New York Journal of Mathematics
New York J. Math. 20 (2014) 93-131.

Homotopy theory of labelled symmetric
precubical sets

Philippe Gaucher

ABSTRACT. This paper is the third paper of a series devoted to higher-
dimensional transition systems. The preceding paper proved the exis-
tence of a left determined model structure on the category of cubical
transition systems. In this sequel, it is proved that there exists a model
category of labelled symmetric precubical sets which is Quillen equiv-
alent to the Bousfield localization of this left determined model cate-
gory by the cubification functor. The realization functor from labelled
symmetric precubical sets to cubical transition systems which was in-
troduced in the first paper of this series is used to establish this Quillen
equivalence. However, it is not a left Quillen functor. It is only a left ad-
joint. It is proved that the two model categories are related to each other
by a zig-zag of Quillen equivalences of length two. The middle model
category is still the model category of cubical transition systems, but
with an additional family of generating cofibrations. The weak equiva-
lences are closely related to bisimulation. Similar results are obtained by
restricting the constructions to the labelled symmetric precubical sets
satisfying the HDA paradigm.
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1. Introduction

1.1. Presentation of two combinatorial approaches of concurrency.
This paper is the third paper of a series devoted to higher-dimensional tran-
sition systems (HDTS). The first appearance of this notion dates back to
[CS96] in which the concurrent execution of n action is modelled by a mul-
tiset of actions. The first paper of this series [GaulOb] proved that this
approach is actually the same as the geometric approach of concurrency
dating back to [Dij68] [Pra91] [Gun94]. It is really not possible to give an
exhaustive list of references for this subject because this field of research
is growing very fast but at least two surveys are available [Gou03] [VGO06]
presenting various topological and combinatorial models. In this theory, the
concurrent execution of n actions is modelled by a labelled n-cube. Each co-
ordinate represents the state of one of the n processes running concurrently,
from 0 (not started) to 1 (complete). Figure 1 represents the concurrent
execution of two actions a and b.

The formalism of labelled symmetric precubical sets is another example
of combinatorial object encoding these ideas. The idea of modelling la-
belling cubical sets by working in a comma category is probably introduced
in [Gou02|. Labelled precubical sets, meaning without the standard degener-
acy maps coming from algebraic topology, and without symmetry operators,
are actually sufficient to model the geometry of all process algebras for any
synchronization algebra by [Gau08, Section 4]. Let us emphasize this fact.
Not only are the standard degeneracy maps coming from algebraic topology
useless for modelling the space of paths of a process algebra, but also new
degeneracy maps, the transverse degeneracy maps of [GaulOa] seem to be
required to better understand the semantics of process algebras. These non-
standard degeneracy maps will not be used in this paper however. Every
process algebra can then be viewed as a labelled symmetric precubical set
(Definition 5.5) just by considering the free labelled symmetric precubical
set generated by the associated labelled precubical set [GaulOa]. Thanks to
the symmetry operators, the parallel composition of two processes P and )
is isomorphic to the parallel composition of two processes @ and P. Such
an isomorphism just does not exist in general in the category of labelled
precubical sets, except in degenerate situations like P = ) of course.

A semantics of process algebras in terms of HDTS is given in [GaulOb].
Unlike labelled symmetric precubical sets, HDTS do not necessarily have
face operators: they are not part of the definition indeed (see Definition 3.2).
An immediate consequence is that the colimit of the cubes contained in a
given HDTS (called its cubification, see Definition 8.8) does not necessarily
give back the HDTS. A nonempty HDTS may even have an empty cubifi-
cation. Even the cubical transition systems which are, by definition, equal
to the union of their subcubes are not necessarily equal to their cubifica-
tion (see below in this introduction). There is another striking difference
between HDT'S and labelled symmetric precubical sets: all Cattani—Sassone
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FIGURE 1. Concurrent execution of two actions a and b.

higher-dimensional transition systems satisfy the so-called HDA paradigm
(see Section 9 of this paper, and [GaulOb, Section 7]). This implies that the
formalization of the parallel composition, for any synchronization algebra,
of two processes is much simpler with HDTS than with precubical sets, sym-
metric or not. Indeed, there is no need in the setting of HDTS to introduce
tricky combinatorial constructions like the directed coskeleton construction
of [Gau08],! or the transverse degeneracy maps of [Gaul0a]. We just have
to list all higher-dimensional transitions of a parallel composition by reading
the definition from a computer science book and to put them in the set of
transitions of the HDTS.

1.2. The salient mathematical facts of the preceding papers of this
series. The first paper [GaulOb] is devoted to introducing a more conve-
nient formalism to deal with HDTS. More precisely, the category of weak
HDTS is introduced (Definition 3.2). It enjoys a lot of very nice properties:
topological,? locally finitely presentable. The category of Cattani-Sassone
higher-dimensional transition systems is interpreted as a full reflective sub-
category of the category of weak HDTS [GaulOb, Corollary 5.7]. And it is
proved in [GaulOb, Theorem 11.6] that the categorical localization of the
category of Cattani—Sassone higher-dimensional transition systems by the
cubification functor is equivalent to a full reflective subcategory of that of
labelled symmetric precubical sets. The main tool is a realization func-
tor from labelled symmetric precubical sets to HDTS, whose construction
is presented in an improved form in Section 7 of this paper. Symmetry
operators are required for this result since the group of automorphisms of
the labelled n-cube in the category of Cattani—Sassone HDTS is the n-th
symmetry group, not the singleton as in the category of labelled precubical
sets of [Gau08]. In other terms, the category of HDTS has built-in symme-
try operators which, of course, come from the action of the n-th symmetric

et us just recall here that the choice of “directed” in “directed coskeleton construc-
tion” was a very bad idea.

2A topological category is a category equipped with a forgetful topological functor
towards a power of the category of sets.
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group on the set of n-dimensional transitions. The realization functor from
labelled symmetric precubical sets to HDTS will be reused in this paper to
get Quillen equivalences.

The second paper of the series [Gaull] is devoted to the study of the ho-
motopy theory of HDTS. A left determined model structure is built on the
topological and finitely presentable category of weak HDTS, and then re-
stricted to the full subcategory of cubical transition systems [Gaull, Corol-
lary 6.8], i.e., the weak HDTS which are equal to the union of their subcubes
(Definition 3.8). This full coreflective subcategory of that of weak HDTS
contains all examples coming from computer science even if the topological
structure of the larger category of weak HDTS keeps playing an important
role in the development of this theory. The class of weak equivalences of
this left determined model structure is completely characterized. It appears
that it is really too small to be interesting. It also turns out that all weak
equivalences are bisimulations and it is tempting to Bousfield localize by all
bisimulations. By [Gaull, Theorem 9.5], such a Bousfield localization exists
but its study is out of reach at present. An intermediate Bousfield local-
ization, by the cubification functor again, is proved to exist as well [Gaull,
Section 8§].

One word must be said about the notion of cubical transition system.
Not all HDTS are equal to the colimit of their subcubes. For example
the boundary 0C5[z1,z2] of the full 2-cube Coxi,xs], which is obtained
by removing all its 2-transitions, that is to say ((0,0),x1,2z2,(1,1)) and
((0,0), 22,71, (1,1)).3 Indeed the HDTS 0C3[x1, z2] has only two actions 1
and x9, whereas its cubification has four distinct actions x1, 2}, z2, 2, with
the labelling map pu(zy) = p(x)) = zx for k = 1,2. So 0Cs[z1, 2] is not
isomorphic to its cubification, and therefore it cannot be a colimit of cubes.
But it is cubical anyway. This is because of this subtle point that we are
forced to use the category of cubical transition systems. It is not known
whether a model category structure like the one of [Gaull] exists on the full
subcategory of weak HDTS of colimits of cubes. The main problem consists
of finding another set of generating cofibrations (instead of the set Z defined
in Notation 4.5) without using the boundary of the labelled 2-cubes.

1.3. Presentation of this paper. This third paper of the series goes back
to the link between labelled symmetric precubical sets and cubical transition
systems. Omne of the main results of this paper is that a model category
structure is constructed on the category of labelled symmetric precubical
sets (Theorem 6.8) thanks to Marc Olschok’s Ph.D. [Ols09b] [Ols09a]. And
it is proved in Theorem 8.9 that there exists a Bousfield localization of the
latter which is Quillen equivalent to the model category structure of cubical

3The n-cube Crlz1,...,2s] has actually and by definition n distinct actions (z;,7)
for ¢ = 1,...,n, but it is assumed here that x1 # 2, so there is no need to overload
the notations by writing (z1,1), (z2,2); the n-cube viewed as a HDTS has exactly n!
n-dimensional transitions.
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transition systems introduced in [Gaull] (not the left determined one, but
its Bousfield localization by the cubification functor, which is studied in
[Gaull, Section 8]). It is remarkable that like for the categorical equivalence
of [GaulOb], the cubification functor is used once again, this time to obtain
a Quillen equivalence. Theorem 9.6 is a similar theorem after restriction
to the labelled symmetric precubical sets satisfying the HDA paradigm.
Unfortunately, almost nothing is known about these Bousfield localizations.

Surprisingly, the realization functor from labelled symmetric precubical
sets to cubical transition systems is not a left Quillen functor. It is only a left
adjoint (Proposition 7.5). An intermediate model category must be used in
the proofs to get the Quillen equivalences (Theorem 7.10). The cause of this
problem is the family of cofibrations consisting of the inclusions 00g[x, y] C
Os|x,y] of the boundary of a labelled 2-cube to the full labelled 2-cube
(Proposition 7.5) for = and y running over the set of labels . The image by
the realization functor is not a cofibration of HDTS. Indeed, the image of
0Uglz, y| is precisely the cubification of the boundary of the 2-cube 0Cs |z, y]
because every labelled symmetric precubical set is equal to the colimit of its
cubes and because the realization functor is colimit-preserving. It has four
actions (see above !) z, 2.y, 3 with the labelling map u(x) = p(2’) = z and
wu(y) = p(y') = y whereas the realization of Og[z,y] is the 2-cube Cs[z,y]
which has two actions = and y: therefore the map from the realization of
O0g|z, y] to the one of Og[z, y| cannot be one-to-one on actions, so it cannot
be a cofibration of HDTS by definition. The intermediate model category
is precisely obtained by adding this family of maps (so the realization of
the inclusions d0g[z,y] C Og[z,y]) to the set of generating cofibrations of
the model category of cubical transition systems! In other terms, we force
the realization functor from labelled symmetric precubical sets to cubical
transition systems to become a left Quillen functor. And the second surprise
is that that just works fine.

