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On the degrees of divisors of T™ — 1

Paul Pollack and Lola Thompson

ABSTRACT. Fixafield F. In this paper, we study the sets Zr(n) C [0, n]
defined by

Pr(n) :={0<m <n:T" —1 has a divisor of degree m in F[T]}.
When Zr(n) consists of all integers m with 0 < m < n, so that 7" — 1
has a divisor of every degree, we call n an F-practical number. The
terminology here is suggested by an analogy with the practical numbers
of Srinivasan, which are numbers n for which every integer 0 < m < o(n)
can be written as a sum of distinct divisors of n. Our first theorem states
that, for any number field F' and any x > 2,

#{F-practical n < z} <p

logz’
this extends work of the second author, who obtained this estimate when
F=Q.

Suppose now that > 3, and let m be a natural number in [3, z]. We
ask: For how many n < x does m belong to Zr(n)? We prove upper
bounds in this problem for both F = Q and F = F, (with p prime),
the latter conditional on the Generalized Riemann Hypothesis. In both
cases, we find that the number of such n < x is Op(z/(logm)?/*°),
uniformly in m.
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1. Introduction

Let F be a field. In this paper, we study the sets of nonnegative integers
which appear as the set of degrees of divisors of 7" — 1 in F[T], i.e., the sets

Pr(n):={0<m <n:T" —1 has a divisor of degree m over F'}.

When this set consists of all integers 0 < m < n, we call n an F-practical
number. For example, 6 is a Q-practical number, as shown by the following
list of divisors of T¢ — 1:

1, T—1, T?+T+1, T°-1, T*+13-T -1,
TP +T*+T3+T>+T+1, T6—1.

It is easy to see directly (for example, by applying Gauss’s lemma) that if
T™ — 1 has a divisor of a given degree over Q, then it has a divisor of the
same degree over Z. As a consequence, for any field F', each Q-practical
number is also an F-practical number.

The distribution of Q-practical numbers has been investigated by the
second author [Thol2a]. Recall that with ®4(T") denoting the dth cyclotomic
polynomial, we have

(1.1) 7" -1 =[] ®a(D).

dln

Over Q, each of the right-hand factors ®4(7’) is irreducible of degree ¢(d). It
follows that a natural number n is Q-practical precisely when every integer
m € [0,n] can be written as a sum of terms ¢(d), where d runs over a subset
of the divisors of n.

The term “F-practical number” is suggested by an analogy between the
Q-practical numbers and Srinivasan’s practical numbers [Sri48], which are
numbers n for which every m € [0,0(n)] can be written as a sum of distinct
divisors of n. Such n have been studied by several authors, including Erddés
[Erd50], Hausman & Shapiro [HS84], Tenenbaum [Ten86, Ten95], Margen-
stern [Mar91], and Saias [Sai97]. In the last of these papers, Saias shows
that for all z > 2,

(1.2) #{practical n < zx} <

logz’

Exploiting the analogy between practical numbers and Q-practical num-
bers, the second author [Thol2a] proved the Q-practical analogue of Saias’s
estimates:

#{Q-practical n < z} <

logz’
(In the above statements, the notation “f < ¢” means that we have both
f<gand g < f.)

One of our goals in this paper is to gain some understanding of the F-
practical numbers over more general fields F. We begin by observing that
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each cyclotomic polynomial ®4(7T) always splits into (not necessarily dis-
tinct) irreducible factors of the same degree over F'. This is easy to see in
the case when the characteristic of F', say p, does not divide d (for example,
in characteristic zero). In this case, the roots of ®4(T") are exactly the ¢(d)
primitive dth roots of unity from the algebraic closure of F'. Each primitive
dth root of unity generates the same extension of F', and thus all irreducible
factors of ®4(T") have the same degree, as desired. The case when p divides
d reduces to the previous one, since then ®4(T) = ®q, ()9 w)  where
d(p) denotes the largest divisor of d coprime to p.

From the last paragraph, it makes sense to define an arithmetic function
oF by letting ¢r(d) denote the common degree of each irreducible factor of
®,4(T) over F. (For example, o = ¢ when F' = Q.) Then each ®4(7) is a
product of ¢(d)/¢r(d) (not necessarily distinct) irreducible polynomials of
degree pp(d). So from (1.1), m is the degree of a divisor of 7™ — 1 precisely
when there is a collection . of divisors of n for which m can be written in
the form

d
(1.3) m = E agpr(d), where each 0<ay< p(d) .
de.s @F(d)

In §2, we use this criterion and some easy algebraic number theory to extend
Thompson’s theorem on Q-practical numbers to an arbitrary number field.
Note that since each Q-practical number is automatically F-practical, it is
enough to prove the upper bound estimate.

Theorem 1.1. Let F' be a number field. Then for x > 2, the number of

F-practical numbers in [1,z] is Op (5555 )-

In her thesis ([Thol2b]; see also [Thol2¢|, [Thol2d]), Thompson studies
the F-practical numbers also in the case when F' = F,, (with p prime). To
discuss this case further, we need some notation. Write £,(d) for the mul-
tiplicative order of p modulo d, assuming that ged(d,p) = 1. In general,
put £;(d) = £,(d(y)), where d(,) denotes the largest divisor of d coprime to
p. As shown in [Thol2d], we have ¢g, = £;. Our limited understanding of
the distribution of the numbers £;(d) is a significant obstacle to the study of
F,-practical numbers. To work around this, Thompson assumes the Gen-
eralized Riemann Hypothesis (GRH). (Throughout this paper, GRH always
means the Riemann Hypothesis for Dedekind zeta functions.) Under this
assumption, she shows (ibid.) that for x > 3,

z . loglog x
@ < #{F,-practical n < z} <, x\/;,

The numerical data (see, for instance, [Thol2b, Tables 1.2-1.4]) suggests
that for each fixed p, the true count of F,-practical numbers is ~ Cpz/log ,
as * — oo, where C), is a positive constant depending on p.
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Up to this point, we have been discussing integers n for which Zr(n) is the
entire interval [0,n]. A weaker notion also suggests itself: Take an integer
m < z and count how often, among those n < x, one has m € Zp(n). In
other words, instead of requiring 7™ — 1 to have divisors of every degree, we
fix in advance a target degree m. Our next theorem gives an upper bound in
the case when F' = Q. It is convenient to label once and for all the so-called
Erdés—Ford—Tenenbaum constant
(1.4) §im1_ Lt loglog2

log 2

Numerically, § ~ 0.0860713.

