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Divisors of Fourier coefficients of modular
forms

Sanoli Gun and M. Ram Murty

Abstract. Let d(n) denote the number of divisors of n. In this paper,
we study the average value of d(a(p)), where p is a prime and a(p) is the
p-th Fourier coefficient of a normalized Hecke eigenform of weight k ≥ 2
for Γ0(N) having rational integer Fourier coefficients.
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1. Introduction

Throughout the paper, let p, ` be primes, H = {z ∈ C | =(z) > 0} be
the upper half plane. Also let N ≥ 1 be a natural number and k ≥ 2 be
an even integer. Let π(x) denote the usual prime counting function up to
x. Let f be a normalized Hecke eigen cusp form of weight k for Γ0(N) with
Nebentypus χ. Suppose that the Fourier expansion of f at i∞ is

f(z) =
∑
n≥1

a(n)qn,

where q = e2πiz. In this paper, we assume that a(n) are rational integers.
The second author and Kumar Murty [12] considered the average value
of ν(a(n)), where ν(n) is the number of distinct prime divisors of n. In
this paper, we investigate the sum

∑
p≤x d(a(p)), where d(n) =

∑
δ|n 1.

An essential ingredient in our work is a technique that can be traced back
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to van der Corput [22] who majorized the divisor function by short sums.
This technique was later refined by many authors. We use a refinement
due to Friedlander and Iwaniec [7]. Our result can be thought of as a
modular analogue of a result of Erdös [6] who considered the asymptotics
of
∑

n≤x d(F (n)), where F (x) is an irreducible polynomial with integral
coefficients. Finding average value of divisors of arithmetic functions has a
long history. Some of the relevant papers in this direction are [6], [7] and
[10].

2. Preliminaries and statement of the result

For an integer δ ≥ 1 and x ∈ R, set

π∗(x, δ) = #{p ≤ x | a(p) ≡ 0 (mod δ)},
π(x, δ) = #{p ≤ x | a(p) 6= 0, a(p) ≡ 0 (mod δ)}.

As before, let f(z) =
∑

n≥1 a(n)qn be a normalized Hecke eigenform of

weight k for Γ0(N) with Nebentypus χ and rational integer Fourier co-
efficients. For a prime `, let Z` denote the ring of `-adic integers and
G := Gal(Q/Q). By the work of Deligne [3] and as the Fourier coefficients
of f are integers, there is a continuous representation

ρδ : G→ GL2

(∏
`|δ

Z`

)

(where the product is over distinct prime divisors) for any positive integer
δ > 1. This representation is unramified outside the primes dividing δN
and for p - Nδ,

tr ρδ(σp) = a(p), det ρδ(σp) = χ(p)pk−1,

where σp is a Frobenius element of p in G and Z is embedded diagonally in∏
`|δ Z`. Denote by ρ̃δ the reduction modulo δ of ρδ:

ρ̃δ : G
ρδ−→ GL2

(∏
`|δ

Z`

)
� GL2

(
Z/δ

)
.

Let Hδ be the kernel of ρ̃δ, Kδ the sub field of Q fixed by Hδ and Gδ =
Gal(Kδ/Q). Let Cδ be the subset of ρ̃δ(G) consisting of elements of trace
zero and let h(δ) = |Cδ|/|Gδ|.

The condition a(p) ≡ 0(mod δ), where (p, δN) = 1 means that for any
Frobenius element σp of p, ρ̃δ(σp) ∈ Cδ. Hence by the Chebotarev density
theorem applied to Kδ/Q, we have

π∗(x, δ) ∼ |Cδ|
|Gδ|

π(x) = h(δ)π(x).
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As Cδ contains the image of complex conjugation, it is nonempty. Note that
K`

n1
1
∩K`

n2
2

= Q for distinct primes `1, `2 and natural numbers n1, n2. This

implies that h(δ) =
∏
`n||δ h(`n), where `n||δ means that `n|δ and `n+1 - δ.

Now suppose that the Generalized Riemann Hypothesis (GRH), i.e., the
Riemann Hypothesis for all Artin L-series is true. Then by the works of
Lagarias and Odlyzko [9], one can show that

π∗(x, δ) = h(δ)π(x) +O
(
δ3x1/2 log(δNx)

)
.