Again the same family of inclusions 00g[z,y] € Oglz,y] for x and y
running over the set of labels ¥ prevents the interval object of labelled sym-
metric precubical sets from being very good. It is only good (Proposition 6.6
and the remark after the proof). The realization as HDTS of the same family
of cofibrations also prevents the interval object of cubical transition systems
from being very good as well with respect to the augmented set of generating
cofibrations (Theorem 7.10). As a consequence, the Olschok construction
cannot tell us anything about the left determinedness of the model category
of labelled symmetric precubical sets and of the augmented model category
of cubical transition systems.

This new model category structure on labelled symmetric precubical sets
is very different from the ones coming from algebraic topology. Indeed, the
class of cofibrations is strictly larger than the class of monomorphisms. Like
the model category of flows [Gau03], it contains the generating cofibration
R : {0,1} — {0}. This makes it impossible to use tools like Cisinski’s
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homotopy theory of toposes [Cis02] or Hirschhorn’s theory of Bousfield lo-
calization [Hir03]. The main technical tool of this paper is Marc Olschok’s
Ph.D. thesis [Ols09b] [Ols09a] instead. Moreover, not only is the 1-cube not
weakly equivalent to a point; it is in fact weakly equivalent to two copies
of itself where the two initial (final resp.) states are identified as in Fig-
ure 2. This new model category is adapted, like the ones constructed on
cubical transition systems in [Gaull], to the study of bisimulation [WN95]
[JNW96]. In the case of Figure 2, the labelled symmetric precubical set has
the same behavior as the 1-cube Og[x| labelled by x. Indeed, the unique
map from Cyl(Og[x]) to C1[z] is a bisimulation.

Outline of the paper. Section 2 is a reminder about the Olschok construc-
tion of combinatorial model categories, at least the first part of his Ph.D.
devoted to the generalization of Cisinski’s work to the setting of locally pre-
sentable categories. Only what is used in this paper is recalled. So the state-
ment of Theorem 2.6 is certainly less general than what is written in [Ols09a]
and [Ols09b]. Section 3 is a reminder about weak HDTS and cubical tran-
sition systems. Several important basic examples of such objects are given.
Section 4 recalls the homotopy theory of cubical transition systems. The
exposition is improved, so it is more than just a reminder. In particular, an
explicit set of generating cofibrations is given. Section 5 recalls the definition
of labelled symmetric precubical set. Once again, several important basic
examples are given. Section 6 constructs the new model category structure
on labelled symmetric precubical sets (Theorem 6.8). Roughly speaking,
we really just have to mimic the construction of the model category struc-
ture on cubical transition systems. Section 7 recalls the construction of the
realization functor from labelled symmetric precubical sets to cubical tran-
sition systems. The exposition is much better than in [GaulOb] where it
is introduced, so it is also more than just a reminder. It is also proved in
the same section that the realization functor is not a left Quillen functor,
and it is explained how to overcome this problem by adding one family of
generating cofibrations to the category of cubical transition systems. And
Section 8 proves one of the main result of this paper: there exists a model
category of labelled symmetric precubical sets which is Quillen equivalent
to the homotopy theory of cubical transition systems (Theorem 8.9). The
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last section restricts the homotopy constructions to the full reflective sub-
category of labelled symmetric precubical sets satisfying the HDA paradigm
(Theorem 9.5) and proves a similar result (Theorem 9.6).

Preliminaries. The necessary bibliographical references and reminders are
given throughout the text. The category of sets is denoted by Set. All
categories are locally small. The set of maps in a category K from X to Y
is denoted by K(X,Y). The locally small category whose objects are the
maps of K and whose morphisms are the commutative squares is denoted
by Mor(KC). The initial (final resp.) object, if it exists, is always denoted
by @ (1). The identity of an object X is denoted by Idx. A subcategory
is always isomorphism-closed. We refer to [AR94] for locally presentable
categories, to [Ros09] for combinatorial model categories, and to [AHS06]
for topological categories (i.e., categories equipped with a topological functor
towards a power of the category of sets). We refer to [Hov99] and to [Hir03]
for model categories. For general facts about weak factorization systems, see
also [KR05]. We recommend the reading of Marc Olschok’s Ph.D. [Ols09b].
The first part, published in [Ols09a], is used in this paper.

Acknowledgements. The author would like to thank the referee for sug-
gestions on improving the exposition.

2. The Olschok construction of model categories

We want to review the Olschok construction of combinatorial model cat-
egories [Ols09al, as it is already used in [Gaull], and as it is used in this
paper, i.e., by starting from a good interval object, i.e., a good cylinder func-
tor Cyl(—) of the form Cyl(—) = V x — where V is a bipointed object of
the ambient category.

Let f and g be two maps of a locally presentable category K. Write flg
when f satisfies the left lifting property with respect to g (or equivalently g
satisfies the right lifting property with respect to f). Let us introduce the no-
tations injg(C) = {g € K, Vf € C, fOg}, projc(C) = {f € K,¥g € C, f0g}
and cofx(C) = proji(inji(C)) where C is a class of maps of a locally
presentable category K. The class of morphisms of K that are transfinite
compositions of pushouts of elements of C is denoted by cellx(C).

2.1. Notation. For every map f : X — Y and every natural transformation
a : F — F' between two endofunctors of K, the map f % « is the canonical
map

fxa:FY Upx F'X — F'Y
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induced by the commutative diagram of solid arrows

FX % ,px
Ff F'f

FYy — % Py

and the universal property of the pushout. For a set of morphisms A, let

Axa={fxa,feA}

2.2. Definition. Let I be a set of maps of a locally presentable category
K. A good cylinder with respect to I is a functor Cyl : K — K together
with two natural transformations 4* : Id = Cyl for k = 0,1 and a natural
transformation ¢ : Cyl = Id such that the codiagonal Id LIId = 1d factors
as a composite

7!

Iduld

Cyl = Id

and such that the left-hand natural transformation 4 U ~! induces for all
X € K amap

YUk

XUX —2% , Cyl(X) € cofe ().

When moreover the right-hand map ox belongs to inji(I) for all X € I,
the functor Cyl is called a very good cylinder.

2.3. Definition. Let I be a set of maps of a locally presentable category K.
A good cylinder Cyl : K — K with respect to [ is cartesian if it is exponential
and if there are the inclusions cofx(I) x v C cofi(I) and cofi (1) x v* C
cof(I) for k = 0,1 where v =% LIy

In this paper, all cylinders will be of the form the binary product by a
bipointed object 4°,4' : 1 = V called the interval object. The natural
transformations 7* : Id = Cyl are equal to the natural transformations
(1 x =) = (V x —) induced by the two maps v* : 1 — V for k = 0,1. The
natural transformation o : Cyl = Id is equal to the natural transformation
(V x =) = (1 x —) induced by the map o : V' — 1 which is the unique map
from the interval object to the terminal object. An interval object will be
good (very good, cartesian resp.) if and only if the corresponding cylinder
functor is good (very good, cartesian resp.).

2.4. Notation. Let I and S be two sets of maps of a locally presentable
category K. Let V be a good interval object with respect to I. Denote the
sets of maps AR(V, S, I) recursively by AY(V,S,I) = SU (I *x+") U (I*~")
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and AN (V, S, 1) = AR(V, S, I) x for n > 0. Then let

Ac(V,8.1) = | ARV, S, T).

n=0

Let ~ be the homotopy relation associated with the cylinder V x —, i.e.,
for all maps f,g: X = Y, f ~ g is equivalent to the existence of a homotopy
H:VxX oY withHor’=fand Hoy' =g.

2.5. Notation. We denote by Wic(V, S, I) the class of maps f: X — Y of
K such that for every Ax(V, S, I)-injective object T', the induced set map

K(Y,T)/~—=s K(X,T)/~
is a bijection.

We are now ready to recall the Olschok construction for this particular
setting:

2.6. Theorem (Olschok). Let K be a locally presentable category. Let I
be a set of maps of K. Let S C cofi(I) be an arbitrary set of maps of
K. Let V be a good cartesian interval object with respect to I. Suppose
also that for any object X of IC, the canonical map @ — X belongs to
cofic(I). Then there exists a unique combinatorial model category struc-
ture with class of cofibrations cofi(I) such that the fibrant objects are the
Axc(V, S, I)-injective objects. The class of weak equivalences is Wic(V, S, I).
All objects are cofibrant.

Proof. Since all objects are cofibrant, the class of weak equivalences is
necessarily Wi (V, S, I) by [Hir03, Theorem 7.8.6]. Hence the uniqueness.
The existence is a consequence of [Ols09a, Theorem 3.16]. ([l

2.7. Notation. For S = @, the model category is just denoted by K.

If the interval is very good in Theorem 2.6, then Wic(V, S, I) is the local-
izer generated by S (with respect to the class of cofibrations cofx(I)) by
[Ols09a, Theorem 4.5] and K is then left determined in the sense of [RT03].
And the model category we obtain for S # & is the Bousfield localization
Ls(K) of the left determined one by the set of maps S. If the interval is only
good, then the Olschok construction can only tell us that the model cate-
gory we obtained is the Bousfield localization Ly (v, 1)(K) with respect to
Ax(V, S, I) because, by [Ols09a, Lemma 4.4], the class of maps Wi (V, S, 1)
is the localizer generated by Ax(V, S, ).

3. Cubical transition systems

3.1. Notation. A nonempty set of labels X is fixed.
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3.2. Definition. A weak higher-dimensional transition system, or weak
HDTS, consists of a triple

(S,u:L—>E,T: UTn>

n>1
where S is a set of states, where L is a set of actions, where p : L — ¥ is
a set map called the labelling map, and finally where T, C S x L™ x S for
n > 1 is a set of n-transitions or n-dimensional transitions such that one
has:

e (Multiset axiom) For every permutation o of {1,...,n} with n > 2,
if (o, u1,...,u,,B) is a transition, then (@, uq(1),. .., Ugn),B) is a
transition as well.

e (Composition axiom) For every (n + 2)-tuple (o, u1, ..., up, ) with

n = 3, for every p,q > 1 with p + ¢ < n, if the five tuples

(aaula"'7un7ﬁ)7(aaula'-'>upayl)a(Vlaup+1a---7un7ﬂ)7
(a7u17 .. 'aup+qal/2)v (V27up+q+1a .- '7“7176)
are transitions, then the (¢ + 2)-tuple (vi,upt1,...,Uptq,V2) IS a

transition as well.
A map of weak higher-dimensional transition systems

f:(S,u:L—3 (Ty)ns1) = (S p : L' = X (T} )n>1)

consists of a set map fp: S — S’, a commutative square

A

7

L' — %
w

such that if (e, uq,...,uy, ) is a transition, then

(fO(a)v f(ul)a SRR J?(un)a fO(ﬁ))

is a transition. The corresponding category is denoted by WHDTS. The
n-transition («,u1, ..., u,, 3) is also called a transition from « to f.