Theorem 1.2. Fiz a value §' with 0 < §' < &, where § is defined in (1.4).
Then if 3 < m < x, the number of n < x for which T" — 1 has a divisor of
degree m in Q[T is O(z/(logm)?").

Theorem 1.2 should be viewed as analogous to a theorem of Erdés, who
considered [Erd70, p. 130] how often a target natural number m could be
written as a sum of distinct divisors of n. Indeed, our proof uses many of
the same ideas. However, Erdds was content to work with fixed values of m,
whereas we seek a result with complete uniformity in m.

It would be desirable to have a sharp lower bound to complement the
upper bound in Theorem 1.2. An easy adaptation of the methods of [PT12]
gives the following related estimate: If 3 < m < %x, then the number of
n € [1,z] for which T"—1 has a divisor of each degree in [0, m] is > x/log m.

Our last result is a GRH-conditional version of Theorem 1.2 with F' = F),
rather than F' = Q.

Theorem 1.3 (assuming GRH). Fiz a prime p. Suppose that 3 < m < x.

(1) If 3 <m < gl=1/108lo8% then the number of n < x for which T" — 1
has a divisor of degree m in F,[T] is

<, /(logm)/13,
(ii) If x'~1loslos® <1y < 2 then the count of such n is
<, x/(logm)?/3.

The exponents 1/13 and 2/35 appearing above are close to the best our
methods will yield. It would be interesting to know how close they are to
being best possible.

The proof of Theorem 1.3 follows the same broad outline as that of The-
orem 1.2. The extra difficulty stems from the fact that while ¢(d) is never
much smaller than d (see Lemma 3.1 below), £;(d) can be considerably
smaller. However, under GRH, one can show that £;(d) is typically fairly
close to d. This is enough for our purposes.

One might compare Theorem 1.3 with the result of Car [Car84] that in a
wide range of m and n, few polynomials of degree n over F,, (or a general
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finite field F;) have a divisor of degree m. One must be cautious about such
comparisons, however. For example, a typical polynomial of degree n over F),
has about 7'°62 divisors (compare with [KZ01, Theorem 3.3.7]). However,
for each fixed A > 0, the polynomial 7" — 1 has more than exp((logn)4)
divisors on a set of n of asymptotic density 1. One can prove this using
the above results on the factorization of cyclotomic polynomials together
with the work of Erdés, Pomerance, and Schmutz on the normal order of
Carmichael’s function A\(n) (see [EPS91, Theorem 2]).

A word about the organization of the paper: We prove Theorem 1.1 in
§2. Theorem 1.2 is proved in §3, after recalling some helpful results from the
anatomy of integers. In §4.1, we review the GRH-conditional results needed
for the proof of Theorem 1.3, which we present in §4.3. We conclude the
paper in §5 by discussing some natural variants of the Q-practical numbers.
For example, we show that 22" _ 1 is the largest integer n for which T — 1
has exactly one monic divisor of each degree 0 < m < n in Q[T].

Notation. We write w(n) := 3",
of n and Q(n) := Zpk|n 1 for the number of prime factors of n counted with
multiplicity; Q(n;y) := Zpkln, p<y 1 denotes the number of prime divisors of
n not exceeding y, again counted with multiplicity. The number of divisors
of n is denoted d(n); for the number of divisors not exceeding y, we write
d(n;y). We use P~ (m) and P*(m) for the smallest and largest prime factors
of m, respectively, with the conventions that P~ (1) = oo and P*(1) = 1.
An integer n for which Pt (n) < y is called y-smooth (or y-friable); the
number of y-smooth n < x is denoted ¥(z,y).

We write A\(n) for Carmichael’s lambda-function, defined as the exponent
of the finite abelian group (Z/nZ)*. We also adopt the following notation,
seen above when a = p: For each natural number n coprime to a, we write
¢4(n) for the multiplicative order of @ mod n. For n not necessarily coprime
to a, we let n(,) denote the largest divisor of n coprime to a, and we define
la(n) = La(n(q)). We call £;(n) the generalized order of a mod n. (Note that
2%(n) always divides A(n).) When the intended value of a is clear, we omit
the subscripts on £ and £*.

1 for the number of distinct prime factors

2. Proof of Theorem 1.1

The proof of Theorem 1.1 proceeds through a series of lemmas. The
first of these, due to Stewart [Steb4] and Sierpinski [Sie55|, characterizes
Srinivasan’s practical numbers in terms of their prime factorization.

Lemma 2.1. Let n be a natural number, and write the prime factorization
of n in the form n = [[;_, p;’, where each ¢; > 0 and p1 < pz < --- < py.
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Let j be the first index for which the inequality

(2.1) pi<i+o| ] »f

1<i<j

fails, where we take j = r 4+ 1 if no such index exists. Set

(2.2) n = H it

1<i<y
Then every natural number 1 < m < o(n’) can be written as a sum of
distinct divisors of n, but o(n') + 1 cannot be written as a sum of distinct
divisors of n. Consequently, n is practical precisely when (2.1) holds for all
indices 1 < j <r.

In what follows, we refer to n’, as defined in (2.2), as the practical com-
ponent of n. It can be shown (compare with [Mar91, Proposition 4]) that
the practical component n’ is the largest practical divisor of n.

For the remainder of the proof, we fix a number field F, viewed as a
subfield of a fixed algebraic closure Q of Q. We use (; for a primitive dth
root of unity from Q. In the next several lemmas, we show that if n is
F-practical, then there is a small multiple of n that is practical in the sense
of Lemma 2.1. The desired upper bound then follows from Saias’s upper
bound (1.2) on the count of practical numbers.

Lemma 2.2. Let d be a natural number coprime to the (absolute) discrim-
inant of F. Then ¢r(d) = ¢(d).

Proof. Since the discriminant of Q(¢y) divides d?(49) (see [Rib72, p. 269]),
the number fields F' and Q((y) have relatively prime discriminants. Since
F(¢q) is the compositum of F' and Q({y), we have (see [Rib72, p. 218])

[F(Ca) - Q] = [F: Q] - [Q(C) : Q] = [F: QJeo(d).

It follows that o(d) = 8@ = [F(Cy) : F] = g1 (d), as claimed. O

Lemma 2.3. Let p be a prime number. The product of the primes less than
p 1s always at least p — 1.

