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Discrete Duhamel product, restriction of
weighted shift operators and related
problems

Mubariz T. Karaev, Suna Saltan and Tevfik Kunt

ABSTRACT. By applying the discrete Duhamel product method we cal-
culate the spectral multiplicity of the direct sum of some operators. In
particular, we prove that p(T|X; ® A) = 1+ p(A) and pu(S@ A) = 2 for
the restriction of the weighted shift operator T'|X;, shift operator S and
some appropriate operators A on the Banach spaces.
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1. Introduction and preliminaries

Recall that the classical Duhamel product of two analytic functions f(z) =

> f(n)z" and g (z) = Y>> g (n) 2" in Hol(D) is defined by
n>0 n>0

1) (feg)(z /fz—t t)dt = /f (z —t) g(t)dt + £(0)g(z)

=33 Fwgm

nOmO

where D := {z € C: |z| < 1} is the unit disc of the complex plane C (see for
instance, Wigley [11, 12]). Beginning from these pioneering works of Wigley,
subsequently many interesting and important problems of analysis, operator
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theory and Banach algebras theory were investigated namely by applying
the method of Duhamel products, see for example, [3, 6, 7, 10, 11, 12].
Here we will consider a generalization of the usual Duhamel product (1),
named as discrete Duhamel product, and use it to the study of spectral
multiplicity of direct sums of some operators.
Recall that a subspace E C X is called a cyclic subspace of an operator
A € L (X) (Banach algebra of all bounded linear operators on X) if

span {A"E :n=0,1,2,...} = X,
where span stands for the closed linear hull. A vector x € X is called cyclic
(x € Cyc(A)) if
span {A"z:n=0,1,2,...} = X.
The spectral multiplicity pu(A) of the operator A is
wu(A) :=inf {dim E : span {A"E : n >0} = X},

a nonnegative integer or co. A is a cyclic operator (i.e., there exists a vector
x € X such that z € Cyc(A)) if and only if u(A) = 1. For example, it follows
from the Weierstrass approximation theorem that (V) = u(M,) = 1 for
the classical Volterra integration operator V' and multiplication operator M,
defined in the space C [0, 1] by

V() = / f(tyt,
0

respectively. Also, by the classical Beurling theorem [1] in the Hardy space
H? = H? (D) over the unit disc D, u(S) = u(S*) = 1, where S : H?> — H? is
the classical unilateral shift operator in H? defined by Sf(z) = zf(z), and
S* is the backward shift operator on H? defined by

S*f(z) := M

z
(S* is the simple co-analytic Toeplitz operator Ts defined by

T:f(2) = Pyzf(2),
where P, : L? (0D) — H? is the classical Riesz orthogonal projector.) How-
ever, it is well-known that ;(S™) = n for any finite integer n, and p(Sg) = oo
for the shift operator S acting in the vector valued Hardy space H? (E)
with infinity dimensional Hilbert space F.

Note that as the norm, spectral radius, numerical radius, spectrum and
numerical range of operator, the spectral multiplicity is also an important
invariant of an operator. For this it is sufficient to remember, for example,
the spectral theorem for normal operators on the Hilbert space (see, for
example, Rudin [8]). Of course, the concept of cyclic subspace is very im-
portant in relation with the outstanding problem of existence of a nontrivial
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invariant subspace. Namely, it is easy to see that an operator A : X — X has
no nontrivial invariant subspace if and only if € Cyc(A) for any nonzero
vector x € X. Note that a subspace £ C X is an invariant subspace for an
operator A, if AF C FE, that is, Az € F for every x € E.

Let A @ B denote the direct sum of operators A € £ (X) and B € L(Y),
(A®B)(zdy) = Az ® By, r ®dy € X @Y. It is known that (see, for
example, Halmos [2])

n(A® B) < p(A) + u(B)

for any operator A@® B € L(X @ Y). Here we will investigate the equality
w(A® B) = p(A)+ pu(B) for some operators A and B (For basic facts on the
spectral multiplicity of direct sums of operators we recommend the papers
[4], [5] and references therein).