3.3. Notation. The labelling map from the set of actions to the set of labels
will be very often denoted by pu.

The category WHDTS is locally finitely presentable by [GaulOb, Theo-
rem 3.4]. The functor

w: WHDTS — Set{s}V=

taking the weak higher-dimensional transition system (S, u: L — 3, (T},)n>1)
to the ({s} UX)-tuple of sets (S, (1 (z))zex) € Sett*IVU™ is topological by
[GaulOb, Theorem 3.4] too.
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There is a slight change in the terminology with respect to the one of
[GaulOb] and [Gaull]. The Coherence axiom is called now the Composition
axiom because this axiom really looks like a 5-ary composition even if it is
not known what conclusion should be drawn from such an observation.

3.4. Notation. For n > 1, let 0,, = (0,...,0) (n-times) and 1,, = (1,...,1)
(n-times). By convention, let 0p = 19 = ().

We give now some important examples of weak HDTS. In each of the
following examples, the Multiset axiom and the Composition axiom are sat-
isfied for trivial reasons.

(1) Let x1,...,2, € ¥, n > 0. The pure n-transition Cp[x1, ..., 2, is
the weak HDT'S with the set of states {0y, 1,,}, with the set of actions
{(z1,1),...,(zn,n)} and with the transitions all (n + 2)-tuples

(Om (xa(l)a U(D)? T (xa(n% U(”))? 171)

for o running over the set of permutations of the set {1,...,n}.

(2) Every set X may be identified with the weak HDTS having the set
of states X, with no actions and no transitions.

(3) For every = € ¥, let us denote by z the weak HDTS with no states,
one action z, and no transitions. Warning: the weak HDTS {z} con-
tains one state x and no actions whereas the weak HDTS z contains
no states and one action .

The following example plays a special role in the theory:

3.5. Notation. For every z € %, let us denote by 1zt the weak HDTS with
four states {1,2, 3,4}, one action x and two transitions (1, z,2) and (3, x,4).

Another important example is the one of the n-cube which is recalled
now.

3.6. Proposition ([GaulOb, Proposition 5.2]). Let z1,...,xz, € ¥, n > 0.
Let Ty  {0,1}" x {(z1,1),..., (2n,n)}¢ x {0,1}" (with d > 1) be the subset
of (d+ 2)-tuples

((617 ceey 6”)7 (xiuil)v ceey (xicwid)? (637 ceey 6In))
such that:

® i, = ip implies m = n, i.e., there are no repetitions in the list

@iy, 01), -+ (Tig, 1)
e Foralli, ¢ < €.
o ¢; # € if and only if i € {i1,...,iq}.
Let p : {(z1,1),...,(zn,n)} — X be the set map defined by p(x;,i) = x;.
Then
Cn[ajl’ s 7mn] = ({07 1}nnu’ : {($17 1)7 KR ($nvn)} — 3, (Td)d>1)

is a well-defined weak HDTS called the n-cube.
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For n = 0, Cy[], also denoted by Cj, is nothing else but the weak HDTS
{0}, p: @ = %,9). For every z € X, one has C1[z] = Cy[z]™".

3.7. Definition. Let n > 1 and z1,...,x, € ¥. Let 0Cy[z1,...,z,] be the
weak HDT'S defined by removing from its set of transitions all n-transitions.
It is called the boundary of Cy[x1, ..., x,].

We restricted our attention in [Gaull] to the so-called cubical transition
systems, i.e., the weak HD'T'S which are equal to the union of their subcubes.
These weak HDTS include all useful examples.

3.8. Definition. Let X be a weak HDTS. A cube of X is a map
C’n[xl, . ,l‘n} — X.

A subcube of X is the image of a cube of X. A weak HDTS is a cubical tran-
sition system if it is equal to the union of its subcubes. The full subcategory
of cubical transition systems is denoted by CTS.

Note that the weak HDTS 0C5[z1, z2] is not a colimit of cubes but is cu-
bical (see [Gaull, Corollary 3.12] and the discussion after it): it is obtained
by identifying states in the cubical transition system Tz11 U Tz27T. This is
the reason why we do not work in [Gaull] with the subcategory of colimits
of cubes.

CTS is a small-injectivity class, and a full corefiective locally finitely
presentable subcategory of WHDTS by [Gaull, Corollary 3.15]. More
precisely, a weak HD'TS is cubical if and only if it is injective with respect
to the maps x C Cy[z] for all z € ¥ and to the maps

Chnlr1,. .., 2™ C Cplay, ..., 4]
for all n > 0 and x1,...,z, € ¥ by [Gaull, Theorem 3.6].

3.9. Definition. Let X be a weak HDTS. An action u of X is used if there
exists a 1-transition («,u, ). All actions are used if X is injective with
respect to the maps x C Cy[z] for all z € X.

3.10. Definition. A weak HDTS X satisfies the Intermediate state ax-
iom if for every n > 2, every p with 1 < p < n and every transition
(o, u1,...,un, B) of X, there exists a (not necessarily unique) state v such
that both (a,u1,...,up,v) and (v, upy1, ..., uy, 3) are transitions.

By [Gaull, Proposition 6.6], a weak HDT'S satisfies the Intermediate state
axiom if and only if it is injective with respect to the maps

Cplz, ... ,xn]eXt C Culxi,y ..., xy)

for all n > 0 and x1,...,x, € 2. So a weak HDTS is cubical if and only if
all actions are used and it satisfies the Intermediate state axiom.
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4. The homotopy theory of cubical transition systems

Let us recall now the homotopy theory of CTS. This third paper about
higher-dimensional transition systems contains some improvements in the
exposition of this theory. In particular, a set of generating cofibrations can
now be exhibited (in [Gaull], the existence of a set of generating cofibrations
is proved using transfinite techniques).

4.1. Definition. A cofibration of cubical transition systems is a map of
weak HDTS inducing an injection between the set of actions.

To make the reading of this paper easier, let us introduce a new notation
(which will be used later in Proposition 7.8).

4.2. Notation. Let S : Set|¥X — CTS be the functor given on objects as
follows: if p: L — X is a set map then S(u) is the weak HDTS with set of
states {0}, with labelling map p, and with set of transitions

{0} % [ J L™ x {o}.

n=1

Note here that S(u) is a cubical transition system because all actions are
used and the Intermediate state axiom is satisfied.

4.3. Definition. Let us call V := S(X x {0,1} — X) the interval object of
CTS where ¥ x {0,1} — X is the projection map.

Note that S(Idy) is the terminal object 1 of CTS. For k € {0,1}, de-
note by v¥ : 1 — V the map of cubical transition systems induced by the
composite set map ¥ = ¥ x {k} € ¥ x {0,1}. And denote by 0 : V — 1
the canonical map, also induced by the projection map ¥ x {0,1} — X. Let
y=2"u~t 101 = V.

The interval V' is exponential by [Gaull, Proposition 5.8]. It is very good
by [Gaull, Proposition 5.7] and cartesian by [Gaull, Proposition 5.10]. We
are going to use the following fact which is already implicitly present in
[GaulOb] and [Gaull].

4.4. Proposition. Let f : A — B be a map of weak HDTS which is bijective
on states and actions. Then it is one-to-one on transitions.

Proof. Let (a,u1,...,un, ) and (o/,u),...,ul,,B) be two transitions of
A such that

(fo(@), f(wr), ..., Fum), fo(B)) = (fola"), F(uh), ..., Flul), fo(B))).
Then m = m/, fo(a) = fole!), f(us) = f(ul) for 1 < i < n and fo(8) =
fo(B'). So by hypothesis, « = o/, f =’ and u; = u] for 1 <i < n. Hence

(a,ul,...,um,ﬁ):(a’,ull,...,u;n/,ﬁ'). O
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Cilz] U Cy[a]) lim(Cy[a] < z — Cy[z])
LT Lo, =,
o L

FicurE 3. Monomorphism and epimorphism in CTS with
() = plaz) =

4.5. Notation. Let Z be the set of maps of cubical transition systems given
by*

I={C:2—{0},R:{0,1} — {0}}
U{9C,[x1,...,zn] = Cplz1,...,zp]) | n>1and z41,...,2, € X}
U{Ci[z] =tat| z € £}.

Let us recall again that the cubical HDTS T is not a colimit of cubes by
[Gaull, After Definition 3.13 and before Remark 3.14]. The colimit of all
cubes (left-hand cubical transition system of Figure 3) of t21 (right-hand
cubical transition system of Figure 3) is equal to the coproduct of two copies
of Ci[x] and it has two actions z1 and x9 with u(x1) = p(z2) = = whereas
121 has only one action z. Figure 3 is an example of a map of CTS which is
not an isomorphism, but which is a mono and an epi. Hence the additional
family of cofibrations C}[x] =1z for x running over ¥ cannot be deduced
from the other generating cofibrations.

4.6. Theorem. The class of cofibrations of cubical transition systems is
equal to

cellcrs(Z) = cofcrs(I).

Proof. Let f : A — B be a cofibration of cubical transition systems, i.e.,
a map of cubical transition systems which is one-to-one on actions. Let us
factor f as a composite A — Z — B where the left-hand map belongs to
cellcrs({C, R}) and where the right-hand map belongs to injops({C, R}).
Then the sets of states of Z and B coincide, therefore we can suppose without
lack of generality that f induces a bijection between the sets of states. For
every action u of B which does not belong to A, the map v — B factors
(not in a unique way) as a composite pu(u) — Ci[u(u)] — B because B is
cubical. The map f: A — B is bijective on states, therefore the composite
Co U Cy = 9C[u(u)] € Cq[u(u)] — B factors as a composite Cy L Cy —
A — B. Then for every action u of B not in A, there exists a commutative

4 The notations C': @ — {0} and R : {0,1} — {0} are already used in [Gau03] and in
[Gau09] for the same generating cofibrations (in different categories of course). We will
stick to this notation here, and for the model category of labelled symmetric precubical
sets as well.
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square

Co L Co = 9C [p(u)] — 2

A
fu h
B.