Proof. This is easy to verify directly for primes p < 5. Now suppose that
the claim has been shown for all primes smaller than p, where p > 5, and
let p’ be the prime directly preceding p. Note that p < 2p’, by Bertrand’s
postulate. By the induction hypothesis, the product of the primes smaller
than p is at least

3
P =1) 230" -1)=3p'-3>5p-3=2p-1,
since p > 5. O

Lemma 2.4. If n is F-practical and p is the first prime not dividing n, then
pn is also F-practical.
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Proof. We need to show that TP — 1 has a divisor of degree m over F' for
all 0 < m < pn. Since :;17:_—11 has degree (p — 1)n, and 7™ — 1 has a divisor
of each degree in [0, n], we see that TP" — 1 has a divisor of every degree m
with (p — 1)n < m < pn. So we can assume that 0 < m < (p — 1)n.
Write m = (p — 1)g+ 7, where 0 < g <nand 0 <r < p—1. Since n is
divisible by all primes < p, we have from Lemma 2.3 that n > p—1 > r. We
are assuming that n is F-practical, and so there is a divisor f(T") € F[T] of

T™ — 1 of degree r. That is, there is an f(7T) € F[T] of degree r for which
(2.3) F) | [T (1)

dln

Similarly, since ¢ < n, there is a divisor of T™ — 1 of degree ¢q. Such a divisor
implies the existence of a representation (as in 1.3)

o(d)
or(d) '

Multiplying (2.4) by p — 1, we obtain a representation

N (g, Pl
(p_Dq_§:<d¢ﬂwm@M®>¢F@®

(2.4) q= ZangF(d), where 0<ay4 <
din

dn
. p—1
2.5 = bgpr(pd), with each by :=a3—F—F——.
(25) %; (pd) er(pd)/or(d)

With Fj; := F({4), we have (noting that p { d, since ptn)
pd
PEPD _ () s FG) = [FulGy) : Fil = or,(p) | 1.
¢r(d)
and so all the by are integers. Moreover, for each d dividing n,
pd)  p—1 o(pd)
0<bg < = .
=7 or(@d) er(ed)/or(d) — er(pd)
We now deduce from (2.5) that there is a g(T") € F[T] of degree (p —1)q for
which
(2.6) 9(T) | [T ®pa(D).
dln
Combining (2.3) and (2.6), we see that over F,

F@g() | | [[2a(T)®pa(T) | =T7" —1,
d|n

and fg has degree r + (p — 1)g = m. So fg is our sought-after divisor. O
Repeatedly applying Lemma 2.4, we arrive at the following result.

Lemma 2.5. Ifn is F-practical, then lem[n, Hp<z p| is F-practical for every
real number z.
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Lemma 2.6. Set M := Hp<2|D‘p, where D is the discriminant of F. If n
is F-practical, then lem[n, M| is practical (in the sense of Srinivasan).

Proof. Put N := lem[n, M]. By Lemma 2.5, N is F-practical. We will
show that N satisfies the Stewart—Sierpinski practicality criterion given in
Lemma 2.1. Assuming N is not practical, let N’ be the practical component
of N. Then N’ < N, and by Lemma 2.1, with p denoting the smallest prime
dividing N/N’, we have

(2.7) p>o(N')+1.

We must also have that p > 2|D|. To see this, observe that by construc-
tion, NNV is divisible by all primes not exceeding 2|D|. So if p < 2|D|, then
N’ is divisible by all primes < p, and so by Lemma 2.3,

1+oN) =1+ ] @+ =1+ J] ¢21+(-1) =p,

q<p q<p
q prime q prime

contradicting (2.7). Hence, p > 2|D|.
We claim that TV — 1 has no divisor of degree N’ + 1, contradicting that
N is F-practical. Suppose contrariwise that

¢(d)
@F(d)‘

(2.8) N +1= Zadgpp(d), where 0 <ag <
dIN

The contribution to the sum in (2.8) from divisors d of N’ is bounded by

>_an p(d) = N'; hence, there must be a d dividing N but not N’ which

contributes to the right-hand side of (2.8). Since all the summands on the
right-hand side of (2.8) are nonnegative, clearly

(2.9) op(d) < N +1.

Since d divides N but not N/, we can choose a prime r dividing ged(d, N/N').
Clearly,

r > P7(N/N') =p > max{2|D|,c(N’) + 1}.
Since r | d and r { D, Lemma 2.2 shows that

er(d) =[F(Ca) : F] 2 [F(¢) : Fl = @rp(r) = ¢(r) =r —1 > o(N') + 1.

Since 2 | N, the practical component N’ of N satisfies N’ > 2, and so
o(N') > N’ 4+ 1. Thus, pp(d) > N'+2 > N’ + 1, contradicting (2.9). O

Proof of Theorem 1.1. Define M as in Lemma 2.6. If n < x is F-
practical, then dn is practical for some d dividing M, namely d = M /(M, n).
Since dn < dzx, the upper-estimate of (1.2) shows that the number of F-
practical n < z corresponding to this d is O(dz/logx). Summing over the
Or(1) divisors d of M completes the proof. O
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3. Proof of Theorem 1.2

The next few lemmas collect certain structural results about integers
needed for the proof of Theorem 1.2. The first is a classical result of Landau
(see [HWO08, Theorem 328, p. 352]) giving the minimal order of the Euler
p-function.

»(n) — e 7.

Lemma 3.1. We have liminf,,_, 77 loglogn =

Recall that d(n;y) denotes the number of divisors of n not exceeding y.
The next lemma is implicit in [Erd70].

Lemma 3.2. Let x,y > 2, and let K > 1. The number of integers n < x
with d(n;y) > K is O(xlogy).

Proof. This is immediate from the first-moment estimate

Zd(n;y):221§x22<<xlogy. O

n<lz d<yn<z d<y
dln

The next result (easily deduced from [HT88, Theorems 08-09, pp. 5-6];
see also [HT88, Exercise 04, p. 12]) is an upper bound on the number of
integers n with an abnormally large number of prime factors.

Lemma 3.3. Let x > 3. Uniformly for 0 < k < 1.9, the number of n < x
with Q(n) > kloglogx is

< z/(log )2, where Q(k) = klogk — K + 1.

Remark. It is straightforward to check that the Erdés—Ford—Tenenbaum
constant 0 of (1.4) satisfies § = Q(1/log2). This property of § will be
important in what follows.

Write H(z,y, z) for the count of n € [1,x] possessing a divisor from the
interval (y,z]. The proof of Theorem 1.2 requires fairly precise estimates
for H. Conveniently, Ford [For08] has determined the order of magnitude of
H(z,y,z) in the complete space of parameters. His full result is somewhat
complicated to state, but the next two lemmas isolate the special cases that
are of interest to us (extracted from [For08, Theorem 1(v), (vi)]). For our
purposes, earlier results of Tenenbaum would also suffice (see, e.g., [HTS8S,
Theorem 21, pp. 29-30]).