Let X be a Banach space with Schauder basis (e),,5q. Let (An),5q C C
be a bounded sequence of nonzero numbers \,,. We set wn = AoA1 .. Ao,
wo = 1,

X;:=span(ey:k=14,i+1,...),i=0,1,2,...,

oo o0
for any two vectors x = Y zpe, and y = > ype, in X; (1 =0,1,2,...).
n=i n=t

Then discrete Duhamel product (sometimes it is also called generalized
Duhamel product, see for instance [3] and references therein, and also Karaev
and Giirdal [6]) is defined by,

w
(2> x@y —ZZ mim— Z»7}71ynen-i-m—i-

wnwm
n=i m=i
It is easy to see that the classical Duhamel product ® (see formula (1))
corresponds to ¢ = 0 and A, := n—H, n >0, in (2). It is also easy to verify
that the product @ is commutative and associative.

1
Let T be the weighted shift operator acting in X by the formula
Ten, = Apeny1, n=0,1,2,....

It can be easily shown that all subspaces X; (i > 0) are closed T-invariant
subspace (i.e., TX; C X;, i > 0). Therefore the restricted weighted shift
operators T|X;, ¢ > 0, are well-defined operators on the subspace X;, i > 0.

In this paper, we will develop a method of the paper [9] (see the proof of
Theorem 1 there) and investigate the spectral multiplicity of the operators
T|X;® A, i > 0; here @ stands for the direct sum of operators on the direct
sum of Banach spaces. Our results also improve some results in [9] and [3].
Before giving the results of the paper, let us give some necessary definitions,
notations and preliminaries.
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The generalized Borel transform B, from X onto the space of formal
series over the field of complex numbers C is defined as follows

00 >~ 4
w E Tnp€n | = g wixnem
n=0 n=0 "

where w, = AA1...A\p—1, n > 0. The inverse generalized Borel transform

is defined by
~1 (Z a:nen) = anxnen.
n=0 n=0

Clearly, the classical Borel transform from Hol (D) (the space of all analytic
functions on the unit disc D) onto the space of formal power series C [[Z]]
over the field of complex numbers C corresponds to the case A, 1
n > 0.

Recall that the class &) (wy,), wy, >0, n <0, p > 1 is defined by

= n+1’

[e%¢) 1/10
0 (wn) = { f € HL(D) ||l (o) = (Z\ﬂn){”wz) < fooy,
n=0

where jA’(n) =1 <72,(0) is the n'™™ Taylor coefficient of the analytic function
N .

f(z)= > f(n)z" on D. Note that:
n>0

(a) Every bounded linear operator C' on a Banach space X admits the
functional calculus from the class ¢4 (]|C™||). Indeed, we can put

f(O) & S f(n)C™ for every function f € 25 (JIC™), because in
n>0
this case

I (C

<3 |[F@| e = 1fllaygeny-
n=0

for every f € @1 (em).
(b) Every operator C € £ (X) (the Banach algebra of all bounded linear

operators on X ), satisfying the condition Z |C™]|? < 400, admits
=
the functional calculus from the class

éirzﬂiw):{feﬂol( ||f||kp—2(f \<+oo},

where % + é =1, p > 1. Indeed,

1 ()l x

<3 [FmIc™ee
n=0

£(X)
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[e%) R » 1/p o0 1/(]
< (z\fm)] ) (ercnrrax))
n=0 n=0
= £l M (C.q).

where M (C,q) > 0 is a constant.
Let us define also the following (closed) subspace of the space ¢ (D) :

= {Zf(n)z”eeg;f(k)zo, k:0,1,2,...,i—1}, i=1,2,... .
n=0

2. The results

The following two lemmas can be proved by similar arguments used in
the proofs of Theorem 1 in [9], Theorem 2 of [6] and Theorem 16 in [5], and
therefore we omit their proofs.