Crlp(u)]

Then consider the pushout diagram

LI, 0C1[u(u)] ——— A

Ju

Ll Clp(w)] Lz

The canonical map Z — B induced by the pushout is bijective both on
states and on actions, and by Proposition 4.4, injective on transitions. Let
us now factor the map Z — B as a composite Z — D — B where the
left-hand map belongs to

cellcrs({0C,[z1, ..., xn]) = Cplz1, ..., 2n] | n > 2 and zq,...,2, € ¥}
U{Co U Co U Cyx] =Tzt| x € X})

and the right-hand map belongs to

injors({0Ch[21, ..., 2n] = Cplz1,...,2p] | n > 2 and 1, ..., 2, € ¥}
U{CoU CyU Cy[x] =Tat| z € £}).

where the map CoUCyLUC [x] =127 is defined so that it is bijective on states.
It is important to notice that the maps 0C),[z1,. .., x,] — Cylz1, ..., 2y,] for
every n > 2 and every z1,...,2, € 3 and the maps Cy U Cy U Cy[z] =1zt
for every x € ¥ are bijective on states and actions. Therefore the two maps
of cubical transition systems Z — D and D — B are bijective on states and
actions, and by Proposition 4.4 injective on transitions.

Let (o, u, 8) be a 1-transition of B. Then w is an action of B and therefore
of D as well and « and (8 are two states of D. Since D is cubical, there exists
a l-transition (o/,u, ") of D giving rise to a map Ci[u(u)] — D. Then
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consider the commutative diagram

{aju{ptuCilpw)) ————= D

2

Tr(u)? B.

The existence of the lift k& implies that the transition (a,u, 3) belongs to D,
hence the map D — B is onto on 1-transitions. Let us prove by induction
on n > 1 that the map D — B is onto on p-transitions for p < n.

Let (a,u1,...,unt1, ) be a (n+ 1)-transition of B, giving rise to a map

C?i)—(:l [M(ul)v s ,,U,(Un+]_)] — Ba

which factors as a composite

ext

Coxilp(ua), - puns1)] = Cogalp(w), - plunta)] = B

because B is cubical. The composite

8Cn+1[lu(u1)7 SRR M(Un+1)] C Cn—&-l[:u(ul)v s 7M(un+1)] — B

factors uniquely as a composite 0Cyp11[u(u1), ..., pw(upt1)] - D — B by
the induction hypothesis. We obtain a commutative diagram of cubical
transition systems

OCnp1[p(ua), - - plunsr)] ————= D

B
-~
-~
-
-
-~
k/

-
P
-
P
-
-

Cn-l—l[:u(ul)? ) M(Un+1)] —  B.

The existence of the lift k implies that the transition (a,ui,...,up+1,03)
belongs to D, hence the map D — B is onto on (n + 1)-transitions. So we
obtain D = B.

The map Cy U Cy LI Cy[z] =Tzt is the composite

Co U Co U Chx] = Co U CoU txt—1zt
where the left-hand map is a pushout of the generating cofibration
Cilz] =Tt

and where the right-hand map is a pushout of the generating cofibration
R:{0,1} — {0} twice. So cellcTs(Z) is the class of cofibrations. Therefore
cellcrs(Z) is closed under retract and cellers(Z) = cofcrs(Z). O
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4.7. Corollary. Let S be an arbitrary set of maps in CTS. There exists
a unique combinatorial model category structure on CTS such that T 1is
the set of gemerating cofibrations and such that the fibrant objects are the
Acts(V, S I)-injective objects where S is a set of cofibrant replace-
ments of the maps of S. All objects are cofibrant. The class of weak equiv-
alences is the localizer generated by S.

Proof. This corollary is a consequence of Theorem 4.6 and Theorem 2.6. [J

5. Labelled symmetric precubical sets

Let [n] = {0,1}" for n > 0. The unique member of the singleton set [0] is
denoted by (). The set [n] is equipped with the partial ordering {0 < 1}".
Let 0% : [n—1] — [n] be the set map defined for 1 <i < nand a € {0,1} by

0 (ety. .., €n—1) = (€1,...,€-1,0,€;,...,€64—1). These maps are called the
face maps. Let o; : [n] — [n] be the set map defined for 1 < i < n —1 and
n>2byoi(er,...,en) = (€1,...,€—1,€i+1, €, €it2,...,€y). These maps are

called the symmetry maps. The subcategory of Set generated by the com-
posites of face maps and symmetry maps is denoted by [lg. A presentation
by generators and relations of (g is given in [GMO03, Section 6]: they con-
sist of the usual cocubical relations, together with the Moore relations for
symmetry operators and an additional family of relations relating the face
operators and the symmetry operators. It will not be used in this paper.

5.1. Definition ([GMO03]). A symmetric precubical set is a presheaf over
Ug. The corresponding category is denoted by D%pSet. If K is a symmetric
precubical set, then let K,, := K([n]) and for every set map f : [m] — [n] of
g, denote by f* : K, — K,, the corresponding set map.

Let Og[n] := Og(—, [n]). It is called the n-dimensional (symmetric) cube.
By the Yoneda lemma, one has the natural bijection of sets

O%Set(Os[n), K) = K,

for every precubical set K. The boundary of Og[n] is the symmetric precu-
bical set denoted by d0g[n] defined by removing the interior of

Os(n] - (00s[n])x == (Osln])

for k < n and (00g[n])r = & for k > n. In particular, one has 00g[0] = @.
An n-dimensional symmetric precubical set K is a symmetric precubical set
such that K, = @ for p > n and K,, # @. If K is a symmetric precubical
set, then K, is the symmetric precubical set given by (K<,), = K, for
p <nand (Kg¢,), =@ for p > n.

5.2. Notation. Let f : K — L be a morphism of symmetric precubical sets.
Let n > 0. The set map from K, to L, induced by f will be sometimes
denoted by f,.

5.3. Notation. Let 0 = (6¢)*. And let s; = (0y)*.
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The precubical nerve of any topological space can be endowed with such a
structure: the s; maps are given by permuting the coordinates: see [GMO03]
again.

5.4. Proposition ([GaulOa, Proposition A.4]). The following data define
a symmetric precubical set denoted by 19%:

e (15%)9 = {0} (the empty word).

e Forn>1, (1°%), = X",

0 _ 9l _ -~
e J/(ar,...,ayn) = 0;(a1,...,an) = (a1,...,a;,...,an) where the no-
tation a; means that a; is removed.
o si(at,...,an) = (ar,...,0;-1,0i41,0;,Qiy2,...,a,) for 1 <i<n.

The map !° : Set — DgpSet yields a well-defined functor from the category
of sets to the category of symmetric precubical sets.

5.5. Definition. A labelled symmetric precubical set (over X)) is an object of
the comma category DgpSetUS 3. That is, an object is a map of symmetric
precubical sets £ : K —!°Y and a morphism is a commutative diagram

K L

NS

1Sy,

The map £ is called the labelling map. The symmetric precubical set K
is sometimes called the underlying symmetric precubical set of the labelled
symmetric precubical set. A labelled symmetric precubical set K —!19% will
be denoted by (K//X). And the set of n-cubes K,, will be also denoted by

(K//X)n-
The link between labelled symmetric precubical sets and process algebra
is detailed in [GauO8] and in the appendix of [GaulOa].

5.6. Notation. Let n > 1. Let ai,...,a, be labels of ¥. Let us denote
by Ogla1,...,an] : Og[n] —!°% the labelled symmetric precubical set cor-
responding by the Yoneda lemma to the n-cube (ai,...,a,). And let us
denote by 90glay, . .., an] : 00g[n] —!°% the labelled symmetric precubical
set defined as the composite

Oslat,..-,an]

d0gla1, ..., a,) : 00g[n] C Ogn| 1S3,

Every set can be identified with a sum of 0-cubes Cy|[] (also denoted by Cj).

Since colimits are calculated objectwise for presheaves, the n-cubes are
finitely accessible. Since the set of cubes is a dense (and hence strong) gen-
erator, the category of labelled symmetric precubical sets is locally finitely
presentable by [AR94, Theorem 1.20 and Proposition 1.57]. When the set
of labels ¥ is the singleton {7}, the category Jo’Set|!”{r} is isomorphic to
the category of (unlabelled) symmetric precubical sets because {7} is the
terminal symmetric precubical set.
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6. The homotopy theory of labelled symmetric precubical
sets

This section is devoted to the construction of a model category structure
on the category DgpSetL!S ¥ of labelled symmetric precubical sets. Note
that if 3 is a singleton, then the category is isomorphic to the category of
unlabelled symmetric precubical sets, and what follows applies as well.

6.1. Definition. The interval object of 0% Set/! Y is the labelled sym-
metric precubical set (1°(X x {0,1})//%) induced by the projection map
¥ x{0,1} - X. Let
CYI(K//E) = (P(S x {0, 11)//%) x (K//%).

Note that Id;sy, : (1E//E) is the terminal object 1 of O&’Set|!"S. For
k € {0,1}, denote by ~* : (1°%//¥) — (19(Z x {0,1})//£) the map of
labelled symmetric precubical sets induced by the composite set map 3 =
¥ x {k} € ¥ x {0,1}. And denote by o : (!°(Z x {0,1})//%) — (I°S//%)
the canonical map, also induced by the projection map ¥ x {0,1} — X. Let
Y= 0UA 5 (5)/5) U (S5//%) = (5(2 x {0,11)//%).

If (K//¥) and (L//X) are two labelled symmetric precubical sets, then
their binary product in 09 Set ! is the labelled symmetric precubical set
(K xys5, L//Y).

