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The sl(2) foam cohomology via a TQFT

Carmen Caprau

ABSTRACT. We construct a cohomology theory for oriented links us-
ing singular cobordisms and a special type of 2-dimensional Topological
Quantum Field Theory (TQFT), categorifying the quantum sl(2) in-
variant. In particular, we give a description of the universal dot-free
sl(2) foam cohomology for links via a 2-dimensional TQFT.
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1. Introduction

The author constructed in [5] the universal s/(2) tangle cohomology via
dotted foams modulo a finite set of local relations, using Bar-Natan’s [2] ap-
proach to local Khovanov homology and Khovanov’s work in [11]. We refer
to this as the wuniversal sl(2) foam cohomology. The construction starts at
the topological picture made of resolutions associated to an oriented tangle
diagram, called webs, and of dotted seamed cobordisms between webs, called
foams. A web is a disjoint union of piecewise oriented 1-manifolds contain-
ing 2k bivalent vertices (k > 0), so that for any two adjacent vertices, one is
a sink and the other a source. A foam is a piecewise oriented cobordism be-
tween such webs, and might contain some dots (as Khovanov’s foams in [11];
see also [17]). To switch from the geometric world to an algebraic one, one
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applies a ‘tautological’ functor and arrives at a cochain complex of mod-
ules and module homomorphisms whose cohomology is a bigraded tangle
invariant. Restricting to the case of links and considering the graded Euler
characteristic of this invariant, one recovers the quantum sl(2) polynomial.
Much as Bar-Natan [2] did in his approach to Khovanov’s homology for
tangles, the invariance was proved at the level of the topological picture by
considering the set of foams modulo local relations.

The universal si(2) foam cohomology corresponds (in a certain way) to
the Frobenius algebra structure defined on the ring A = R[X]/(X?~hX —a),
for which the counit and comultiplication maps are given in the basis {1, X'}
by

L1 e(1)=0 Al)=10X+X®1-hl®l
(L1) e(X) =1, AX)=X®X+al®1.

The ground ring is R = Z[i|[a, h|, where a and h are formal parameters and i
is the primitive fourth root of unity. Imposing a = h = 0 we arrive at an iso-
morphic version of the original Khovanov homology [1, 10]. Moreover, letting
h = 0 we obtain Bar-Natan’s theory [2], while setting a = 1,h = 0, Lee’s the-
ory [16] is recovered. We also remark that the universal s/(2) foam cohomol-
ogy is equivalent to the equivariant Khovanov-Rozansky sl(2) (co)homology,
after tensoring both theories with appropriate rings, as shown in [7]. (The
equivariant Khovanov-Rozansky sl(n)-link homology was introduced in [13],
and generalizes the original Khovanov-Rozansky homology theory [12].)

In [6] the author provided the tools that lead to efficient computations of
the dotted foam cohomology groups, and also showed that if 27! exists in
the ground ring, then one can work with a purely topological version of the
foam theory, where no dots are needed on foams.

The advantage of the si(2) foam cohomology versus the original Khovanov
homology and Bar-Natan’s work in [2] is the well-defined functorial property
with respect to tangle/link cobordisms relative to boundaries. In particular,
it fixes the functoriality of the original Khovanov invariant (for details we
refer the reader to [4, 5]). Other variants of Khovanov homology fixing
functoriality were independently constructed in [9] and [3] (the latter has
the advantage that is defined over Z).

The original Khovanov homology uses a 2-dimensional Topological Quan-
tum Field Theory (TQFT) corresponding to a certain Frobenius algebra. It
is then worthwhile to ask if one can obtain the si(2) foam cohomology by
applying some type of a TQFT rather than a tautological functor, and then
what the defining algebra structure of this TQFT is.

The purpose of this paper is to answer the above questions, thus to provide
an algebraic framework for the universal sl(2) foam cohomology for links us-
ing a special type of 2-dimensional TQFT defined on foams (in doing so, we
will consider the dot-free foam theory [6, Section 4]). The first step in achiev-
ing this goal was made by the author in [8], were she considered a particular



THE si(2) FOAM COHOMOLOGY VIA A TQFT 63

type of foams, called singular 2-cobordisms, and showed that the category
Sing-2Cob of singular 2-cobordisms admits a completely algebraic descrip-
tion as the free symmetric monoidal category on, what the author called, a
twin Frobenius algebra. A twin Frobenius algebra (C, W, z, 2*) consists of a
commutative Frobenius algebra C, a symmetric Frobenius algebra W, and an
algebra homomorphism z: C' — W with dual z*: W — C, satisfying some
additional conditions. The author also introduced in [8] a special type of 2-
dimensional TQFT, so-called twin TQFT, defined on singular 2-cobordisms
and showed that it is equivalent to a twin Frobenius algebra in a symmetric
monoidal category.

The category Sing-2Cob of singular 2-cobordisms, as considered in [§],
has as objects clockwise oriented circles and bi-webs; a bi-web is a closed web
with exactly two bivalent vertices. In this paper we enhance the category
of singular cobordisms by allowing counterclockwise oriented circles as well,
and thus working in a more general setup. We abuse of notation and denote
the enhanced category by Sing-2Cob as well. The algebraic structure of the
enhanced category is coined by the term: enhanced twin Frobenius algebra.
Then we use this category to complete the second step in achieving the goal
of constructing a cohomology theory for oriented links—via singular cobor-
disms and a certain type of 2-dimensional TQFT defined on them—which
is isomorphic to the universal dot-free si(2) foam cohomology. We chose to
work with the dot-free version of the foam theory as we are interested in a
purely topological construction; the ‘downside’ of this is the need of 27! in
the ground ring.

It is clear that in searching for an answer to the above mentioned goal, one
wishes to keep the well-defined functoriality of the s/(2) foam cohomology.
This is our reason for considering the general setup containing both clockwise
and counterclockwise oriented circles, although the method described in this
paper can be employed when working with simpler singular 2-cobordisms
whose boundaries are bi-webs and circles with only one type of orientation.
However, the author conjectures that by allowing both orientations for a
circle, the resulting cohomology via a TQFT is properly functorial, while in
the simpler case the functorial property holds only up to a sign.