Lemma 3.4. Let z > 10°. Suppose y > 100 and that 2y < z < y2 < z.

Write z = y'7%, so that u = log(z/y)/log(y). Then
2\ —3/2
Do

H(z,y,z) = 2u’ ( log

where § =~ 0.08607 is the constant defined in (1.4).
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Lemma 3.5. Let > 105, Suppose that /x < y < z < . Suppose also
that z >y +1 and x/y > 1+ x/z. Then

H(xz,y,z) < H(z,x/z,2/y).

We also need some understanding of the distribution of smooth numbers.
The following upper bound is contained in work of de Bruijn [dB66]. Recall
that W(z,y) denotes the number of y-smooth numbers n < z.

log x

logy- Whenever y > (log z)? and

Lemma 3.6. For 2 < y < z, set u :=
u — 00, we have

U(z,y) < exp(—(1+o(1))ulogu).

Proof of Theorem 1.2. We may suppose that m (and hence also z) is
large, since the assertion of the theorem is trivial for bounded values of m.
We take two cases.

Case 1. For the first half of the proof, we will assume that
(3.1) m < zexp(—logxz/loglog ).

Suppose that 7™ — 1 has a divisor of degree m in Q[T']. We can assume
that n satisfies the inequality
(3.2) d(n;2mloglogm) < (logm)?.

Indeed, by Lemma 3.2, the count of n < x not satisfying (3.2) is O(x/logm),
which is negligible for us.

Since T™—1 has a divisor of degree m, we can choose (as in (1.3)) a subset
7 of the divisors of n with

(3.3) m = Z o(d).
des

If d € .7, then ¢(d) < m, and so Lemma 3.1 implies that d < 2mloglogm.
(We use here that m is large and that ¥ < 2.) Thus, #% < (logm)?
by (3.2). But then some term on the right-hand side of (3.3) must exceed
m/(logm)?. In particular, there must be some d € . with

2mloglogm > d > ¢(d) > m/(logm)>.
Hence, n is counted by

H := H(z,m/(logm)? 2mloglogm).
We consider three cases:

o If 2mloglogm < +/x, we apply Lemma 3.4 with y = m/(logm)?,

z = 2mloglogm. In this case, u =< loi?im, and we find that

loglogm

é
log m > (loglogm)~*/? < x/(logm)°,

Iif<<m<

as desired.
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e If m/(logm)? > \/z, then by Lemma 3.5,

~ 1 2
HXH(J: m m(ogm) )

"2mloglogm’ m

Recall we are assuming that m satisfies (3.1). Apply Lemma 3.4

with y = and z = mw, so that (using (3.1))

2m 10glogm
_ log log m

“= log(z/(2mloglogm))
< (log log m)(log log x) < (loglog m)? '

log logm
We obtain that

(loglog m)?

6
H<x ( log m > (loglogm)™%/% < x/(logm)°.

e Finally, suppose that m/(logm)? < x < 2mloglogm. Then
vz /(log /)2 < m/(logm)? and 2mloglogm < /z(logx)3. Thus,

H=H \/5> + H(x,v/x,2mloglogm)

m
(x’ (logm)?’
< H (o s V) + Hl VB Vallogo)

Applying Lemmas 3.4 and 3.5 as above, we find that both terms on

the right-hand side are < z/(logz)° < x/(logm)°.
This completes the proof of Theorem 1.2 in the case when m satisfies (3.1).

In fact, in this case we obtain the upper bound claimed in the theorem with
8’ replaced by the larger number 6.

Case 2. Now suppose (3.1) fails, i.e., that
(3.4) zexp(—logx/loglogx) <m < z.

Let n < z be such that T™ — 1 has a divisor of degree m. We may assume
that p = Pt (n) satisfies
(3.5) P (n) > exp(2log z/loglog ).
Indeed, by Lemma 3.6 (with u = %log log x), the number of n < x not
satisfying (3.5) is, for large x, at most
x x x

1 < = ,
exp(5loglogzlogloglogx) — logz ~ logm
which is negligible.
We fix € > 0 (depending only on ¢’) so that all but O(z/(log z)®) natural
numbers n < x satisfy the inequality

1
(3.6) Q(n) < <10g2 - e> log log .
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Since § = Q(1/log2) and &’ < 4, the possibility of choosing such an e follows
from Lemma 3.3 and the continuity of the function Q(x) appearing in the
lemma statement. In what follows, we assume that (3.6) holds.

Since T™ — 1 has a divisor of degree m, we may take a representation of m
in the form (3.3), where . is a set of divisors of n. For each d € . divisible
by p, the number ¢(d) is divisible by p — 1. So reducing (3.3) modulo p — 1,
we find that

(3.7) m= Z o(d) (modp—1), where T :={dec.¥:ptd}.
deT

Notice that .7 consists of divisors of r := n/p. Also, from (3.5), we have
r < z/exp(2logx/loglog ).

Moreover, recalling (3.4),

(3.8) m—Zg@(d)Zm—Zgo(d)Zm—r

deT d|r
> zexp(—logx/loglogx) — x exp(—2log x/loglog x) > 0.

We now count the possibilities for n by first fixing » and then using the
relation (3.7) to count the number of possibilities for p given r. Since 7
consists entirely of divisors of r, the number of possibilities for .77, given r,
is at most

2d(r) < gd(n) < 92" exp((log x)lfée).

(We use (3.6) in the last step.) Rewriting (3.7) in the form

p—lr<m—2w<d>),

deT

we see that given 7, the number of possibilities for p is bounded by

max d(h) < exp(log z/loglog x).

(We use here the maximal order of the divisor function, as in [HWO08, The-
orem 317, p. 345].) Since p and r determine n = pr, the number of possi-
bilities for n is

x

] - exp((log a:)lfée) - exp(log z/ loglog x)

T T

< exp(2log z/loglog

< < )
exp(3logz/loglogz) ~ logw

which is negligible. This completes the proof. ([
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4. Proof of Theorem 1.3

4.1. Preliminary estimates. Throughout §4, we assume that a > 1 is
a fixed integer, and we write £*(n) for the generalized order of a modulo
n. In §4.1, we collect some known results on the behavior of £*(n) and the
closely associated function A\(n). These estimates will eventually be applied
to prove Lemma 4.7, which will be the key component of our demonstration
of Theorem 1.3.