6.2. Proposition. The interval object (1°(X x {0,1})//%) is exponential.
Proof. Let (K//X) be a labelled symmetric precubical set. Then
(CYUK /%)) = Kp xsn (2 x{0,1})" = K, x {0,1}",

ie., (192 x {0,1}) /%) x (K//¥) = (K. x {0,1}*)//%) with an obvious
definition of the face and symmetry maps. So the associated cylinder func-
tor (19(Z x {0,1})//Z) x — is colimit-preserving because the category of
sets is cartesian-closed and because colimits are calculated objectwise in the
category DgpSetL!S >.. Since D%pSetus Y is well-copowered by [AR94, The-
orem 1.58], the cylinder is a left adjoint by the dual of the Special Adjoint
Functor Theorem [ML98]. Hence the interval object is exponential. O

6.3. Definition. A map of labelled symmetric precubical sets

[ (K//X) — (L//%)
is a cofibration if for every n > 1, the set map K,, — L,, is one-to-one.

6.4. Proposition. The class of cofibrations is generated by the set

7 ={00slai,...,as) C Ogla,...,ay] | n>1 and ay,...,a, € X}
u{C:2 —{0},R:{0,1} — {0}},

i.e., the class of cofibrations is exactly COng"setuSE(I)- Moreover, one has

cellorget sy (Z) = cof orger 155 (Z).-
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Proof. This kind of proof is standard. Let f : (K//X) — (L//X) be a
cofibration of labelled symmetric precubical sets. Let

o ={C:2 — {0},R:{0,1} — {0}},
and for n > 1, let
I, = {00s[a1,...,an) C Oglai,...,an) | a1,...,a, € L}
1
Let f = fo. Factor fy as a composite (K//¥) — (K'//%) TN (L//%)
where the left-hand map belongs to cellorgey 11sn(Zo) and where the right-
hand map belongs to injmgpsetusz(zo)- Then f! is bijective on 0-cubes
and by hypothesis is one-to-one on n-cubes with n > 1. Let us suppose
fm o (K™//E) — (L//%) constructed for n > 1 and let us suppose that

it is bijective on k-cubes for k < n and one-to-one on k-cubes for k > n.
Consider the pushout diagram of labelled symmetric precubical sets

| ]o0slay, ..., an] ——— (K™ //¥%)

KnJrl//E)

L1Osla1,...,an) ——— (
where the sum is over all commutative squares of the form

0glay, ..., ap) — (K" //X)

Oslai,...,ap) ——— (L//%).

Then the map "+ : (K"*t!1//%) — (L//Y) is bijective on k-cubes for k <
n + 1 and one-to-one on k-cubes for £k > n + 1. Hence f = ligfn. ([l

6.5. Remark. The sets of generating cofibrations of DgpSetuS > and CTS
are both denoted by Z. The context will always enable the reader to avoid
any confusion.
6.6. Proposition. The codiagonal (°L//S) U (158//8) — (1°%//%) fac-
tors as a composite

/D) U (PS)E) — (P x {0,11)//2) — (PS//%)
such that the left-hand map induces a cofibration

(K//%) U (K//%) = Cyl(K//%)

for any labelled symmetric precubical set (K//%). In other terms, the inter-
val object (1%(X x {0,1})//%) is good.
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Proof. The left-hand map is induced by the two inclusions
Y2¥Yx{e cXx{0,1}
with € = 0,1. The right-hand map is induced by the projection
¥ x{0,1} — %.

For n > 1, the left-hand map induces on the sets of n-cubes the one-to-
one set map (X x {0})" U (X x {1})" C (£ x {0,1})™. So for any labelled
symmetric precubical set (K//X), and any n > 1, the map

(K//%) U (K//%) = Cyl(K//%)
induces on the sets of n-cubes the one-to-one set map
(K, x {0}") U (K, x {1}"") C (K, x{0,1})"™.
Note that the set map (1*XU9%)g — (1¥(X x {0,1}))o is not one-to-one
because it is isomorphic to the set map R : {0,1} — {0}. O

The interval object (1°(X x{0,1})//%) is not very good. It is easy to prove
that the right-hand map satisfies the right lifting property with respect to
all generating cofibrations except the cofibrations 00g[z, y] — Ogx,y] for
x,y € X. Indeed, in the commutative square of solid arrows of labelled
symmetric precubical sets

005z, y] ————15(= x {0,1})
Pt
k - g
C P ~
DS[I‘,?/] 'SE

the lift k& exists if and only if two opposite faces of dlg[x,y] are labelled by
g in 1¥(X x {0,1}) by the same element of ¥ x {0,1}.

6.7. Proposition. For every cofibration f : (K//X) — (L//X) of labelled
symmetric precubical sets, the maps f x~ and fx~¢ for e = 0,1 are cofi-
brations as well. In other terms, the interval object (1°(X x {0,1})//%) is
cartestan.

Proof. The map
frry s (L//2) U(L//%) U yrmyuys) CYUE//E) = Cyl(L//X)

is a cofibration because for n > 1, the set map
(f*¥)n: (Ly U Ly) Uk, uk, (Kn x{0,1}") — L, x {0,1}"
is one-to-one. Indeed, it consists of the inclusions

K, c K, x {0}" c L, x {0}" C L,, x {0,1}"
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and K, C K, x {1} C L, x {1} C L, x {0,1}". The map
fr© s (LJ)/%) Uyrsy CYUK//E) = Cyl(L//%)
with e € {0, 1} is a cofibration because for n > 1, the map (with K,, embed-
ded in K,, x {e}" and L,, embedded in L, x {€}")
(f*~)n : Lp Uk, (K, x {0,1}"*) — L,, x {0,1}"
is one-to-one. Indeed, it consists of the inclusions
K, C K, x {e}" C L, x {e}" C L, x {0,1}". O
Hence the theorem:

6.8. Theorem. There exists a unique combinatorial model category struc-
ture on DgpSetuSE such that the class of cofibrations is generated by I and
such that the fibrant objects are the AD%pSetusZ((!S(Z x {0,1})//%),2,I)-

injective objects. All objects are cofibrant.

7. Realizing labelled precubical sets as cubical transition
systems

We want now to recall the construction of the realization functor from la-
belled symmetric precubical sets to cubical transition systems, as expounded
in Section 8 and Section 9 of [GaulOb]. In the same way as for the exposi-
tion of the homotopy theory of cubical transition systems, this third paper
of the series contains an improvement. We also explain in this section how
to make this functor a Quillen functor by adding one generating cofibration
to the model category of cubical transition systems.

7.1. Notation. CUBE(OYSet/!°Y) is the full subcategory of that of la-
belled symmetric precubical sets containing the labelled cubes Ogla, . . ., ay]
with n > 0 and a1,...,a, € X.

7.2. Notation. CUBE(WHDTS) is the full subcategory of WHDT'S con-
taining the labelled cubes Cy[a1, ..., a,] withn > 0 and with a4, ..., a, € X.

The following theorem is new and is an improvement of [GaulOb, Theo-
rem 8.5].

7.3. Theorem. There exists one and only one functor
T: CUBE(DgpSetUSE) — CUBE(WHDTS)

such that T(Oglay,...,ay]) := Cplai,...,ay] for all ay,...,a, € ¥, n >0,
and such that for any map f : Oglai,...,an] — Ogb1,...,bn] of labelled
symmetric precubical sets, the map {0,1}™ — {0,1}" between the sets of
states induced by T(f) is the map induced by f between the sets of 0-cubes.
Moreover this functor yields an isomorphism of categories

CUBE(O%Set}!°Y) = CUBE(WHDTS).
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Sketch of proof. Let m,n > 0 and ay,...,am,b1,...,b, € 3. A map
of labelled symmetric precubical sets f : Oglay,...,an] — Oglbi, ..., by
gives rise to a set map fo : {0,1}" — {0,1}" from the set of states
of Cplai,...,am] to the set of states of Cy[b1,...,b,] which belongs to
Os([m], [n]) = OFSet(Og[m], Og[n]). By [GaulOb, Lemma 8.1], there ex-

ists a unique set map f : {1,...,n} — {1,...,m} U{—00, 400} such that
foler, .. em) = (ef(l), .. 76f(n)) for every (e1,...,€n) € [m] with the con-

ventions €_o, = 0 and €;,, = 1. Moreover, the restriction

Foftd..omh) = {1, m}
is a bijection. Since f : Oglay,...,an] — Og[b1,...,by] is compatible with
the labelling, one necessarily has a; = b?—l(i) for every i € {1,...,m}. One

deduces a set map f : {(a1,1),..., (am,m)} — {(b1,1),...,(bn,n)} from

the set of actions of Cy,[aq, ..., an] to the set of actions of Cy,[by, ..., by] by
setting f(a;,i) = (b?—1(i),f_1(i)) = (ai,?_l(i)). By [GaulOb, Lemma 8.2],
if f:Oglat,...,am] = Oglb1,...,by) and g : Ogb1,...,by] = Ogler, ..., ¢p)

are two maps of labelled symmetric precubical sets, then one has go f = f og.
And by [GaulOb, Lemma 8.3], the two set maps fp and f above defined by
starting from a map of labelled symmetric precubical sets
f : Dg[al, N ,am] — Dg[bl, B ,bn]
yield a map of weak higher-dimensional transition systems
T(f) : Clat, .., am] — Cplb1, ..., byl
Hence the proof is complete with [GaulOb, Proposition 8.4] and [GaulOb,
Theorem 8.5]. O

7.4. Theorem ([GaulOb, Theorem 9.2]). There exists a unique colimit-
preserving functor

T : Og°PSet|!°Y — WHDTS
extending the functor T previously constructed on the full subcategory of

labelled cubes. Moreover, this functor is a left adjoint.

One has T(O2 Set)!°%) C CTS since every colimit of cubes is cubical by
[Gaull, Theorem 3.11] (see also [GaulOb, Proposition 9.8]). But we have
the surprising negative result:

7.5. Proposition. The restriction T : DgpSetUSE — CTS is not a left
Quillen functor.

Proof. Consider the cofibration 00g[x, y] C Og[z,y] where x and y are two
elements of ¥. The map of cubical transition systems

T(00sz,y] C Oglz, y])

is not a cofibration of cubical transition systems because the set of actions
of T(0Og|x,y]) is the set with four elements {x1,x2,y1,y2} with pu(zy) =
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w(xe) =z and p(y1) = u(y2) = y and the set of actions of T(Og[x,y]) is the
set with two elements {z,y}. O
To overcome the problem, we are going to add the maps
T(aljS[‘T’ y] - DS[JE, y])

with x,y running over X to the set of generating cofibrations of CTS. Sur-
prisingly, the Olschok construction can be used again with the same interval
object.

