G
(P.Op) Lo l
im X
X

It pulls back @, modifies the connection to create a G x K-bundle with
connection, and then quotients by G.

Theorem 5.3. Associated to (Q,0) € G-Bung v (M) is a natural morphism

E.G xg M 9909, 5 K.

such that the induced map

refines the traditional equivariant characteristic classes and forms as de-
scribed above.

Proof. We know the morphism E,G xg M — B_K is well-defined, since it
is defined in (5.2) as the composition of three morphisms.
We now must show that at the level of cohomology, (Qg,©¢)* is the

homomorphism *, where EG xg M £> BK is a classifying map for EG x ¢
Q — EG xg M. By Proposition 6.7, the maps

EG xgM — E,GxgM = EGxgM and BK — BK — BK

induce isomorphisms in cohomology. Therefore, we must check that the
diagram
EG Xaq M ——EG Xaq M

(5.4) zpi J{QG
BK BK,

where the two horizontal morphisms given by viewing EG — BG and EK —
BK as principal bundles, is commutative up to isomorphism.
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We evaluate on a test manifold X and trace through where X 2 EGxoM
is sent, using the following diagram to identify maps.

55 (I, Q) I3, @

CT

s"(BEG x M) ——= EG x M —2= M

| |

X * >~ EGxgM

Going clockwise in (5.4), we have

(EGx MYy (M 03)°Q)/G
XS EGxagM J{ > i ,
X X

and the evident isomorphism II3,Q = EG x @ gives
((HM o E)*Q)/G = (?(EG X Q))/G ~ s"(EG xg Q).

Going counter-clockwise in (5.4), we have

(Yos) EK
XS EGxgM — X 2% BK — i
X

Since
(Yo s)'EK = s*(¢*'EK) = s"(EG xg Q),
the diagram (5.4) commutes up to isomorphism.

For differential forms, we trace through the composition (5.2), which is
given by the restriction of the following to the basic sub-complexes

W(E) — W(g) @ W(E) — W(g) ® W(E) @ Q) 2% W(g) ® Q(M).

The first two maps are given by the mapping W(¥) into its factor in the
tensor product, so the composition is simply

<SE*)K = W(E)basic — (W(g) ® Q(M))
wr— w(Bg),

= Qg(M)

basic

which is precisely the equivariant Chern—Weil form in the Weil model. [

One can also construct equivariant extensions of the Chern—Simons forms.
As explained in (A.13), to w € (S¥€*)X is naturally associated a Chern-
Simons form CS,, € W2~1(£)X satisfying dw CS,, = w. Given

(Q, @) € G—BUHK7v(M),
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we define the equivariant Chern—Simons form to be the image of CS,, under
the equivariant equivariant Weil homomorphism
_1 ©¢ _
(5.5) W2 =5 02 H(Q)
CS, — CS,(©¢).

As in the case of differential characters, the Chern—Simons forms are closely
related to the differential refinements of characteristic classes.

Proposition 5.6. Let & € H**(B K) = H**(BK;Z) be a differential re-
finement of w € (S**)K. Suppose that (Q,0) € G-Bung v(M) admits a
G-equivariant section s : M — Q. Then

[s&; CSu(Oc)] = @(O¢) € HE (M).

Proof. First note that because EG is contractible, the character diagram
for £,G gives isomorphisms

1PH(£,G)

IR
IR

W2k'—1 (E)

W2E(8),.
de2k_2(E) dw ( )0

This gives the universal property 7@ = [CS,] € H?**(E,K).
The construction (5.2) readily generalizes to the following diagram,

EG xg Q EK
D o I
EG xe M (Qce,9¢) BK

giving us two ways of writing the morphism £,G xgM — B K. The bottom
morphism induces @(O¢); the other one gives

]LVI(QVK) —>I:I(ZVG) —>I:I(ZVG xa Q) —>f{(ZVG xa M)
W [CSy] [CSw(Bg)] ——— [s& CS.(Bg)].

O

Remark 5.7. In the statement of Theorem 5.3, we assumed that the total
space of the bundle @ had an action of G x K. Suppose instead that (Q, ) €
G-Bung v (M), where G/K = G with a fixed Lie algebra splitting (4.9). It
no longer makes sense to quotient by G at the end, but we still have the
composition
EG xg M 2% EG x5Q — BG.

This induces differential equivariant characteristic classes via the homomor-
phism
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Note that Proposition 5.6 would not be applicable unless there exists an
isomorphism G =2 G x K.

5.1. Equivariant differential characters. One convenient description of
differential cohomology is via differential characters [CheeS]. An element
& € H"(M), with curvature R(#) = w, associates to every smooth singular
(n—1)-cycle X,,_1 = M an element (Z, z) € R/Z; if z = 07 for some smooth
n-chain Y,, = M, then

(:E,z>:/ 7w mod Z.