The possible TQFT describing the sl(2) foam cohomology should satisfy
the local relations used in the construction of this theory. In [8, Example 1
of Section 5] the author gave an example of a twin TQFT satisfying the si(2)
foam local relations, but it failed short to satisfy the laws of a twin Frobe-
nius algebra (to be specific, the “genus-one condition” of a twin Frobenius
algebra holds with a minus sign). This tells us that, although the enhanced
category Sing-2Cob is governed by an enhanced twin Frobenius algebra,
the algebraic structure that underlines the si(2) foam cohomology must be
a minor modification of that of an enhanced twin Frobenius algebra. The
key to finding the appropriate algebraic structure lies within the results of
the foam theory: Let us recall that the local relations that one imposes on
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the set of foams imply a few other local relations, among whom there are
the “curtain identities” (CI-1) and (CI-2) (depicted here in Section 2). A
particular form of the curtain identities are those given in equations (3.8)
and (3.9), hence we need to mod out the morphisms of the category Sing-
2Cob by these latter relations. We show that the new category, let us denote
it by eSing-2Cob, admits an algebraic description as the free symmetric
monoidal category on an identical twin Frobenius algebra (we thought this is
an appropriate name for the corresponding algebraic structure). An identi-
cal twin Frobenius algebra (C, W, 21, 2], 22, 23 ) consists of two commutative
Frobenius algebras C' and W, and two algebra isomorphisms z1,z2: C' — W
with duals 27, z5: W — C and inverse isomorphisms iz, —iz3, respectively,
where 2 = —1. The 2-dimensional TQFT of interest to us is defined on
the category eSing-2Cob, and is equivalent to an identical twin Frobenius
algebra; hence we call it an identical twin TQFT.

Here is a brief plan of the paper. Section 2 provides a review of the
construction giving rise to the universal dot-free si(2) foam cohomology. In
Section 3 we set up the ground for the paper and introduce the category
Sing-2Cob of singular 2-cobordisms and its related category, eSing-2Cob.
We also describe the algebraic structures of the two categories. Section 4
provides the (identical twin) TQFT that we are concerned with here, and
shows that it satisfies the local relations used in the foam theory without
dots. The most important part of the paper is Section 5, where we construct
a cohomology for oriented links, isomorphic to the universal dot-free si(2)
foam cohomology. The ‘topology to algebra’ functor used in this construc-
tion is the TQFT of Section 4.

2. Review of the universal dot-free sl(2) foam cohomology

Let us briefly recall the construction of the universal si(2) foam coho-
mology introduced in [5]. For the purpose of this paper, we consider the
purely topological version of the foam theory in which no dots are present
on foams (for more details we refer the reader to [6, Section 4]). The con-
struction in [4, 5, 6] was given for the general case of tangles, but here we
restrict our attention to links.

We mentioned in the introduction that the ring

A= R[X]/(X? - hX —a),

endowed with the Frobenius algebra structure defined by the counit and
comultiplication maps given in (1.1), plays a key role in the universal sl(2)
foam cohomology. In the dot-free version of this theory, the ground ring
is R = Z[4,i][a,h], and it is graded by setting deg(a) = 4, deg(h) =
2 and deg(1) = deg(i) = 0. The ring A = (1, X)p is also graded by let-
ting deg(1) = —1 and deg(X) = —1.
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Given an n-crossing diagram D representing an oriented link L, we form
an n-dimensional cube U of resolutions (called ‘webs’) and cobordisms be-
tween them (called ‘foams’). This cube is then flattened to a Bar-Natan
type [2] formal complex in the additive category Foam i whose objects are
formally graded webs and whose morphisms are formal linear combinations
of foams, modulo certain local relations /. Some further degree and height
shifts are applied, which depend only on the number of positive and nega-
tive crossings in D, to arrive at a formal complex [D] living in the category
Kof: = Kom(Mat(Foams /Z)) of complexes of formal direct sums of objects
in Foams iz and which is an up-to-homotopy invariant for L.

The reason for working with foams (which are seamed or disoriented
cobordisms) rather than ordinary cobordisms is that in the s/(2) foam co-
homology one categorifies the oriented version of the quantum sl(2) polyno-
mial of L. The state summation for this polynomial is given by the formula
Py(L) = Py(D) := 31 +¢*T(I"), where the sum is over all resolutions I' of
D, and the exponents a(I") and the + sign are determined by the relations:

ey f=q (- X Wo=at) (-

The bracket polynomial (I') associated to a web I' is an element of the
Laurent polynomial ring Z[q, ¢ '], and it is evaluated via the skein relations:

(22) (OUD =@+¢Hm) = (=D,
(2.3) b =0 ) =60

Let us now say a few words about our webs and foams. A diagram I’
obtained by resolving each crossing in D in either the oriented or disoriented
fashion is a collection of disjoint circle graphs, called webs. A web is a
planar graph with bivalent vertices such that the two edges incident to a
vertex are either both entering the vertex or both leaving the vertex. Webs

without vertices are also allowed. For every singular resolution NV there is

an ordering of the two edges that meet at a vertex. We say that the edge
that ‘goes in’ or ‘goes out’ from the right, respectively, is the preferred edge
for the corresponding vertex. Two adjacent vertices of a web are called of
the same type if the edge they share is for both vertices either the preferred
edge or the non-preferred one. Otherwise, the vertices are called of different
type. The local relations depicted in (2.3) say that we can ‘remove’ adjacent
pairs of vertices of the same type.

A foam is a piecewise oriented cobordism between two webs I'g and I'y,
regarded up to boundary-preserving isotopy. We draw foams with their
source at the top and their target at the bottom (notice that this is the
opposite convention of that used in [4, 5, 6]), and we compose them by
placing one on top the other. Foams have singular arcs (and/or singular
circles)—represented by red curves—where orientations disagree; that is,
the two facets incident with a given singular arc have opposite orientation,
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and because of this, they induce the same orientation on that arc. For each
singular arc of a foam, there is an ordering of the facets that are incident with
it, in the sense that one of the facets is the preferred facet for that singular
arc. This ordering is induced by the ordering of the edges corresponding to
bivalent vertices that the singular arc connects, in the following sense: the
preferred facet of a singular arc contains in its boundary the preferred edges
of the two bivalent vertices that the singular arc connects. In particular, a
pair of vertices can be connected by a singular arc only if the above rule is
satisfied. We indicate facets’ ordering near a singular arc by using labels 1
and 2.

