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On certain conformally invariant systems
of differential equations

Anthony C. Kable

ABSTRACT. Several systems of differential operators are constructed
and their study is commenced. These systems are generalizations, in
a reasonable sense, of the Heisenberg Laplacian operators introduced by
Folland and Stein. In particular, they admit large groups of conformal
symmetries; various real form of the special linear groups, even special
orthogonal groups, and the exceptional group of type Eg¢ appear in this

capacity.
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1. Introduction

This work is concerned with certain conformally invariant systems of dif-
ferential equations and so we begin by defining this notion and making a few
remarks about its history and significance. Let G be a Lie group that acts
on a manifold M and €& — M a vector bundle with a compatible G action.
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A system Dy, ..., D, of differential operators on sections of € is conformally
invariant with respect to G if there are ¢;; € C*°(G) such that

n
(1.1) goDiog ' = cji(g)D;
=1

for 1 <i <mnandall g € G. It is often convenient to consider instead the
infinitesimal version of (1.1), which requires that there are C;; € C*(g) such
that

(1.2) X, Di] = Cji(X)D;
j=1

for 1 < i < n and all X in the Lie algebra g of G. In fact, (1.2) is often
the primary definition of conformal invariance, and makes sense even when
there is no group action associated with the Lie algebra g of vector fields
on M, but we shall not need to belabor the distinction here. Conformal
invariance is one possible answer to the question of what to require of the
system D1, ..., D, so that the condition D;ep = 0 for 1 < ¢ < n has G-
invariant significance. Note that it encompasses, but is more permissive
than, the requirement that the system itself be G-invariant.

In the case n = 1, at least, conformal invariance has a long history in
mathematics and mathematical physics. An outstanding example is the
Laplacian A, which is conformally invariant with respect to the group gen-
erated by the Euclidean motions and the Kelvin transform. At first, this
example was considered on the manifold M = R", with A acting on func-
tions on M, but this has the disadvantage that G acts by maps that are
generally not everywhere defined. It was later realized that it was prefer-
able to take M to be a suitable compactification of R", with A acting on
sections of a line bundle over M. With the advantage of hindsight, we may
say that M is a real generalized flag manifold for G and the line bundle is
G-homogeneous. Many of the characteristic features of the theory of confor-
mally invariant systems are prefigured in various chapters of the voluminous
classical theory of the Laplacian. In addition to the discovery of the Kelvin
transform and the associated fundamental solution, Maxwell’s theorem giv-
ing the structure of the space of harmonic polynomials, and the discovery
of symmetry reductions leading to other important equations of mathemat-
ical physics are particularly significant from the point of view of conformal
invariance.

An important step forward in the study of conformally invariant operators
was taken by Kostant [15]. In his contribution to [1], Kostant explains that
he was motivated to undertake this work by Segal’s observation that the
space of solutions of the wave equation on spacetime is invariant under the
action of the conformal group SU(2, 2), even though the equation itself is not
invariant. The explanation is the conformal invariance of the wave equation,
which Kostant instead called quasi-invariance. Note that this is exactly the
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signature-(3,1) analogue of the conformal invariance of the Laplacian un-
der the group generated by the Euclidean motions and the Kelvin transform,
slightly disguised by the low-dimensional isomorphism SU(2,2) = Spin(4, 2).
In this work, Kostant considered the situation in which M is a real general-
ized flag manifold and € is a homogeneous line bundle. He showed that, in
this setting, there is an intimate connection between conformally invariant
operators and homomorphisms from one scalar generalized Verma module
to another. With the benefit of hindsight once again, one may see traces
of this relationship in Maxwell’s work on harmonic polynomials, the mod-
ule of harmonic polynomials being a quotient of a scalar generalized Verma
module by the image of the homomorphism associated to the Laplacian by
Kostant’s theorem. Kostant’s work reduces the discovery of conformally in-
variant operators on real generalized flag manifolds to the algebraic problem
of understanding homomorphisms between scalar generalized Verma mod-
ules, or equivalently to the problem of constructing submodules of these
modules when they exist.

The referee has suggested that Kostant’s result be illustrated in the sim-
plest possible case. Accordingly, in this paragraph and the next we shall take
G = SL(2,R) and Q to be the subgroup of G consisting of lower-triangular
matrices. For u € R* and s € C we let |ul% = |u|® and |u]® = sgn(u)|u|®.
For s € C and € € {£}, define x5, : Q — C* by

a 0
e () =l

Let Cs. denote C as a Q-module on which Q acts by xs.. Then
Ls,a =G Ys) Cfs,a

is a homogeneous line bundle over G/Q. Let N denote the subgroup of
G consisting of upper-triangular matrices with ones on the diagonal. The
set NQ/Q is open and dense in GQ and is diffeomorphic to R. A smooth
section of L . restricted to this set may be regarded as a smooth function
on R. The (partially defined) action of G on such functions is generated
by the translation operators (1), f)(u) = f(u + p) for p € R and the Kelvin
transform K, . given by

(e = ulf (-3 ).

A smooth function f extends to a smooth section of £ . over G/Q precisely
when K . f extends smoothly across zero. Note that ]Ks_é = eKq.

The Lie algebra g of G has a standard basis H, X, Y, with commutation
relations [X,Y] = H, [H,X] = 2X, [H,Y] = —2Y. The Lie algebra of g
is spanned by H and Y. The Verma module associated to the bundle £,
is M(s) = U(g) ®y(g) Cs, where C; is C with the g-action Hz = sz and
Yz =0. We write 1, for 1 when regarded as an element of C;. One verifies
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the identities
HX"®1g) = (s+2m) X" ® 15,
Y(X"®1,)=-m(s+m—-1)X""1o1,,

in M(s) for m > 0. It follows that M(1 — m) is reducible for m > 1, the
cyclic submodule generated by X™ ® 15 being proper. Equivalently, there
is a nonzero homomorphism

M(m+1) - M(1—m)

that maps 1 ® 1,41 to X™ ® 11_,,. Kostant’s theory assigns the operator
6‘2% to this homomorphism and predicts that it will be conformally invariant
with respect to G. Indeed, this operator commutes with 7, for all p and
satisfies the identity

Kizm.e © Gom © Kiome =0 5 0m
which confirms the conformal invariance. Note that € plays no role in the
Verma module nor in the conformal-invariance identities. However, it does

reappear if one examines the solution space of the equation % = 0. Of
course, this solution space is spanned by the set {1,u,...,u™ '}. One con-

firms using the Kelvin transform that the elements of this set extend to
smooth sections of £1_, + if m is odd and of £1_,, — if m is even, but not
vice versa. By conformal invariance, these solution spaces are G-invariant
and hence afford representations of (G. The possibility of constructing rep-
resentations in this manner is one of the motivations for the study of con-
formally invariant operators.

In [3], the result of Kostant that was just illustrated was generalized in
two ways: first, by allowing the manifold M to be more general than a real
generalized flag manifold and, secondly, by considering systems in place of
single operators. At least in currently published work, no use has yet been
made of the first generalization, although there are in fact a number of in-
teresting situations in which it can be applied. With the focus remaining
for the moment on real generalized flag manifolds, the second generaliza-
tion, to systems, has proved to be fruitful. The paper [2] is, in a sense,
a companion to [3]. In it, conformally invariant systems on the general-
ized flag manifolds associated with the Heisenberg parabolic subgroups are
studied. One of the main results is the explicit construction of a sufficient
number of conformally invariant systems on these manifolds to account for
all first reducibility points in the associated families of scalar generalized
Verma modules for all simple Lie algebras (excluding s[(2), which has no
Heisenberg parabolic). The majority of these conformally invariant systems
consist of more than one operator, and so such a result would not be possible
if one restricted oneself to considering conformally invariant operators.

One of the technical innovations of [2] was the introduction of a system-
atic method for constructing candidate conformally invariant systems. The
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method went unnamed in [2], and has remained so in several subsequent
works that made use of it. We now propose to call it the 7 method, in
reference to the notation that is usually used to describe the central ob-
jects in the method. Following a suggestion of the author, Kubo [17, 18]
generalized the 7 method and applied it to the construction of conformally
invariant systems on a large class of generalized flag manifolds beyond those
of Heisenberg type. The systems constructed by Kubo in this work consist
of first-order or of second-order operators, and do not account for all first re-
ducibility points in the relevant family of scalar generalized Verma modules.
This is unsurprising, since the systems constructed in [2] include systems
consisting of third-order or of fourth-order operators. The 7 method nat-
urally produces candidates for such systems in the setting of Kubo’s work
also, but they have not yet been investigated. More recently still, the au-
thor has found a further generalization of the 7 method, which is sufficient
to bring all known conformally invariant systems on generalized flag man-
ifolds within its purview, and to produce many new candidate systems as
well. This work will be reported elsewhere.

It is now time to explain how the present work connects to the general
program some aspects of which have been described above. In the course
of using the 7 method to construct conformally invariant systems in [2],
a second-order conformally invariant operator associated to the algebras
of type A was found which had no analogue in the other types. This is
explained in Theorem 5.3 of [2] and the surrounding discussion. Here it
is important to understand that going from the algebraic setting of [2] to a
concrete conformally invariant system of differential operators on a real gen-
eralized flag manifold involves one additional choice, that of a suitable real
form for the complex algebra in which the algebraic construction has been
carried out. Thus a single abstract conformally invariant system typically
gives rise to many concrete examples, each associated with a certain real
form. In this way, the anomalous abstract conformally invariant operator
identified in Theorem 5.3 of [2] had to give rise to a second-order confor-
mally invariant operator on the Heisenberg real generalized flag manifolds
associated with the groups SL(n,R) and SU(p,q). These manifolds have
the Heisenberg group as a dense open subset and restricting to this subset
places us in a situation that has received a lot of attention. Based on exist-
ing knowledge, it was natural to guess that, in the case of SU(n + 1,1), the
associated operator was the Heisenberg Laplacian

LNV 0? o? 92 9
n0 _ o s o 2 ca
Ly =2, (awjawj " gwor 8wjat> P ae sy

Jj=1

on the Heisenberg group H,, = C™ & R for some value of the complex pa-
rameter s, and a computation confirmed that this was so. The Heisenberg
Laplacians have received a great deal of attention since their introduction
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by Folland and Stein [7] in connection with a problem of complex analy-
sis. The conformal invariance of these operators with respect to SU(n+1,1)
was already well known and a number of different arguments had been given
for it. The notes of Greiner and Koornwinder [8] are a particularly good
source for this perspective on the Heisenberg Laplacians. It is also possible
to consider signed Heisenberg Laplacians L5? with p + ¢ = n, obtained by
modifying L™ in the usual way. These operators are conformally invariant
with respect to the group SU(p + 1,q + 1) and, for a suitable value of s,
are precisely the operators obtained from the abstract conformally invariant
operator when it is interpreted in the appropriate real form.

At this point, two question naturally presented themselves. First, could
one obtain the entire family LYY from the 7 method instead of being re-
stricted to a single value of s? Secondly, when viewed from the perspective
of the 7 method, what was the essential ingredient that made the con-
struction of these conformally invariant operators possible and could it be
generalized to yield interesting new conformally invariant operators or sys-
tems? It turned out that the key to both questions was the fact that the
Heisenberg parabolic in type A is not maximal, whereas it is so in all other
types. A careful analysis of the 7 method applied to nonmaximal parabolic
subalgebras revealed that it always yields candidate systems that depend on
one or more parameters, and that among them there are always anomalous
systems whose construction generalizes that of the Heisenberg Laplacians.
It is not possible to be more precise here without an extended discussion of
the 7 method, but three facts about the candidate systems can be stated.
Let S be the set of nodes in the Dynkin diagram that must be deleted to
obtain the diagram associated with the nonmaximal parabolic subalgebra.
Then the number of parameters on which the anomalous systems depend
is |S| — 1, the degree of the operators in the systems is the sum of the
coefficients of the simple roots in S in the highest root, and the number
of operators in the system is equal to the dimension of the center of the
nilradical of the parabolic subalgebra. The purpose of the current work is
to begin the analysis of these anomalous systems in the simplest possible
case, that where S has two elements (so that the systems depend on a single
parameter) both occurring with coefficient 1 in the highest root (so that the
systems consist of second order operators).

To describe the contents of the present work in more specific terms, we
must assume some familiarity with Lie theory. As just indicated, the essen-
tial data for the construction of the systems considered here are a complex
simple Lie algebra g and two simple roots a and 8 that occur in the highest
root of g with coefficient 1. The list of all possible choices of such data may
be found in Section 2. To this data there is associated a parabolic subalge-
bra q of g, which we may write in the customary notation as [ ® n. Here [
is a reductive Lie algebra with two-dimensional center and n is a two-step
nilpotent Lie algebra that is also an [F-module. As such, it decomposes into
a direct sum n = V @ 3(n) of [-submodules. The main purpose of Section 2
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is to construct a family dy, of characters of [, depending on a single com-
plex parameter z, and a proper submodule of the generalized Verma module
M(dx.) = U(g) ®y(g) Cay.- This proper submodule may be thought of as
corresponding to a nonzero homomorphism

U(g) @) 3(n) — M(dx=)

of U(g)-modules. Although the 7 method was used to find the elements that
generate this submodule, we do not explain how this was done here. The
elements are simply written down and their essential properties are verified.
The author intends to return to this point later in the context of explaining
a generalization of the 7 method beyond what may be found in [2] and
[17, 18].

In Section 3, we explain how the construction made in Section 2 leads
to a conformally invariant system with conformal group a suitable real Lie
group G with complex Lie algebra g. Initially, the system is constructed on
N, the nilpotent Lie group in G corresponding to the Lie algebra n. To this
point, the construction can be carried out for any value of the parameter z.
However, for later purposes, we are interested in extending the system to the
generalized flag manifold G/Q as a system of operators on the sections of a
homogeneous line bundle £ — G/Q. Note that G//Q is a compactification
of N. For this to succeed we need to construct a character y, of L whose
differential is dx, and, for some real forms, the existence of such a character
restricts the possible values of z. The precise list of suitable real forms and
the corresponding restrictions on z, if any, are given in Section 3.