Remark. For the rest of §4, we suppress any dependence of implied con-
stants on a.

The following lemma, due to Kurlberg and Pomerance [KP05, Theorem
23], shows that under GRH the numbers ¢(p) are usually close to p — 1.

Lemma 4.1 (assuming GRH). Uniformly for 1 <y <logz, the number of
primes p < x (not dividing a) for which ¢(p) < p/y is
m(x) x
log log .
< y + (log 2)? oglogx
Lemma 4.2 (assuming GRH). Let x > 3. The number of primes p < x

coprime to a with {(p) < p/logp is O(W loglog z).

Proof. We can restrict our attention to p > y/z. Then £(p) < p/logp <
2p/log x, and the estimate follows from Lemma 4.1 with y = %log T. O

The next lemma is a special case of a result of Gottschlich [Got12, Lemma
2.3].

Lemma 4.3. Let & be a set of primes. Suppose that for certain constants
01 > 1, 02 > 0, the number of elements of & not exceeding x is

< loglog )%,

x
(log 2)7"
for all x > 3. Then for x > 3, the number of integers n < x all of whose
prime factors belong to &2 is also

< (loglog )%,

x
(log x)%
where the implied constant depends at most on & and the 0;.

Lemma 4.4 (assuming GRH). Let x > 3. The number of n < x all of
whose prime factors p either
(i) divide a, or
(ii) satisfy ¢(p) < p/logp
x

is O(Wlogloga:).

Proof. We let & be the set of primes p dividing a or satisfying ¢(p) <
p/log p. Since there are only O(1) primes dividing a, Lemma 4.2 shows that
the hypotheses of Lemma 4.3 are satisfied with 6; = 2 and 6, = 1. O
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Finally, we recall an estimate of Friedlander, Pomerance, and Shparlinski
[FPS01] for the number of occurrences of small values of the Carmichael
A-function.

Lemma 4.5. Suppose that x is sufficiently large and that A > (loglog x)3.
Then the number of n < x with A(n) < nexp(—A) is at most

z exp(—0.69(Alog A)/3).

4.2. Key lemmas. In this section, we present several lemmas that play an
important role in the proof of Theorem 1.3. The following lemma is a close
cousin of Lemma 3.2, but the proof is somewhat more intricate. It should
also be compared with Lemma 3.3, which gives a sharper result but only
under more restrictive hypotheses.

Lemma 4.6. Let z,y > 2, and let k > 1. The number of n < x with
Qn;y) >k is O(z%xlogy).

Remark. Taking y = x, we see that the number of n < z with Q(n) > k is
O(kalog x)

Proof. The proof is almost identical to that suggested in Exercise 05 of
[HT88, p. 12], but we include it for the sake of completeness. Let v :=
2—1/k. Let g be the arithmetic function determined through the convolution
identity v®(w) = >_djn 9(d). Then g is multiplicative. For e > 1, we have

g(p) = v¢ — v Lif p <y, and g(p®) = 0 if p > y. Hence,
. T d
o =S 3] <5 27

n<lz d<z d<z
2

1 _
SIH<1+U +7 2”+...>

p<y p p

x v—1
= 1 .
5 I (12

3<p<y

Now 2 — v = 1/k, and the rightmost product does not exceed

v—1 1 1
exp Z — < exp Z " < exp Z » +0(1) | <logy.
3<p<y 3<p<y Py

Collecting our estimates, we have shown that
Z VMY < kalogy.
n<x

But each term with Q(n;y) > k makes a contribution to the left-hand side
that is at least v* > (2 — 1/k)* = 2%(1 — L)¥ > 2% Thus, the number of
such terms is O(%xlog y) U
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We noted in the introduction that there is no direct analogue for £* of the
minimal order result for ¢ expressed in Lemma 3.1. The following result is
a partial workaround.

Lemma 4.7 (assuming GRH). Fiz 0 with 0 < 6 < % Suppose that 3 < y <
x. The number of integers n < x which have a divisor d > y satisfying

0*(d) < d/ exp(4(log d)?)

is Og(wloglogy/(logy)?).
Proof. Throughout the argument, we suppress the dependence of implied
contants on #. We may assume always that y is large, since the lemma is
trivial for bounded values of y. For real ¢ > 1, define the three sets
&1(t) == {e < t: e squarefull},
&(t):={e<t:ple=(p|aorllp) <p/logp)},
&(t) == {e <t: Ae) < e/ exp((loge)?)}.
We set e, es, and eg equal to the largest divisors of n from the three sets

&1, &, 83, respectively. We start by showing that we can assume each of the
following inequalities:

(4.1) e; <logy,
(4.2) es < exp((logy)”),
(4.3) es < y.

It is easy to dispense with (4.1). Indeed, by partial summation and the
well-known estimate #¢&;(t) < V/t, the number of n < 2 with a squarefull
divisor larger than logy is O(z/(logy)'/?). This is acceptable for us, since
0 < 3. To see that we can assume (4.2), note that the number of exceptional
values of n < z is at most

1 T
), -<u <#£;(x) + / #é;z(t) dt)
xp((logy)?
e>exp((logy)9) exp((logy)?)
e€éa(x)

< —2 _loglogz + ——— loglogy < —— log1
~——— loglogz + ——loglogy < —— loglogy,
(log z)? (log )" (log y)?

where we have used the estimate of Lemma 4.4 for #4&5.

It remains to justify the assumption (4.3). We first estimate the counting
function #¢&3(t). If e is counted by #¢&3(t), then either e < v/t or A(e) <
e/ exp((logvt)?). Lemma 4.5, with = t and A = (logv/t)?, thus implies
that for large t,

#&(t) < Vit + texp(—(logt)?/?) < t/(logt)>.
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Consequently, the number of n < z with a divisor e > y belonging to &3 is

1 &s(x T H#HE(t
e x t logy
e>y Y
e€é3(x)
which is negligible for us.
In addition to the conditions (4.1)—(4.3), we may also suppose that n does

not have any divisor d > y with Q(d) > 10loglogd. To see this, suppose for
the sake of contradiction that d is such a divisor. In the case when d > z1/2,

this implies that
Q(n) > Q(d) > 10loglogd > 9loglog z.