7.6. Notation. Let Z+ = ZU {T(00g(z,y] C Uslz,y]) | z,y € X}.
7.7. Proposition. For any labelled symmetric precubical set (K//X), one

has

T((1(2 x {0,1})//Z) x (K//%)) =V x T((K//%)).
Proof. One can suppose without loss of generality that K = Og[z1,. .., 2]
for n > 0 and x1,...,x, € X because all involved functors are colimit-

preserving. For n = 0, the two members of the equality are isomorphic to
the l-state cubical transition system {()}. Now suppose that n > 1. The
sets of states of the two members of the equality are equal to {0,1}". Since
the two weak HDTS are cubical, all actions are used. So it suffices to check
that the two members of the equality have the same set of transitions by
using the fact that a cubical transition system is the union of its subcubes
by Definition 3.8.

By the Yoneda lemma, the p-cubes of (K//X) for p > 1 are in bijection
with the maps of labelled symmetric precubical sets

Ds[l‘d)(l), Ce ,l‘d)(p)] — (K//E)

where ¢ : {1,...,p} — {1,...,n} is a one-to-one map. The image of the
p-transition

(0p;s (Tg(1), @(1)); - - -5 (Tg(py> D(P))5 1p)
of T(Os[Tg(1), -+ Te(p))) = CplTe(1)s - - > Ty(p)] 18 @ p-transition of the form®

((041, S 70‘71)7 (x(b(l)v ¢(1))7 T ($¢(P)7 ¢(p))v (61’ s 76n))

where «; < ; for all i € {1,...,n} with equality if and only if i does not
belong to the image of ¢.

Similarly, using the calculation in the proof of Proposition 6.2, the p-cubes
of (1%(X x {0,1})//%) x (K//%) for p > 1 are in bijection with the maps of
labelled symmetric precubical sets

Osl(zoy, €1); - -5 (@) )] = (S x {0,1})//) x (K//%)
where ¢ : {1,...,p} = {1,...,n} is a one-to-one map and where €1, ..., €, €
{0,1}. The image of the p-transition
(Opv (wd)(l)v ¢(1)7 €1)y- -+ (wtﬁ(p)’ é(p), ep)v 1p)

SRemember that a p-cube Cplui, ..., up)] has the set of actions {(u1,1), ..., (up,p)}.
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of T(DS[(az¢(1), 61), ceey (w¢(p), 6p)]) = Cp[(az¢(1), 61), ceey (a:¢(p), Gp)] is a p-
transition of the form

((a1,..., an), (xqﬁ(l)? P(1),€1),..., (x¢(p)7 ¢(p)7 610)7 (B, 7571))

where o; < ; for all i € {1,...,n} with equality if and only if i does not
belong to the image of ¢. Since (1°(X x {0,1})//%) x (K//%) is cubical, it
is equal to the union of its subcubes by Definition 3.8. So all transitions of
(1%(2 x {0,1})//%) x (K//%) are of the form above.

For similar reasons, the set of transitions of the cubical transition system

T((K//%))

consists of the tuples of the form

((ab s ,Oén), (xqﬁ(l)a ¢(1))7 T (x¢(p)7 ¢(p))v (Bla ce 7Bn))

with ¢ : {1,...,p} — {1,...,n} one-to-one and where a; < f3; for all i €
{1,...,n} with equality if and only if i does not belong to the image of
¢. Hence the set of transitions of V' x T((K//X)) is equal to the one of
T(("(Z x {0,1})//%) x (K//¥)) by [Gaull, Proposition 5.5] (see also the
description of the cylinder in the proof of [Gaull, Proposition 5.8]) and the
proof is complete. O

7.8. Proposition. The functor !° : Set — O Set of Proposition 5.4 in-
duces a well-defined functor from Set]Y to DOSpSetUSE. And one has the
equality of functors

Tol® =S : Set|Y — CTS.

Proof. Let o : L — 3 be a set map. The two cubical transition systems
(To!®)(L — %) and S(L — X) have, for any set map L — ¥, the same set
of states {0} and the same set of actions L. So, by definition of a cubical
transition system, the set of transitions of (To!%)(L — X) is a subset of
{0} x U, L™ x {0}. The latter set turns out to be the set of transitions of
I9(L — X)) by definition of !°. Therefore the identity maps of {0} and of L
induce a well-defined map of cubical transition systems

(To!) (L — %) = S(L = %)

which is bijective on states and actions, and one-to-one on transitions by
Proposition 4.4. To complete the proof, note that any tuple (0, u1, ..., uy,0)

is a transition of the image by T of the n-cube (u1,...,u,) of (L — %).
Therefore the map (To!®)(L — ¥) — S(L — ) is surjective on transitions.
U

7.9. Proposition. One has T((!°(Z x {0,1})//%)) = V. Moreover, for
k = 0,1, the image by T of the map of labelled symmetric precubical sets
YR 1 — (15(2 % {0,1})//%) induced by ¥ = ¥ x {k} € ¥ x{0,1} is the map
of cubical transition systems 1 — V induced by ¥ = 3 x {k} C ¥ x {0,1}.
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Proof. The equality T((!*(X x{0,1})//%)) = V comes from Proposition 7.8
applied to the projection map ¥ x {0,1} — X. The last part about vF s a
corollary of Proposition 7.8 applied to the set map

Y=Y x{k}cCc¥x{0,1}. O

We can now introduce the “augmented” model category structure of cu-
bical transition systems.

7.10. Theorem. There exists a unique combinatorial model category struc-
ture on CTS such that the set of maps I" is the set of generating cofi-
brations and such that the fibrant objects are the Acts(V, @, Z1)-injective
objects. All objects are cofibrant. This model category will be denoted by
CTS™.

Proof. The interval object V is still good® with respect to the maps of
Z7. We already know that the interval object V is exponential. To prove
that it is cartesian with respect to Z*, we just have to prove that for any
z,y € %, T(fry) *¥* and T(f,,) * v belong to cofcrs(Zh) for k = 0,1
and where f,, : 00g[x,y|] C Oglz,y] is the inclusion. By Proposition 6.7,
fry*¥* and f,, 7 are cofibrations of (¢’ Set!9%. By Proposition 7.7 and
Proposition 7.9, T(fzy*7*) = T(fr.y)*¥* and T(fyy*7) = T(fzy)*7, hence
the interval object V is cartesian with respect to Z*. All cubical transition
systems are still cofibrant for this new class of cofibrations. Hence the result
by Theorem 2.6. O

7.11. Definition. A cubical transition system satisfies CSA1 (the First
Cattani-Sassone axiom) if for every transition (a,u, ) and («,u’,8) such
that the actions u and u’ have the same label in X, one has u = /.

The full subcategory of cubical transition systems satisfying CSA1 is re-
flective by [GaulOb, Corollary 5.7]. The reflection is denoted by

CSA; : CTS — CTS.

7.12. Proposition. Let T be a cubical transition system satisfying CSAL.
Let I and S be arbitrary sets of maps of CTS. Then T is Acts(V, S, 1)-
injective if and only if it is S-orthogonal.

6The interval object V is not very good with respect to the maps of Z* because there
is no lift k in the following diagram with z,y € X if the set of actions of T(00s[z,y]) is
taken to be {(z,0), (z,1), (y,0), (y,1)}.

T(90s [z, y]) —— T(¥(Z x {0,1})//%)

_
k-
—
—
—
—

T(Os [z, y])

The lift k would exist if and only if two opposite faces of the empty square T(00s|x, y])
were labelled by the same action.
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FIGURE 4. Cubical transition system Cyl(C}[x]) homotopy
equivalent to the 1-cube Ci[z] with p(z1) = p(x2) = .

Proof. In the case in which I = Z, the set of generating cofibrations for
CTS, this is [Gaull, Proposition 7.7, and the same proof works for arbi-
trary sets. U

7.13. Proposition. Fvery cubical transition system satisfying CSA1 is fi-
brant both in CTS and in CTST.

Proof. The first part is [Gaull, Proposition 7.8]. Every cubical transition
system satisfying CSA1 is @-orthogonal, so fibrant in CTS™ as well by
Proposition 7.12 and Theorem 7.10. ([

7.14. Proposition. For every cubical transition system X, the unit
X — CSA1(X)
is a weak equivalence of both CTS and CTS™.

Proof. The argument of the proof of [Gaull, Theorem 7.10] must be used:
the unit X — CSA;(X) is a transfinite composition of pushouts of maps
of the form o¢, [y : Cyl(C1[x]) — Ci[z] (the source is depicted in Figure 4)
with € 3. Consider such a pushout:

Cyl(Cfa]) — 2 X

IC [a] f

C4 [z] FY

The map o¢, [ is never a cofibration of course. The point is that ¢ is either
a cofibration of cubical transition systems or it takes the two actions of
Cyl(C1[z]) to the same action of X: in the first case, f is a weak equivalence
in CTS and CTS™ because of the left properness; in the second case, f is
just an isomorphism. U

7.15. Theorem. The two model categories CTS and CTS™ have the same
class of weak equivalences: the class of maps of cubical transition systems f
such that CSA;(f) is an isomorphism.
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Proof. Two maps f,g : X — Y with Y satisfying CSA1 are homotopic
with respect to the cylinder V' x — if and only if they are equal by [Gaull,
Proposition 7.4]. Therefore two weakly equivalent cubical transition sys-
tems in CTS or CTS™ satisfying CSA1 are isomorphic: this is [Gaull,
Proposition 7.9]. The proof is complete with Proposition 7.14. ([

7.16. Proposition. The functor T : OF Set[!1°S — CTS preserves weak
equivalences.

Proof. Let f : (K//X) — (L//X) be a weak equivalence of labelled sym-
metric precubical sets. Let T be a fibrant object of the left determined
model category structure of CTS. We have to prove that the set map
CTS(T((L//%)),T)/~— CTS(T((K//%)),T)/~ induced by f is a bijec-
tion of sets where ~ means the homotopy relation induced by the cylinder
of CTS. By adjunction, we have to check that the set map

(O¢"Set | 1"%)((L//%),R(T)) /~— (O Set | 1°%)((K//T), R(T)) /~

induced by f is a bijection of sets where R is the right adjoint to T. Since f is
a weak equivalence of labelled symmetric precubical sets, it suffices to check
that R(T) is Aggpseepss((1(2 x {0,1})//%), &, I)-injective. By Proposi-
tion 7.7 and Proposition 7.9, this is equivalent to T being Acrs(V, 9, 7)-
injective, which holds because T is fibrant. U

7.17. Corollary. There exists a zig-zag of left Quillen functors

T Iders

0% Set 15y —————— CTS™* CTS.