At this point, the conformally invariant systems are, in some sense, in
hand. However, nothing has been said about their specific shape nor about
their properties. In Section 4, we focus on the systems that have been con-
structed in the split real forms and make them more explicit. For some
purposes, such as the study of polynomial solutions, it is completely ade-
quate to study only one real form. For other purposes, such as the study of
K-finite solutions, there are substantial differences between the behavior of
the various real forms of the same system, but it is still possible to transfer
some information from one to another. This may partially justify our focus-
ing on the split real form at this point. By a careful choice of coordinates
on N (which is less symmetric than the usual choice) we are able to arrange
that the central derivatives in the system (the analogues of the t-derivatives
in L?’O) are all first order. That is, we are able to arrange for the terms
analogous to the second t-derivative in L™ to disappear. This is extremely
helpful in the analysis of the system. Let m be the dimension of 3(n). Then
the conformally invariant system we are considering consists of m operators
and takes the shape

—\ —\

(1.3) A+ ((z—20)—F)0
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when written in vector form. Here A is a column vector of second-order
operators on V', each resembling a Euclidean ultrahyperbolic operator, 0
is the column vector of central derivatives, F' is an m-by-m matrix of first
order operators on V', and zg is a constant depending on the original data
that was used to construct the system.

Since the present construction encompasses the operator LY and related
operators, we may look to the theory of these operators for guidance about
what questions to ask and what answers to expect for the systems in general.
A prominent feature that is encountered early on in the theory of L0 is the
existence of isolated undesirable values for the parameter s. What makes
these values undesirable is that when s takes one of these values, the operator
L™ can exhibit unwanted anomalous behavior. Although the precise set of
bad values varies from property to property, it appears always to be a subset
of n + 2Z. For example, Folland and Stein [7] constructed a fundamental
solution for L5 when s ¢ n + 2Z, but showed that L?® may fail to have
a fundamental solution when s € n + 2Z. A similar phenomenon occurred
for the Heisenberg ultrahyperbolic operator (which corresponds to the same
abstract conformally invariant operator as does L?’O, but in the split real
form) in [13]. To compare this work with the results of Folland and Stein, it
is necessary to notice that a difference in normalization means that s = 2z
and zp = n/2, so that the condition s € n+ 2Z corresponds to the condition
z € zo + Z. In [14], it was shown that a certain U(g)-module naturally
associated to the Heisenberg ultrahyperbolic operator is irreducible when
z ¢ 29 + Z but may become reducible when z € 2y + Z. For the Heisenberg
ultrahyperbolic equation, this dichotomy turns out to be closely related to
the question of whether solutions to the equation are determined by their
initial conditions, where we regard the central coordinate ¢ in the equation
as being analogous to time. The form of (1.3) suggests that a similar analogy
may be fruitful here, since (1.3) can be rearranged to resemble an evolution
equation with multiple times.

The observations made in the previous paragraph lead us to consider the
restriction map p — ply on formal power series solutions to the system (1.3)
and ask whether it is injective. Many of the classes of solutions that we shall
eventually be interested in are analytic and so results on formal power series
solutions are applicable to them. Also note that this is one instance where
results on the split real form can be transferred to other real forms, since
the formal power series for different real forms will be related by a complex
change of variables. The form of the system given above implies that the
restriction map is injective if and only if z ¢ 2y + o(F'), where o(F') denotes
the spectrum of the operator F' on C[V]™. Thus the set zp + o(F') plays
the role of the undesirable set for the restriction problem. This, in turn,
leads us to seek to determine o(F') and also to hope that o(F') C Z, as the
examples described above would suggest.
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In the last section, Section 5, we turn our attention to the problem of
determining the spectrum o(F'). In most cases, we are able to do so exactly.
In one case, we presently have to settle for a bound on o(F') that may be too
large by a finite number of values. We use three different techniques to study
o(F), which is why Section 5 involves much more case-by-case argument
than the other sections. The first technique is based upon Umeda’s Capelli
adjoint identity [19]. This is a noncommutative analogue of the method
of finding the eigenvalues of an operator by considering its characteristic
polynomial and so is very natural. Unfortunately, it only gives bounds
on o(F) in general, because in the noncommutative case the characteristic
polynomial can have roots that are not eigenvalues. The second method
is based upon finding links between the equation Fo = Ap and the de
Rham complex on V. It gives the precise value of o(F) when it succeeds,
but the author does not know how to push it through in all cases. The
third method is based on invariant theory and the fact that the operator F
commutes with the action of L on C[V]™ that arises from identifying this
module with C[V] ® 3(n)*. Again, it gives the precise value of o(F') when it
succeeds, but it requires explicit information about highest weight vectors
in C[V] ® 3(n)* that is awkward to obtain in some degenerate cases. In a
sense, the last method is the most principled and it is likely that it can be
used to determine o(F') in the cases where it isn’t precisely determined here,
but we leave this as a project for the future. In all cases, o(F') contains N
and o(F) — N is a finite set of negative integers. In particular, o(F) C Z as
had been hoped.

The referee has suggested that we give an explicit example of one of
the conformally invariant systems that is constructed in Sections 2 and 3.
We shall do so for the system in type Ay that corresponds to the choice
a = ey —eg and 8 = eg — e4 in the standard model for this root system.
This system is the second in a family of systems that the author believes
will prove particularly interesting from the point of view of the theory of
special functions. As in our previous example, we write down the system on
the group N. In this case, N consists of all 5-by-5 matrices of the form

1 0 I tl t2
0 1 X9 t3 t4
n(z,y,t) =10 0 1 w1y
00 0 1 O
00 0 0 1

Here = denotes the column vector (z}), y denotes the row vector (v v2),

and t denotes the 2-by-2 matrix (g Z ) In these coordinates, the associated
system consists of the following four operators depending on the parameter

z.
o O (WO P
1= 6%16y1 c 2 6t1 1 6x18t1 $23$1at37
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b O (, No - &# 0
2_3x18y2 c 2 8t2 :Elal‘latg $28$1at47

Do P (,_No _ @ o
3_830281;1 § 2 8t3 xl@xz&fl $26$28t3’

D 0? n 1\ 0 0? 0?
= z2—=|=——x —x :
4 0x90yo 2 ) Ota ! Ox20ty 2 Oxo0ts
Each of these operators is invariant under left translation on N. There is

also a Kelvin transform K, ., ., that depends on the parameter z and two
sign parameters €1,e9 € {}. It acts on functions on N by

(Kz 1,00 f)(n(,y,1)) = | det(t) — yadj(t)z| /> | det (1),
adi)z  yadi(t) adi(t)

/ ("( det(t) — yadj(t)z det(t) ’det(t))) ’
where adj(t) = det(t)t ! is the classical adjoint of ¢. It has been written this
way to emphasize the role of the polynomials det(¢) and det(t) — yadj(t)z.
Note that we have K;; 1ea = Kz gy ,6,- The group generated by the left trans-
lation operators and the Kelvin transform is isomorphic to G = SL(5,R)
and the system Di, Do, D3, D4 is conformally invariant with respect to
this group. The identities that express K, ., ., 0 Dj o Kz_éhez in terms of
D1, Do, D3, Dy are a little complicated in this case and so we refrain from
writing them explicitly. They can be deduced from Theorem 3.6 if desired.
Accompanying the Kelvin transforms are the basic solutions

Prerer (n(,,1)) = [ det(t) — yadj(t)z| /> | det(r)[,/* 2

€2

1/2—=z

to the system. These are the analogues for this system of the solutions to the
Heisenberg ultrahyperbolic equation that were studied in [13]. We remark
also that there is a second real form of the system D1, Do, D3, Dy, which is
conformal with respect to the group G = SU(3,2) instead of G = SL(5,R).

2. Construction of the systems. I

The purpose of this section is to identify a suitable family of scalar gener-
alized Verma modules and to construct proper submodules in each of these
modules explicitly. The conformally invariant systems of differential equa-
tions that we wish to study will eventually derive from these submodules by
application of the general theory developed in [3].

Let g be a finite-dimensional, complex, simple, simply-laced Lie algebra.
Choose a Cartan subalgebra h C g and let R = R(g, h) be the root system
of g with respect to h. Choose a positive system R' in R and let R® be
the corresponding set of simple roots and R~ = —R™. Let < be any total
order on R®. Let B be a multiple of the Killing form of g. Then B induces
an inner product (-, -) on h* and we normalize B so that (v,v) = 2 for all
v € R.
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Let ZR? denote the root lattice of R and define f : ZR®* x ZR® — Z to
be the unique Z-bilinear form that satisfies

(6,¢€) if § < e,
f(d,e)=11 ifd =¢,
0 if § =g,
for §, € R®. Let e: ZR® — Z be given by
1 if ¢ € RT,
e(§) =1 -1 ifée R,
0 if £ ¢ R.
In terms of these functions, we define
(2.1) Nuw = e(m)e()e(u +v)(~1)/#)

for u,v € R.

For v € R, denote by g, the root space associated to . It is known that we
may choose X, € gy for each v € R in such a way that [X,, X,| = N, , X,
whenever pn + v € R. Since Ny, = 0 when p + v ¢ R, it does no harm
to write the same equation even when pu + v ¢ R. For each v € R, we
let H, = [X,,X_,]. Then X,,Hy,X_, is an sl(2)-triple for all v € R.
Moreover, B(X,, X_,) =1forall v € R and pu(H,) = (p,v) for all u,v € R.
It follows from this that B(H,, H,) = (p,v) for all p,v € R.

The following well-known fact will be needed below; note that the word
“exactly” can be placed in the statement because R is simply laced.

Lemma 2.1. Suppose that v1,7v2,73,74 € R are such that v1 +v2 € R, no
two of the yj are opposite, and 1 + 2 +v3 + V4 = 0. Then exactly one of
v1 + 73 and y1 + v4 lies in R.

Proof. That at least one of v; + 3 and v, + 4 lies in R follows from the
identity
Nyt ve Nys s = Ny ys Nop s + Nyi g Voo s = 0,

for which see Theorem 4.1.2 (iv) in [6], for example. Suppose that both
v1 + v3 and 7 + 4 are roots. Then v9 + 3 = —(y1 + 4) is also a root. It
follows that the angle between 1 and 5 is 120°, as are the angles between
~v1 and 73 and between ~» and 3. From this we conclude that ~1, 2,3 are
coplanar and that they sum to 0. This is impossible, since it implies that
~v4 = 0, and the second claim is verified. ([

Let o and B be distinct simple roots and suppose that the coefficients of
« and (B in the expression for the highest root as a combination of simple
roots are both 1. We shall associate a one-parameter family of conformally
invariant systems to this data. Before describing the construction of this
family, we wish to delineate its scope by listing all the possibilities for R, «,
and . First, R must be of type A; (I > 2), D; (I > 4), or Eg. We number the
simple roots in these systems using the conventions of Bourbaki [4]. For the
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reader’s convenience, the numbering is displayed in Figure 1. Secondly, we
list the set from which « and 8 may be drawn. For type Ay, it is {a1,...,aq},
for type Dy it is {1, ay—1, oy }, and for type Eg it is {a1, ag}. The order of «
and § is irrelevant, so that we shall construct (é) families in type A; (some
of which are conjugate under an outer automorphism), three families in type
D; (two of which are conjugate under an outer automorphism), and a single

family in type Eg.

o———————- —O0—O
(¢35} (63 a1 ay
a1
o—O—-—-————-—--
a1 (€3] a3 Q-2
8%
aq (e%:} Oy (0% Qg
O O O O O
(&%)

FIGURE 1. Numbering of the simple roots.

We now return to the construction. Let C,s3 C R® be the minimal con-
nected set of vertices in the Dynkin diagram that contains both « and f.
By inspection, the induced graph on C,g3 always has the form

@ g
of a Dynkin diagram of type A with « and 5 at its ends. We assume that
the total order < on R?® is chosen so that

Cop={0€ R’ |a=d=p}

is the interval from « to 8 and every subinterval of C,g is a connected set
of vertices. Note that we may then enumerate C,p (from left to right in the
above diagram) as

(2.2) a=0) <01 < <01 <5 =70,

where d = d(a, ) is the length of the path from « to g. If C' C R® is any
nonempty connected set of vertices in the Dynkin diagram then we write

Ccy=>s
oeC
Recall that (C') € R for all such C (see Corollary VI.1.6.3 in [4], for example).
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There are unique elements Hy, Zy € b such that a(Hy) = 1, 5(Hy) = 1,
a(Zy) =1, B(Zy) = —1, and v(Hp) = v(Zp) = 0 for all v € R* — {«a, 5}.
The semisimple endomorphisms ad(Hy) and ad(Zp) of g commute with one
another and have integral eigenvalues. Thus they induce a Z2-grading of g.
We write g(j, k) for the eigenspace on which ad(Hy) acts by j and ad(Z)
by k. The assumption that the coefficients of o and £ in the expression for
the highest root are both 1 implies that this Z2-grading reduces to

(2.3) g =0(-2,0)@g(-1, -1)@g(-1,1)@g(0,0)®g(1, —1)@g(1,1)®g(2,0).
There is a corresponding partition
R=R(-2,00UR(-1,-1)UR(-1,1)UR(0,0)UR(1,-1)UR(1,1) UR(2,0)
of R, where

R(j, k) ={v € R|gy Ca(j,k)}

The summand g(0, 0) in (2.3) is a subalgebra of g and the remaining sum-
mands are g(0,0)-modules. For brevity and consistency with earlier work,
we shall write [ = g(0,0). The other summands in (2.3) are orthogonal to [
with respect to the Killing form of g and hence with respect to B. Conse-
quently, the restriction of B to [ is nondegenerate and hence [ is reductive.

It follows from the construction that the center of I is spanned by Hy and
Zy and hence that

(2.4) [= CHy & CZy & 155

with [*® semisimple. Moreover, the decomposition (2.4) is orthogonal with
respect to B.

For each § € R® let ws be the fundamental weight dual to §. Both w,
and wwg vanish on h N [** and so we may extend them uniquely to elements
of I" that satisfy w,(I°**) = ws(I**) = {0}. We denote these extensions by
the same symbols. Then w, and wg span the space of characters of [ and
we write dY = zow@a + 2gwg With 24,25 € C. (The compound notation
dx is chosen here because dy will eventually appear as the differential of a
character x of a group.)