In degree 2, an R/Z-bundle with connection on M naturally defines an
element of H?(M) via its holonomy. More generally, evaluating a differential
character on a (n — 1)-cycle can be thought of as the holonomy for some
higher gerbe or abelian gauge field.

This idea generalizes to the equivariant setting, with classes in ﬁg(M )
giving “differential characters” on the stack £,G' x M. This type of struc-
ture naturally appears in the physics literature as WZW terms for gauged
sigma models [FOS]. We state the main idea here, but we do not give enough
details on singular cycles to consider this a definition of H(M).

Assume that X,,_; is a closed smooth manifold. To any map

X1 > EG xg M,

a class € HZ(M) associates an “equivariant holonomy” in R/Z, as seen in
the following diagram.

(P,0) LM g (P) ~—25— fa(0)
| - le
Xn—1 H"(X, 1) 2R/Z

If the cycle is a boundary, with [(P,©) — X,—1] = 0[(P/,©’) — Y,] and

f extending to a map P’ i) M, then the holonomy can be computed by
integrating the equivariant curvature w = R(&) € Q& (M)

(&, X1+ (P,O) L M) = / (@* ® f*) w mod Z.
Furthermore, these equivariant holonomies are gauge-invariant; if two ob-
jects in the groupoid Map(X,,—1, E,G X M) are isomorphic, they associate
to & € HA(M) equal elements in R/Z.

Remark 5.8. The entire above discussion concerning equivariant characters
immediately generalizes from Z C R to A C V, where elements of H,(M; A)
give characters valued in V/A.
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5.2. Geometric models in low degrees.

Proposition 5.9. There are natural isomorphisms
HY(M) = H(M/G; 2),
HL(M) = HY (M) = C>®(M,R/Z)C.
Proof. The short exact sequence (SES 1) implies that H2 (M) = Q% (M)z.
Unraveling this, we obtain the following chain of equalities and isomor-
phisms,
HE(M) = Q%(M)z = C(M, Z)° = C°(M/G, Z) = H(M/G; Z).
In degree one, consider the homomorphism H}:(M) — C=(M,R/Z)
defined as follows using the equivariant differential character construction

of Section 5.1. Given # € H}(M) and a point m € M, define the element
F;(M) € R/Z by evaluating on the G-orbit of m,

Fi(m) = <§:, pt(—GG—m>M>.

The gauge invariance of the equivariant character implies that the func-
tion Fj is G-invariant. Furthermore, QL(M)z = QY(M)§, and integra-
tion shows that Fj; is a smooth function with derivative R(%). Hence,
Fy € C®(M,R/Z)C.

Note that the kernel of C>°(M,R/Z)% 4 QY (M)§ is given by the locally
constant functions

Ker(d) = C®°(M,R/Z)§ = H*(M/G;R/Z) = HA(M;R/Z).
Therefore, the homomorphism of short exact sequences
0 —> HY(M:R/Z) HL(M) QL(M)z —0

)

Ker(d) C>®(M,R/Z)¢ —= QY (M)§ —=0

0

gives our desired isomorphism via the Five Lemma. O

Proposition 5.10. In degree two, there is a natural isomorphism
HE(M) = m(G-Bungz,v(M));

i.e., G-equivariant R/Z-bundles with connection on M, modulo equivariant
isomorphisms that preserve connection, are in bijection with elements of

HZ(M).
Proof. Let ¢ € flﬁ/z =~ H%(BR/Z;Z) = Z be the standard generator. The
equivariant Chern—Weil construction of Theorem 5.3 gives us a map
(5.11) G-Bung,z v (M) — HE(M)
(Q,0) — &(Qq, Oa).
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Multiplication in the abelian group R/Z makes G-Bung,z v (M) into a Pi-
card groupoid (this symmetric monoidal structure corresponds to the tensor
product of line bundles), and (5.11) is symmetric monoidal. Furthermore,
the map only depends on the isomorphism class of (Q, ©) in G-Bung 7, v (M).

Hence, the map (5.11) descends to a homomorphism of abelian groups
mo (G-Bung 7w (M)) — H2,(M). And, the characteristic class ¢(Qg) €
HZ(M;Z) does not depend on the connection ©. This gives the following
homomorphism of short exact sequences.

0 — Ker Il — m [G-Bung 7, v (M)] SRLNN [G-Bung z(M)] —=0

| | |

9 (M) 2,(M) HZ(M;Z) —— 0

0 Qg (M)

We now show that each of the above vertical maps is an isomorphism.