Moreover, the right-hand left Quillen functor induces a Quillen equivalence

CTS ~ CTS™.

Proof. The functor T : O2Set|!*Y — CTS™ is a left Quillen functor by
Proposition 7.15 and Proposition 7.16 and by definition of the cofibrations of
CTS™. The functor CSA; : CTS — CTS is a cofibrant-fibrant replacement
for the two model categories CTS and CTS™ by Proposition 7.13 and by
Proposition 7.14. They have the same class of weak equivalences so the left
Quillen functor CTS — CTS™ induces an adjoint equivalence of categories
between the homotopy categories. O

8. Homotopical property of the realization functor

We are now ready to compare labelled symmetric precubical sets and
cubical transition systems from a homotopy point of view.

8.1. Notation. Let S = {p, : C1[z] U Cy[z] =12t | 2 € ¥}, Let S =
{peef | x € ) where (—)°f is a cofibrant replacement in CTS.

xT
Let X be a cubical transition system. Let us factor in CTS the canonical

map X — 1 as a composite X — Lg(X) — 1 where the left-hand map
belongs to cellcTs(S) and the right-hand map belongs to injopg(S). The
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functor Lg : CTS — CTS is studied in [Gaull]. The next proposition
explains the image of the functor Lg on objects.

8.2. Proposition. For a cubical transition system

X = (S,M;L—m,T: UTn>,

n=1
the following statements are equivalent:

(1) The labelling map p is one-to-one.
(2) X is S-injective.
(3) X is S-orthogonal.
If one of these statements is true, then X satisfies CSA1.

Proof. The equivalence (2) < (3) is due to the fact that all maps of S
are epimorphisms. We have to prove now that (1) < (2). Let us suppose
(2). Let z; and x2 be two actions of X with p(z1) = p(z2) = z. Since X
is injective with respect to x; — Ci[z] for ¢ = 1,2, the two maps z; C X
factors as a composite z; — C1[z] — X. Hence there is a map

1 [JJ} Uy [JJ] — X

sending one action of the source to 1 and the other one to x5. By hypothesis,
X is py-injective. Therefore the latter map factors as a composite

Cilz) U Cylz] = tzt— X.

So x1 = 2, and p is one-to-one. Conversely, suppose that p is one-to-
one. Let Ci[z] U C1[z] — X be a map. Then the two actions of the source
are taken to the same action of X because they have the same labelling.
Therefore the map factors as a composite C1[z]UCh[z] = Tzt— X. The last
assertion is obvious. (]

So the functor Lg : CTS — CTS induces a functor from CTS to the
full reflective subcategory S+ of cubical transition systems consisting of S-
orthogonal objects. By [Gaull, Theorem 8.11], the functor Lg is left adjoint
to the inclusion functor s : S+ C CTS.

8.3. Proposition. For every cubical transition system X, the cubical tran-
sition system Lg(X) is S -orthogonal.

Proof. We want to describe explicitly a cofibrant replacement of
pe : Cilz] U Crfz] =2t

in CTS. The functor V' x — is described in [Gaull, Proposition 5.5] and
in [Gaull, Proposition 5.8]. The cubical transition system V x Cj[z] has
the same state as Cj[z] (one initial state o and one final state (), has
two actions z; and zo labelled by x and two l-transitions («,z1,) and
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(a, z2, B) (Figure 4). A cofibrant replacement of p, can then be obtained by
considering the composite map

piOf :Chlz) U C[z] = (V x Ci[z] UV x Cylx])
— (Vx Ci[z] UV x Cy[z])/(x2 = x4 = 2)

where {z1,z2} is the set of actions of the left-hand copy of V' x C[z] and
where {x3, x4} is the set of actions of the right-hand copy of V' x Ci[z]. To
completely determine this map, we must say that it induces a bijection on
the set of states and it is the inclusion {z1,z3} C {x1, 3,2} on actions with
w(ry) = p(xe) = pu(xs) = p(rs) = z. So p<f is a cofibration. The target
of pf,f)f is depicted in Figure 5. One has the equalities of cubical transition

systems
CSA; [(V x Ci[z] UV x Cy[z]) /(e = x4 = x)] =TaT= CSA1(1z1).
Therefore, using Theorem 7.15, the cubical transition systems

(V x Cilz] UV x Ci[z])/(x2 = x4 = x)

cof

and Tx1 are weakly equivalent in CTS. Thus, pS” is a cofibrant replacement
of p, in CTS.

We now want to check that Lg(X) is p¢-orthogonal for all z € ¥ to
complete the proof. Consider a commutative diagram of solid arrows:

Cilz] U Cy[x] Ls(X)

cof
Pz -7

(VxCiz]UV x Ci[z])/(xg =2y = 2) ———— 1

Remember by Proposition 8.2 that the labelling map of Lg(X) is one-to-one.
The existence and uniqueness of the lift k is then clear on states (because

p<°! is bijective on states) and on actions (k takes all actions of its source to
x). O

8.4. Proposition. If X is a cubical transition system, then Lg(X) is fibrant
in Lg(CTS) and in Lg(CTS™).

Note that the argument given in [Gaull, Theorem 8.11] to prove the
fibrancy of Lg(X) in Lg(CTS) is wrong: S-orthogonality was used instead
of 8°°f-orthogonality.

Proof. A cubical transition system of the form Lg(X) is S®f-orthogonal
by Proposition 8.3 and satisfies CSA1 by Proposition 8.2. So it is fibrant in
Lg(CTS) by Proposition 7.12 and by Corollary 4.7. The map

p‘;‘)f : Ch[z] U Ch[z] = B
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FIGURE 5. (V x Ci[z] UV x C1[z])/(x2 = x4 = ).

introduced in the proof of Proposition 8.3 is a cofibration of CTS such that
CSA1(B) = CSA{(1z1). So it is a cofibration of CTS™ as well since there
are more cofibrations in CTS™ than in CTS and B is weakly equivalent to
121 in CTS™ as well by Theorem 7.15. Hence pf is a cofibrant replacement

T

of p, in CTS™ as well and Lg(X) is fibrant in CTS™ as well. O
8.5. Proposition. For every cubical transition system X, the unit

X 5 Lg(X)
is a weak equivalence of both Lg(CTS) and Lg(CTS™).

Proof. The map X — Lg(X) is a transfinite composition of pushouts of
maps of S. Then we can use the argument [Gaull, Proposition 8.5]. Let us
briefly recall it. Consider a pushout in CTS of the form (with x € X)

Cilz]UCilzs] — 22— x

Pz f

Tt fY-

The map p; is never a cofibration of course. The point is that ¢ is either a
cofibration or it takes the two actions of Ci[x] U C1[z] to the same action of
X: in the first case, f is a weak equivalence in Lg(CTS) and Lg(CTS™)
because of the left properness; in the second case, f is just an isomorphism.

O

8.6. Theorem. The two model categories Lg(CTS) and Lg(CTS™) have
the same class of weak equivalences: the class of maps of cubical transition
systems f such that Lg(f) is an isomorphism.

Proof. By Proposition 8.4 and Proposition 8.5, the functor
Ls:CTS — CTS

is a cofibrant-fibrant replacement both in Lg(CTS) and Lg(CTS™). A map
f is a weak equivalence in the Bousfield localization if and only if Lg(f) is
a weak equivalence of CTS (or of CTS™) by [Hir03, Theorem 3.2.13]. But
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the source and target of Lg(f) satisfy CSA1 by Proposition 8.2, hence the
conclusion using Theorem 7.15. ([

8.7. Corollary. The left Quillen functor Lg(CTS) — Lg(CTS™) induced
by the identity functor is a Quillen equivalence.

Proof. The left Quillen functor Lg(CTS) — Lg(CTS™) induces an adjoint
equivalence of categories between the homotopy categories. ([

Before stating the next theorem, we need to introduce again a few nota-
tions.

8.8. Definition. Let X € WHDTS. The cubification functor is the functor
Cub : WHDTS — WHDTS

defined by
Cub(X) = h%nﬁl Cn[xly--wxn]?

Cn[xlzmvmn]*)X

the colimit being taken in CTS (or equivalently in WHDT'S).
We can now prove one of the main result of this paper:

8.9. Theorem. There exists a Bousfield localization of DgpSetL!SE which
is Quillen equivalent to the Bousfield localization of the left determined model
category structure of CTS by the cubification functor.

Proof. By [Gaull, Corollary 8.7], the Bousfield localization of the left de-
termined model category structure of CTS by the cubification functor is
Lg(CTS). By Corollary 8.7 and [Dug01, Proposition 3.2], it suffices to
prove that the left Quillen functor O2Set|!*Y — Lg(CTS™) induced by
T is homotopically surjective in the sense of [Dug01, Definition 3.1].

The right adjoint R : CTST — OPSet|!"Y of T : OPSet|!’S — CTS™*
may be defined as follows. Let X be a cubical transition system. The set
R(X) of n-cubes labelled by (ay,...,a,) € " is the set of maps of cubical
transition systems Cylay,...,a,] — X (so for n = 0, it is the set of states)
with an obvious definition of the face maps and symmetry maps. Using
the isomorphism of categories CUBE(O& Set|!°Y) = CUBE(WHDTS) by
Theorem 7.3, one deduces that T(R(X)) = Cub(X). Hence by [Gaull,
Proposition 8.4] and by [Gaull, Proposition 8.5], for any cubical transition
system X, the counit T(R(X)) — X is a weak equivalence of Lg(CTS),
and therefore of Lg(CTS™) by Theorem 8.6.” Since all cubical transition
systems are cofibrant, we see that the last assertion is nothing else but the
definition of homotopically surjective. O

7[Gaull, Proposition 8.4] actually proves that the counit Cub(X) — X is a transfinite
composition of pushouts of the maps p, : Ci[z] U Ci[z] =1zt for z € 3; so Cub(X) — X
is a weak equivalence in the Bousfield localizations by the same argument as for proving
Proposition 8.5.
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9. The higher-dimensional automata paradigm

If K =0Os[21,. ., 2n]Usnga,....zn] D521, - - -, 0] with @1, 2, € X and
n > 2, then R(Lg(T(K))) = Oy[z1,. .., x,] by Proposition 8.2 and [GaulOb,
Proposition 9.3]. This suggests to recall now the HDA paradigm for a slight
improvement of Theorem 8.9.