But the number of n < z with Q(n) > 9loglogx is O(z/(logx)®) by Lem-
ma 4.6, and this is negligible for us. If d < y/x, we can choose an integer
j > 0 with

ygj < dé y2j+1

<z
Then with z = y2j+1, we have
Q(n; 2) > Q(d) > 10loglogd > 10loglog(z'/?) > 9loglog z,

and by Lemma 4.6 again, the number of such n < x is

T . T
o 2*5J .
S logzyr 7 (logy)

Summing over j, we see that the number of possible values of x that can
arise this way is O(z/(logy)®), which is acceptable.

We will show that for all values of n that remain, every divisor d > y of
n satisfies

(4.4) 0*(d) > d/ exp(4(log d)?).
From the last paragraph, we have
Q(d) < 10loglogd.

Put d = didaq, where d; is the largest divisor of n from & and ds is the
largest divisor of d/d; from &. Then ¢ is squarefree and relatively prime to
a, and £(p) > p/logp for every prime p dividing q. Moreover,

(4.5) di <ep <logy <logd

and

(4.6) &y < 3 < exp((logy)?) < exp((log d)°).
Since d > y but es < y, it follows that d € &3, and so
(4.7) Md) > d/ exp((logd)?).

Because d = didaq with d1, do, and ¢ supported on disjoint sets of primes,
A(d) = lem[A(d1), A(d2), Mq)] < A(g)dids.
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Hence, estimates (4.5), (4.6), and (4.7) yield

(4.8)
A(d) d -1 0 d
Agq) > > logd —(logd —_— .
(@) 2 dida — exp((log d)e)( og )" exp(~(logd)") > exp(3(log d)?)
For each prime p dividing ¢, write p — 1 = ¢(p)c(p), so that ¢(p) is the index

of the subgroup of F)’ generated by a; from the definition of g,

p
t(p) < = <logp <logd
(p) ) gp < log

for all p dividing ¢. Also,

t(q) = lggl[ﬂ(p)] = lom [

p— 1} L lemylp = 1] _ Ma)
+(p) [L,,¢(p) L )

Thus, from (4.8), the bound ¢(p) < logd, and the inequality w(q) < Q(d) <
101loglogd,

d ~1
4D 2 5 Blog ) (H“p)>

d d
> S —_—— .
~ exp(3(log d)?) exp(4(log d)?)
Since g is a divisor of d that is coprime to a, we have that ¢*(d) > ¢(q), and
50 (4.4) holds. This completes the proof of the lemma. O

(log d)—lOloglogd >

We also need a simple observation concerning the behavior of the function
©/0* along the divisor lattice (compare with [FPS01, Lemma 2]).

Lemma 4.8. If d and e are natural numbers with d | e, then gﬁ((i?) | gi((ee)).

Proof. By iteration, it suffices to treat the case when e = qd, where ¢ is a
prime. We will prove the equivalent result that, in this case,

t*(qd) | ¢(qd)
C(d)  p(d)
We can assume that ¢ { a, since otherwise the left-hand ratio is 1 and (4.9)
holds trivially. We consider two cases, depending on whether or not g divides

d. If g 1 d, then
*(qd) = lem[l(q), £*(d)] | lemlg — 1,£*(d)] | (q — 1)£*(d).

(4.9)

Hence,

*(qd) lg— »(gd)

e T e
i.e., (4.9) holds. Now suppose that ¢ | d. Write d = ¢*d’, where ¢ { d’. Then
0*(qd) = lem[6(¢" ), ¢5(d)]. Since a’@) =1 (mod ¢*), we have a9/¢") = 1
(mod ¢**1), and so £(¢**1) | ¢f(¢*). Thus,

0*(qd) = lem[£(¢" ), £*(d)] | Lem(ql(¢"), £°(d)] | qlem[(q"), £*(d')]-
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Since qlem[((¢¥), ¢*(d’)] = q¢*(d), we obtain (4.9) in this case upon noting
that ¢(qd)/¢(d) = q. O

4.3. Completion of the proof of Theorem 1.3. Throughout this sec-
tion, we take a = p, where F, is the field for which we are proving The-
orem 1.3. Thus, ¢*(d) denotes the generalized order of p modulo d. We
continue to suppress the dependence of implied constants on a.

Proof of Theorem 1.3. We may always assume that m is larger than
any convenient constant (depending on p), since the theorem is trivial for
bounded values of m.

Case 1. We suppose that
(4.10) 3 <m < zexp(—logz/loglogz).

Suppose that 7" — 1 has a divisor of degree m in F,[T]. By Lemma 4.7,
with y = m and 6 = 0.079, we may assume that every divisor d of n with
d > m satisfies

¢*(d) > d/ exp(4(log d)*07);
indeed, the number of exceptional n is O(x loglogm/(logm) , which is
small relative to our target upper bound. (Note that %3 = 0.0769... <
0.079.) Since m appears as the degree of a divisor of 7" — 1, we can write

(4.11) m =Y (*(d)aq,
dln
where each ag satisfies 0 < ag < %. For each d with a4y > 0, we have
*(d) < m. So, either d < m or
(4.12) d/ exp(4(log d)*°™) < ¢*(d) < m.
The inequalities (4.12) force d < M, where

0.079)

M = mexp(5(logm)®07).

Indeed, if we were to have d > M, then

m > d/ exp(4(log d)0‘079) > M/ exp(4(log M)O.O?Q)

m exp(5(log m)907)

exp(5(log m)0-079)

contradicting (4.12). Of course, if d < m, then it is also the case that d < M.
So d < M in any case.

Lemma 3.2 allows us to assume that d(n; M) < (logm)?, since the excep-
tional set has size O(z/logm). Referring back to (4.11), we see that there
is a divisor d of n with £*(d)ag > m/(logm)?. But ¢£*(d)ag < ¢(d) < d, so
d > m/(logm)?. Therefore, n has a divisor in the interval (m/(logm)?, M]
and so is counted by H (z,m/(logm)?, M). We estimate the number of such
n < x using Lemmas 3.4 and 3.5. As in the proof of Theorem 1.2, there are
three cases to consider:

:m7
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o If M < /z, we apply Lemma 3.4 directly, with y = m/(logm)>?

and z = M. Then log(z/y) < (logm)®°™. On the other hand,
logy =< logm. Thus, u = % = (logm)~%92! By Lemma 3.4,

x x
log m)0-9216 < (log m)0-079"

o If \/z < m/(logm)?, Lemma 3.5 gives

Now set y = /M and z =

9\ —3/2
H(z,y,z) =< zud <10g > < (

u

m. We are assuming that m <

R
2! loglogz - and so

) e E 1 x/m log x
ogy = log M 0og o5(log m)0-070 loglogz’
Since z/y = M(logm)?/m < exp(6(logm)?9™), we see that

- log (z/y) < (log m )0-07° loglog x

logy logz/loglogz  (logx)0-921"

So by Lemma 3.4,

loglog x o 39
H —=—=r ] (logl
(#.9,2) <= ((10gx)0.921> (loglog z)

<«

(log m)0-079"

o If ﬁ < Vx < M, then we certainly have exp(G(IOg%)O»Om) <
Topayz and M < /wexp(6(log )*™). Thus,
m m
4.1 H — M| =H — H M

<1 (+ ey vy )

+ H (z,/z,/z exp(6(log x)0'079)) .