It is a classical result [LMS] that, up to isomorphism, equivariant bun-
dles with abelian structure group are classified by Borel cohomology; i.e.,
mo(G-Buna(M)) = [EG x¢ M,BA] when A is abelian. This implies the
right vertical map is an isomorphism.

The G-invariant connections on the trivial bundle M x R/Z are in bi-
jection with Q'(M)%. Such a connection form is gauge equivalent to the
trivial connection if and only if it is the derivative of a gauge transformation
C=(M,R/Z)¢ = HL(M); i.e., if it lives in Q'(M)§. Hence,

QM7 = QL(M)

Qang LD

giving that the left vertical arrow is an isomorphism. The proposition now
follows by the Five Lemma. O

Kerll =

6. Detalils of the simplicial sheaf construction

This section contains a more detailed account of Section 3.3. The results
essentially follow by combining the work of [FreH] and [BunNV]; the reader
may refer to these works, along with [Lur, Chapter 5] for further details.
Let us briefly explain our notation.

We will use simplicial sets in order to deal with groupoids, nonnegatively
graded chain complexes, and topological spaces simultaneously. Let coGpd
be the (oo, 1)-category of “oco-groupoids,” taken here to be the full simpli-
cially enriched subcategory of simplicial sets spanned by Kan complexes.
The category coGpd is naturally equivalent, as an (oo, 1)-category, to the
topologically enriched category Top of topological spaces with the homo-
topy type of a CW complex. Though it is not strictly necessary, we use this
equivalence coGpd ~ Top to make certain statements easier to read. Any
groupoid is naturally a Kan complex via the nerve construction N, and the
Dold-Kan correspondence I' makes a nonnegatively graded chain complex
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into a simplicial abelian group. These structures, together with the singular
functor S and geometric realization ||, fit into the following picture.

Top

s
Gpd— > 00Gpd <——Ch

Let PShvagpd = Fun(ManP, 00Gpd) be the (oo, 1)-category of ocoGpd-
valued presheaves on manifolds. A functor F € PShv,gpg is a sheaf if it
satisfies the following descent condition: for any covering i — X, the canon-
ical map F(X) = holima F (U*) is an equivalence. The full subcategory of
simplicial sheaves is denoted Shv,,gpd, and there is a sheafification functor
L forming the adjunction

L : PShvogpd & Shvaogpd : inclusion.

We continue to suppress the embedding of Set — Gpd, but we use the
nerve symbol to denote N: Shvgyq — Shvgpd. As in previous sections, we
will use M to denote both a manifold M and the stack it represents, but we
will begin using the notation M within proofs for added clarity. For Y € Top,
we define Sing,Y € Shvgpd by Sing,Y (X) = S(YX), the singular complex
of the space of continuous maps from X — Y. Let K(A4,n) € Shvegpd
denote any simplicial sheaf equivalent equivalent to Sing, K (A, n).

We now recount the results we need from the theory of homotopy-invariant
sheaves developed by Bunke—Nikolaus—V6lkl in [BunNV]. Their results hold
for general C-valued sheaves on manifolds, where C is an (oo, 1)-category, but
we have specialized them to the case of C = coGpd ~ Top. A sheaf F is
homotopy-invariant if, for all manifolds X, the projection X xI — X induces
an equivalence

F(X) S FX xI).
Let ShvgoGpd denote the full subcategory of homotopy-invariant sheaves.
The following results are found in Proposition 2.6, Equation (68), and Lem-
ma 7.13 of [BunNV].
h

e The functor Sing, gives an equivalence Top — Shvi,gpd; the inverse
is given by evaluating at a point and taking the geometric realiza-
tion. There is also a homotopification functor H, and these form the
following adjunctions.

H N lev(pt)]
ShVeogpd — ShvooGpd S'N; Top
ing,

e These adjunctions combine to give the following adjunction:
(6.1) h : Shveogpd = Top : Sing,.

Because h is a left adjoint, it automatically commutes with homotopy
colimits. The functor h also preserves finite products.
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e Let M be a manifold and M € Shvgpq the stack it represents. Then,
(6.2) h(N(M)) ~ M € Top.

o If A € Shvap < Shvgyq is a sheaf of abelian groups that are C°°-
modules, then

(6.3) h(N(A)) ~ pt € Top.
We now make the following definition/abbreviation.
Definition 6.4. Let A be a fixed abelian group. For a stack M € Shvgpg,
H"™(M; A) := hoShvogpd(N(M), K(A, n)).

Example 6.5. For M € Man, consider N(M) € Shvsgpd, which is defined
by considering the set C°°(X, M) as a discrete simplicial set. The Yoneda
lemma shows that Definition 6.4 agrees with our ordinary definition of co-
homology,

H"(M, A) = hoShveegpd(N(M), Sing, K (A, n))
= hoTop(M, K(A,n)) = H"(M; A).