It is necessary to repeat here the local relations that appear in the defi-
nition of the category Foam /7

() =0
(T) C=D=2
(UFO) —ai— -
(G2) = (h* + 4a)
(SF) = 1@ + 1@
D

To be precise, we mod out the set of morphisms of the category of foams
by the local relations ¢ = (S, T, UFO, G2, SF). We remind the reader that
the local relations ¢ = (2D, SF, S, UFO) used in the dotted sl/(2) foam
cohomology are slightly different (see [5, Section 3.2]).

For the purpose of this paper, it is important to recall that the imposed
local relations of the foam theory (either dot-free or dotted theory) imply
the following curtain identities:
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as well as the the cutting-neck relation (CN) depicted below:

9 @
EEXE

The following isomorphisms hold in Foam Nz and are consequences of the

“curtain identities”:

(2.4) AN /! ;\/ N\ =~

—i| ™ i

We remark that the “curtain identities” are the local relations imposed on
the set of cobordisms in [9].

The category Foam /i is graded by defining deg(S) = —x(5) for every
foam S in Foam /0 where x is the Euler characteristic.

To obtain a computable invariant, one applies a tautological degree-preser
ving functor F: Foams /i R-Mod, which associates to a web I' the
set HOIIlFoam (@ I') of all morphisms from the empty 1-manifold @) to T,
and which assomates to a homomorphism between two webs the obvious
homomorphism obtained by composition. The functor F mimics the web
skein relations (2.2) and (2.3), and extends in a straightforward manner
to the category Kof. F([D]) is an ordinary complex of graded R-modules
whose cohomology is an up-to-homotopy bigraded invariant of L, and whose
graded Euler characteristic is the quantum s/(2) polynomial P(L).

3. Twin Frobenius algebras and singular 2-cobordisms

Let C be an arbitrary symmetric monoidal category with unit object
1 € C. As examples of such a category, we are interested in the category
Vecty, of vector spaces over a field k and k-linear maps, and in the category
R-Mod of R-modules and module homomorphisms, where R a commutative
ring; in particular, the category Ab of abelian groups is of interest for us.

In the next two subsections we generalize the concepts introduced in [8].

3.1. Enhanced twin Frobenius algebras. Recall that a Frobenius alge-
bra in C, (C,m,t, A, €), is an associative algebra (C,m,¢) with unit ¢t: 1 —
C and multiplication m: C ® C — C which is also a coassociative alge-
bra (C, A, €) with counit ¢: C' — 1 and comultiplication A: ¢ - C® C
satisfying (m ® Id¢) o (Idg ®A) = A om = (Ide ®m) o (A ® Idg).

A Frobenius algebra (C, m, ¢, A, €) is called commutative if moT = m, and
is called symmetric if eom = eomor, where 7: CRC — CRC, a®b+— bRa.
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A homomorhism of Frobenius algebras f: C — C’ is a linear map which is
both a homomorphism of unital algebras and counital coalgebras.

Definition 1. An enhanced twin Frobenius algebra
eT := (C,W, 21,27, 22, 23)
in C consists of:

e a commutative Frobenius algebra C' = (C,m¢,tc, Ac, €c),
e a symmetric Frobenius algebra W = (W, mw, vy, Aw, ew),
e four morphisms z1,29: C = W and 27,25: W — C,

such that z; and zo are homomorphisms of algebra objects in C, and such
that the following hold for k£ =1, 2:

(3.1) €Ecomg o (Idc ®Z;§) = €W oMy © (Zk & Idw), (duality)
(3.2) mwo(Idw ®zx) = mworw,w o (Idw ®z), (centrality condition)
(3.3) zxomgoAgozy =mwoTwwolAw. (genus-one condition)

The first equality says that for each k = 1,2, 2; is the morphism dual to
21, (implying that 2} is a homomorphism of coalgebras in C). If C = Vecty,
the second equality says that z;(C) is contained in the center of the algebra
W, for each k =1, 2.

We remark that a twin Frobenius algebra, as introduced by the author
in [8], is a set (C,W,z,2*) which mimics the laws of an enhanced twin
Frobenius algebra, with the difference that a twin Frobenius algebra involves
only one morphism z: C — W with dual z*: W — C. (Compare with a
knowledgeable Frobenius algebra introduced in [14]; see also [15].)

Definition 2. A homomorphism of enhanced twin Frobenius algebras is a
map

(Ca W7 21, Zika 22, Z;) (MQ (67 W,§17§>{7EQ7§§)

consisting of a pair (¢,%) of Frobenius algebra homomorphisms ¢: C — C
and ¢: W — W, such that z o ¢ = ¢ o z;, and z} o ¢p = ¢ o 2}, for each
k=1,2.

The category of enhanced twin Frobenius algebras in C and their homo-
morphisms has a symmetric monoidal structure with respect to the tensor
product of two extended twin Frobenius algebras

eT = (O, W, 21, 2], 22,25) and €T = (C, W, z1,%;, %2, %),
which is defined as
eTReT = (CRrC,WrW,21 ®Z1,2] ®Z;,22 @ Za, 25 D Z5).
The unit of the monoidal structure is (1,1,1dy,Ids,Ids,Idy).
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3.2. Singular cobordisms and the category Sing-2Cob. The cate-
gory of singular 2-cobordisms is an extension of the category 2Cob of 2-
dimensional cobordisms from oriented manifolds to piecewise oriented (but
globally oriented) manifolds. Singular 2-cobordisms are a particular type
of foams and may contain singular arcs and/or singular circles where ori-
entations disagree. What we call here Sing-2Cob is in fact a skeleton of
the category of singular 2-cobordisms, and is an extension of the category
with the same name introduced in [8], by allowing counterclockwise oriented
circles as well.