Lemma 1. Let X be a Banach space with a Schauder basis (ep),,~q, ,y be
two elements in X; = span{e, :n =4,i+1,...},i>0. Let Te, = Apeni1,
An # 0, n >0, be the weighted shift operator with bounded weights sequence
(An)p>o continuously acting in X. Then we have:

~ Wp+m—i
(3) T®Y = § TnYm———Cnt+m—i
i . WnWm
n,m>1

= (Buwz) (T|X:)y = (Buwg) (T'|X;) z,

where T|X; is a restricted weighted shift operator and

o0

(@ (Buo) (T1X)y &Y -, (710)" .

Lemma 2. Let X be a Banach space with a Schauder basis (ey),~, con-
tinuously embedded in P for some p > 1. Let Te, = Apepy1, n > 0,
be the weighted shift operator continuously acting in X. We put w, =

AOAL - A1, wo = 1. Suppose that for any integer i > 1 there exists
an integer N > 1 such that

Wn+m—i !
Z ——| < +4oo forp>1
n,m>N WnWm

and

w .
Z Ml oo forp=1,
n,m>N WnWm

where %—i—% = 1. Suppose also that |leptm—il| < M; |len]| ||em]| for alln,m > i
and some M; > 0. Then we have:
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< Cilzlx, llyllx,
X

x@y‘
A

for all z,y € X; and some constant C; > 0, i.e., (Xi, ®> s a unital
1

Banach algebra with the unit element w;e;.
(b) An element x € X; is ®-invertible if and only if z; # 0.
1

The main result of the present paper is the following.

Theorem 1. Let X be a Banach space with a Schauder basis (ey),,~, which
is embedded in (P for some integer p > 1. Let T, Te, = Apens1, n > 0, be
the weighted shift operator with bounded weight sequence (A\y),~q, such that
T is continuous in X. We put wy, := AoApi - .. An—1, Wo := 1. Suppose that
for any integer i > 1 there exists an integer N > 1 such that

q
w .
(6) Z AT < foo forp > 1
Wn W,
n,m>N
and
w »
(7) Z e Ll RS forp=1,
WnpWm
n,m>N

where %—i—% = 1. Suppose also that ||en+m—i|| < M; |len]| ||em]] for alln,m > i
and some M; > 0. Let Q : Y — Y be an operator on a Banach space Y such

S (e
that > < 4o00. Then
k=1

[wg|

W(T1X, © Q) < u(T1X) + (@) = 1+ p(Q).

Proof. First, note that the restricted operator T'| X is cyclic for every i > 1,
and therefore u(7'|X;) =1 for every ¢ > 1. On the other hand, since

1+ u(Q) > w(T|X; & Q) > max {1, u(Q)},

it is clear that if u(Q) = +oo, then u(T|X; ® Q) = 1 + u(Q). So, we
will assume that pu(Q) = n < +oo. For the proof, suppose in contrary that
w(T1X;@0Q) # n+1, that is u(T|X;®Q) < n+1or u(T|X;®Q) = n(Q) = n.
Then by the definition of the spectral multiplicity there exists n-dimensional
cyclic subspace for the operator T|X; & Q. Let

{xu) oy, 2@ @ y®@ Mg y<n)}
be a cyclic tuple of vectors for the operator T'|X; ® Q. Then
{:p(l),x(Q), ceey w(")}

is a cyclic tuple for the operator T'|Xj.
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By considering Lemma 2, it follows from the conditions (6), (7) that
(XZ-, @) is a Banach algebra. Consequently, for every x € X; the ”discrete
2