An improved error term is available provided one also assumes the Artin
holomorphy conjecture as proved by M. R. Murty, V. K. Murty and N.
Saradha [13]. Moreover, if we define

Z(x) = {p ≤ x | a(p) = 0}
then as mentioned in [12] one can show the following lemma from the works
of Ribet [16] and Serre [20];

Lemma 1. Suppose that f does not have complex multiplication. Then
Z(x) � x/(log x)3/2−ε for all ε > 0. Further, suppose that GRH is true.

Then Z(x)� x3/4.

If f has complex multiplication, then Z(x) ∼ 1
2π(x). Now suppose that

GRH is true. Then as noted by the second author and Kumar Murty [12],
one has:

Lemma 2. Suppose that f does not have complex multiplication and GRH
is true. Then for x ≥ 2,

π(x, δ) = h(δ)π(x) +O
(
δ3x1/2 log(δNx)

)
+O(x3/4).

Also it follows from the works of Carayol [2], Momose [11], Ribet [15, 17],
Serre [19] and Swinnerton-Dyer [21] that for ` sufficiently large,

T` := Im ρ` =
{
γ ∈ GL2(F`) | det γ ∈ (F×` )k−1

}
.

In this paper, we prove:

Theorem 3. Assume that GRH is true. Also, assume that f is a nor-
malized Hecke eigen cusp form of weight k for Γ0(N) with rational integer
Fourier coefficients {a(n)}. Moreover, suppose that f does not have complex
multiplication. We have

x�
∑
p≤x
a(p)6=0

d(a(p))� x(log x)A,(1)

where A is an absolute constant which depends on f .

Remark 4. It is worth noting that above theorem is true unconditionally
when f is a normalized Hecke eigen cusp form of k = 2. Indeed, the estimate
in Lemma 2 is unconditional if one is considering the case k = 2. For in
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this case, the modular form corresponds to an elliptic curve by a celebrated
theorem of Wiles [23] and subsequent work of Breuil, Conrad, Diamond and
Taylor [1]. With this theorem in hand, the primes enumerated by Z(x) are
precisely the supersingular primes. Indeed, based on a suggestion of the
second author, Elkies (see p. 25 of [4] and [5]) has shown unconditionally

that the number of supersingular primes is O(x3/4). Thus, for k = 2, we
can dispense with the GRH in Lemma 2.

In order to prove the theorem, the following lemmas play an important
role. The first one was proved by Friedlander and Iwaniec [7] and for the
proof of the second lemma we use Rankin’s trick. But as Rankin [14] points
out, it should really be called Ingham’s trick since Ingham told Rankin about
it.

Lemma 5. Let m, r ≥ 2 and n ≥ 1. Then

dr(n) ≤
∑
δ|n

δ≤n1/m

(2d(δ))
(r−1)m logm

log 2 ,

where

dr(n) =
∑

n1···nr=n
n1,··· ,nr≥1

1.

Proof. See [7].

Lemma 6. Suppose b(n) ≥ 0 for n ≥ 1 and

D(s) :=
∞∑
n=1

b(n)

ns

converges for s ∈ C with <(s) > t ≥ 0. Then∑
n≤x

b(n) ≤ xu D(u)

for any u, x ∈ R with u > t and x ≥ 1.

Proof. Note that for any real number u > t, we have∑
n≤x

b(n) ≤
∞∑
n=1

b(n)
(x
n

)u
≤ xuD(u). �

In most applications, we choose u = t+ (1/ log x).

3. A group theoretic estimate

For an odd prime `, let B` := GL2(F`) and

A` := {γ ∈ B` | tr γ = 0} .
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The conjugacy classes of B` are one of the following four types:

αa :=

(
a 0
0 a

)
, αb :=

(
a 1
0 a

)
,

αa,δ :=

(
a 0
0 δ

)
, a 6= δ, βa,b :=

(
a εb
b a

)
, b 6= 0,

where a, b, δ ∈ F×` and {1,
√
ε} is a basis for F2

` over F`. The number of
elements in these classes are 1, `2−1, `2+` and `2−` respectively (see Fulton
and Harris [8], page 68 for details). Hence the elements of A` come from

the conjugacy classes
(
a 0
0 −a

)
and

(
0 εb
b 0

)
, where a, b ∈ F×` . Further, the

elements
(
a 0
0 −a

)
and

(
−a 0
0 a

)
belong to the same class and the elements(

0 εb
b 0

)
and

(
0 −εb
b 0

)
belong to the same class. Therefore

|A`| = [(`2 + `)(`− 1) + (`2 − `)(`− 1)]/2 = `2(`− 1).