We fix a specific bi-web (a closed web with exactly two bivalent vertices)
and we denote it by 1. We also fix a positively oriented circle and a negatively
oriented circle, which we denote by 04 and 0_, respectively.

l=<> 0= 0=

An object in Sing-2Cob is a finite sequence n = (ny,neg,...,ni) where
nj € {04,0_,1}. Thus n is a disjoint union of copies of the fixed bi-web
and oriented circles. The length of the sequence, denoted by |n| = k, can
be any nonnegative integer, and equals the number of disjoint connected
components of the object n. If |n| = 0, then n is the empty 1-manifold.

A morphism ¥: n — m in the category Sing-2Cob is a cobordism with
source n and target m, considered up to equivalences. The boundary of
Y is 0¥ = nU m, where n is n with opposite orientation. Two singular
cobordisms ¥; and Y9 are considered equivalent, and we write X7 = Yo,
if there exists an orientation-preserving diffeomorphism »; — Yo which
restricts to the identity on the boundary.

We read morphisms as cobordisms from top to bottom, by convention,
and we compose them by placing one on top the other. The concatenation
nllm := (ny,ng,..., Nn|, M1, M2, - - - ,m‘m|) of sequences together with the
free union of singular 2-cobordisms endow the category Sing-2Cob with
the structure of a symmetric monoidal category.

The results in [8] can be easily extended to the new category Sing-2Cob,
and one acquires that every connected singular 2-cobordism in Sing-2Cob
can be obtained by composing the following cobordisms:

W ASTeE

v l HN

together with the identity cobordlsms (that is, cylinders over the bi-web,
and over the positively oriented and negatlvely oriented circles) and the



70 CARMEN CAPRAU

analogue of those depicted in (3.4) but with opposite orientation for the
boundary circles.

We use a dashed red curve to represent a singular arc that lies on the
back of a cobordisms; otherwise we use continuous red curves.

S (D =
We draw the composite cobordisms o and o as:
DA e O
[ D S = (2 -
&)
o = - O -

There is a finite set of relations among the morphisms that mimic the
equations defining an enhanced twin Frobenius algebra. Specifically, the
following diffeomorphisms hold in Sing-2Cob (these can be verified as in
the proof of [8, Proposition 3]).

Proposition 1. The following relations hold in the symmetric monoidal
category Sing-2Cob:

(1) The oriented circles C > and C_ form commutative Frobenius al-
gebra objects (we give below the relations for the negatively oriented
circle, but the reader should have in mind that there are similar re-
lations for the positively oriented circle):

"
Y
5B

(2) The bi-web <> forms a symmetric Frobenius algebra object:

IR
IR
000000

I

1
1

1%

/
/

AR = T évﬂj

AN
<

12

QBT B S =
\\ \ \\;:/// \\\CX/ /. . // /\ /N
\ = N A o/ = = N4 /
N /// AN /,/ AN /,/ N /,/
o/ e psa < o/
> <) e
/’Q\ J T\ //<>\\\ J T\
<>
=

I
VIR
T



THE si(2) FOAM COHOMOLOGY VIA A TQFT 71
NI S
g% ~ ><>‘\/ MD \é/ / ~ \ /,
\<:>

\ / / \ \@/ \<\i/>/

AN
o/ =
)
(3) The “zipper’ cobordzsms cmd form algebra homomorphisms:

.l m

o L
l g -

[
y

12

0

12

”<:>‘

(0

< (-
(4) The “cozipper” cobordism H 1s dual to the zipper . Likewise,
-, >

-
the other cozipper 1s dual to the zipper ! :
- -

As a result of the above relations, the following holds:
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Proposition 2. The category Sing-2Cob of singular 2-cobordisms is equiv-
alent to the symmetric monoidal category freely generated by an enhanced
twin Frobenius algebra.

3.3. The category eSing-2Cob. We extend the set of morphisms in the
category Sing-2Cob by allowing formal linear combinations of the original
morphisms—with coefficients in the ground field or ring (recall that the cat-
egory C is either Vect; or R-Mod, where k is a field and R a commutative
ring)—and extending the composition maps in the natural bilinear way. For
the remaining of the paper, we require that the ground field/ring contains
the fourth root of unity 1.

We mod out the set of morphisms in Sing-2Cob by the following local
relations, and we denote the resulting category by eSing-2Cob:

(3.8) < :—i@
D
(3.9) < :i@

A quick inspection reveals that relations (3.8)—(3.9) are particular cases
of the “curtain identities” (CI-1)—(CI-2). The reason for imposing the above
relations is motivated by our goal of constructing a TQFT-approach coho-
mology for links isomorphic to the (tautological) si(2) foam cohomology,
thus this new theory must satisfy the local relations of the si(2) foam co-
homology. This reason will become more transparent in Section 5, via the
‘resolution-simplification step’.

Remark 1. Considered as an element in the category eSing-2Cob, the
bi-web forms a commutative Frobenius algebra:

Moreover, the “centrality relations” are implied by relations (3.8)-(3.9)
and hold with equality in eSing-2Cob. Furthermore, the “genus-one rela-
tions” take the following form in the new category eSing-2Cob:
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//’O\\ i

_ ST o

- - = -0
. /” v

N/ !

Noticing the minus signs in the above equations, we recall that the twin
TQFT that we mentioned in the introduction, and given in [8, Example
1], failed to satisfy the “genus-one condition” of a twin Frobenius algebra
because of a minus sign.

[

Remark 2. The imposed relations (3.8)-(3.9) imply that the zippers E
> =

and ! are isomorphisms in the category eSing-2Cob, with inverses i
k) -

-
and —i, respectively (compare with the isomorphisms (2.4)). It follows
-

that the cobordlsms . and ' are mutually inverse isomorphisms:

0B

Proposition 2 reveals the algebraic structure of the category Sing-2Cob.
Then a natural question arises:

Question 1. What is the algebraic description of the category eSing-
2Cob?