Proposition 2.2. The [-modules g(£+2,0) and g(x1,+1) are simple. Let
A = (Cyup). The root vector Xy is a lowest weight vector in g(2,0), X, is a
lowest weight vector in g(1,1), and Xg is a lowest weight vector in g(1, —1).
The root vector X _y is a highest weight vector in g(—2,0), X_q is a highest
weight vector in g(—1,—1), and X_g is a highest weight vector in g(—1,1).

Proof. We verify that g(1,1) is a simple [-module, since the others are
similar. Consider the algebra
t=g(-1,-1)eldg(l,1).

(Note that it is an algebra, because g(2,2) = g(—2,—2) = {0}.) The re-
striction of B to t is nondegenerate and so t is reductive. The center of ¢
is contained in the center of [ and it follows from this observation that the
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center of v is spanned by Hy — Zy. Thus t* has rank dim(h) — 1. The
Cartan subalgebra h of g is also a Cartan subalgebra of v and h N ** is a
Cartan subalgebra of t*. The B-orthogonal projection h — h N t*% induces
an inclusion of (hNt*¥)* into h* and identifies R(t*%, h Nt*®) as a subsystem
of R(g,h). We have chosen a positive system in R(g,h) and this induces a
positive system in R(t% hNt%¥). We have R® — {«, } C R*(v**,hNt%¥) and
R3(x*%,h N tv¥) has precisely one more element than R®* — {«, 5}.

Suppose that p is a lowest weight for an irreducible submodule of g(1,1).
Then p € R(1,1) and the restriction of p to h Nt lies in RT (x5 § N e5%).
Suppose that p is decomposable as p = g+ po with py, s € R (55, hNess).
Then the same equation holds in R(g, ). After switching the order of p; and
2 if necessary, we may conclude that pu; € R(1,1) and pus € R(0,0) N R™.
This contradicts the assumption that p is a lowest weight. Thus no such
decomposition is possible and p € R*(x*%,h N t*%). The conclusion of the
previous paragraph now implies that p is uniquely determined and hence
that g(1,1) is simple.

It is clear from construction that X, is a lowest weight vector in g(1,1)
and that Xz is a lowest weight vector in g(1, —1). Recall that the support of
aroot in R* is always a connected set of vertices in the Dynkin diagram (see
Corollary VI.1.6.3 in [4]). If § € R(2,0) then supp(d) contains both o and
B and hence contains C,g. This makes the fact that X is a lowest weight
vector in g(2,0) equally clear. The invariant form B identifies g(—1,+1)
with the contragredient of g(1,F1) and g(—2,0) with the contragredient of
9(2,0). This observation allows us to deduce the claims about g(—1,+1) and
9(—2,0) from the information already obtained about g(1,+1) and g(2,0).

O

For ( € R(2,0) we define
S(¢) = {(u,v) € R(1,1) x R(1,~1) | p+v =}
Lemma 2.3. For each ( € R(2,0), the cardinality of the set S(¢) is d(«, ).

Proof. Let A = (Cap). The elements of S(A) have the form ((Ca), (Cp))
where C, is a connected subset of R® that contains «, Cjg is a connected
subset of R® that contains 5, C, N Cg =0, and C, U Cg = Cyp. Any such
pair is determined by choosing the first element in the interval C,g that is
not contained in C, and there are d(c, ) choices for this element. This
verifies the claim for S()).

Now take ¢ € R(2,0) — {\}. Since ( is not a lowest weight, we may find
d € R®* — {«, B} such that ( — 0 € R(2,0). It will suffice to show that S(¢)
and S(¢ — J) have the same number of elements, for then we may continue
to descend until we reach S(X). Suppose that (p,v) € S(¢ —J). Then
u+v+0+(—C()=0and p+v € R. By Lemma 2.1, it follows that exactly
one of  + 9 and p — ¢ is a root. Consequently, exactly one of u + d and
v+ 0 is aroot. If u+ 9 is a root then (u + d,v) € S(¢) and if v + § is
a root then (u,v 4+ 0) € S(¢). A similar argument with —d in place of §
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shows that if (u/, 1) € S(¢) then exactly one of u/ — ¢ and v/ — § is a root.
If 4/ — 6 is a root then (¢' —d,0') € S(¢ —0) and if v/ — § is a root then
(i, — &) € S(C — 9). The resulting maps from S({) to S(¢ — §) and back
are mutually inverse and this completes the proof. ([

Lemma 2.4. Let ( € R(2,0). Then we have

{v e R(1,-1) | (,v) € 5(C) for some p € R(1,1)}
={veR(,-1)| (v, () =1}
A similar equation holds with the roles of R(1,1) and R(1,—1) reversed.

Proof. First suppose that (u,v) € S(¢) for some p € R(1,1). Then ¢ =
u~+v and the fact that the squared lengths of u, v, and ( are all 2 implies that
(u,v) = —1. Thus (v,() = (v,u+v) = =142 =1, as required. Conversely,
suppose that (v,() = 1. Then s¢(v) =v—( € Randso u=(—v € R. Since
¢ € R(2,0) and v € R(1,—1), we have u € R(1,1) and then (u,v) € S((),
as required. A similar argument establishes the last claim. O

Let
n= g(la _1) ©® g(lv 1) ® 9(27 0)
Note that n is a two-step nilpotent subalgebra of g with center g(2,0).
Choose a basis {X;} for g(1,1) and let {X;} be the basis for g(—1, —1) that
is B-dual to {X;}. Similarly, choose a basis {Y;} for g(1,—1) and let {Y;}
be the basis for g(—1,1) that is B-dual to {Y;}. Let U(n) be the universal
enveloping algebra of n and define a map w : g(2,0) — U(n) by

(2.5) w(Z) = B(Z,[X;,Y;) XV},
,J

One checks that w is independent of the choice of the bases {X;} and {Y}}.
Essentially, this is because of the appearance of the basis-dual-basis pairs in
the sum.

Let G = Aut(g)° be the connected component of the identity in the
automorphism group of g and L C G be the connected subgroup with Lie
algebra [. The group L acts adjointly on both g(2,0) and U(n).

Lemma 2.5. Ifl € L and Z € g(2,0) then w(Ad(()Z) = Ad())w(Z).

Proof. Let {X;}, {X;}, {Y;}, and {Y;} be chosen as above. The form B
is Ad(G)-invariant and this implies that {Ad(l)X;}, {Ad(])X;}, {Ad(1)Y;},
and {Ad(l)Y;} are also basis-dual-basis pairs. We have observed that w is
independent of the choice of bases and so

w(Ad(1)Z) = 3" B(Ad(1)Z, [Ad(D)X;, Ad()Y;]) Ad(1) X; Ad(1)Y;
(2]

= 3" B(AA()Z, Ad()[X,, V) Ad (1) (X,Y;)
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= Ad(1) > B(Z,[Xi,Y;)) X,Y;
1,J

— Ad()w(2),
as required. ([l

Let
n= g(_27 0) D g(_17 _1) ©® g(_lv 1)
and ¢ = [ & n. Then g is a parabolic subalgebra of g with nilradical n.
We extend dx to be a character of q by making it trivial on n and let Cg,
be the one-dimensional g-module on which q acts by dy. Let M(dyx) =
U(g) @y (g) Cay be the scalar generalized Verma module that corresponds to
Cay- Recall that the map U(n) — M(dy) that is given by u — u ® 1 is
a vector space isomorphism. We shall use this map to identify U(n) and
M(dx) when convenient. There is an action of L on M(dx) that satisfies

(2.6) l(lu®l)=Ad()u1l

for all I € L and u € U(g). It is well defined because the character dyx
factors through the projection map [ — [/[°* and so dx(Ad(l)W) = dx (W)
for all l € L and W € [. The action satisfying (2.6) cannot be regarded as
natural and is only available because we happen to be considering a scalar
generalized Verma module. Nevertheless, it will be convenient to make use
of it here, particularly because it makes the above-mentioned vector space
isomorphism U(n) — M(dy) L-equivariant. It is worth observing that the
differential of the action satisfying (2.6) is the action of [ that satisfies
(2.7) Wuol)=Wuel—-—dy(W)u®1

for all W € [ and u € U(g). Despite the additional term in (2.7), an L-
invariant subspace of M(dy) is also l-invariant, a fact that will be used
below.

Proposition 2.6. There are (possibly inhomogeneous) linear forms
et :C* = C
such that
Yw(Z)®@1=cy(2a,28)[Y,Z] ®1,
Xw(Z)®1=c_(z2q4,28)[ X, Z]®1
in M(dy) for X € g(—1,-1), Y € g(—1,1), Z € ¢(2,0), and (2q, 25) € C*.

Proof. Suppose that {X;}, {X;}, {Y;}, and {Y;} are chosen as in the defi-
nition of w. Let Y € g(—1,1) and Z € g(2,0). Then [Y, X;] =0, [Y, Y]] € [,
and Y ® 1 =0 in M(dx). A brief calculation using these facts reveals that

(2.8) Yw(Z) @1 =Y B(Z[X;,V;])dx([V,V;]) X; @ 1.
b,J
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Let X € g(—1,—1). Then [X,X;] €[, [X,Y;] =0, and X ® 1 = 0 in M(dy).
A slightly longer calculation using these facts reveals that

(2.9) ®1—ZIB% YiD[X, Xi], Y] @1
+ZIB% Z, (X, Vi))dx (X, X))Y; © 1.

The first conclusion that we draw from (2.8) and (2.9) is that, under the
identification of M(dy) with U(n), Yw(Z) ® 1 is identified with an element
of g(1,1) and Xw(Z) ® 1 is identified with an element of g(1,—1). Thus,
with slight abuse of notation, there is a map from g(—1,1)®g(2,0) to g(1,1)
such that

(2.10) Y®RZ—YwZ)® 1.

Similarly, with the same abuse of notation, there is a map
g(=1,-1) ®g(2,0) — g(1,-1)

given by

(2.11) X®Z- XwZ)®1.

By Lemma 2.5 and the observations made above, these maps are homomor-
phisms of L-modules and hence of -modules. Since all root spaces are one
dimensional, all the weights of g(+1, £1) and g(£2,0) have multiplicity one.
It is well-known that this implies that the tensor products g(—1,1) ® g(2,0)
and g(—1,—1) ® g(2,0) are multiplicity free. From this we conclude that
the space of homomorphisms from g(—1,1) ®g(2,0) to g(1,1) is at most one
dimensional, as is the space of homomorphisms from g(—1,—1) ® g(2,0) to
g(1,—1). The maps that satisfy

(2.12) Y@Z—[Y,Z
and
(2.13) X®©Zw—[X,Z]

are nonzero and lie in the spaces of homomorphisms just referred to. Thus
the spaces are precisely one dimensional, the map satisfying (2.10) is a mul-
tiple of the map satisfying (2.12), and the map satisfying (2.11) is a multiple
of the map satisfying (2.13). In light of this conclusion, we may return to
(2.8) and (2.9) to conclude that the constant of proportionality in the first
case is a linear function of z, and zz and the constant of proportionality in
the second case is a possibly inhomogeneous linear form in z, and zg. [

Proposition 2.7. With notation as in Proposition 2.6, we have

c+(za,28) = —23,
c—(za,28) = za — d(c, B).
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Proof. It suffices to compute both sides of the identities displayed in Propo-
sition 2.6 for some X, Y, and Z such that [X,Z] # 0 and [V, Z] # 0. Let
A = (Cyp). We shall choose X = X_,,, Y = X_g, and Z = X,. Throughout
the proof, we shall enumerate the set Cyp as in (2.2) and write d = d(a, ).

The sets { X} er(i,1) and {X .} ,er(i,1) are B-dual bases of g(1,1) and
g(—1, 1), respectively. Similarly, {X,},ep@,—1) and {X_,},cr@,—1) are
B-dual bases of g(1,—1) and g(—1, 1), respectively. Thus we have

(2.14) wXn) = Y BXN[X 0 X )XX,.

RER(1,1)
veR(1,-1)

The commutator [X_,, X_,] is B-orthogonal to X unless ¢+ v = X. Thus
(2.14) may be rewritten as

(2.15) wXn) = D N XX,
(nv)ES(N)

If (u,v) € S(A\) then p = 6o+ ---+6j—1 and v = 0; + --- 4 d4 for some
1< j<d. Thus

7j—1

d
f(—%—’/) = ZZf((sav(sb)

a=0 b=j
J

-1 d
= Z(‘Saaéb)

a=0 b=j

= (0-1,05)

=1
and so

Ny = (1)(=D)(=D)(-1)" =1

by (2.1). It follows that
(2.16) WXy = Y XX,

(n,v)€S(N)

We have
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= —dx(Hp) X5 ®1
= —ZﬁX}_B ® 1.
On the other hand,

d
F(=B,X) == f(a,65) = -1
j=0

and so

Nogx= (1)) =1
This gives [X_g,X)] = X)_ and by comparing this with the value of
X_pw(X)) ® 1 given above we get ¢y (2q,28) = —23.

We also have

X w(Xy)®1
= ) X XX, 01
(n)ES(N)
= ) XXX, ®1
(n)ES(N)
= —HoX) oa®1+ > Noo X, oX,®1

(m)€SN)—{(a, A=)}
= _[Hon X)\—a} ®1-— X)\—aHa ®1

+ Z N—a,,u,N,u—a,uX)\—a ®1
(r)eS(N)—{(e,A—a)}
=—A—a,0) X a®1—2,X)_oa®1

+ Z Nfa,,uN,ufa,VX)\—a ®1
(M7V)ES()\)—{(OL,>\—OC)}
= X)\—a ®1-— zaXA—a ®1+ Z N—oa,uNu—a,VXA—a ® 1.

(m)eS(N)—{(e,A—a)}

Now suppose that =0 +---+3d;-1 and v = 0 + - - - 4 04 in the last sum,
where 2 < 7 < d. Then

j—1
f=a,p) ==Y f(d0,00) = =1 +1=0
a=0
and so
N_g = (-1)(1)(1)(-1)° = -1
Furthermore,
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and so
Ny—ap = 1)(MO) (=) = ~1.
Introducing these values above, we obtain
X_qw(X)) @1 =(1-24)Xr_a ®1+ > Xya®1
(r)eS(A)—{(, A=)}
=(1-2) X0 a®1+(d-1DX)_o®1
= (d — ZQ)X,\,Q ® 1.