Also |B`| = |{γ ∈ A` | detγ ∈ F×` }| = (`2− 1)(`2− `). Further, we calculate
the cardinality of the sets B`n := GL2(Z/`nZ) and

A`n := {γ ∈ B`n | tr γ = 0}

for all n ≥ 1. Note that any
(
a b
c δ

)
∈ B` lifts to(

a+ β1` b+ β2`
c+ β3` δ + β4`

)
∈ B`n ,

where 1 ≤ β1, β2, β3, β4 ≤ `n−1, βi ∈ Z for all 1 ≤ i ≤ 4. Also any
(
a b
c −a

)
∈

A` lifts to (
a+ β1` b+ β2`
c+ β3` −a− β1`

)
∈ A`n

for any choice of β1, β2, β3 ∈ Z with 1 ≤ β1, β2, β3 ≤ `n−1. Since the maps
B`n → B` and A`n → A` are surjective, it is easy to see from the above
observations that |B`n | = `4(n−1)|B`| and |A`n | = `3(n−1)|A`|.

Next for an even integer k > 2, we calculate the cardinality of the sets

C` :=
{
γ ∈ B` | det γ ∈ (F×` )k−1

}
,

D` := {γ ∈ C` | tr γ = 0}.

Writing gcd(`− 1, k − 1) := d, one has

C` =
{
γ ∈ B` | det γ ∈ (F×` )d

}
=
{
γ ∈ B` | (det γ)(`−1)/d ≡ 1 (mod `)

}
.

Consider the surjective group homomorphism

φ : GL2(F`)→ (F×` )(`−1)/d
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which sends γ 7→ (det γ)(`−1)/d. From the previous discussions, it is clear
that ker φ = C`. Hence

|C`| =
|B`|

|(F×` )
`−1
d |
.

But

|(F×` )
`−1
d | =

|F×` |∣∣{x ∈ F×` | x(`−1)/d ≡ 1 (mod `)
}∣∣ =

`− 1

(`− 1)/d
= d.

Therefore

|C`| =
(`2 − 1)(`2 − `)

d
.

The elements of D` come from the conjugacy classes αa,−a with −a2 ∈
(F×` )k−1 and β0,a with −εa2 ∈ (F×` )k−1. Let g be the primitive root of F×` .
We would like to find the cardinality of the sets

(2) {a | −a2 ≡ wk−1 (mod `) for some w ∈ F×` }
and

(3) {a | −εa2 ≡ wk−1 (mod `) for some w ∈ F×` }.

Write a = gr,−1 = g
`−1
2 and w = gs, where 0 ≤ r, s ≤ ` − 1. Then the

cardinality of (2) is equal to the number of solutions r for which

(4)
`− 1

2
+ 2r ≡ s(k − 1) (mod `− 1),

where 0 ≤ s ≤ ` − 1. This congruence has a solution {r0, s0} if and only
if 2r0 ≡ − `−1

2 (mod d). Since (2, d) = 1, the last congruence has a unique

solution in r0. Hence the number of r’s which are solutions of (4) is `−1
d .

Note that if a is in the set (2), then so is −a and that αa,−a = α−a,a. Hence

|{a | −a2 ≡ wk−1 (mod `) for some w ∈ F×` }| =
`− 1

2d
.

Again writing a = gr,−ε = gt0 and w = gs, where 0 ≤ r, s ≤ ` − 1 and
solving the congruence

t0 + 2r ≡ s(k − 1) (mod `− 1)

we show that the cardinality of the set (3) is `−1
2d . Hence

|D`| =
`− 1

2d
(`2 + `) +

`− 1

2d
(`2 − `) =

`2(`− 1)

d
.

Finally, we calculate for n ≥ 1, the cardinality of the sets

C`n := {γ ∈ B`n | γ (mod `) ∈ C`}
and

D`n = {γ ∈ C`n | tr γ = 0}.
Clearly, |C`n | = `4(n−1)|C`| and |D`n | = `3(n−1)|D`|.