The answer is given by the above two remarks, along with Proposition 1.
First we observe that in the category eSing-2Cob, not only the circle but
also the bi-web forms a commutative Frobenius algebra, and that z; and iz
must be mutually inverse isomorphisms, as well as 2z and —iz5. That is:

(3.10) (iz;) oz = Ide, zi o (iz) = Idw, for k =1,2.

In particular, we have that z; and 2 are algebra isomorphisms, while 2z}
and z3 are coalgebra isomorphisms such that f = 2502 and g = 2] 0 25 are
mutually inverse isomorphisms of algebra objects in C.

Second, the “centrality condition”

mw o (Idw ®zx) = mw o Tww o (Idw ®z1)

and the “genus-one condition” z; o mg o Ag o 2 = mw o Tw,w © Ay that
an enhanced twin Frobenius algebra is required to satisfy need not appear
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in the definition of the new algebra, as they are implied by the imposed
relations (3.10) (actually the genus-one condition ‘holds’ with a minus sign
in the new algebra; i.e., the new algebra satisfies —z; o mg o Ag o z;, =
mw © Tw,w © Aw, for each k = 1, 2)

We put these together and give a formal definition/description of the
algebraic structure governing the category eSing-2Cob.

Definition 3. An identical twin Frobenius algebra
iT := (C,W, 21, 27, 22, 25)
in C consists of two commutative Frobenius algebras
C=(Cymec,tc,Ac,ec) and W = (W, mw, uw, Aw, ew)

and four morphisms 21, 2z0: C — W and 27, 25: W — C, such that 21, 29 are
isomorphisms of algebra objects in C with dual (coalgebra) isomorphisms
21, 25, respectively, and inverse isomorphisms iz}, —iz5, respectively.

A homomorphism of identical twin Frobenius algebras and the tensor
product of two identical twin Frobenius algebras are defined similarly as
their analogues corresponding to enhanced twin Frobenius algebras (see Def-
inition 2).

Definition 4. An identical twin TQFT in C is a symmetric monoidal func-
tor eSing-2Cob — C. A homomorphism of identical twin TQFTs is a
monoidal natural transformation of such functors.

Given an identical twin TQFT, call it 7, there is an associated identical
twin Frobenius algebra iT = (C, W, 21, 2], 22, z5) such that 7(0) = 1 and
T(0-) =C =T(04),7(1) = W. The structure maps of the algebra iT
are the images under 7 of the generators of eSing-2Cob, as explained in
Figure 1.

T:&%Ac, T:W%mc, T: @—Mc, T: @—>e(;
é%—)AC, W%mc, =, T = e

\

\—)Aw, T: \ ’//—>mw, b—)Lw, T: <:>—>€W

.ﬂl, .ﬂl, .ﬂg, lﬂQ

FIGURE 1. The assignments of 7 on generators.

Proposition 3. The category eSing-2Cob is equivalent to the symmetric
monoidal category freely generated by an identical twin Frobenius algebra.
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Proof. The proof is similar to that of Theorem 3 in [8], and for the sake of
brevity, we leave the details to the enthusiastic reader. ([

Corollary 1. The category of identical twin Frobenius algebras in C is
equivalent, as a symmetric monoidal category, to the category of identical
twin TQFTs in C.

Definition 5. Let 3 € Sing-2Cob be a singular 2-cobordism. Define the
degree of ¥ as deg(X) := —x(X), where x(X) is the Euler characteristic of
2.

The degree of a cobordism is additive under composition. We also re-
mark that the degree of multiplication/comultiplication cobordisms and
unit/counit cobordisms (the first two and last two cobordisms, respectively,
given in (3.4) and (3.5)) is 1 and —1, respectively, while the singular cobor-
disms depicted in (3.6) have degree zero.

Thus the category Sing-2Cob is now graded, and since relations (3.8)
and (3.9) are degree-homogeneous, so is the category eSing-2Cob.

4. An identical twin TQFT

We are ready to describe now the degree-preserving (identical twin) TQFT
which allows the recovery of the universal dot-free si(2) foam cohomology
for links.

Let R = Z[%,i][a, h] be the graded ring considered in Section 2, and let C
be the category R-Mod. Consider the R-module A = R[X]/(X?—hX —a)
with inclusion map ¢: R — A, (1) = 1, and make it graded by deg(1) = —1
and deg(X) = 1. Equip A with two commutative Frobenius structures

Ac = (A,me, e, Ac,ec), Aw = (A, mw,ww, Aw, ew),

where (¢ = vy = t. The multiplication maps mg,my: A® A — A are
given in the basis {1, X'} by

mc(1®X) :mc(X®1) :mw(1®X) :mw(X®1) =X
me(1®@1)=myp(1l®1l)=1, me(X®X)=mp(X®X)=hX+a

The comultiplication maps Ag: A - A® A and Apy: A - AR A

are dual to the multiplication maps via the trace maps ec: A — R and
ec: A — R, respectively,

ec(l)=0 ew(l) =0
ec(X) =1, ew (X) = —i,
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and are defined by the rules
Ac(l) =19 X+X®1-h®l
Ac(X)=X®X +al®]1,
A1) =il X +X®1-hl®1)
Aw(X)=i(X @ X +al ®1).

We remark that Ay is a twisting of Ac. Specifically, the comultiplication
Aw and counit ey are obtained from Ag and e by ‘twisting’ them with
the invertible element —i € A:

ew(x) = ec(—iz), Aw(z) = Ac((—i)tz) = Ac(iz), for all z € A.

We define the following homomorphisms:

210 Ao — Aw, {282)::1)( ,

25 Aw — Ac, {282)_:__21)(

z: Ac = Aw, {zzg;lh —- X,
7 Aw = Ac, {282)::1@'(11 - X)

Straightforward computations show that (Ac, Aw, 21, 27, 22, 25 ) satisfies the
axioms of an identical twin Frobenius algebra.