Now .
fmo0) == f(b0,6j) = —1+1=0
§=0
and so
Noox = (=D1)(1)(-1)" = -1.
This gives [X_4, X)\] = —X)\_o and by comparing this with the value of
X_qw(X)) ® 1 obtained above we get ¢_(2q,23) = 2o — d. O

Let z € C. Set zp = d(«, 3)/2 and define
dx. = (20 — 2)wa + (20 + 2)ws.
Define w, : g(2,0) — U(n) by
wo(Z) =w(Z) + (20 + 2) 2.
Theorem 2.8. For all z € C,
{w.(2)®1]Z €9(2,0)}
is a q-submodule of M(dx).

Proof. Let E be the set referred to in the statement. Then E is a subspace
of M(dx.) and it follows from Lemma 2.5 that [E C E. To complete the
proof it suffices to show that n/ = {0}. Since n is generated by g(—1,1)
and g(—1, —1), it suffices to show that Yw.(Z)®1 =0 and Xw,(Z)®1 =0
for all X € g(—1,-1), Y € g(—1,1), and Z € g(2,0). By Propositions 2.6
and 2.7, we have
Yw,(2)@1=Yw(Z) @1+ (20 +2)YZ® 1
=—(20+2)[Y,Z]®@1+ (20 +2)[Y,Z]®1
=0
and
Xw,(Z)®@1=Xw(Z) @14 (20 +2)XZ®1
=(20—2-22)[X,Z]®@1+ (20 +2)[X,Z]®1
=—(20+2)[X,Z]®1+ (20 +2)[X,Z]®1
=0.

These two equations imply the required conclusion. O
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Note that Theorem 2.8 implies that

N(dXz) = U(g){wz(Z) ®1 ‘ Ze 9(270)}

is a proper submodule of M(dy,). This completes the first part of the
construction.

In the definition (2.5) of the map w, the spaces g(1,1) and g(1,—1) do
not play symmetric roles. This seems to be unavoidable, but it will be
convenient to have an alternate expression for w which is as symmetric as
possible between the two spaces. For X,Y € g we define

1
XY= S(XY +YX)
in U(g). With the notation as in (2.5), define

2.17 Tw(Z B(Z,[X;, Y;])"X;Y;
J

Lemma 2.9. For all Z € g(2,0) we have "w(Z) = w(Z) + 20Z.
Proof. It suffices to verify this for Z = X with ( € R(2,0). We have

wXo)= Y N _,X,X,

(1,1)€S(C)
- ¥ N, ,,<XX y o [X X]>
(1,v)€S(C)
1
=W (Xe) + 3 Z N_,—vNyu o Xc.

(nv)€S(Q)
For (u,v) € S(¢) we have

N, ,= —(—1)f ) = —(—1)F ) = ~N,.

and so N_,, N, , = —Niy = —1. Introducing this evaluation above gives

1
w(Xe) ="w(Xe) =5 Y. X
(n)ES ()

= "w(X¢ A ﬁ) — X¢

) -
= "w'(X¢) - ZoXo

since, by Lemma 2.3, S(¢) has d(«, 8) elements. This is equivalent to the
asserted identity. O

Lemma 2.9 suggests a reason for our normalization of the parameter z.
Indeed "w(Z) = wo(Z), so that the point z = 0 is made to correspond to
the most symmetric member of the family w,.
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3. Construction of the systems. 11

In this section we explain how the construction made in Section 2 gives
rise to conformally invariant systems of differential operators via the theory
developed in [3]. In fact, each of the families constructed in Section 2 gives
rise to several families of conformally invariant systems indexed by suitable
real forms of g. We begin by identifying which real forms are the suitable
ones.

Let go be a real form of g and consider the Satake diagram of this real
form. (Various choices are required to obtain this diagram, but the even-
tual result is independent of the choices and they need not be specified at
present.) We require that the nodes corresponding to the simple roots «
and 8 be unpainted in the Satake diagram and that the set {«, 5} be stable
under the Satake involution. More concretely, the second condition requires
that if « is joined to another simple root by an arrow in the Satake diagram
then the other root is 8. If these conditions are satisfied then the real form is
suitable for the construction of a family of conformally invariant systems of
differential operators. The split real form is always suitable for any possible
choice of a and . All noncompact real forms in type A are suitable for at
least one possible choice of o and 8. All noncompact real forms in type Eg
are suitable for the only possible choice of o and 8. In addition to the split
real form, there are two real forms in type D that are suitable for exactly
one possible choice of @ and B. The Satake diagrams and possible choices
of a and S for suitable nonsplit real forms are shown in Figures 2 and 3
for types A and D, respectively. The corresponding data for type Eg is not
displayed since no noncompact real form is excluded in that case.

0O<«——>0
| |
| |
| |
RQ=—>00
| |
| |
| |
\7

O <«<—>0
| |
| |
| |
RO«——>00
| |
| |
| |
} }
| |
| |
U

FIGURE 2. Satake diagrams of suitable nonsplit real forms
in Type A.

Let go be a suitable real form of g and let G be a real, connected, linear
Lie group with Lie algebra go. (We systematically employ the convention by
which the name of a real object includes a zero subscript which is removed
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FiGUrE 3. Satake diagrams of suitable nonsplit real forms
in Type D.

to name the complexification.) Let go = €y @ pog be a Cartan decomposition
of go with Cartan involution 6. Choose a maximally noncompact #-stable
Cartan subalgebra hg = ag @ tg with ag C po and tg C € as usual. The
complexification h of hg is a Cartan subalgebra of g with hr = ag @ ito.
Choose an ordered basis of ag, extend it by an ordered basis of ity to obtain
an ordered basis of hr, and introduce the corresponding lexicographic order
on hg. Also order aj lexicographically using the chosen ordered basis of ay.
We obtain positive systems R* (g, h) and R*(go, ag) in the root system and
restricted root system, respectively, from these choices. With these choices,
if v € R™(g,h) and resy,(7) # 0 then —0(y) € R™(g,h) and resy,(y) €
R*(go, ao).

Lemma 3.1. We have Hg € ag. If a and B are not connected by an arrow
in the Satake diagram then Zy € ag also; otherwise, Zy € ity.

Proof. Note first that Hy, Zg € hbr = ag @ itg. Let us write v — +/ for the
Satake involution on the set

S ={y e R(g,h) | resa,(7) # O}.

By hypothesis, a, 8 € S and the set {a, f} is stable under the Satake invo-
lution. If v € S then

(3.1) —0() =+ > s
0€Rs(g,h)—S

with ¢s, € N. It follows that if v € R%(g,h) — {c, 5} then —6()(Hp) = 0
and so v(6(Hp)) = 0. On the other hand, if we apply (3.1) to Hyp with
v € {«, B} then we obtain —60(y)(Hp) = 1 and so a(6(Hp)) = B(6(Hp)) =
—1. Consequently, 0(Hy) = —Hy and so Hy € hr Np = ap. Similarly, by
applying (3.1) to Zy we obtain v(0(Zy)) = 0 for all v € R*(g,h) — {«, 5}. If
o/ = 3 then we also obtain a(0(Zy)) =1 and 5(6(Zp)) = —1. It follows that
0(Zop) = Zp in this case and so Zy € hr N € = ity. Finally, if o/ = « then a
similar argument gives 0(Zy) = —Zy and hence Zj € ap. O

It follows from Lemma 3.1 and the definition of g(j, k) that [ and g(+2,0)
are defined over R. The spaces g(1,1) ® g(1,—1) and g(—1,1) ® g(—1,—1)
are also defined over R, but the individual summands are only defined over
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R when « and g are not connected by an arrow in the Satake diagram. It
will be convenient to write s(«, ) for the sign of the restriction of the Satake
involution to the set {«, 8}. This is 1 if the Satake involution fixes o and
and —1 if it does not.

We shall need a notation for complex conjugation. Since bar is already
being used for opposition and is somewhat unwieldy over long expressions in
any case, we shall instead write z¢ for the complex conjugate of z € C. Let
0 : g — g be conjugation with respect to the real form gg. This map satisfies
o([X,Y]) =[0(X),0(Y)] for all X,Y € g and so induces a conjugate-linear
automorphism o : U(g) — U(g). For all X,Y € g, we have

(3.2) B(o(X),0(Y)) = B(X, V)"
Proposition 3.2. For Z € ¢(2,0) and z € C we have
U(WZ(Z)) = S(C!, ﬁ)ws(a,ﬁ)zc (U(Z)) :

Proof. Let {X;} and {Y}} be bases for g(1,1) and g(1, —1), respectively, and
{X;} and {Y}} be the B-dual bases of g(—1,—1) and g(—1,1), respectively.
Then
"W(Z) = B(Z,[X:, V)XY
i
and so

= _B(0(2), o([X:, V) o (Xe)o(¥;)"
= B(o(2), [o(X), 0o (V)]) o (Xi)o (V)

where we used (3.2) from the first line to the second. From (3.2) it fol-
lows that {o(X;)} and {0(X;)} are B-dual, as are {o(Y;)} and {o(¥;)}.
If s(a,B) = 1 then {o(X;)} is a basis for g(1,1) and {o(Y;)} is a ba-
sis for g(1,—1). The above expression for o("w™(Z)) then implies that
o("w(Z)) ="w(o(Z)). On the other hand, if s(a, ) = —1 then {o(X;)}
is a basis for g(1,—1) and {o(Yj)} is a basis for g(1,1) and so we must
rewrite the above expression as

o("w(2)) = - Z B(o(2), [0(Y)), o(Xi)]) o (Yy)o (X:)7

to see that o("w(Z)) = —Tw(0(Z)). These two conclusions may be ex-
pressed uniformly as

o("w(Z)) = s(a, B) w(c(2)).
By using this equation, we obtain
o(w,(2)) =c("w(Z)+ 22)
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s(a, B) wo(2)) + 2°0(2)

s(a, B) (rw—'(a(Z )+ S(Q,ﬁ)zca(Z))
S(Oé, 5)“5(@,5)20 (U(Z))a

as claimed. O

I
~—

It follows from the discussion above that g is defined over R, so that
do = q N go is a real parabolic subalgebra of go. Let Q = Ng(go). Then Q
is a parabolic subgroup of G. If we let ¢y C ag be the intersection of the
kernels of all the simple restricted roots other than resq, (o) and resq, (3) and
define L = Zg(cp) then we have a factorization Q = LN, where N is the
unipotent radical of Q. The next task is to describe as far as possible the
characters x, : L — C* whose differential dy, is equal to the character of [
that we have already given this name above. We shall call such a character
a suitable character of L. There are two issues to be addressed: first, for
which values of z is there any suitable character and, secondly, when such a
character exists how many are there with the given value of 27

We begin to answer these questions by recalling some standard facts about
the structure of L. Let L° be the connected component of the identity in L.
Then [L°, L°] is the connected subgroup of L° with Lie algebra [[,[] = [5°.
This subgroup is usually denoted by (L°)*® and is closed in L°. The quo-
tient L°/(L°)** is therefore a connected abelian Lie group with Lie algebra
isomorphic to CHy®CZj. Note that (L°)° is a characteristic subgroup of L°
and so normal in L. Thus the component group L/L° acts by conjugation
on L°/(L°)*. In fact, this action is trivial. To see this, recall that there is
a finite elementary abelian 2-group F' such that L = FL°. If we define

ks = exp(miHy)

for each real root ¢ then ks € L and the group F' is generated by the set {xs}.
One sees directly that Ad(ks) induces the trivial map on the Lie algebra of
L°/(L°)%%, from which the claim follows. The intersection of F' with L°
may be nontrivial, but we can choose a complement Fy for FF N L° in F.
Then L & F;, x L° and the order of Fy, is equal to the number of connected
components of L. Since Fp, acts trivially on L°/(L°)%%, it stabilizes every
character of L°. Thus every character of L° has precisely | F| extensions to a
character of L. This answers the second question first: if there is any suitable
character for a particular value of z then the number of suitable characters
for that value of z is equal to the number of connected components of L.

Proposition 3.3. Suppose that o and B are not joined by an arrow in the
Satake diagram. Then there is a suitable character for every z € C.

Proof. By Lemma 3.1, we have Hy, Zy € ag. The map

(u1,u2) — exp(uiHy 4+ uaZp)(L°)**
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is an isomorphism from R? to L°/(L°)%. In terms of this isomorphism,

Xz (u1, u2) = exp(urdx.(Ho) + u2dx-(Zo))

is a suitable character for all z. O

Lemma 3.4. Suppose that a and 3 are joined by an arrow in the Satake
diagram. Then exp(2miZy) € Z(G). In addition, we have

dx:(Z0) = —z|l@a — wsl*.

Proof. By Lemma 3.1, iZy € go and so g = exp(2miZy) € G. The map
ad(Zp) on g is semisimple and its eigenvalues lie in {0, £1}. Thus the map
Ad(g) on g is semisimple and its eigenvalues are all 1. It follows that Ad(g)
is the identity map and so g € Z(G).

Since o and S are joined by an arrow in the Satake diagram, there is a
diagram automorphism that interchanges o to 8. This automorphism also
interchanges w, and wg and so ||w,|| = ||wg||. Under the identification of
br and by induced by the inner product, Hy corresponds to w, + wg and
Zy corresponds to w, — wg. Thus

dx:(Zo) = ((20 — 2)wa + (20 + 2)wa, Wa — wg)
= 20(wa + W8, Wa — W) — 2(Wa — Wg, Wa — W3)
= 20(||@all® — [lwll*) — zl|@wa — wpl|?
= —2||wa — g,
as claimed. O

Note that our assumptions imply that Z(G) is finite, so that exp(2miZy)
has finite order.