9.1. Definition (|GaulOb, Definition 7.1]). A labelled symmetric precubical
set (K //%) satisfies the paradigm of higher-dimensional automata (HDA

paradigm) if for every p > 2, every commutative square of solid arrows
(called a labelled p-shell or labelled p-dimensional shell)

005l ———— K

Os[p] ——— 9%

admits at most one lift k£ (i.e., a map k making the two triangles commuta-
tive).

The interest of the HDA paradigm in computer science is that it is satisfied
by all real examples (see for example [Gau08, Theorem 5.2] and [Gau08,
Corollary 5.3]). A full n-cube with n > 2 models the concurrent execution
of n actions. An empty n-cube with n > 2 models the concurrent execution
of n—1 actions maximum among a set of n actions [Gau08]. It is impossible
to have two n-cubes (for n > 2) with the same boundary. Either it is
possible for the n actions to run concurrently (full), or there is an obstruction
(empty).

Note that the HDA paradigm is automatically satisfied by higher dimen-
sional transition systems because for n > 2, there is the isomorphism

Cul21, -5 Tn] Uacy[a,....zn] Onl®1, -+ o 2n] = Cplz1, ..., 2y

for all z1,...,z, € ¥ by [GaulOb, Proposition 9.3].
By [GaulOb, Proposition 7.3], the HDA paradigm is equivalent to being
orthogonal to the set of maps

{DS[ab cee 7ap] I—'B[Js[al ..... ap) DS[ala cee 7ap] — DS[ala oo 7ap]}

for p > 2 and ay,...,a, € X. So (see [GaulOb, Corollary 7.4]), the full
subcategory, denoted by HDA*, of DgpSetUS Y containing the objects sat-
isfying the HDA paradigm is a full reflective locally presentable category
of the category DgpSetUS Y of labelled symmetric precubical sets. In other
terms, the inclusion functor iy, : HDA* C O@Set)!°S has a left adjoint
Shy, : OPSet 1Y — HDA>.
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In fact the category HDAY is locally finitely presentable; indeed, the
labelled n-cubes for n > 0 are in HDA> by [GaulOb, Proposition 7.2], and
one can prove that they form a dense set of generators.

9.2. Notation. When ¥ is the singleton {7}, let i := iy, and Sh := Shy,.

One has
in(K//%) = ((K)//X) = (K//%)
and
Shyy (K //¥) = (Sh(K) — Sh(1°%) =1°%)
because the symmetric precubical set 1°Y belongs to HDA.

We want to restrict the homotopy theory of labelled symmetric precubical
sets to the full reflective subcategory HDA¥. So we must explain how to
restrict the Olschok construction to a full reflective subcategory, at least
within our particular setting.

9.3. Theorem ([Ols09a, Lemma 5.2] with some additional remarks). (Re-
striction to a full reflective subcategory) Let IC, I, S and V be as in The-
orem 2.6. Let A be a full reflective locally presentable subcategory with
Ve Aand I C Mor(A). Let R : K — A be the reflection. Suppose
that S C cof 4(I) and that for every object X € A, XV € A where (=) is
the right adjoint in IC to the cylinder functor Cyl(—) =V x —. Then there
exists a unique combinatorial model category structure such that the class
of cofibrations is generated by I and such that an object of A is fibrant if
and only if it is Aic(V, S, I)-injective. In particular, the fibrant objects of A
are the fibrant objects of IC belonging to A. The reflection R : K — A is a
homotopically surjective left Quillen adjoint. All objects are cofibrant.

Proof. The inclusion functor A C K is a right adjoint, therefore it preserves
binary products. And V' € A by hypothesis. Hence V' x — : K — K restricts
to an endofunctor of A.

Note that I C A implies that I = R(I). One has

inj ,(I) = Mor(A) N injy(I)

because A is a full subcategory. So for all f € inj4(I), (& — A)Of for every
object A of A because (cofi(I),inji(I)) is a cofibrant small weak factoriza-
tion system, hence (cof 4(I),inj4(I)) is a cofibrant small weak factorization
system of A.

Since R is colimit-preserving, R(cellx(I)) C cell4(I). Every map of
cof i (I) is a retract of a map of celli(I), therefore R(cofx(I)) C cof 4(I).
Let f € Mor(A) Ncofx(I). Then R(f) = f € cof 4(I). One obtains the
inclusion Mor(A) N cofx(I) C cof 4(I). Let A€ A. Then AUA -V x A
is a map of A belonging to cofx (/) because V is good in K. So V' is good
in A as well.

Let A, B € A. Then A(V xA, B) =2 K(VxA,B)~K(A,BY) = A(A,BY)
because BY € A and because A is a full subcategory of . So the interval
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00slar, ... ap) — L (K //5) S E0.11)//)

>
~
-~
~

Oslai, ..., ap)
FIGURE 6. (K//E)(!S(EX{OJ})//E) must satisfy the HDA paradigm.

Cyl(00s[a1, ..., ap)) %){ K

Cyl(@slai, ..., ap)).
FIGURE 7. HDA paradigm for (K//%)"*>{0.1)//%) and adjunction.

object V is exponential in A. Since R is colimit-preserving, one has
I %~ € R(cofi(I)) C cof 4(I)

and I xv* € R(cofx(I)) C cof o(I), hence V is cartesian in A as well.

Let T be an object of A. Then T is Ax(V, S, I)-injective, if and only if it
is A4(V, S, I)-injective because R(Ax(V,S,1)) = Aa(V,S,I). So the fibrant
objects of A are the fibrant objects of IC belonging to .A. Hence the existence
of the model category structure on A by Theorem 2.6.

Since R(cofi(I)) C cof 4(I), the reflection R takes cofibrations to cofi-
brations. Let f be a weak equivalence of . Let T" be a fibrant object of A.
Then K(f,T)/~ is a bijection. By adjunction, one gets that A(R(f),T)/=~
is a bijection as well, i.e., that R(f) is a weak equivalence of A. Therefore
the reflection R : K — A is a left Quillen adjoint. It is homotopically sur-
jective because for any fibrant object A € A, A is cofibrant in X and there
is the isomorphism R(A) = A. O

Denote by (K//%) — (K//Z)(!S(ZX{O’l})//E) the right adjoint to the cylin-
der functor of DgpSeti!S > which exists by Proposition 6.2.

9.4. Proposition. For every labelled symmetric precubical set (K//%), if
(K//%) satisfies the HDA paradigm, then (K//E)(!S(EX{O’I})//E) satisfies the
HDA paradigm as well.
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Proof. We have to prove that there exists at most one lift k& for every
commutative diagram of the form of Figure 6 with p > 2 and a1,...,a, € X.
By adjunction, that means that we have to prove that there exists at most
one list f for every commutative diagram of the form of Figure 7.

One has

(Cyl(00s][ai, ..., ap)))o = (00s[a1, ..., ap))o = (Oslai, . .., ap))o
= (Cyl(»gla1, - .., ap]))o

and

(Cyl(00s][ay, ..., ap)))1 = (00s[a1, ..., ap])1 x {0,1}
= (Oglar, - .., ap))1 x {0,1} = (Cyl(Oslai, . . ., ap]))1-
Therefore f, = fo and f; = f1 exist and are unique.

The fact that (K //X) satisfies the HDA paradigm is going to be used only
now. Let x € (Cyl(Oglaq, ..., ap])), with p > 2. Since

Cyl(Oslai,...,ap]))p = (Oslai,...,ap]))p x {0,1}F

one sees that all f(0%z) = f(0%x) are determined and the proof is complete.
U

Hence the theorem:

9.5. Theorem. There exists a unique combinatorial model category struc-
ture on HDA> such that the class of cofibrations is generated by I and
such that a fibrant object is a AD‘;psetuSE((!S(E x{0,1})//%), @,T)-injective

object of HDA™. All objects are cofibrant.
Now we can state the last theorem:

9.6. Theorem. There exists a Bousfield localization of HDA® which is
Quillen equivalent to the Bousfield localization of the left determined model
category structure of CTS by the cubification functor.

Proof. By [GaulOb, Theorem 9.5, the functor
T: 0% Set!”Y — WHDTS

factors uniquely (up to isomorphism of functors) as a composite

O%Set 1S % HDA® -1, WHDTS .

Moreover, the functor T is a left adjoint. And it is not a left Quillen ad-
joint with exactly the same proof as for Proposition 7.5. We work with the
left Quillen functor T : HDA* — Lg(CTS™) like in the proof of Theo-
rem 8.9. We then just have to check that the functor T is, like the functor
T, homotopically surjective.
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Let X be a cubical transition system. Let n > 2 and x1,...,x, € X. Then
one has (OFSet[1°%)(0, (21, ..., z,), R(X)) = CTS(T(Dy[1, . . ., 2]), X)
by the adjunction T 4 R, and

CTS(T(slz1, ..., 20]), X)
= CTS(T(Os[z1, - - -, zn] Upng[es,....zn) Osl@1, -+, a]), X)
= CTS(T(Os(z1, - - -, zn]), X) UeTs(T(@Ds[er,....en]),x) CTS(T(Os[z1, ... 2n]), X)

by [GaulOb, Proposition 9.3], because the contravariant functor CTS(—, X)
is limit-preserving. So by the adjunction T - R again and because the
contravariant functor

(OPSet !9 %)(—, X)
is limit-preserving, one obtains the bijection

(OPSet )1 9x) (O, 21, . . ., 2], R(X))
= (OFSet|1"5) (Oslw1, - -, Tn] Uoniglan.wn) Os1, - -, 2n], R(X)),
which means that R(X) € HDA¥. Therefore
T(R(X)) = T(R(X)) = Cub(X). a

The reflection Shy, : 0% Set !9 — HDAX is a homotopically surjective
left Quillen functor by Theorem 9.3. So, by [Dug01, Proposition 3.2] there
exists a set of maps ) and a Quillen equivalence

Shy: : Ly,(0%Set!°Y) ~ HDA*.

From Theorem 9.6, there exists a set of maps X and a Quillen equivalence

T:Ly HDA” ~ L, (CTS).

One obtains the Quillen equivalence Ly Ly (0% Set 1Y) ~ L, (CTS).
Hence
T : Lyy(OF Set[1°Y) ~ Lo, (CTS).
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