The corresponding identical twin TQFT T : eSing-2Cob — R-Mod
assigns the ground ring R to the empty 1-manifold, and assigns A®* to
an object n = (ny,ns,...,n;) in eSing-2Cob. The i-th factor of A®F is
endowed with the structure A¢ if n;, = 0 = C D or n; = 04 = C ), and
with the structure Ay if n; = 1 = <”>. On the generating morphisms of
the category eSing-2Cob, the functor 7 is defined as depicted in Figure 1.

Since (Ac, Aw, 21, 2], 22, z3) forms an identical twin Frobenius algebra,
the functor 7 respects the relations among the set of generators for eSing-
2Cob, and therefore, it is well defined. It is also easy to verify that T is
degree-preserving. (Note that mc, my and Ac, Ay are maps of degree 1,
while o, 1ty and ec, ey are maps of degree —1.)

Proposition 4. The functor T satisfies the local relations U of the universal
dot-free sl(2) foam theory.
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Proof. First, let us find the composite morphisms f = 25021 and g = 2] 0z:

_ F0) =1
frde=de {f(X) = i(h - X),
1) = —i

. 9(
g: Ac = Ao, {g(X) = —i(h - X).

Then, notice that 7 (C=>) =2 since T (=) = ecome o Ac o e,
and (EC omg o AC o] Lc)(l) = (Ec omg © Ac)(l) = ec(QX — h) =2

Also T () =0=T () since (ecoforc)(1) = 0 and (ecorc)(1) =
ec(l) =0.

We have that T <) = m¢c o Ac ome o Ac¢ o 1. Moreover,
(meoAc) (1) =mc(1®X+X®1-hl®l)=2X —h
and (m¢c o Ag)(X) =me(X ® X +al ® 1) = hX 4 2a. Furthermore,
(mcoAcomeoAcoie)(l) = (mecoAc)(2X —h)
=2(hX +2a) — h(2X — h)
= h? +4a = (h* + 4a)c(1).

Therefore T() = (h? —i—4a)’7'<>.

Furthermore,

(ecofomegoAgoie)(l) = (eco f)(2X —h)
= ec(2i(h — X) — ih) = —2i,

which corresponds to the local relation T <> = —2i.
Similar computations show that T () =2iand T <> =0.

Finally, 7 () +T <> = [teo(ecomeooAc)]+[(meoAcoic)oec].

Then

[tc o (ec omeo o Ag)](1) + [(me o Ac o i) o ec](1)
= (Lcoec)(QX —h) +0=2,

and

[tc o (ec ome o A)|(X) + [(me o Ac o we) o ec](X)
= (1o oeo)(hX +2a) + (mc o Ac)(1) = h+ (2X — h) = 2X.
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Therefore, the following holds:

(0)-r(E)r(2)

Observe that %[Awo(ecomCoAcozT)] —&—%[(zl omgoAcgoic)oew] = Ida,, ,
implying that 7 satisfies the “cutting-neck” relation (CN) given in Section 2:

.
.
:

Proposition 5. The R-module map ac: Ac — R{1} ® R{—1} given by

o= (rn7(5+45)

realizes the isomorphism Ac = R{1} & R{—1}.

+
| =
=

Proof. First, we remark that a¢ is degree-preserving. Consider the R-
module map Bc: R{1} & R{—1} — A¢ given by

1 h
o= (T(32-50). 7).
and notice that it is degree-preserving, and that it satisfies Bo o ag =

T (E) = Id4, and ac¢ o B¢ = ldg{1}gr{-1} - Therefore, ac and f¢ are

mutually inverse isomorphisms in R-Mod. ([

Proposition 6. The R-module map aw: Aw — R{1} @ R{—1} given by

1 h !
_ | 1o he
aw = (TENT (5 +577))
realizes the isomorphism Ay = R{1} & R{—1}.

Proof. First observe that ayy is degree-preserving. Consider the R-module
map Sw: R{1} & R{—1} — A¢ given by

w=(r(50-32) 7))

We have that By oaw =T (@) = ld4y, and aw o Bw = ldp(1yer{-1} -

Therefore, ayy and Sy are mutually inverse isomorphisms in R-Mod. [
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FI1GURE 2. Resolutions.

5. A new link cohomology

Given a plane diagram D representing an oriented link L, we construct
a cochain complex C(D) of graded modules over the commutative ring R
considered before, whose graded Euler characteristic is P>(L), the quantum
sl(2) polynomial of L.

Let I be the set of crossings in D, and n. (respectively n_) be the number
of positive (respectively negative) crossings; let n = |I| = ny +n_. We
associate to D an n-dimensional cube U described below, whose vertices
and edges are objects and morphisms, respectively, in the category eSing-
2Cob. Vertices of the cube are in one-to-one correspondence with subsets
of 1.

We begin by associating to each crossing in D either the oriented reso-
lution or the singular resolution, as explained in Figure 2. To J C I we
associate a web 'y, namely the J-resolution of D, where the crossing k re-
ceives its 1-resolution if k € J, otherwise it receives the 0-resolution. Each
resolution I'; is a disjoint union of oriented circles and closed webs with an
even number of vertices. Notice that these are exactly the webs decorat-
ing the vertices of the n-dimensional cube U in the s/(2) foam cohomology
construction.

Next step consists in simplifying each web component of each resolution
I'; by removing pairs of adjacent vertices of the same type, thus ‘imitating’
the web skein relations (2.3), until each web is replaced by a bi-web. Each
simplified resolution, call it T';, is then a disjoint union of oriented circles
and bi-webs, and is an object in the category eSing-2Cob.

Number the components of each T'; by 1,..., ks, with k; € N, and define
a sequence m/) = (mg‘]), e ,m,(ii)), where ml(‘]) = 0_ or ml(‘]) = 04 if the
[-th component is a negatively or positively oriented circle, respectively, and
ml(‘]) =1 if the [-th component is a bi-web.

For every k € I and J C I\{k}, the components of the resolutions I' ; and
T jup differ by either an oriented circle or a bi-web. Consider the singular
2-cobordism S( Tk) T'; — Ty, which is a cylinder over I'; except for a
small neighborhood of the crossing k, where it looks like one of the following
singular cobordisms:
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We define the n-dimensional cube U to have as vertices the sequences
m){2n, —n_—|J|}, and as edges the singular 2-cobordisms S () regarded
as morphisms in the category eSing-2Cob. Here {m} is the grading shift
operator that lowers the grading by m.