Proposition 3.5. Suppose that o and [ are joined by an arrow in the
Satake diagram. Let a be the order of the element exp(2miZy). Then there
s a suitable character for z if and only if
1
2€ 57
al|@wa — wgl

Proof. By Lemma 3.1, we have Hy € ag and iZy € ty. It follows from the
definition of a that the map
(uq,ug + Z) — exp(ui Hy + 2miaug Zy) (L°)*°

is an isomorphism from R x (R/Z) to L°/(L°)**. In terms of this isomor-
phism, there is a suitable character associated to z if and only if

dx.(0/0ug) € 2miZ.

This is equivalent to the condition that dy.(2wiaZy) € 2miZ or dx,(aZy) €
Z. From Lemma 3.4, this is equivalent to the condition

az||we — w5|]2 €7,
as stated. O
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There is a homogeneous line bundle over the generalized flag manifold
G/Q associated to any suitable character. The g-submodule of M(dx.)
that was identified in Theorem 2.8 is associated to a conformally invariant
system of differential operators that act on sections of this line bundle over
an appropriate dense open subset of G/Q. The theoretical background for
this construction was developed in [3]. The specific application of that theory
in situations such as the current one was further described in [12]. In [12]
it was assumed that the character y, is real-valued, which will not always
be the case here, but the modifications necessary to allow complex-valued
characters are minor. In [14] the constructions were described explicitly in
the specific case that was studied there. For the reader’s convenience, and
to prepare the ground for future work on these systems, we shall summarize
the rest of the construction here.

Let N be the connected subgroup of G with Lie algebra n. The set NLN
is open and dense in G and if g € NLN then g has a unique factorization
in the form

(33) 9 =¢(g9)alg)C(9)

with ((g9) € N, a(g) € L, and {(g) € N. For g € G, we define U, C G/Q by
Uy =NQ/QNgNQ/Q.

Note that each U, is a dense open set in G/ @ and that N may be identified
with U, via n+— nQ. If n € N and n@Q € U, then g~ 'n € NLN.

We have seen above that suitable characters are indexed by a suitable
value of z, as identified in Propositions 3.3 and 3.5, together with a character
of the component group L/L° (which is necessarily a sign character). We
shall often simplify the notation by suppressing the dependence on z and
the sign character of the component group. Let y : L — C* be a suitable
character and extend y to a character of @ by making it trivial on N. There
is a homogeneous line bundle £ — G/Q associated to x. If U C G/Q is
open and W C G is its preimage then we may identify the space I'(U, £) of
smooth sections of £ over U with the space of smooth functions ¢ : W —
C that satisfy ©(g9q) = x(q)¢(g) for all ¢ € W and ¢ € Q. The space
I'(L) with the left-translation action of G affords a model of the smooth
induced representation Ind(G,Q, x~'). We write 7 for this representation
of G and II for the derived representation of g. Note that while 7w depends
both on z and on the sign character of L/L°, II depends only on z. The
representation II realizes g as an algebra of first-order differential operators
on G/Q. In particular, the action of g via IT is local on G/Q and so it may
be extended to an action on smooth sections of £ over any open subset of
G/Q. The restriction map I'(Ue, £) — C*°(N) is injective and the action of
g on I'(Ue, £) via II extends to an action on C*°(N). We shall make similar
extensions silently from now on.
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Let D(N) be the algebra of smooth linear differential operators on N and

define
D(N)"={D e D(N) | [II(X),D] =0 for all X € n}.

This is precisely the subalgebra of D(N) consisting of operators that are
invariant under left translation by elements of N. Let R : ng — D(N) be the
derived map associated to the right-translation action of N on C*°(N). We
may extend R to a complex-linear map R : n — ID(NN) and then to an algebra
homomorphism R : U(n) — D(N). The image of this map is precisely
D(N)" and R corestricts to an isomorphism between the algebras U(n) and
D(N)". We define an action of L on D(N) by g* D = 7w(g) o Don(g™}).
This action preserves the subalgebra D(N)" and the map R becomes L-
intertwining when U(n) is given the adjoint action. The derived action of *
isY«D=[II(Y),D] for Y € [ and, in particular, we have

(3.4) [I(Y), R(u)] = R(ad(Y)u)
for Y € [ and u € U(n).

The map R and several other maps are displayed in the following diagram
in which the square commutes:

r—r®1 A—Dy

(3.5) M(dx) M(dx) ®@c C_ay D(N)"

| I»

U(n) ¢ C_gy Un).

The left-hand vertical map is induced by the identification between M(dx)
and U(n) that was introduced above. The map A — D, is defined directly
in [3], but can equally well be defined as the composition of the other three
arrows in the square. The equivalence of the two definitions follows from
Proposition 16 in [3]. The remaining maps are self-explanatory.

Recall that in Section 2 we defined a map w, : g(2,0) — U(n) by

wy(Z) =w(Z) + (20 + 2)Z,
where w is defined in (2.5). We now define a map €, : g(2,0) — D(N)" by
(3.6) 02.(Z) = R(w:(2))
for Z € g(2,0). In light of Theorem 2.8, it follows by applying Theorem 15
of [3] that the system {Q.(Z) | Z € g(2,0)} is conformally invariant on the
restriction of the bundle £ to U.. We shall make the content of this assertion
more explicit momentarily, but first we make a few other observations about

the system 2,. By construction, Q,(Z) € D(N)" for all Z € g(2,0). Thus
the system (2, is straight in the sense of [3]. If g € L and Z € g(2,0) then

(37) gx* QZ(Z) =g* R(WZ(Z))
= R(Ad(g)w:(Z))
= R(w-(Ad(g)2))

TRWH—wr
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= Q2.(Ad(9)2),

where we have used Lemma 2.5 and the definition of w,(Z) from the second
line to the third. In particular, Q. is an L-stable system in the sense of [3].
A similar calculation using the derived action of [ reveals that

[H(HO)v Q/";(Z)] = QQZ(Z)

for all Z € g(2,0). In particular, the system is homogeneous in the sense of
[3]. These are the hypotheses, in addition to conformal invariance, that are
required in order to be able to apply the results of [12] to the system €.

The following result makes explicit the conformal invariance of the system
Q.. In expressing the result, we encounter the common notational annoyance
of a function that is most easily named by its values. To circumvent this,
suppose that U is an open set in N, T' : C®(U) — C*(U) is a linear
map, and n € U. In these circumstances, define 7,, : C*°(U) — C by
T.(p) = T(p)(n). We also require the projection map pr; : g — [ onto
the second summand in the decomposition g = n ® [ @ n. In keeping with
the usual convention in the algebraic treatment of differential operators, we
write Dey for the result of applying D to ¢.

Theorem 3.6. Let g € G and Y € g. Then we have

(3.8) (m(9) 0 u(Z) om(g™h)), = Q:(Ad(alg ') 1) Z),
for all Z € g(2,0) and alln € N such that nQ € Uy. In addition, we have
(3.9) [M(Y),2(2)]n = Q. ([pr(Ad(n~")Y), Z]),,

for all Z € g(2,0) and alln € N. The subspace T'(£)* of I'(L) consisting of
those ¢ such that Q,(Z)ep =0 on U, for all Z € g(2,0) is invariant under
G.

Proof. The first identity is a basis-free form of the first identity in Proposi-
tion 2.3 in [12] specialized to the conformally invariant system being consid-
ered here. The last statement also follows from that proposition. The second
identity follows by applying Theorem 15 in [3] to the current situation. O

We wish to make a few technical remarks about Theorem 3.6 and its
proof. First, although the common solution space I'(£)% is G-invariant,
the reader should not conclude that the operators Q,(Z) extend to smooth
differential operators on sections of the bundle £ over G/Q. Indeed this
is false, since the fact that the operators Q,(Z) are invariant under left
translation by elements of N forces them to have singularities at infinity
in the generalized flag manifold. There is a conformally invariant system
that is equivalent to €2, (in the sense defined in [3]) and whose members do
extend to be operators on sections of £ over G/Q. However, this system is
hard to write down explicitly and so is less convenient to work with. Since
equivalent systems have the same common solution spaces, we may have the
best of both worlds.
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The reader might feel that (3.9) should derive from (3.8) by differentia-
tion, and formally this is so. Note however that (3.9) is an instance of the
definition of conformal invariance that was used in [3] and that conformal
invariance was used to derive Proposition 2.3 in [12]. Thus (3.9) is logically
prior to (3.8) and cannot be derived from it without circularity. It would be
enough to note that Theorem 15 in [3] gives the required conformal invari-
ance and then to derive the specific form of (3.9) by differentiation of (3.8)
when Y € gg; it then follows in general by linearity. This route presents a
technical difficulty, however, since (3.8) is only valid on {n € N | nQ € Uy}
and we now wish to vary g whilst keeping n fixed. Fortunately, this difficulty
may be avoided by a technical ruse. To wit, instead of dealing with the de-
rivative directly it suffices to take a sequence {7;} of positive real numbers
that approach zero and consider the limit of the relevant difference quotients
only over this sequence. If we let g; = e™Y then the set

oo
V= m{nEN|nQEUgj}

j=1
is dense in N by the Baire Category Theorem. The differentiation argument
goes through for n € V' and then (3.9) follows in general by continuity.

The last observation we wish to make is that (3.9) is independent of the

real form go of g that has been chosen. Thus (3.9) holds for all z € C
even when we are considering a real form such that a and § are joined by
an arrow in the Satake diagram. That is, in these cases we still obtain a
conformally invariant system of differential operators on N. The difference
is that there is no line bundle £ over G/Q to consider unless z happens to
satisfy the condition identified in Proposition 3.5.

4. The system (2, on the split real form. I

In this section, we study the conformally invariant system €, in the setting
of the split real form of g. The embodiments of {2, on other real forms are
related to this one by a complex-linear change of variables. This means that
for some purposes it is sufficient to study the system on the split real form.
For example, this is so if one wishes to understand the polynomial solutions
to the system. For other purposes, such as studying the space of K-finite
solutions, each real form must be considered separately.

The system {2, is comprised of differential operators on the connected
group N C G whose Lie algebra is n. Thus we must begin by establishing a
model for this group. The underlying manifold of N is ng, which decomposes
asng = Vo®go(2,0), where Vo = go(1,1) P go(1, —1). It will be important to
distinguish between elements of ng and elements of N and so we shall write
n(X,Y,T) for X +Y + T regarded as an element of N, where X € go(1,1),
Y € go(1,—-1), and T € go(2,0). We shall take the operation on N to be

(4.1) n(X1, Y1, T1)n(X2,Ye, To) = n(X1 + X2, Y1 + Y2, T1 + T + [ X1, Ya]).
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The reader may be surprised to see (4.1) instead of the more symmetrical
and more usual operation

(42) (X17}/i7T1 ﬁ X27Y'27T2)

1

1
[X1,Y2] — 2[X2,Y1]>.

~<X1+X27Y1+Y27T1+T2+2

In fact, the map
- 1
n(X,Y,T) — n(X, Y, T — §[X, Y])

is easily seen to be an isomorphism between these structures. The reason
for choosing (4.1) in place of (4.2) is that this choice leads to a system of
coordinates in which (), takes a relatively simple form. Note that with this
model the inverse is given by

(4.3) n(X,Y,T) ' =n(-X,-Y,-T + [X,Y]),

the exponential map exp : ng — N is given by

1
(4.4) exp(X+Y+T):n(X,Y,T—|— 2[X,Y]>,
and the conjugation by elements of L is given by
(4.5) gn(X,Y,T)g~" = n(Ad(9)X, Ad(g)Y, Ad(9)T)
for g € L.

We shall need notation for specific differential operators on N. To this
end, we introduce the directional derivatives d,, for p € R(1,1)UR(1,-1)U
R(2,0). If p € R(1,1) and ¢ € C*°(N) then

d

Ouop)n(XY.1) =

p(n(X +7X,,Y,T))

and similarly for p € R(1,—1) U R(2,0). We also introduce the coordinates
Ty, Yus te, for pe R(1,1), v € R(1,-1), and ¢ € R(2,0), respectively. By
definition, these coordinates are dual to the root vectors X, X,, and X,
respectively, so that we have

-

for p € R(1,1), and similarly for y, and ¢..

Lemma 4.1. For p€ R(1,1), v € R(1,-1), and £ € R(2,0), we have
R(Xu) = aua

( =0, + Z N'yzzl'fy a2
veR(1,1)

R(X¢) = 0.
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Proof. We prove the second identity, since the other two are almost imme-
diate. For ¢ € C°°(N) we have

d
(RXp)op)(n(X, Y, 1)) = -~ ¢(n(X, Y, T)n(0,7X,,0))
=0
d
= — o(n(X,Y +7X,, T+ 71X, X,])).
dr 7=0
Now
[X7XV] = Z Z 'yqu/ pany
veR(1,1) veR(1,1)
and so
(R(Xy)e)(n(X,Y,T))
d
== (p(ﬂ <X,Y +7X,, T+ Y Nﬂ,,yx,ﬂxwy))
=0 ~ER(1,1)
= <<8 + Z Ny vy 7+V)‘90> (n(X,Y,T)),
veR(1,1)
as required. O

We are now ready to determine the explicit form of the operators in
the system €2,, but to express the result concisely it will be convenient to
introduce some further notation. For ¢ € R(2,0), let

(4.6) Ac= Y N, 00y
(msv)ES(Q)

and, for (,£ € R(2,0), let

(4.7) Foe= Y. NecwuNeovpte O
veR(1,-1)
(vQ)=(r8)=1

There is an obvious notion of a vector or matrix indexed by arbitrary finite
sets rather than only by sets of the form {1,...,m} and we shall use this
notion here. Thus we may consider the R(2,0)-column vectors 0 = [0¢],

A =[A¢ and Q. = [Q.(X)] and the R(2,0)-by-R(2,0) matrix F = [F ¢].
We use the usual symbol I for the identity matrix (with the indexing set to
be determined from context).