DIVISORS OF FOURIER COEFFICIENTS OF MODULAR FORMS 235

4. Proof of the theorem

Proof. Suppose that f is a normalized Hecke eigenform of weight k for
Γ0(N) and δ is a large positive integer with the property that if p|δ, then
p� 1. It follows from the previous two sections that for such δ, we have

h(δ) =
∏
`n||δ

h(`n) =
∏
`n||δ

`3(n−1)`

`4(n−1)(`2 − 1)
=
∏
`n||δ

`

`n−1(`2 − 1)
.(5)

Clearly when δ = ` a prime, h(`) � 1
` for sufficiently large `. For a lower

bound, note that∑
p≤x
a(p)6=0

d(a(p)) =
∑
p≤x
a(p)6=0

∑
δ|a(p)

1 ≥
∑
p≤x
a(p)6=0

∑
δ<x1/12

a(p)≡0 (mod δ)

1

≥
∑∗

δ<x1/12

π(x, δ),

where
∑∗ varies over all those natural numbers δ whose prime divisors are

sufficiently large. Hence by Lemma 2, we have

∑
p≤x
a(p)6=0

d(a(p)) ≥ π(x)
∑∗

δ<x1/12

h(δ) +O

x1/2 ∑∗

δ<x1/12

δ3 log δ

+O(x5/6)

= π(x)
∑

δ<x1/12

`|δ ⇐⇒ `�1

h(δ) +O(x5/6 log x)� x.

For an upper bound, we can use Lemma 5 to get∑
p≤x
a(p)6=0

d(a(p))�
∑
p≤x
a(p)6=0

∑
δ|a(p)

δ≤|a(p)|1/m

d(δ)
m logm
log 2 .

We choose m so that m > 7k. Write c = m logm
log 2 . As |a(p)| < 2pk/2, we have∑

p≤x
a(p)6=0

d(a(p))�
∑
p≤x
a(p)6=0

∑
δ|a(p)
δ<x1/12

d(δ)c

=
∑

δ<x1/12

d(δ)c π(x, δ)

=
∑

δ<x1/12

d(δ)c
{
h(δ)π(x) +O

(
δ3x1/2 log(δNx)

)
+O(x3/4)

}
by using Lemma 2. Note that when δ has small prime divisors, the value of
h(δ) is less than the value of the right hand side of (5). Hence for an upper
bound we can use the right hand side of (5) for all values of δ.
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Consider the Dirichlet series

F(s) :=
∑
n≥1

d(n)ch(n)

ns
= ζ(s+ 1)2

c
g(s),

where g(s) is analytic for <(s) ≥ 0. Thus by Lemma 6, we have∑
n≤z

d(n)ch(n) ≤ zuF (u),

for any real number u > 0. We choose u = 1/ log z so that∑
n≤z

d(n)ch(n)� F

(
1

log z

)
.

Since

|ζ(s)| ≤ 1

s− 1
+ L,

where L is an absolute constant, we see easily∑
n≤z

d(n)ch(n)� (log z)2
c
.

Again consider the Dirichlet series

G(s) :=
∑
n≥1

d(n)c

ns
= ζ(s)2

c
g1(s),

where g1(s) is analytic for <(s) ≥ 1. Thus by Lemma 6, we have∑
n≤z

d(n)c ≤ zuG(u),

for any real number u > 1. We choose u = 1/ log z + 1 so that∑
n≤z

d(n)c � zG

(
1

log z
+ 1

)
and hence ∑

n≤z
d(n)c � z(log z)2

c
.

This implies that∑
p≤x
a(p)6=0

d(a(p))� x(log x)2
c−1 +O

(
x5/6(log x)2

c+1
)
� x(log x)2

c−1.

This completes the proof of the theorem. �
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5. Concluding remarks

We hasten to remark that the full strength of the GRH is not essential
if one only wants an estimate of the form x(log x)A for some A. Indeed, if
one assumes a quasi-GRH (that is, the assumption for any given ε > 0, the
Artin L-series have no zero in the region <(s) > 1− ε), then one can deduce
a result of the form ∑

p≤x,
a(p)6=0

d(a(p))� x(log x)A,

for some A depending on ε. This is not difficult to see. Indeed, a version
of Lemma 1 with an estimate of the form x1−ε can easily be deduced under
such a hypothesis. In addition, one can choose m appropriately in Lemma 5
so as to ensure that the subsequent sums in the proof of the main theorem
can be reasonably estimated. It is also evident that the lower bound can be
deduced from a version of the Chebotarev density theorem derived from a
quasi-GRH. We leave the details to the reader. All of this analysis suggests
the following question. Is it reasonable to expect that there exist constants
B and v such that we have an asymptotic formula of the type∑

p≤x
d(a(p)) ∼ Bx(log x)v

as x→∞? Perhaps v = 0.