The following proposition and proof are taken almost directly from Lem-
ma 5.2 in [BunNV].

Proposition 6.6. The natural map EG xg M — E,G xg M induces equiv-
alences

EG xg M = h(N(E,G x¢ M)) = h(N(EG xg M)).

Proof. We first show h(N(E,G xg M)) = h(N(EG x¢ M)). Consider the

following commutative diagram of prestacks

'EVG XgM EG XgM

| |

(QogxM))G——M )G,

where we use the notation e / G to denote the action groupoid [@ = G X e]
associated to a G-action. The group G acts on Q' ®g via the usual change of
connection formula, w - g = Ady-1 w + g*f;. The right vertical map is given
by associating to X — (M / G) the trivial bundle X < X x G, together
with the map X x G — M determined by the map X — M. Likewise, the
left vertical map is given by the same construction, but with the connection
on X x G determined by the map X — Q! ® g.

Since any bundle is locally trivializable, the two vertical maps induce
equivalences of groupoids when evaluated on stalks (they are the stackifi-
cation maps). Hence, upon taking the nerve and sheafifying, the vertical
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maps induce equivalences in Shveogpg (see [BunNV, Lemma 5.2] and [FreH,
(7.23))).

N(E,G xg M) N(EG x¢ M)

LIN((Q'®gx M) JG)) —=L(N(M J G))

We now use the general fact that for a simplicial set B, the induced
simplicial object in simplicial sets, given by the composition A°P B,get N,
sSet, gives a natural equivalence

hocolim N(B) ~ B.

Aop

Rewriting the bottom entries as colimits, and applying the properties of h
described above, gives the following sequence of equivalences.

( (N(Q' @ g x M)[G)))
~h (L (Ql®gxM§:Gle®gxM§

( (hocohm (Ql®g><M)§:N(G><Ql®gXM g >>
~ hogolim ((N(2! £0) xh(N(A) = h(N(G) x h(N(2! @) x h(N(M) )

= hogolim (M & G x M £ G x G x M) = h(L(N(M / G))).

The equivalence h(N(E,G xg M)) = h(N(EG x g M)) follows immediately.
In the above argument, the third equivalence was given by fact that h and L
commute with colimits, N(G** x Q'@gx M) is a sheaf, and h preserves finite
products. The fourth equivalence was given by the fact that h(N(X)) ~ X,
and h(N(Q! ®g)) ~ pt since Q! ® g is a sheaf of C*°-modules. Note that the
middle entries were given as the homotopy colimit of a simplicial space (sim-
plicial object in Top). For proper simplicial spaces, the homotopy colimit
is equivalent to the geometric realization; this is a common construction of
BG when M =
Now consider also the following commutative diagram of prestacks

EGXGM EGXGM

| T

(EGxM) ||]G<=—M ) G,

where the bottom left map is given by the homotopy equivalence M — EG x
M. The left vertical map is given by quotienting, and since G acts freely,
it leads to an equivalence of groupoids when evaluated on any manifold X.
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Hence, both vertical maps give equivalences in Shv,ogpd-

N(EG XgM) N(fG X(;M)

| |

LIN[EG x M = G x (EG x M)]) ~— L(N[M & G x M))

By the same calculation as above
h(L(N(M // G))) = hogolim (M &= G x MEGxGxM---),
h(L(N((EG x M) /| G))) = hocolim (EG x M &= G x EG x M ..,

and the homotopy equivalence pt — EG induces a homotopy equivalence of
the relevant simplicial spaces. This implies h(L(N(M //G))) = h(L(N((EG x
M) /J G))), which in turn gives the equivalence

EG xg M ~h(L(N(EG xg M))) = h(N(EG xg M)). O

Proposition 6.7. The map EG xg M — E,G xg M, defined by the con-
nection on EG, induces an isomorphism in cohomology

H*(E,G xg M; A) = H*(EG x¢ M; A).

Proof. This follows almost immediately from Definition 6.4, the adjunction
(6.1), and the calculation of h(N(E,G xg M)) in Proposition 6.6. Together,
these give the following sequence of isomorphisms:

Hn('EVG Xa M; A) = hOShVOOGpd(N(‘EvG Xa M), ]C(A, TL))
= hoTop(h(N(E,G xg M)), K(A,n))

[=23

— hoTop(EG xg M, K(A,n))
=~ H"(EG xg M; A). O

Finally, we repeat an explicit construction of a simplicial sheaf represent-
ing differential cohomology. This construction, and minor variations, have
already appeared in several places, including [HS] implicitly and [BunNV,
Bun, FSS, HQ, Sch] explicitly. In order to obtain simplicial sets from cochain
complexes, we use the standard trick of reversing the grading and shifting,
and then using the Dold—Kan construction. The inclusions of

7R QY

induce the following maps of presheaves of chain complexes, where degree 0
is written on the left.