Proposition 4.2. We have
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Proof. Let ¢ € R(2,0). By choosing bases consisting of roots vectors in the
definition of w we obtain

wXe)= Y. N XX,

(,v)eS(Q)
Thus
QZ(XC)
= R(w:(X¢))
= R(w(X¢) + (24 20) X¢)
= (Z + ZO)R(XC) + Z N,%,VR(X“)R(XU)
(nr)€S(Q)
=(z+ 2000+ >, N0y <ay + > NW%%V)
(nv)€S(Q) VER(L,1)
= (2 + 20)0; + Z Ny, v 00y + Z Nepp,— Ny Oty O
(u,v)eS(Q) (u,r)eS(Q)
veR(1,1)
= (24 20)0c + A¢ + Z N piv Noy Opiiy + 5 0) O
(nr)€S(Q)
veR(1,1)
= (Z + 20)84 + AC + Z N,H,,,,NW,@C
(nr)eS(Q)
+ Y Ny Ny, 040y
(nv)€S(Q)
vyER(1,1)

It follows from (2.1) that N_,, _, = —N,,. Moreover, if (u, ) € S(¢) then
N, € {+1} and so N_,, _,N,, = —1. By Lemma 2.3, the third term in
the last line above evaluates to —d(«, 3)0¢ = —2200;. This gives

(X)) =Ac+ (- 2000~ Y. NuwNywr,0,0y10.
(n)ES(Q)
vyER(1,1)

It remains to rewrite the last term in this expression. We begin by collecting
the sum according to the value of v + v when N, , # 0. This gives

> > NuuNyyay 0y | O

€eR(2,0) \ (nr)eS(C)
(v)ES(E)
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By Lemma 2.4 this may be reexpressed as

> Y NewuNewwenOco | O,
£€R(2,0) veR(1,-1)
(nQ)=(r&)=1
which is
> Fede,
£ER(2,0)

by definition. It follows that

Q(Xe) =Ac+ (2= 2000 — Y Feeoe,
€ER(2,0)

for all ¢ € R(2,0). This is the component-by-component expression of the
claimed identity. O

The entries of the R(2,0)-by-R(2,0) matrix F' lie in D(g(1,1)). We
wish to consider the vector space endomorphism of the Clg(1,1)]-module
Clg(1,1)]#20 induced by F. If ¢ € R(2,0) then let e; be the ¢*" standard
basis vector for C[g(1,1)]#20) If ¢ € C[g(1,1)]29 then

Fep= > Fenpeec.
CEER(2,0)

Note that every entry of F' is a homogeneous operator of degree zero with
respect to the standard grading of C[g(1, 1)]. Thus F'e preserves each graded
component of C[g(1,1)]*20) if this module is given the componentwise grad-
ing arising from the standard grading of C[g(1,1)]. In particular, the map
F's is locally finite on C[g(1,1)]"*9). Thus we may consider the spectrum
o(F) C Cof Feon C[g(1,1)]"29 and if w ¢ o(F) then the operator Fe—wI
on Clg(1,1)]%20) is invertible. The homogeneity of F' also implies that the
action of F on C[g(1,1)]29 extends to an action on the module C[z]#(20)
of R(2,0)-tuples of formal power series centered at 0 in g(1,1). Of course,
this action is no longer locally finite, but it remains true that if w ¢ o(F)
then the operator Fe — wl on C[g(1,1)](* is invertible, since this may
be checked one homogeneous component at a time. Finally, the operators
F¢ ¢ are independent of the variables i and so the action of F' on C[z]#Z0)
extends further to an action on C[xz,y]#2%. This extended action once
again has the invertibility property just described.

Theorem 4.3. Let ty be the coordinate of a point in g(2,0) and suppose
that z ¢ zo+o(F). If p € Clx,y,t —to] is a formal power series solution to
the system Q, and p(x,y,to) = 0 then p is identically zero.
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Proof. Let us express p in the form

P = Z Qk(t - tO)k7
k

where k € Nf(29 and ¢, € C[z,y] for each k. Since Q,(X)ep = 0 for all
¢ € R(2,0), we have the equation

[Acep] + ((2 = 20)I — F)s[d¢ep] = [0]
of R(2,0)-tuples. Thus

(0] = [Aceqi](t —to)* + ((z — 20)T — F)e

> kear(t — to)ke<]

k k
= S Acoqu](t — to) + (= — 20)T — )| 3 (ke + Ve (£ — mk]
k k

= ([Acear] + ((z = 20)T = F)o[(kc + Dappe]) (t — t0)*
k

and so we must have
[Aceqr] + ((z = 20)] — F)o[(k¢ 4+ 1)qrse.] = [0]

for all k. The assumption on z and the discussion preceding the statement
of the theorem allow us to rewrite this expression as

-1
[(k¢ + 1) qrse] = —((z2 = 20)] — F) " o[Acoqy]
for all k. Since k¢ + 1 > 1, this identity allows us to determine all g
inductively from ¢go. We complete the proof by noting that p(z,y,ts) =
qo(,y)- O

Note that Theorem 4.3 is sharp. Indeed, if z € 29 + 0(F) and ¢ = [p¢] €
Clg(1,1))E20) is an eigenvector of F's with eigenvalue z — 2y then

p= D tepe

£ER(2,0)

is a nonzero solution to the system 2., but p(x,y,0) is identically zero.

The last order of business in this section is to establish the equivariance
of the map F'e with respect to a suitable action of L. Recall from Section 3
that if ¢ is a function on N and g € L then 7(g)¢p is the function defined by
(7(9)¢)(n) = x(9) " '¢(g 'ng). The x-action of L on D(N) is then defined
by g* D = 7(g) o Don(g~'). In fact, the factors of y in this expression
cancel one another. Thus it will be convenient to introduce the action of L
on functions on N that is given by (g-¢)(n) = ¢(g 'ng) and to note that,
with this action, g * D = go D o g~!. In particular, by (3.7), we have

(4.8) 9710 Q(Ad(9)Z) = Q(Z) 0 g™
forall g€ L, Z € g(2,0), and z € C.
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Let us identify the vector ¢ = [p¢] € C[g(1,1)]720) with the element
> pe@te € Cla(1,1)] @g(2,0)".
£€R(2,0)
In this way, we obtain an action of L on C[g(1,1)]%*29 via transport of
structure from the tensor product action of L on Clg(1,1)] ® g(2,0)*.
Proposition 4.4. With the action of L on Clg(1,1)]%9 that was defined
above, the map Fe : C[g(1,1)]720 — Clg(1,1)]#Z0) is L-intertwining.
Proof. Let = [p¢] € Clg(1,1)]2*0) and define
Plp) = D tepe.
¢ER(2,0)

This function is independent of y, for all v € R(1,—1) and so Acetp(p) =0
for all ¢ € R(2,0). Thus, by Proposition 4.2, we have

Q(Xe)ot(p) = (2 = 20)0ch(9) = Y Feedeot()

£ER(2,0)
=(z—z0)pc— Y Feewe
£ER(2,0)
and, in particular,
(4.9) Qi (XU () = —(Fop)¢
for all ¢ € R(2,0).

Let us introduce matrix coefficients m, ¢ for the adjoint action of L on
9(2,0) by

(4.10) Ad(g)Xc = Y mrc(g) X,
TER(2,0)

It follows as usual from (4.10) that

(4.11) Ad (g)tc= ) meq(g it
TER(2,0)

The action of L on Clg(2,0)] restricts to the coadjoint action on the space
of linear polynomials and so (4.11) may also be written as

(4.12) g-te= Y me(g Nt
TER(2,0)

if we regard ¢ as a function on N. For g € L and ¢ € Clg(1,1)]F20) we
have

g-v(e)= Y g-(tepe)

£eR(2,0)

= > (g9-te)lg- @)

§ER(2,0)
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= Y mes(g (g @)

£,TER(2,0)

= > tT( > mg,7<g-1><g-¢g>>
TER(2,0)  \£€R(2,0)

= Z t‘r(g"P)T
TER(2,0)

=Y(g- ).

(Of course, it was this computation that governed the choice of action of L
on Clg(1,1)]20)) By this identity, (4.9), (4.10) and (4.8), we have

),
(Fo(g™" - 9)) ¢ = =Dz (X)owo(g o)
=~ (XO)o(g7" - 0())
= —g - Qe (Ad(9) Xc)*0 ()
=—g ' D mrc(9)Qs(X)e(e)

TER(2,0)

=g ' ) mec(9)(Fep)r

TER(2,0)

= Y meclg)g " (Fop),

TER(2,0)
= (971 (Fep)),
for all ¢ € R(2,0) and g € L. It follows that

Fe(g~' @) =g " (Fep)

for all g € L, as required. O

As noted above, the map Fs : C[g(1,1)]%%0) — C[g(1,1)]#29 is homo-
geneous of degree zero. Since L is reductive and its action on C[g(1,1)] is
degree preserving, the L-module C[g(1,1)] ® g(2,0)* decomposes as the di-
rect sum of various irreducible components. It follows from Proposition 4.4
that F'e leaves each L-isotype in this decomposition stable. The decomposi-
tion may not be multiplicity free and so we cannot necessarily invoke Schur’s
Lemma to conclude that F'e is actually a scalar on each isotype. We can,
however, always determine the spectrum o (F') if we can compute the action
of Fe on all highest-weight vectors in C[g(1,1)]#(20),

5. The system (2, on the split real form. II

In this section, we make the structure of the system 2, more explicit in
each of the cases in which it has been constructed. This allows us to estimate
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and, in most cases, determine the spectrum of the operator F'e that appears
in Theorem 4.3.

5.1. The systems in Type A;. Let [ > 2, choose a,b > 1 such that
a+b<l,andlet c=1—a—b+1. We take the standard model for the root
system R of type A;, in which the positive roots are {e; —e; | 1 <i < j <
[+ 1}. With the labels introduced in Figure 1, we have a; = e; — e;41. Let
a = a4 and f = ag4p. Note that d(a, 8) = b. We use the total order on R?
that is specified by
o] <oy << o1 <O,
which satisfies the requirements introduced in Section 2. Let
/’L(Zm]) = €; — €Ea+j
forl<i<aand1<j<b,
V(i,j) = €a+i — €atbtj
forl1<i<band 1<j<c¢ and
C(i,§) = €i — €atbty
for 1 <i<aand1<j<c With this notation, we have
R(1,1) ={p(i,j) |1 <i<aand 1 <j<b},
R(1,-1) ={v(i,j) |1 <i<band 1 <j<c},
R(2,0) ={¢(i,j) |1 <i<aand 1 <j<c}.
With the total order that has been specified above, one finds that
(5.1) Np(i,j),u(m,n) = _5j,m-
Note that these are not the structure constants that would be obtained by
considering the standard basis for the algebra s[(l + 1), but rather their
negatives. We continue with the nonstandard choice for consistency’s sake.
It follows from (5.1) that
Niiu’(ivj)vfy(myn) = 5],771
and by using this in (4.6) we get

b
(5:2) Acig) = D Outi) iy
k=1
By using (5.1) in (4.7), we get
b
(53) FC(Z,]),C(WL,?’L) = 6-7’” Z xu(m,k)ap,(z,k)
k=1

The first conclusion we draw from this evaluation is that the R(2,0)-by-
R(2,0) matrix F' may be arranged so as to have a block-diagonal structure.
In fact, if we order the roots ((i,7) in reverse lexicographic order then the
resulting ac-by-ac matrix will become block diagonal with ¢ a-by-a blocks
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down the diagonal. Moreover, these blocks are actually identical, since the
cofactor of d; 5, in (5.3) depends only on 7 and m. For brevity, let us introduce
the notation zy, x = (k) and i x = Jy(; 1) Then we have

F=PHPH.--BP,

where H denotes the block sum of matrices and P is the a-by-a matrix with
entries

b
]Di,m = 5 wm,kai,k-
k=1

It follows from this that in order to determine the spectrum of F'e on the
module C[g(1,1)]#29 it suffices to determine the spectrum of Pe on the
module C[g(1,1)]%.

Lemma 5.1. For1 <p,q,r,s < a we have
[Pp’q’ T)s] = 5p78PT’q - 6q7TPp’s.

Proof. The required identity follows from a calculation that is based upon
the commutator formula [0y k, Zsm] = 0p, 50k m.- O

It follows from Lemma 5.1 that the operators P, , span a copy of gl(a).
In fact, the map E, ), — P4 is an isomorphism from gl(a) to their span.
Note the interchange of indices that is involved in this isomorphism.

In order to estimate the spectrum of Pe on C[g(1,1)]*, we shall have to
make a brief incursion into the marches of Capelli’s identity. Let P be the
a-by-a matrix

P(u) = [Prn = dmn(u+a—m)],
whose entries we regard as elements of the tensor product algebra Clu] ®
U(gl(a)). Let 1, ..., be the standard basis for C®. In the tensor product
algebra Clu] ® U(gl(a)) ® A*C*, we define elements
a
Tq(u) = Z(Pp,q — Op,qu)Vp.
p=1

Note that

(54) it a—mauta—2)- o ra(w) = cdet(P)br o,

where cdet stands for the column determinant

Cdet(A) = Z Sgn(ﬂ->‘47r(1)1 T Aﬂ(a)a-

As usual, cdet(P(u)) € Clu] ® Z(gl(a)), where Z(gl(a)) denotes the cen-
ter of the universal enveloping algebra. Several methods are available for
proving this assertion. One of the clearest and most efficient is the method
outlined by Itoh in Sections 1 and 2 of [11] (see also Section 1 of [10]). This
method involves equating cdet(P(u)) with a symmetrized determinant of
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P(u) whose invariance under GL(a) can easily be established. Since the
fact is familiar, we shall not provide the details.

We choose the standard diagonal Cartan subalgebra of gl(a), but use the
opposite of the usual positive system of roots. With this choice (but not with
the standard one), the entries above the diagonal in P(u) are weight raising.
Let (pw, W) be the irreducible representation of gl(a) with highest weight
w = (w1, ...,w,). Note that we will have w; < wy < -+ < w, because of
the choice of positive system that has been made. The fact recalled in the
previous paragraph implies that cdet(P(u)) acts on C[u] ® Wy, by a scalar.
This scalar may be calculated by considering the action of cdet(P(u)) on a
highest weight vector in W,. The result of this calculation is that

(5.5) po(cdet(P(u))) = (w1 — (u+a—1)) (w2 — (u+a—2)) - (wg —u).

Lemma 5.2 and Lemma 5.3 are due to Umeda (Lemma 1 and Proposition 2
in [19]). However, due to the interchange of indices and a difference of
normalization, our versions look slightly different, so it seems safest to sketch
the proof of the more substantial of the two.