We remark that the resolution-simplification step used above suggests
that we need to impose the relations (3.8) and (3.9) right at the ‘topological
world’, before we apply any possible TQFT. (Compare again the web skein
relations (2.3) with the isomorphisms (2.4), and then with relations (3.8)-
(3.9).) Hence the cube U is regarded as lying in the category eSing-2Cob,
rather than Sing-2Cob.

The morphism decorating an edge of the cube I is a disjoint union of
a finite number of cylinders over an oriented circle and/or a bi-web with
a saddle cobordism S that looks like one of those in (5.1) or (5.2); such
a saddle cobordism S is a composition of generating morphisms of eSing-
2Cob. Relations (3.8) and (3.9), together with the fact that the bi-web
forms a commutative Frobenius algebra object in eSing-2Cob imply that
each face of U commutes.

Now that we have the topological picture, namely the cube U, we are
ready to apply the degree-preserving TQFT 7 : eSing-2Cob — R-Mod
given in Section 4, and turn the commutative cube ¢/ in eSing-2Cob into a
commutative cube 7 (U) in R-Mod. The degree shift of each vertex assures
that each edge of T (U) is a grading-preserving homomorphism.

We have seen that the functor T associates Ac to both, positively and
negatively oriented circles. However, it will be useful to work with different
bases for A¢, namely

T(CO)=(LX)r and T(CD)=(1,h—-X)r.

Under this convention for A¢, the homomorphisms decorating the commu-
tative cube T (U) are given by the following rules (we omit here myy and
Ay, whose rules are already clear):
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(1®1— —i
1®X = —iX
= ® Id :
T aemee@®ldac) g yen o ix
[(h— X)® X = —i(hX +a)
1®1— —i
l®h—-X)— —iX
= 1d :
T aomeo(ldac®9):q v oy L, ix
X & (h—X) = —i(hX +a)

T(@) meo(21®IdAW)
11 —=1

19X - X
= Id = :
mw o (Iday ®21) T(@) X0l X

XX —hX +a

o e 1@1 — —i

T == ((rog)®Tda,): 20 7~
=m O 21 O N

WERACTEEATY (- X) @1 - —iX

< (h—X)® X — —i(hX +a)

o E 1@ (h—X) = —iX
T g =mw o (Ida, ®(z109)) : X o1 —iX

N X @ (h—X) = —i(hX +a).

For the comultiplication type maps we have:

- -[1eX+(h-X)®1-hl®l1]
X—=—[(h—X)®X +al®1]

X = —[X®h-X)+al®]]

{1—>—[1®(h—X)+X®1—h1®1]

1-i(l®X+X®1-hl®1)
éﬁ X—=i(X®X+al®1)
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151X+ (h-X)®1-hl®l]
X = —[(h-X)®X+al®1]

)

<
0L.0-9

T. 1o -leh-X)+Xel-hel
13 X o X (h-X)+tal@l].

We add minus signs to some maps to make each square face of T (U)
anti-commutes; an intrinsic way to do this can be found in [2, Section 2.7].

Finally, we form the total complex C(D) of the anti-commutative cube
T (U), in such a way that its first non-zero term 7 (I'y){2ny —n_} is placed
in the cohomological degree —n_.. The complex C(D) is non-zero in coho-
mological degrees between —ny and n_; the cochain object C"~"+(D) is the
direct sum of all R-modules decorating the vertices of the cube 7 (U) with
height r. The complex C(D) is well defined up to isomorphisms; specifically,
it is independent of the ordering of crossings in D, and of the numbering of
components of any resolution.

Let Kom(R-Mod) be the category of complexes over R-Mod, and denote
by Kr := Kom /h(R—Mod) its homotopy subcategory. Two chain complexes
in Kom(R-Mod) are homotopy equivalent if they are isomorphic in Kg.

Theorem 1. If D and D’ are oriented link diagrams that are related by
a Reidemeister move, then the complezes C(D) and C(D') are homotopy
equivalent. That is, C(D) and C(D') are isomorphic in the category Kg.

Proof. Reidemeister I. Consider diagrams Dy and D) that differ only in a
circular region as shown below.

Dy = p . Dy=!
The chain complex C(D;) associated to the diagram D; has the form
ey o |T() | 4 (o) w| —o
where the underlined object is at cohomological degree 0. Depending on the

shape of D; (and D) outside the circular region, the differential d is the
tensor product of

Ny
i

T - /- or T |1

with a finite number of identity maps Id 4., and Id4,, (since diagrams D,
and D) are identical outside the circular region). For simplicity, we will
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omit these identity maps. The complex C(D;) is isomorphic in Ky to the
complex

(Id Ac ®ac’2) od > T > {2}
—0,

T(] )

] < (Ida, ®acp)od

0—s [T (b) {2}

where the maps ac,1 and acp2 are the components of the isomorphism a¢
given in Proposition 5.
This complex decomposes into the direct sum of the complexes

o= [r (o) @] B () Y] -

c(D}): 00— [T <>)] — 0.

The morphism (Id4, ® ac 1) o d is equal to

or

T @@)oé% =i7(J);

and, in either case, it is an isomorphism. Thus the first complex in the direct
sum above is acyclic, and C(D;) and C(D}) are isomorphic in Kg.

The invariance under the type I move containing a negative crossing can
be verified similarly.

Reidemeister Ila. Consider diagrams Do, and D5, that differ in a circular
region, as represented below.