Q0 ) (&t Q%) (0 Z )
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Applying Dold-Kan (and sheafifying where necessary), we then take the
homotopy pullback in Shvs,gpd, obtaining

K(Z,n)
(6.8) l

T 0« ) —>T(Qn & a1 L ... L qo)

LT« -« Z<+--))

The top right corner is equivalent to K(Z,n), and the bottom right corner
is equivalent to (IR, n), so the construction of K(Z,n) fits the description
from (3.10).

We now have two potential definitions of H}(M). The first was given in
Section 2 using the cochain complex Cg(n)*(M;Z), and the second is given
in this section as

hoShveogpd (N(E,G x¢ M), K(Z,n)).
We now prove these two possible definitions of H &(M) agree.

Proof of Theorem 3.11. We use Dold-Kan to consider Cg(n)*(M) as a
homotopy pullback of simplicial abelian groups via the following.
(6.9)

T(Za(n)*(M) <& Ca(n)"=Y(M) &) —=T(2"(EG x¢ M; 2) & --+)

|

I'(Z"(EG x¢ M;R) & --+)

L(Q (M) - 0)
The Freed—-Hopkins isomorphism [FreH, Propositions 6.22 and Theorem
7.28] gives us
hoShvacGra(N(E.G %6 M), N()) & Shvgpa(£cG X6 M, ) = Qg (M)a.
Likewise Proposition 6.6 shows us that
ShveeGpd (N(ESG X M), L(T(0 - -+ + Z))
~ Shveoipd (N(ELG X M), K(Z,n))
~ ShVgpa (NN(E,G X6 M)),K(Z,n)) = S (K(Z,n) M) |
Shvoscpd (N(E,G x¢ M), T(Q1 &L ar1t & .0y)
~ Shvooepd (N(E,G xg M), K(R, n))
~ ShVgpa (WN(EG X M), K(R,n)) = S (K (R,n)PE*eM)
There is a natural homotopy equivalence
S(K(A,n)¥) ST(2M(X;4) & e (X;4) &)

induced by pulling back a fundamental cocycle in Z"(K(A,n); A) and inte-
grating over the simplex [HS, Proposition A.12 and Corollary D.13]. Thus,
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we have equivalences from three corners of (6.8) evaluated on N(E,G x¢ M),
and the corresponding three corners of (6.9). Therefore, the induced map
between homotopy pullbacks

ShVooGpd(N(ZvG b el M), IC(Z,?’L)) 1) F(Zg(n)n g C’G(n)n_l £ .. )

is also an equivalence in coGpd, which gives us the desired isomorphism in
the homotopy category. O

Appendix A. Equivariant de Rham theory

We briefly recall some standard facts about equivariant cohomology, prin-
cipal bundles with connection, and equivariant differential forms. Our goal is
to describe the Weil algebra W(g) from the perspective of differential forms
on principal bundles. We hope this makes clear why having connections is so
essential to using Q¢ (M). Among the many wonderful references, our treat-
ment is most heavily influenced by: the introduction to principal bundles in
Section 1 of [Fre], the summary of equivariant cohomology [Mei|, and the
standard textbook for G*-algebras and equivariant de Rham cohomology

[GS].

A.1. Equivariant cohomology. Let G be a reasonably nice topological
group. Then there exists a contractible space EG on which G acts freely
from the right, giving us a universal G-bundle EFG — BG. If M has a
continuous left G-action, the homotopy quotient (or Borel construction) of
M is defined

EG xg M = (EG x M) /[((eg,z) ~ (e, gz)).

Borel’s construction of the equivariant cohomology of M, with coefficients
in an abelian group A, is simply the ordinary cohomology of the homotopy
quotient

H{(M; A) := H(EG xg M; A).

A G-equivariant map M i> N induces a map on the Borel constructions,
giving the desired homomorphisms

HE(N; A) 25 12,05 A).

There are important, though subtle, relationships between equivariant
and ordinary cohomology. In particular, Hf (pt; A) = H*(BG; A), and the
natural map M — pt makes H}(M;R) into a H*(BG; R)-module when
R is a ring. When G acts freely on M, there is a natural isomorphism
H:(M;A) = H*(M/G; A). This follows from the fact that the projection
EG xg M — M/G is alocally trivial fiber bundle with fiber EG, and hence
it is a homotopy equivalence.
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A.2. Principal G-bundles with connection. Let G be a Lie group, and
let g be the Lie algebra of left-invariant vector fields on G.

A principal G-bundle on a manifold X is a manifold P equipped with a
free right G-action and map to X such that

P X ~P/G.