Lemma 5.2. For all 1 < q,r < a we have
To(u+ 1)1 (u) = =7 (u + 1) 74 ().
In particular,
Tq(u+1)7g(u) = 0
forall1l < g <a.

Proof. This is a consequence of a calculation using Lemma 5.1. ]

Lemma 5.3. There is an a-by-a matriz Q(u) with entries in Clu]@U(gl(a))
such that R
Q(u)(P — uly) = cdet(P(u))l,.

Proof. We first define elements 11 (u), ..., n.(u) € Clu] ® U(gl(a)) ® A*C*
by

(1) Iry(u+a—1)m(uta—2) - 7q(u+1),
nut+a—1)1-1(u+1),

m (u)
Na ()

and
Mm(u) = (=1)*""n(u+a—1)m(ut+a—2) - 7Tm_1(u+a—m+1)
Tma1(u+a—m)--1(u+1)
for 2 <m < a—1. It follows from (5.4) and repeated use of Lemma 5.2 that
N (1) T (u) = m,nCdet(p(u))¢1 g
for all 1 <m,n < a. Next we define the matrix Q(u) by

a

nm(u) = Z<_1)aiij,j(u)wl T 12;]' e 1/Ja7

Jj=1
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where the hat denotes omission. Then
Sm.ncdet(P(u))y - - - g
= Tm (U)Tn (U)

= Z (_1)a_ij,j(u)(Pk,n - 5k,nu)w1 T @//)\j e wawk

7,k=1
=" Quu(W) Py — S - thq
7=1

and so .
> QW) (P = uly)jn = 6 nedet(P(u)),
j=1

as required. O

Theorem 5.4. We have o(F) C ZN[—(a — 1),00). If b > a then this
inclusion is an equality.

Proof. As we remarked above, o(F') is equal to o(P), the spectrum of Pe
on C[g(1,1)]*. We begin by establishing that ¢(P) C ZN[—(a — 1),00).
Suppose that ¢ = [p;] is an eigenvector of Pe with eigenvalue A. It follows
from Lemma 5.3 that cdet(P(\))sp; = 0 for all 1 < j < a. Let us fix some
J such that ¢; # 0.

From the explicit formula for P, ,, we see that the space of linear poly-
nomials on g(1, 1) is isomorphic to the direct sum of b copies of the standard
representation of gl(a). Indeed, each of the variables 241, ..., 44 is a high-
est weight vector for the action with weight (0,...,0,1). (Naturally, we
continue to use the nonstandard positive system for gl(a) that was fixed
above.) It follows that, as a gl(a)-module, C[g(1, 1)] decomposes as the di-
rect sum of various polynomial representations. These could be made quite
explicit, but all we require here is that their highest weights have the form
w = (wi,...,we) With w; < -+ < w, and w,, € N forall 1 < m < a.
The polynomial ¢; fixed in the previous paragraph may be decomposed
into isotypic components as

0= ¢F
w

and we have
0 = cdet(P(\))sp;
=> (@m-A+a-1)(w— (A+a—2)(wa— N

w

Distinct isotypes are independent and it follows that if we choose a highest
weight @ such that ¢ # 0 then

(@1 — (A+a—1)(ws—A+a—2) - (ws—\) = 0.
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This equation implies that A = w,, — a + m for some 1 < m < a. Con-
sequently, A € Z and A > —a +m > —(a — 1). This establishes the first
claim.

Henceforth, we suppose that b > a. The next claim is that the spectrum
o(P) is invariant under the map A\ — A + 1. Let

X = [zpqli<p<ar
which is possible by our assumption on b, and define D = det(X). One
verifies from the explicit formula for P;,, that P;,,ex, s = 0;,%m . From
this it follows that P; ;D is the determinant of the matrix obtained from X
by replacing the it row by the m'® row. That is, P; oD = &; ,,D. Suppose
that ¢ = [p,] is an eigenvector of Pe with eigenvalue A and let o™ = [Dy;].
We have

Z R,m'@; = Z PZ,m'(DSOm)
m=1

m=1

a
= (DPim*om + emPimeD)
m=1
= ADg; + ;D
= (A+1)Dyp;
= A+ D)y

Since ¢ is certainly nonzero, it follows that A + 1 € o(P), as claimed.

All that remains in order to complete the proof is to show that —(a—1) €
o(P). Let Dy,...,D, be the (unsigned) cofactors of the first column in X.
We wish to calculate P;,,eD,,. First note that if ¢ = m then the entries of
the cofactor D, are all constant with respect to P;,, and so P;,,eD,, = 0.
Now suppose that i # m. As above, P; ;,*D;, will be the determinant of the
matrix that results from the comatrix of x,,1 by deleting the i*" row and
replacing it with the m™ row. Apart from the order of the rows, this is D;.
Since the m'™ row has been inserted immediately before the (i 4+ 1) row
and must be moved to be immediately after the (m — 1) row in order to
obtain D);, the precise expression is

PineDyy = (—1)HD=m=DH D, = (—1)i#mHl D,
Let ¢ = [(—=1)*1Dj]. Then

a

a
Z ]Di,m.(pm = Z(_l)m+lpi,m.Dm
m=1

m=1

— Z(_l)m+1(_1)i+m+1Di
mi
= (-1)'(a—1)D;

=—(a—1)p;
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and it follows that ¢ is an eigenvector of Pe with eigenvalue —(a — 1), as
required. O

The inclusion in Theorem 5.4 is not generally an equality when b < a.
The following result gives the precise situation in the extreme case in which
b=1.

Proposition 5.5. Suppose thata > 2 andb = 1. Then o(F) = ZN[—1,000).

Proof. Since b = 1, we shall drop the second index on z,,1 and O,,1 to
write z,, and Op,. The nonzero vector ¢ = [p;] is an eigenvector of Pe with
eigenvalue A\ if and only if

101001 + x201002 + - - - + 24,0190, = Ap1,
102001 + x2020p9 + -+ + L4090, = Apa,

2104001 + 120,002 + - - + 2400%0q = A@q.
We first confirm that —1 € o(P). In fact, o1 = x2, 2 = —21, and p; = 0 for
3 < j < ais asolution to the system with A = —1. We now assume that we
have a solution to the system with A # —1. Let ¢ # j. By differentiating the
ith equation with respect to xj, the 7' with respect to z;, and subtracting
the results, we obtain

Divpj — Ojopi = ADjoipi — ADisp).

This is equivalent to (A+1)0;e¢; = (A+1)0;ep; and, since we have assumed
that A # —1, we conclude that 0jep; = O;ep; for all ¢ # j. It follows that
there is a polynomial g € C[zy,...,z,] such that ¢; = d;eg for 1 < i < a.
When we substitute the identities ¢; = 0jeg into the ith equation we obtain

210;0199 + £20;0209 + - - - + 240;0,09 = \0;ey,
which may be rewritten first as
Die (210109 + 220209 + - - - + 3a0a0g) = (A + 1)0;0g
and then as
Ois(Eeg — (A +1)g) =0,
where E denotes the Euler operator with respect to the variables x1, ..., z,.
We conclude that there is a constant C' such that

Eeg — (A +1)g =C.

It follows that the polynomial h = g + C/(\ + 1) satisfies the equation
Eeh = (A+1)h. This equation implies that A is homogeneous of degree A+ 1
and, in particular, that A + 1 € N. Since we have assumed that A\ £ —1, it
follows that A € N. Overall, this implies that o(P) C ZN[—1,00). We have
already seen that —1 lies in o(P). The last step is to show that N C o(P)
also. To do so, take A € N and choose a nonzero homogeneous polynomial
g of degree A + 1. We may then reverse the above calculation to see that
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© = [0;#g] is a nonzero solution to the system for the given value of A, which
completes the proof. O

Note that, as a byproduct of the proof of Proposition 5.5, we determined
the structure of all eigenvectors of Pe with eigenvalues A € N. They are
simply the gradients of homogeneous polynomials of degree A+ 1. Note also
that eigenvectors of Pe with eigenvalue —1 definitely do not share the same
structure; the example given in the proof does not have this structure, for
example.

5.2. The first system in Type D;. Let [ > 4. We take the standard
model of the root system R of type D;, in which the positive roots are
{es+e; | 1 <i < j <I}. With the labels introduced in Figure 1 we have
a;=¢e;—ep1for 1 <i<l—1land oy =¢;_1+¢. Let a =q;_1 and § = .
Note that d(«, ) = 2. We use the total order on R® that is specified by

o] <oy < - <03 < o1 R o_2 ROy,
which satisfies the requirements introduced in Section 2. Let

u(i) = e —e
for1 <i<l-—1,
v(i) =e; + ¢
for 1 <i<l-1, and
C(i,j) = ei+ ¢
for 1 <i < j <Il—1. With this notation, we have
R(L1) ={p@) |1 <i<l-1},
R(1,-1)={v()|1<i<l—-1},
R(2,0) = {C(irj) [1<i<j<i—1}.

Lemma 5.6. We have

1 ifi<j<l—2,

-1 fi<j=1-1,
Nutiy () = Ji<d
’ 0 ifi=7,
-1 ifi>j.

Proof. First, u(i) + v(j) € R if and only if ¢ # j, which verifies the third
value. Suppose now that ¢ # j and 1 < 1,5 <1 — 2. We have
pi) =i + g1+ + g+ g
and
v(j) =ajtajp+Fae o
and so
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f(u(@),v(5))

= flau-1, ) Z flag-1,aq) + Z flop, ou) + Z flap, aq)

j<q<l—2 i<p<i—2 i<p<i—2
§<q<l—2

= (-1,07) + (-1, 002) + (2, 01) Z Opqg + Z Oép,Oéq p<q

1<p<l—2 1<p<l—2
j<q<l—2 j<q<l-2
=2+ (-2 -max(i,j)+1- Y 1
i<p<l—2
j—1<p<i—3

=(—-3)—max(i,j) — (I —3) + max(i,j — 1) — 1
= max(i,j — 1) — max(7,5) — 1,
where 1,4 is the indicator function of the set where p < ¢. If i < j then
i <j—Tland f(u(i),v(j)) = (j—1)—j—1= -2, which gives N ;) ;) =1
If i > j then f(u(i),v(j)) =i —i—1= —1, which gives Ny ;) = —1.
It remains to evaluate f(u(i),v(l —1)) when ¢ <l —1 and f(u(l —1),v(j))
when j < — 1. For the first, we have
f(u(@),v(l—=1)) = flai + ip1 + -+ o+ 1, 00)
= f(al—Qa Oél)
=-1

and so N,(;) ,-1) = —1. For the second, we have

flp(l=1),v(5)) = flag—1 a5 + jpr + - + 2 + )
= floy—1,-2)
— 1

and so N, -1),() = —1 O
A calculation based on Lemma 5.6 and (4.6) shows that
Acigy = 4 @0 = 9Ot ifi<j<i-2
J u(1=1)0u (i) + Op(i)Oui—1) ifi<j=101-1

Note that this expression could be uniformized simply by changing the signs
of Xip(q-1)-

In order to simplify the notation for F', we shall write x,;) as x; and d,,(;)
as 9; in what follows.

Lemma 5.7. For1<i<j<l—1and1<m<n<I[—1 we have

Feijy,comm) = 0imTn0j + 0j,nTm0i — 8i nTm0j — 05 mTn0;.
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Proof. The quantity F¢(; ;) ¢(m,n) 1S expressed as a sum over those v(k)
such that ({(7,7),v(k)) = 1 and ({(m,n),v(k)) = 1. The first equation
holds exactly when k € {i,j} and the second exactly when k € {m,n}.
Thus F¢ (i j).c(mmn) = 0 unless {i,j} N {m,n} # 0. If i = m and j = n then
(4.7) implies that

Fe(i.5).¢.9) = Nuh) o) Nu(i) w2595 + Nugi)w () Nugi) v ) 2105
Since the structure constants are +1, this evaluates to
Fe(ig) ctig) = 2305 + id,
which agrees with the formula in the statement in this case. Now suppose
that i = m and j # n. Then

FeGig)ctim) = Nu)w i) Nu(n) w (i) Tnj
and Ny v(i) = Nym)ws) = —1 by Lemma 5.6. Thus F¢; j) ¢(in) = Tn0j, as
claimed. Similarly, if j = n and ¢ # m then

Fe(ig)cm.g) = Nty w(5) Num) o) Tm i
Ifj < i=2then Nugwi) = Numywi) = 1. 15 =1T—1then Ny =
Nym)w() = —1. In either case, the product of the structure constants is 1
and so Fe(; j) ¢(m,j) = Tm0;. This once again agrees with the formula given

in the statement. If ¢ = n then m < ¢ < j and

Fe(ig)comi) = Nui) )Nt v (5)Tm -
The inequality m < ¢ < j implies that ¢ # [ — 1 and so Lemma 5.6 gives
N,u(j),l/(i) = —1 and NM(m)yV(i) = 1. Thus FC(i,j),Q(m,i) = —xmaj, as claimed.
Finally, suppose that j = m. Then 7 < j7 < n and

Fei.g),¢Gim) = Niati) () Nt ) T i
The inequality ¢ < j < n implies that j # [ — 1 and so Lemma 5.6 gives

Nuiywiy = 1 and Nypy iy = —1. Thus Fej).cn) = —Zndi, as claime(é

Theorem 5.8. We have o(F) = {—2} UN.