We may now apply Lemmas 3.4 and 3.5 as in the previous two
cases to show that each term on the right-hand side of (4.13) is

O/ (1og )0079).
This completes the proof of the Theorem 1.3 in the case when m satisfies
(4.10).

Case 2. We now suppose instead that

xexp(—logz/loglogx) < m < x.
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Let ¢ = PT(n). We will assume that ¢ > exp(2logz/loglogz); by
Lemma 3.6, this introduces an exceptional set of size O(z/logx), which
is acceptable for us. Since m appears as the degree of a divisor of T — 1,
we may write

d
(4.14) m= Z aql*(d), where each 0<ay < Zk((d))
dln

Now consider (4.14) modulo ¢*(q). Whenever ¢ | d, we have £*(q) | £*(d). So

mod ¢*(q), the only divisors that contribute to the sum in (4.14) are those
d not divisible by ¢, and all of these d divide r := n/q. Consequently,

(4.15) e@ | [m=3 et (@)

d|r

The right-hand side of relation (4.15) is (cf. (3.8)) at least
m— Z od)=m-—r

d|r
> zexp(—logz/loglogx) — zexp(—2logx/loglogxz) > 0.

As in the proof of Case 2 of Theorem 1.2, our strategy will be to count,
for each fixed 7, the number of possibilities for ¢ allowed by (4.15). Since ¢
and r determine n = gr, this will lead to an upper bound on the number of
possible values of n.

To carry this plan out, it is convenient to impose some restrictions on n
additional to the lower bound on ¢ = P*(n) assumed above, namely:

(i) n>z/logx.
(ii) n satisfies the conditions of Lemma 4.7 with
0 :=0.0579 and y:=exp(logz/loglogzx).

(iii) Q(n) < 1.3591loglog x.
Clearly, (i) can be assumed excluding O(z/logz) values of n, which is ac-
ceptable. By Lemma 4.7, the number of n < z which are exceptions to (ii)
is O(z/(log x)%%®). Finally, by Lemma 3.3, the number of n < z which vi-
olate (i) is < x/(log )13 < x/(logx)*%578. (Note that the exponent
32—5 claimed in this case of the theorem satisfies % =0.0571... < 0.0578.)

Since r = n/q while ¢ > exp(2logz/loglog z), the number of possible r
is at most

z/exp(2log x/loglog x).

Given r, the inequalities governing the ag in (4.14) imply that the number
of possibilities for the right-hand side of (4.15) is bounded by

(4.16) [T+ e@/e@).

d|r
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By condition (ii) above, we have (using n > z/logz > y)
¢*(n) > n/ exp(4(logn)?).
So by Lemma 4.8, the product (4.16) is bounded above by

<1 + ZD((ZD < (1 +eXp(4(1ogn)9)) < exp(O((log 2)°2%M)).
By condition (iii), 22(") < (log x)!3591°82 while 1.3591og 2+ 6 < 0.9999. So
given 7, the right-hand side of (4.15) is determined in at most

exp((log 7))

ways, for large x. Since the right-hand side of (4.15) is an integer in [1, z],
once it is fixed, the number of possibilities for its divisor £*(q) is at most

exp(log x/ loglog x).

(We are using again the maximal order of the divisor function.) Once more
invoking condition (ii), we have (since ¢ > y? > y)

q—1 q

<

(q) ~ (q)
since the ratio (¢ — 1)/¢*(q) is integral, we see that given £*(q), there are at
most exp(4(log x)?) possibilities for g.

Piecing everything together (determining successively r, the right-hand

side of (4.15), £*(q), and finally ¢), the number of possibilities for n = rq is
bounded above by

< exp(4(log q)e) < exp(4(log fﬂ)e)é

T log =

——— | -exp(4(log x 0
log 10gl‘> ¢ p( ( 08 ) )
log log x

T ep((loga) ™) exp
exp (2 OB L >

x x
log © < log x’
exp (%logigw) &
which is negligible. This completes the proof of the second case of the
theorem, with the exponent 32—5 = 0.0571... replaced by the larger number
0.0578. 0

<

5. Concluding remarks: variations on the Q-practical
numbers

Srinivasan’s practical numbers have a natural dual, namely, those n for
which each m € [0, 0(n)] has at most one representation as a sum of distinct
divisors of n. Call these efficient numbers. Using the theory of sets of
multiples, Erdés showed [Erd70, Theorem 2] that the set of efficient numbers
possesses a positive asymptotic density.

On the polynomial side, we define n to be Q-efficient if T™ — 1 has at
most one monic divisor in Q[T] of each degree m € [0, n]. Erdés’s argument,
based on the theory of sets of multiples, may be adapted to show that the
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Q-efficient numbers also have positive density. Indeed, this is immediate
from the methods of [Erd70] and the following lemma.

Lemma 5.1. Let . be the set of natural numbers n satisfying:
(i) n is not Q-efficient.
(ii) Ifd | n and d < n, then d is Q-efficient.
(iii) Q(n) < 1.1loglog (3n).

Then the sum of the reciprocals of the members of . converges.

Proof. The proof is similar to Erdos’s argument and to our own proof of
Case 2 of Theorem 1.2, so we provide only a sketch. By partial summation,
it suffices to show that the counting function of . is O(x/(log x)?) for large
x. Suppose that n € % N [1,z]. Since n is not Q-efficient, there are two
monic divisors of 7™ — 1 of the same degree, and hence there is a nontrivial
solution to the equation

(5.1) Zedgo(d) =0, whereeach ¢;€{—1,0,1}.
dln

(Here nontrivial means that not all ¢4 = 0.) Put p := P™(n). We can
assume that

p> 22, where z:=exp(logz/loglogz),

since the number of exceptional n < z is O(x/(log x)?) by Lemma 3.6. We
can also assume that p divides n only to the first power. Otherwise, n has
squarefull part at least z%, and the number of such n < z is O(z/2?), which
is negligible.