Note that on differential forms, 7*: Q(X) — Q(P) is an injective map,
and the subspace 7*Q(X) is naturally identified as the basic (i.e., invariant
horizontal) forms

(A.1) Q(X) =7 (X) = QX)S . C Q(P).

hor
Here, the horizontal forms are defined by: w € Q(P)per if txw = 0 for all
X eg.
A connection on P is an Ad-equivariant g-valued 1-form © € Q!(P;g)
that restricts fiberwise to the Maurer-Cartan form 6. More explicitly:
e 1x0 =X € Q°%P;g) for any vector field X € g.
e g*(©) = Ad,-1 ©, where g: P — P is right multiplication by g.

The Ad-equivariance can be rewritten as © € (Q'(P) ® g)G, where the
second factor g is the adjoint representation of G. The curvature is defined
Q:=dO + 1[0 A O] € Q*(P;g).

There is also an equivalent, but more geometric, interpretation of a con-
nection. The G-action defines the distribution TVP of vertical tangent vec-
tors in P by

g — Kerm, = TP C TP.

A connection on P is the choice of an equivariant horizontal distribution
THP; i.e., a connection is equivalent to an equivariant splitting of the tangent
bundle
TP=TPe TP~ n*TM & g.
The connection 1-form © gives a projection from TP onto TVP 2 g, thus
defining the horizontal distribution by
THP := Ker©® C TP.

The splitting of T'P into horizontal and vertical subspaces induces a bi-
grading on the differential forms

QY (P) == C°(P,AN'THP* @ NNTVP*) = C®(P, m*A'TX* @ Ag*).
In this bi-grading, the exterior derivative decomposes as
d=d"" +d"° +d> 1 = (-1)'dy + dv + (—1)"sq.
Here, dg: Ag*®@C>°(P) — A Tlg*®@C>(P) is the Lie algebra (or Chevalley—
Eilenberg) differential for the G-module C*°(P) [ChevE]. If we restrict to

Q(P)%, then (Ag*,d,) is naturally the de Rham complex of left-invariant
forms on G. The connection © induces the covariant derivative dy, and tg
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is the derivation induced by contracting along the vector-valued 2-form (2.
See Section 3 of [Red] for more details.

A.3. G*-algebras. Let (A,d) be a commutative differential graded alge-
bra (DGA), where d is a derivation of degree +1 and commutative means
ab = (—1)l*lllpg for homogeneous elements. A DGA-automorphism of de-
gree 0 is an algebra automorphism ¢: A — A that preserves grading and
commutes with d.

Definition A.2 (Section 2.3 of [GS]). A G*-algebra is a commutative DGA
(A, d) equipped with representations

G 5 Autpga(A) and g —= Der(A)

of degree 0 and -1, respectively, such that ¢ is G-equivariant with respect to
p and satisfies the Cartan equation; i.e., for all X € g

(A.3) PglXPg—1 = LAd, X5
(A.4) txd+dex = Lx.

Here, L: g — Der(\A) is the Lie algebra representation induced by p.
A map ¢: A1 — As is a morphism of G*-algebras if ¢ commutes with
multiplication, p, d, and ¢.

Example A.5. Suppose that a manifold M has a left G-action. Then the
de Rham complex (Q(M ),d) is naturally a G*-algebra. The G-action on
Q(M) is defined by
pgw = (gil)*("h
and ¢ is defined by composing the usual interior derivative with the action
of g on vector fields
g — X(M) 5 Der(Q(M)).

If f: My — Mj is G-equivariant, then f*: Q(Ms) — Q(M;) is a morphism
of G*-algebras.

Remark A.6. We use the convention that manifolds M have a left G-action,
while principal bundles P have a right G-action. However, we sometimes
implicitly use the natural switch between left and right actions. Given a left
G-action on a set Y, define the right G-action via the formula y-g := ¢~ '-¥;

similarly, a right G-action induces a left G-action.

Definition A.7. Let A a G*-algebra. An element a is invariant if pja = a
for all ¢ € G, and it is horizontal if 1xa = 0 for all X € g. The basic
sub-algebra is the intersection of the invariant and horizontal elements:

Abasic = AG N Ahor = Agor-
The definition of a G*-algebra implies that (Apasic,d) is a sub-DGA of

(A,d). Furthermore, if ¢: A — B is a morphism of G*-algebras, then ¢
restricts to a DGA-morphism on the basic subcomplexes ¢: Apas — Bpas.
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Definition A.8. A connection on a G*-algebra A is an element
Oc (A wg)
such that 1x©® = X for all X € g. The curvature of © is defined
0:=do+1[0,0] € (4 @q)”

Example A.9. Suppose P 5 X is a principal G-bundle. Example A.5
and Remark A.6 show that Q(P) is naturally a G*-algebra, though we write
pgw = g*w due to the fact that G acts on the right. As noted in (A.1), the
basic subcomplex Q(P)pasic is naturally isomorphic to Q(X). Furthermore,
connections for the principal bundle P are equivalent to connections for the
G*-algebra Q(P).