/ Déa = "/

D 2a = \ : \_/
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The chain complex C(Dy,) associated to the diagram Ds, has the form:

@ T <><> 1] -0

Using the result of Proposition 6, this complex is isomorphic to the complex:

(R ) [
_ T(X) {0y

d(l) o (Iday, ® Bw2) 7

d’2 ) T (><) -] —o,

( d(l) o (Iday, ® Bw,1)

which decomposes into the following three complexes:
0— [7(22¢) ] L [ (0 )] —o
o (5 ) on] e (Y )

C(Dh,): 0— [T </\<)] — 0,

where aw1,aw2 and Bw,1, Bw, are the components of the isomorphisms
aw and By appearing in Proposition 6. We have that:

dl—l:’r(@) and d(f:’r(v),
by s o =T ((39) 0 ) ~7(0)
& o (Id a4, ®Bw2) :T(i\jo (ZD @>> :rr@).
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Thus (Id4,, ® aw1) o all_1 and d? o (Id4,, ® Bw2) are isomorphisms, and
consequently, the first two complexes above are acyclic. (Note that all dif-
ferentials above are tensored with a finite number of identity maps Id 4,
and Id 4, .) Moreover, the last complex corresponds to the diagram D).
Therefore, C(Da,) and C(D),) are isomorphic in Kg.

Reidemeister IIb. Consider now diagrams Dy, and Dj, that differ in a
circular region as shown below.

Doy =i\ WV ! DL, = \/‘
R S

The chain complex associated to Do has the form:
o))
e ) — [T (>Q) {—1}] — 0.

0— [7’ <D <) {1}} —
As in the proof of the invariance under the Reidemeister Ila move, the
complex C(Dgp) is isomorphic (via Proposition 5) to the complex which is
the direct sum of the following three complexes:

e
o—[7() )] = [ ()0 0] —o

0— :7' (X};) {—1}} — 0.

The first two complexes are acyclic, and the last one is isomorphic to C(D4, ).
Therefore, C(Dgp) and C(DY,) are isomorphic in the category K.

Reidemeister II1. We consider diagrams D3 and Dj that differ in a circular
region as depicted below.

D3:4Kz‘i DéZiz\\ j
The cube of (simplified) resolutions corresponding to the diagram Ds is
given in Figure 3, and that corresponding to D% in Figure 4. Note that the

resolutions T'ggg and I7ggg are obtained by simplifying (or removing adjacent
pairs of vertices of the same type in) the original resolutions

I = \/\J and T, = W
2 7

VA
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corresponding to D3 and D}, respectively. The reader will notice that we
drew a circle at the tail of those edges of the cubes that received an additional
minus sign (to make each square face anti-commutes).

NV

J -
AR
N N \ U

Tooo [ o> T

/\\ " \/ Ak

Rl

/N

FIGURE 3. The cube of resolutions of Dj.

The complex C(D3) has the form

B T (Too1){5} T (Toi1){4}
0 — [T(Too0){6}] — | T(To10){5} ] T (LT1o1){4} ]
T (I100){5} T (T110){4}

— [T(T111){3}] — 0.
Using the isomorphism given in Proposition 6, we have that
T(To10){5} = T(To00){6} ® T (T110){4}-
Therefore the complex C(Ds3) is isomorphic to the complex which is the
direct sum of the contractible complexes
0 — T (Tooo)

{6} — T(To00){6} — 0
0 — T(T110){4}

N
=T T(T110){4} — 0

and the complex

. T(To01){5} | a2 [ T(Toun){4} -
¢ 0—>[T(rf30>{5}}—>[ T(T ){4}} [TTuis] =0
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Uﬁ

IR
TR AN NI
N X ./

4 ﬂ

FIGURE 4. The cube of resolutions of Dj.

=

In other words, C'(D3) and C are isomorphic in KR.
The complex C(D5) has a similar form as C'(D3), with the only difference

that the resolutions I';;; are replaced by f;jk. Using the fact that,
- =/ =/
T(To10){5} = T(Loo){6} & T (I'110){4},

we have that the complex C(D}) is isomorphic to the complex

' T(Coo) {5} | =2 | T(Cyu){4} | ot [
co [ T 5] ] - [ T o)1) ] = [[Twe] —e

after stripping off the contractible direct summands
= = -/
0 — T(Lopo){6} — T(L'p0){6} — 0,

=/ = —
0 — T(I0) {4} — T(To){4} — 0.
Thus, C'(D') is isomorphic to C' in Kgr. It remains to show that com-

plexes C and C’ are isomorphic. We give the resolutions contained in these
complexes in Figure 5 and Figure 6.

Denote by d2 = ( ;1 :7723 ) and d=! = (fs, f) the differentials in C.
2 4

Similarly, let =2 = < zl g3 ) and d'~! = (g5, gs) be the differentials in
2 94

C'. Then fi = go, fo = g1, f3 = g4 and fy = g3. Moreover, f5 = —gg and

fo = —gs-
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N A
s
““/\3°9 f\ i

FI1GURE 5. Resolutions forming the complex C.

i
Sk

FIGURE 6. Resolutions forming the complex C’.

It is an easy exercise to check that the maps F': C — C' and G: C' — C
with components

2 _~—2_(10 1 _ =1 (01 0_ A0 _
Lo (10) mrmer (1), o

are chain maps realizing the isomorphism (in Kr) between complexes C and
C'. The invariance under the considered version of the type III move follows.

Since the other oriented versions of the Reidemeister III move can be
obtained from the type III move described above and the type II moves, the
proof of invariance under the Reidemester moves is complete. ([

Corollary 2. Let H(D) = &; jezH" (D) be the cohomology groups of C(D).
Then the isomorphisms classes of the groups H" (D) are invariants of L.

The following statement follows at once from construction.
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Proposition 7. The graded Euler characteristic of H(L) is the quantum
sl(2) polynomial of L:

Py(L) = Y (=1)'¢’ tk(H™(L)).

i,jEL

Final conclusion and question. Our construction together with Proposi-
tion 4 imply that the link cohomology provided in this section is isomorphic
to the universal dot-free sl(2) foam cohomology. In particular, we gave a
description of the universal si(2) foam cohomology using a 2-dimensional
TQFT characterized by an identical twin Frobenius algebra.

Is there a more natural si(2) TQFT (co)homology construction that takes
as inputs webs with arbitrarily many pairs of bivalent vertices—thus a con-
struction that doesn’t require first a vertex-reduction (resolution-simplifica-
tion)? And if so, what is the associated algebra structure of that TQFT?
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