Duhamel operator” D,, D,y = x@y, y € X;, is continuous in X; and ,
1

|D2]| < Ci [z x, (see inequality (5)). On the other hand, formula (2) shows
that

(8) (T|Xi)my = wi+m€i+m®y, m > 0,
(]

and therefore
span {(T|X;)™y : m > 0} = closDy span {witm€itm : m > 0},

which implies that y € Cyc(T'|X;) if and only if Dy X; = X;. It is not
difficult to prove that D, X; = X; if and only if y; # 0, that is y is an

invertible element of the Banach algebra (Xi, (:B , which is equivalent to the
1

invertibility of the corresponding discrete Duhamel operator D,. Thus, the

2)

cyclicity of the tuple {x(l) @ ,m(")} implies that there exists a number

ip € {1,...,n} such that iL'Z(iO) = 0. We assume without loss of generality that

19 = 1, that is xgl) # 0. Under this condition, as already mentioned above,

() is invertible in <X,-, @) (see the assertion (b) in Lemma 2). Therefore,

there exists a unique element PAONS (XZ-, @) such that z(l)éx(l) = w;€;.
1

7

(-1), it follows that 2" # 0. Let us consider the

7 7

Since z(l)ém(1)> :zl-(l)x

following matrix: '

2D 0 0 ... 0

—x(2)®z(1) W; €5 0 ... 0

M = —$(3)®Z(1) 0 we ... 0
_$(n)®z(1) 0 0 R e

Then, by using formulas (3) and (4) in Lemma 1 and formula (8), we have:

)
e)

(BoM) (T|X;) | 2

()
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e (xu)@z(l) )
W; €4
— @& e () W;€; Wi€4
x (?wleZ +z 2@ 4 @ 0
_ —x(?’)(iBwiei +2® | | @1 | _ | o



DISCRETE DUHAMEL PRODUCT 839

So
ey wie;
ZL'(2) 0
(BuM) (T]X;) | 2% | = | 0
(™) 0
Since
By,zW 0 0 0
Bw _ZL‘(2)®Z(1) €; 0 0
BwM = Bw _$(3)®Z(1) 0 € ... 0 ,
By <—$(")@Z(1)) 0 0 ... &
we have
~ ~ o~ ~ 1
® — det (ByM) = ByzWded ... Ge; = —— ByzW,
¢ i i i w;
and hence
~ 1 1 1
(@ — det (BwM)> =— 7%(1) _ 72(1) #£0

(because (M is ®-invertible element; see above). This implies that the
3

operators (B,M) (T|X;) and (B,M) (Q) are invertible in the spaces
X' =XxXx*---xX and
—
n
Y": =Y *Y *x---xY,
—
n
respectively. Therefore, by Karaev’s result (about this result see in reference
of [5]), we have that

{(BuM) (T1X;) 2); @ (BuM) (Q) )1 j = 1,2,...,n}

is a cyclic tuple for the operator T'|X; ® Q. So, we have a new cyclic tuple of
the form {w;e; ® ¥1,0 ® ya,...,0 ® gy, }, and therefore for every y € Y there
exists a family of vector-polynomials { P, ; };L:l such that

m—0o0
and
n
(10) Jim > P (Q)g; =y Y.

J=i
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We set
Gm = By Py = Zwk (Prn1)y, -
k>0

It is clear that P, 1 (T'|X;) wie; = Y wi (Pr,1), €k = Gm,1, and by consid-
k>0
ering this in (9) we obtain that lgn gm, = 01in X. Now by considering the
m—0o0

YA AN
z:i (|1Uk| =:C < +o0,

condition

we have

”Pm,l (Q)Hﬁ(y) = Z (Pm,l)k Qk

w0 £(Y)

< 31 @, = 3 ol (P [,

N (= (19e00)7)*
< D |wk (P > ]

k>0 k>0

=C ||Qm,1”gp .

Since X C 7, we have ||gm.1]lp < C |gm.1]lx and thus

H‘Jm,l (Q)Hg(y) < cC HQm,lHX .