Example A.10. The Weil algebra W(g) is a G*-algebra with connection,
and it is constructed so that it canonically maps to any other G*-algebra
with connection. Explicitly,
W(g) := Sg" @ Ag,
deg Slg* =2, degAlg* =1,
dw = dg + dK.
Here S and A are the total symmetric and exterior powers, so the coadjoint
representation g* naturally makes W(g) into a G-representation. The differ-

ential dy is the Chevalley-Eilenberg differential for Lie algebra cohomology
with values in the g-module Sg*

Szg* ®A]g* & Szg* ®Aj+lg*;
it has degree (0, 1) under the bi-grading W2 (g) = S’g* @ A/g*. The Koszul

differential dg has degree (2,—1) and is defined by extending the natural
isomorphism

Alg* d_;<> S (g%
to a derivation B
S'(5") © M (g7) 5 S (@") @ A ().
The derivation ¢ has degree (0, —1) and is induced by the usual contraction
g —— End(Ag").

The Weil algebra W(g) has the same cohomology as EG ~ pt; i.e.,
H°(W(g),dw) = R and H (W(g),dw) = 0 for i > 0. It has a natural
connection

fpeNgrog=W"(g®g
given by the identity map g — g; i.e., 03(X) = X for X € g. When there is
no risk of confusion, we will drop the subscript and write 6 for 6. Using the
fact that dgf = —3[0 A 6], we see that the curvature 2 = §2; equals dif.
In light of this, we rewrite the Koszul derivative dk as L2
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Proposition A.11 (Weil homomorphism). Let A be a G*-algebra with con-
nection ©. Then, there is natural morphism of G*-algebras with connection

W(g) 2% A induced by 0 — O, 2 Q.

Therefore, we see that W(g) serves as a natural algebraic model for dif-
ferential forms on FG. It is acyclic, and to any G-bundle with connection
(P,©) — X, the Weil homomorphism is a natural map

W2 (g) 7 Q7 (P)
WwRN+— w(QM) A n(@Aj)

(A.12)

that is compatible with the bi-grading, multiplication, G-action, derivative
d, and contraction ¢. Below is a diagram showing this. For generic o € W(g),
we use the notation a(©) for O* ().

dg dg dg dg —dg dg
A29 0 Slg* ® A2g* 0 S2g* ® AQE* Q0’2(P) > -
=
dg o dg Lo dg dg
g* 0 Slg* ®Alg* 0 529* ®Alg* Qo’l(P) ; )
0 ‘o - dg\ dg dg dg
1% 2 % 0.0 dy 10 a b dVL“
R 0 Sty 0 S<g Q%0(P) > QLO(P) > Q%9(P) > ...

The universal Chern—Weil and Chern—Simons forms are naturally de-
scribed via the Weil model. The usual Chern—Weil forms are given by simply
restricting (A.12) to the basic subcomplex

. o N
(Skg )G = WQk(g)basic — Q2k(lj)basic =
w — w(0").

QQk(M)

That W(g) is acyclic implies any such w € (Sg*)¢ is exact in W(g), and
there is a standard way to pick out such a coboundary. Using the trivial
G*-algebra ([0, 1]) with natural coordinate ¢, define

0, = 0 e (2([0,1) @ W(g))' @ g,
Q= d(6;) + 316: 1 0y e (0,1 @ W(g)* @4,

where one can rewrite the curvature to give 2, = dt 0 + 02+ 3(t> —t)[0 A 6].
For w € (S*g*)X, then w(02*) € (Q([0,1]) ® W(8)), i and the Chern-
Simons form is defined using integration over the interval [0, 1] by

(A13) Cs, = /[ (o) e W@
0,1
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Stokes Theorem implies that dCS,, = w € W(g), and the Weil homomor-
phism sends this to the standard Chern—Simons forms on the total space of
principal bundles

W(g)¢ & ap)©
CS,, — CS,(©).

A.4. Equivariant Forms. We now describe an explicit de Rham model
Qc(M), often referred to as the Weil model, for Hf (M;R). While the
definition of Qg (M) does not require G to be compact, the cohomology of
Q¢ (M) is not necessarily isomorphic to H¢ (M;R) for noncompact G.

Suppose M is a manifold equipped with a smooth left G-action. The
tensor product W(g) ® Q(M) is a G*-algebra with derivative

dag=dw®1+1®d.