Acknowledgments. The authors thank Kumar Murty and the referee for
making some valuable suggestions on an earlier draft of this paper.
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[22] van der Corput, J.G. Une inégalité relative au nombre des diviseurs. Nederl.
Akad. Wetensch. Proc. 42 (1939), 547–553. MR0000249 (1,41b), Zbl 0022.00804.

[23] Wiles, Andrew. Modular elliptic curves and Fermat’s last theorem. Ann.
of Math. (2) 141 (1995), 443–551. MR1333035 (96d:11071), Zbl 0823.11029,
doi: 10.2307/2118559.

http://www.ams.org/mathscinet-getitem?mr=1153249
http://zbmath.org/?q=an:0744.22001
http://www.ams.org/mathscinet-getitem?mr=0447191
http://zbmath.org/?q=an:0362.12011
http://www.ams.org/mathscinet-getitem?mr=2288471
http://zbmath.org/?q=an:1127.11065
http://www.ams.org/mathscinet-getitem?mr=0617867
http://zbmath.org/?q=an:0482.10023
http://www.ams.org/mathscinet-getitem?mr=0744288
http://zbmath.org/?q=an:0537.10026
http://zbmath.org/?q=an:0537.10026
http://dx.doi.org/10.1215/S0012-7094-84-05104-4
http://www.ams.org/mathscinet-getitem?mr=0935007
http://zbmath.org/?q=an:0644.10018
http://www.jstor.org/stable/2374502
http://www.ams.org/mathscinet-getitem?mr=1956275
http://zbmath.org/?q=an:1042.01013
http://www.ams.org/mathscinet-getitem?mr=0419358
http://zbmath.org/?q=an:0302.10027
http://www.ams.org/mathscinet-getitem?mr=0453647
http://zbmath.org/?q=an:0363.10015
http://dx.doi.org/10.1007/BFb0063943
http://www.ams.org/mathscinet-getitem?mr=0819838
http://zbmath.org/?q=an:0596.10027
http://dx.doi.org/10.1017/S0017089500006170
http://www.ams.org/mathscinet-getitem?mr=0387283
http://zbmath.org/?q=an:0235.14012
http://zbmath.org/?q=an:0235.14012
http://www.ams.org/mathscinet-getitem?mr=0434996
http://zbmath.org/?q=an:0355.10021
http://www.ams.org/mathscinet-getitem?mr=0644559
http://zbmath.org/?q=an:0496.12011
http://dx.doi.org/10.1007/BF02698692
http://www.ams.org/mathscinet-getitem?mr=0406931
http://zbmath.org/?q=an:0267.10032
http://zbmath.org/?q=an:0267.10032
http://dx.doi.org/10.1007/978-3-540-37802-0_1
http://www.ams.org/mathscinet-getitem?mr=0000249
http://zbmath.org/?q=an:0022.00804
http://www.ams.org/mathscinet-getitem?mr=1333035
http://zbmath.org/?q=an:0823.11029
http://dx.doi.org/10.2307/2118559


DIVISORS OF FOURIER COEFFICIENTS OF MODULAR FORMS 239

(Sanoli Gun) Institute for Mathematical Sciences, CIT Campus, Taramani, Chen-
nai, 600 113, India
sanoli@imsc.res.in

(M. Ram Murty) Department of Mathematics, Queen’s University, Kingston,
Ontario, K7L 3N6, Canada.
murty@mast.queensu.ca

This paper is available via http://nyjm.albany.edu/j/2014/20-14.html.

mailto:sanoli@imsc.res.in
mailto:murty@mast.queensu.ca
http://nyjm.albany.edu/j/2014/20-14.html

	1. Introduction
	2. Preliminaries and statement of the result
	3. A group theoretic estimate
	4. Proof of the theorem
	5. Concluding remarks
	References