On the other hand, since ¢, 1 — 0 (m — o0) in X, we obtain from this
inequality that g1 (Q) = 0, and therefore h_r)n dm,1 (Q) y1 = 0. Hence, it
m (o]

follows from (10) that
Jim Y P (Q)y; =
j=2

Since y € Y is arbitrary, this equality means that {g2, 93, ...,9n} € Cyc(Q),
which implies that u(Q) < n—1 (because card {y2, 93, ...,yn} =n—1). But,
this contradicts to (@) = n. The theorem is proven. O

The following is an immediate corollary of Theorem 1.

Corollary 1. Let V, V f (z) = [ f (t)dt, be a Volterra integration operator
0

on the space (% (D), 1 < p < oo, and let Q be a bounded operator on a
separable Banach space Y satisfying

S (k@])" < +oc. for > 1.
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=0 (). orp=1

here + +f—1 Then p(V & Q) =1+ p(Q).

and

For the proof, it is sufficient to put in Theorem 1, X = ¢, X\, = n%rl

(n>0), e, =2"(n>0), =0, and to modify the proof of the theorem in
case p = 1.

Let S be the shift operator on ¢, = ¢4 (D) defined by Sf(z) = zf (2).
Our next result calculates p(S + C) for some C € L (X).

Theorem 2. Let S be a shift operator on £, 1 < p < oo, and C be a
cyclic bounded linear operator on a separable Banach space X such that

i HCqu < 400, where % + % =1. Then p(S & C) = 2.
k=0

Proof. As we have proved in Section 1,

(11) 1f (C)lzx) < M (Cq) Hszz1

for all f € ¢, where M (C, q) <Z k|| ) which means that C' admits

the functional calculus in the class ¢5. Since p(S) = 1 and p(C) = 1, it
is clear that 1 < u(S® C) < u(S) + u(C’) = 2. Suppose in contrary that
(S @® C) = 1. Then the operator S @ C' has a cyclic vector f @z € £/, ® X,
which implies that there exists polynomials p,, such that

lim pn(SeC)(foxr)=1+0in ) & X,

or
Tim (pa () . (C)) (f ©.2) = 160,

Whence

(12) lim p, (z) f(2) =11in &

and

(13) nlLIgopn (C)z=01in X.

o

It is obvious that p,f — 1 € €. Let p, (2) f(2) =1 = Y a,,2". Then by
k=0

considering inequality (11) and (12), we have

[nf =D (O)llgxy < M(C,q) [lpnf = Ul = 0 (as n — o0),
which means that p, (C) f (C) = Ix (as n — o0). In particular,
ILm pn (C) f(C)x=xin X.

On the other hand, it follows from (13) that
0= lim f(C)p,(C)x = lim p,(C) f(C)z =z,
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or x = 0, which is impossible, because x is a cyclic vector of the operator
C. This proves the theorem. O

Let us denote

0" {feép L f) e P }
:{fggp i ) 2 and
=0
i(k(k—1>.-.<k—n+1>\f(k)\)p<+oo}.

k=n

Theorem 3. Let S be a shift operator on the space (%", where p > 1, and
C be a cyclic operator on the separable Banach space X satisfying

(14) i < ) )q < 400
Kh—1)...(k—n+1) !

k=n

where % + é =1. Then p(S® C) = 2.

Proof. By using (14), we have for every f € ¢5;" that

If (C i k) C* <Z‘f ‘HC’“H
k=0
\f )|+ \f i1+ [fa ]+
Skt o] )
kE(k—1)...(k—n+1)
§M1(C,n)HfH£’;{"+(i(k(k_l)'”(k_n—'_l)‘f(k)bp>p
k=n

3 et N
'<1€Z;l<k(k—1)...(k—n+1)

= M2 (o) [l
where M, (C,n), My (C,n) > 0 are some numbers. Thus
(15) £ (O < Mz (Cn) [ f]l o

for all f € £5". Note that p(S) = 1. Now in order to complete the proof of
the theorem, it remains only to use inequality (15) and the arguments for
the proof of Theorem 2. O
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