Consider (5.1) modulo p — 1. Whenever p | d, one has that p — 1 | ¢(d).
So putting 7 := n/p, it follows that

(5.2) P11 eanld).

d|r

We claim that the right-hand side of (5.2) is a nonzero integer. If some €4
appearing in (5.2) is nonzero, this is clear: In that case, the vanishing of the
right-hand side of (5.2) implies that 7" — 1 has two monic divisors of the
same degree, contradicting condition (ii) in the definition of .. But if all
of the €4 in (5.2) vanish, then the original sequence of ¢; appearing in (5.1)
is supported on multiples of p. In that case, after dividing (5.1) through by
p — 1, we again obtain a contradiction to the Q-efficiency of r = n/p.

Now we fix r and count the number of p allowed by (5.2). Mimicking
the end of the proof of Case 2 of Theorem 1.2, we find that the number of
possible n is at most

X 91.1loglog (3z)

- exp(log z/ log log x)

exp(2log z/ loglog x)

1
<uz/ exp(§ log x/loglog ),
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once z is large. (We use here that 1.1 < 1/log2.) This last quantity is
certainly O(z/(log x)?). O

One might ask for both efficiency and practicality simultaneously, i.e.,
for numbers n where each m € [0,0(n)| has precisely one representation as
a sum of distinct divisors of n. The powers of 2 have this property, and
it is not so hard to show that these are all such n. The answer to the
analogous polynomial problem is perhaps more unexpected. Define a Q-
optimal number as an n for which T™ — 1 has precisely one monic divisor of
each degree m € [0,n]. In the remainder of this subsection, we classify the
Q-optimal numbers.

The following lemma is due to the second author [Thol2a, Lemma 4.1].

Lemma 5.2. Suppose that n is Q-practical. If p is a prime not dividing
n, then pn is Q-practical if and only if p < n + 2. Moreover, p*M is Q-
practical, where k > 2, if and only if p < n+ 1.

Let F,, := 22" + 1 represent the mth Fermat number. Below, we use the
well-known result that if p is an odd prime for which p — 1 is a power of 2,
then p = F,,, for some m (see [HWO08, p. 18]); such a prime p is called a
Fermat prime.

Proposition 5.3. Let k be a nonnegative integer. Suppose that all of
Fy, Fi, ..., F._1 are prime. Then

(53) n = FOFI"'Fk—l

is a Q-optimal number with k distinct prime factors. (We understand that
n =11 k =0.) Conversely, if there is any Q-optimal number with k
distinct prime factors, then Fy,...,Fr_1 are all prime, and n is given by
(5.3).

Proof (sufficiency). Suppose that all of Fy, ..., Fi_1 are prime, and define
n by (5.3). The Q-practicality of n follows immediately from Lemma 5.2
and the identity

FoFy - Fig+2= (2 —1) ((220 FDE 1) 2P 4 1)) 42
=¥ —1)+2=F,

valid for all 7 > 0 (provided one interprets the empty product as 1). More-
over, the identity (1.1) and the irreducibility of the cyclotomic polynomials

together imply that the number of monic divisors of 7" — 1 is 24" = 22k,
while the number of integers in [0, n] is precisely

ntl=Fy - F+1=F —1=22"

As these two numbers agree, the Q-practicality of n implies the Q-efficiency
of n (by the pigeonhole principle). Hence, n is Q-optimal. U
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Proof (necessity). This is clear if k¥ = 0, so assume that k& > 1. The
key observation is that for each Q-optimal number n, we have the formal
identity

_ TnJrl

= 1
(5.4) d||| (14+T%%Y) mEOT T

Evaluating (5.4) at T = 1, we find that 2” = n + 1, so that n = 2P — 1. In
particular, n is odd. Feeding the equality n = 2P — 1 back into (5.4), we
find that

1-1%"
H(l + TPy = =
dN 1-T

=(1+D)A+THA+TYH- -1 +T* .

In both sides of this identity, we have a product of D nonconstant polyno-
mials. Moreover, each of the D right-hand factors is irreducible over Q (in
fact, 1 +T? " = @, (T)). It follows from uniqueness of factorization in
Q[T that if one arranges the list of terms ¢(d), where d | n, in increasing
order, one obtains the sequence (1,2,4,...,2P71).

The number n must be squarefree. Otherwise, p? | n for some p > 3 and
so o(p?) = p(p — 1) is divisible by p, contradicting that ((p?) is a power of
2. So we may write

n=pi-pr, Wwhere p; <ps<--<p.

Since each ¢(d) is a power of 2, we have in particular that each p; —1 = (p;)
is a power of 2, and so p; is a Fermat prime. Hence, the prime factorization
of n can be rewritten in the form

n=1F ---F,6 where 0<i <ip<---<iy.

To complete the proof, we have to show that the sequence (iy,is,...,ix)
coincides with the sequence (0,1,...,k — 1).
We claim that 7" —1 has a divisor of degree m := F;, F;, --- F;, |, +1. To

see this, it is sufficient (since n is Q-practical) to show that m < n. Clearly,
(5.5) m+1< PR Fy-F,  +2=F;_ 1.

Since iy, > ip—1 + 1, we have m+1 < F;, <n. Som < n. Write m as a sum

of distinct terms p(d), where d | n. If every d involved in this representation

divides Fj, ---F;,_, = n/F;,, then m < Zle_lmF_ o(d) = Fy, - F,_,,
@ ip—1

which is not the case. So some d in the representation is divisible by F;

and hence Fj, —1 < ¢(d) < m. Hence,

k)

But from (5.5), we also have

m+1 SFikﬂ-&-l SF%
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It follows that iy = ix_1 + 1 and that equality holds throughout (5.5). The
latter forces the (k—1)-tuple (i1, i9,...,ix_1) to coincide with the (ix_1+1)-
tuple (0,1,2,...,ix_1), so that (i,...,ix_1) = (0,1,...,k —2). Since i, =
ix—1 + 1, we conclude that (i1,da,...,i,) = (0,1,...,k — 1), as was to be
shown. O

Corollary 5.4. There are precisely six Q-optimal numbers, namely 22 1
fori=0,1,...,5.

Proof. Since Fy, F1,...,Fy are prime while F5 = 641 - 6700417, Propo-
sition 5.3 shows that the Q-optimal numbers are precisely the numbers
FoFy---F;_1 =2 —1fori=0,1,...,5. O
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