Definition A.14. The complex of equivariant differential forms is the basic
sub-complex

(Q5(M),dg) = ((W(g) @ UM))E, , dw ® 1+ 1@ d).

Note that if f: M — N is G-equivariant map, then

W(g) @ (V) 25 W(g) @ (1)

restricts to the basic complex, giving a naturally induced DGA-morphism
we denote

Qa(N) 28 0 (1),

To relate Qg (M) to the cohomology of EG X M, we use the following
geometric fact. There exist finite-dimensional smooth n-classifying bun-
dles with connection (E™G, 05w g) — B™G ([NR]). This means that if
dim(X) < n, any bundle with connection (P,©®) — X is isomorphic to the
pullback f*(E™@, O g ) for some smooth map X I, BW@G. Further-
more, any two maps classifying (P, ©) are homotopic. The universal bundle

EG — BG can then be constructed as a direct limit of finite-dimensional
manifolds.

(EG,05qg) (EMG, 0pma)
[ m |
BG BMmM@G

When discussing differential forms and cochains, we use the notations
O (EG) = lim Q" (EMG), C*(EG; A) = lim C*(E™G; A),
Q*(BG) = lim Q*(B™M@G), C*(BG; A) = lim C*(B™G; A).
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The connection Ogg and the Weil homomorphism give a G*-algebra ho-
momorphism

@*
W(g) =% QUEG),
which in turn gives
(A.15)
Q6(M) = (W(g) © QM)), 0 227 QEG x M)pasic = QEC x M),

Theorem A.16 (Equivariant de Rham Theorem). For G compact, (A.15)
induces an isomorphism in cohomology

H*(Qa(M),dg) — H*(QUEG x¢ M),d) = HL(M;R).

basic

A proof of the above theorem can be found in Theorems 2.5.1 (and The-
orems 4.3.1 and 6.7.1) of [GS]. The following lemma is used in the first con-
struction of HE(M) in Section 2, along with the proof of Proposition 4.18.
Though it is certainly well-known, we are unaware of a specific reference,
and we prove it directly so that the first construction of H (M) does not
rely on results from [FreH].

@*
Lemma A.17. The homomorphism W(g) —2% Q(EG) is injective, as are
the induced homomorphisms Qg(M) — Q(EG xg M).

Proof. The second homomorphism is given by restricting

W(g) @ QM) — QEG)@QUM) = QEG x M)
to the basic subcomplex. Showing this map is injective is equivalent to
showing W(g) — Q(EG) is injective.

Any bundle with connection is isomorphic to the pullback of (EG,Ogq),
so it suffices to show that for any element o € W(g), there exists some
(P,©) & X such that a(©) # 0 € Q(P). At any point p, AT, P is an
algebra freely generated by the horizontal and vertical cotangent spaces.
On the vertical part, W%*(g) — ATIYP* >~ Ag* is an isomorphism, so it
suffices to show the Weil homomorphism is injective on W*9(g).

Let w € S™g* be any nonzero element. Then w(&;, ---&;,) # 0 for some
(i1,...,in), where {&} be a basis of g. Let R?” x G — R?" be the trivial
bundle. In a neighborhood of 0, use the canonical frame p to define a
connection © by

p*O = gtda?¢;, + - + 2P da?g, € QR g).
The local curvature is given by
p*Q =da'da®S, + -+ dz? Nz, + S[pO A pte),
and the terms involving p*© vanish when all 2 = 0. Evaluating p*w(©"\")

at the origin gives
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A.5. Cartan model and Matthai—Quillen. There is another G*-algebra
structure on W(g) ® Q(M) that leads to the Cartan model for H (M;R).
It is obtained by modifying the G*-structure so that the interior derivative
¢ only acts on the factor W(g).

The G-equivariant homomorphism

QL (M) 25 Algr,

defined by (191)(X) = t9(x)¥ = tx¥, induces a derivation on associative
algebra W(g) ® Q(M). It exponentiates to a G-equivariant automorphism
of associative algebras

W(g) @ QM) 22, Wi(g) @ (M)

known as the Mathai-Quillen isomorphism [MaQ)]. Conjugating by ¢ gives
the new operators

de = (expig) dg (exp —tg), & := (expig) ¢ (exp —tip)

where 1§ (a®v) = (1xa)®1. The isomorphism between G*-algebras induces
an isomorphism of the basic subcomplexes, one of which is the previously
discussed Weil model. The other, known as the Cartan model, is

(W(g) @ M) 50 = (Sg" @ QM) ,

and the derivative takes the form dc = d — 1, where 1o, is the degree 1
derivation induced by

QF (M) 22 Slgr @ g @ OF (M) 125 Slg* @ 051 (M).

The Mathai—Quillen isomorphism may be used to interpret Qg (M) as the
Cartan model throughout the entire paper.
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