Proof. Suppose that ¢ = [p¢(; ;)] lies in the kernel of F'e — A. To simplify
the notation, we abbreviate ¢¢(; ;) to ;. It follows from Lemma 5.7 that
 satisfies the equation

(5'6) Z (5i,m$naj + (Sj,nxmai - 5i,n$maj - 5j,mxnai)'§0m,n = /\Spi,j
1<m<n<l-1

forall 1 <i < j<l—1. We refer to (5.6) as the (i, j)-equation. Let us
choose indices 1 < i < j < k <1 — 1. By applying the operator Jd; to the
(i, j)-equation we obtain
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Z (5z,m$najak + 5j,n$maiak - 6i,n$maj8k - 6j,mxn8ialc)'80m,n

1<m<n<l—-1
+ Z (5¢7m5n7k8j + 5j,n5k7m8¢ — 5¢7n5m,kaj — 5j7m5n,kai)°g0m,n
1<m<n<i-1
= AOgpi
and, by taking into account the inequalities m < n and ¢ < j < k in the
second sum, this simplifies to

(5.7)
Z (6i:m@n0j0k + 6 Tm0i0k — 05 n&m 00k — 0jmTn0i0k ) *Pm nt

1<m<n<i—1
Oj*pik — Oi*pj i = AOkepi ;.
Similarly, we apply the operator d; to the (i, k)-equation to obtain
(5.8)
> (Gimmn0i0k + Sk nTm0i0; — 6inTm00k — OpmTn0i05)*Pm.n
1<m<n<i—1
+ Okepi,j + Oispjk = ADj*pi k.
We also apply the operator 9; to the (j, k)-equation to obtain
(5.9)
> (65mTn0iOk + Ok nm0i0; — 65 nTmOiOk — OpmTn0i0;) *Pmn

1<m<n<l-1
+ 0j%0ik — Opopij = AJjopj k.
We now take equation (5.9) minus equation (5.8) plus equation (5.7). In
this combination, all the terms in the sums over 1 < m < n <[ —1 cancel
in pairs, and we obtain
20j00; 1, — 20i%0;  — 20k 5 = NDiopj i — Ojopi 1 + Opopij),

which is equivalent to

(5.10) ()\ + 2) (ai'QOng — aj'%@i,kz + ak;'(pLj) =0.

It follows from this equation that either A = —2 or

(5.11) d( Z Pij dx; A d.%'j) =0.
1<i<j<i—1

Let us assume for the moment that A # —2. Then (5.11) holds and it follows
that there are polynomials ¢1,...,g;_1 such that

-1
d(z Im dxm> = Z Vi j dz; N dl‘j,
m=1

1<i<j<l—1
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which is equivalent to the equations
(5.12) wij = O0i*g; — 0jeg;

foral 1 <i<j<I[—-1.
The next step is to substitute (5.12) into (5.6). As a preliminary to this
substitution, note that the left-hand side of (5.6) may be reexpressed as

Z (5j,nxm - 6j,mxn)ai'90m,n + Z (6i,mxn - 6i,n$m)6j'¢m,n

1<m<n<Il-1 1<m<n<l-1

= Y (9(0jnmm — GjmTn) = Gimin) *Pmn
1<m<n<l-1
—|— Z (a‘](az’mxn - 5z,n$m) - 5i,m5j,n)'80m,n

1<m<n<l-1
= _2901',]' + 6#( Z (5j,n$m — 5j,m7/'n)§0m,n>
1<m<n<l-1
+ 6j0< Z (5z7m$n - (5i,n$m)80m,n> .
1<m<n<l-1

Now, by (5.12),

Z (5j,nxm - 6j,mxn)80m,n

1<m<n<l-1
= Z (5j,n$m - 6j,m$n)(8m'gn - 8n'gm)
1<m<n<l-1
= Z Cﬂmam'gj + Z xnan'gj - Z xmaj'gm - Z xnaj'gn
1<m<j j<n<i—1 1<m<y j<n<l-1
= E-gj — l‘jaj'gj - Z xmaj-gm + l‘j@j'Qj
1<m<i—1
=Feg;— > ZwmOjogm
1<m<l-1
=Begj— > (9%m — Sjm)*gm
1<m<l—1

= Eegj — 0joP + g;
= (E + 1)'gj — 8j0p,

where we have written [E for the Euler operator with respect to the variables

TlyeooyL]—1 and
P = g TmGm.-
1<m<il-1



CONFORMALLY INVARIANT SYSTEMS 237

A similar calculation shows that, by (5.12),
Z (5z,mxn - 5i,nxm)80m,n = _(E + 1)'gi + az°P
1<m<n<Il-1

In light of these evaluations, the result of substituting (5.12) into (5.6) is
equivalent to the equation

Oio((E+1)eg; — 0joP) — 0jo((E + 1)eg; — 9o P) = (A +2)(dsog; — Djegi).

By rearranging this equation and using the fact that 9;0;eP = 0;0;oP we
obtain

(5.13) 0o ((E — (A +1))eg;) = 0jo((E — (A +1))egi).

Since (5.13) holds for all i < j, we conclude that there is a polynomial h
such that

(5.14) (E — ()\ + 1))ogi = 0;*h

for 1 <4 <[ —1. This completes the second step.
For all 1 <k <1—1 we have [E, J;] = —0k and so Edy, = 9x(E—1). Thus

(E = Newij = (E— N)e(9ig; — 0je9:)
= 9o ((E — (A +1))og;) — 5o ((E — (A + 1))eg;)
= 0;2(0joh) — 0j%(0;h)

=0,
where we have used both (5.12) and (5.14) in the course of the calculation.
Since the spectrum of [Ee on the polynomial algebra in xy,...,z;—1 is N, it

follows from this argument that if A # —2 and A € o(F') then A € N. Thus
we have shown that o(F) C {—2} UN. To complete the proof, we must also
establish the reverse inclusion. To show that —2 € o(F), one verifies that if
© = [¢i ;] with p19 = 23, @13 = —x2, Y23 = 1, and ¢; ; = 0 for all other
values of (i,j) then Fep = —2¢p. Let s € N. To show that s € o(F), one
verifies that if ¢ = [p; ;] with @19 = 2§ and ¢; ; = 0 for all other values of
(i,7) then Fep = s¢. O

As with the remark after the proof of Theorem 5.4, we may note that the
proof of Theorem 5.8 yields quite a bit of extra information about the struc-
ture of solutions to the equation Fep = Ay provided that A\ # —2. However,
the solutions to Flepy = —2¢ do not share this structure; in particular, the
2-form x3dx1 A dxe — 29 dx1 A dxs + x1 dxo A dxs is not closed.

5.3. The second and third systems in Type D;. We use the same
model of the root system of type D; (I > 4) as was used in the previous
subsection. For the second system, we take = a7 and 8 = ;. Note that
d(a, B) =1 — 2. We use the total order on R?® that is specified by

o] <o < <9 R0 < Oo-1,
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which satisfies the requirements introduced in Section 2. Let
(i) = e — e
for1 <i<l-—1,
v(i,j) = €it1+ €t
for1<i<j<Il-—1,and
C(i) =e1+ e
for 1 <4 <1 —1. With this notation, we have
R(L,1) = {u(i) |1 < i < 1-1},
R(1,-1)=A{v(i,j) |1 <i<j<Il-—1},
R(2,0)={C(@) |1 <i<l-1}.

Lemma 5.9. We have

0 if i ¢ {4, k},
N . . =
M(Z)ﬂ/(]vk) 1 Zf’L = kj S l — 2,

Proof. Note first that wu(i) + v(j, k) € R if and only if ¢ € {j, k}.

verifies the first value. We have
p(i) = a1+ -+ a;
for 1 <i<[-—1. Also

This

v(j, k)
ajp+-Fap+20p i+ o) tor o ifE<T-3,
=q Qi1+t to+ ifk=1-2,
i1+ oo+ oy ifk=10-1.

We can simplify our work a little if we notice that we only care about f(u,v)
modulo 2 and this value only depends on p and v modulo the lattice 2ZR®.
Let us write = for congruence modulo 2ZR?® or modulo 2, as context dictates.

Then

v(j, k) = Qi1+ Fap o+ o ifk<l—2,
T g+t ae ifk=1—1.

Suppose that k <[ — 2. Then
Fu(@), v(5, k)

Ef( Z Qs Z Oén+0411+061>

1<m<i j4+1<n<k
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> > flaman)+ D flamai)+ > flom, )

1<m<i j+1<n<k 1<m<i 1<m<i
= § E Omn + E 146 0—2+ (6ig—2+ 6i1—1)
1<m<i j+1<n<k 1<m<i
j<m<k—1

= min(i, k) — (j+ 1) + 1+ min(i,k — 1) —j + 1+ 8; ;1
= min(i, k) + min(i, k — 1) + 14 0;;1

)1 if i <k,

I R if i > k.
This evaluation confirms the second and third values displayed in the state-
ment. It remains to treat the cases where k =1 — 1. We have

f(p(@),v(G, 1= 1))

=f<z am, Y an+al>

1<m<i jH1<n<i—2
=Y > flema)+ Y flom )
1<m<i j+1<n<i—2 1<m<i
= Z 1+ Z 1+ ((52'7[_2 + (5,-’1_1)
1<m<s 1<m<s
Jj+H1<m<i-2 7<m<l-3

= min(i,l — 2) — (] + 1) +1+ min(i,l — 3) — ] +1+ (51'7172 + (52‘,[,1
=min(i, ! —2) + min(i,l —3) + 14 0; 2 + i 1—1.
By considering ¢ <1 —3,¢=1—2,and ¢ = — 1 in turn, one verifies that
this expresses is always congruent to 1 modulo 2. This confirms the fourth
value given in the statement. O

A calculation based on Lemma 5.9 and (4.6) implies that
Ay = D OuOuin = D OudOuipa) + Outt=1) (i)
1<i<p p<i<l—2
if1<p<Ii-—2and
Ay = D Fuidutiaoy:
1<i<i-1

More symmetric expressions would be obtained by changing the signs of
X:I:V(pJ—l) for 1 <p<i-—1.

In order to simplify the notation, we abbreviate x
in what follows.

u(i) S Tg and GM(,) as 0;

Lemma 5.10. For 1 <p <1l —1 we have

Few) ) = E — xp0p,
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where K is the Fuler operator E =x101 + -+ x;_101_1. If 1 <p,g<l—-1
and p # q then

Few),cta) = 200,
where the sign is positive if either p or q is equal to | — 1 and negative
otherwise.

Proof. The elements v € R(1,—1) that satisfy ({(p),v) =1 are v = v(i,p)
with 1 <i < pand v =v(p,i) with p <i <1 —1. We have ((p) — v(p,i) =
p(i) and ¢(p) — v(i, p) = p(i). Thus

_ 2 9. 2 9.
Feem) = D Niowip®i0i+ D Nigy oo

1<i<p p<i<i—1
=E — 2,0,

since Ny u(ip) a0d Ny)v(pi) are both £1. If p < ¢ then the only v €
R(1,—-1) such that ({(p),v) =1 and (¢(q),v) = 1is v = v(p,q). We have
¢(p) —v(p, q) = p(q) and ((q) — v(p,q) = p(p), and so

Few) ¢a) = Natw) w00 Nista) (0.0 0%
By Lemma 5.9, the coefficient in this expression is —1 unless ¢ =1 — 1, in
which case it is 1. The evaluation of F¢(y) ¢(q) When p > ¢ is similar. O

Theorem 5.11. We have o(F) ={2 -1} UN.

Proof. We begin by applying the automorphism of Clxi,...,2;_1] that
changes the sign of x;_1. This does not affect the spectrum of F'e, but
does allow us to write F' in the more convenient form

F =EI — [2,0,].

Suppose that ¢ = [¢;] # 0 satisfies Fep = Ap. Each entry in F is a
homogeneous operator of degree zero and it follows that F'e commutes with
projection onto the terms in a fixed degree. Thus we may assume that ;
is homogeneous of degree n, say, for all . Then the equation Fep = Ay is
equivalent to the system of equations

-1
(5.15) Z zpOgepq = (N — N)pp
q=1

for 1 < p <Il—1. If we define ¢ = Zf]_:ll Oq%pq then this system of equations
is equivalent to ) = (n — A)pp, for 1 < p <1 —1. If A = n then this
system is equivalent to the single equation 1) = 0. Since J;_1 is a surjective
map from the space of homogeneous polynomials of degree n to the space of
homogeneous polynomials of degree n — 1, given homogeneous polynomials
©1,--.,p1_o of degree n we may find a homogeneous polynomial ¢; 1 of
degree n such that (p1,...,¢;—1) solves the equation ¢y = 0. It follows
that every natural number lies in o(F'). Now suppose that A ¢ N, so that
n — A # 0 above, and let ¢ = ¥/(n — \). Note that g is a homogeneous
polynomial of degree n — 1. We have ¢, = z,g for all 1 < p < [ -1,
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and substituting this into (5.15) and simplifying the result we find that the
system (5.15) is equivalent to the equation

(5.16) (1 —1)g + Eeg = (n — N)g.

However, Eeg = (n — 1)g and g # 0 because ¢ # 0. It follows from (5.16)
and these facts that A = 2 —[. That is, the only possible eigenvalue of F'e
that is not a natural number is 2 — [. Finally, let ¢ = [z;]. One verifies that
Fep = (2 —1)p, so that 2 — [ does indeed lie in o(F). O

For the third system, we would take @ = a; and 8 = a;_1. This choice is
conjugate to the choice for the second system under the nontrivial diagram
automorphism of the Dynkin diagram. Consequently, we obtain essentially
the same system as was considered above, with the roles of the simple roots
a;—1 and o interchanged. The spectrum o(F') is the same as for the second
system. Thus we do not consider this case further.

5.4. The system in Type Eg. We use the labels for the simple roots that
were introduced in Figure 1. Let & = «; and = ag. Note that d(«, 5) = 4.
We use the total order on R® that is specified by

a] < az <oy < as < ag < Q,
which satisfies the requirements introduced in Section 2. Next we enumerate
the sets R(1,1), R(1,—1) and R(2,0). Each of these sets has eight elements.
We have R(1,1) = {p1,..., us} where

M1 = Qq,

M2 = a1 + a3,

p3 = a1 + a3 + oy,

M4 = Q1 + Q2 + Q3 + 04,

M5 = a1 + o3+ ag + o,

e = a1 + ag + as + oy + as,

pr = a1+ ag + az + 2a4 + as,

us = a1 + as + 2a3 + 204 + as.
We have R(1,—1) = {v1,...,v3} where

V1 = Qg

vy = a5 + O,

V3 =y + a5 + O,

vy = a2 + a4 + a5 + g,

Vs = a3 + a4 + a5 + Qg

Vg = ag + a3 + oy + a5 + ag,

vy = ag + as + 2a4 + a5 + ag,

vg = g + a3 + 2a4 + 2a5 + 0.
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We have R(2,0) = {(,...,(g} where
Gl =01+ a3+ og+ a5+ ag,
G=o+az+as+as+as + as,
(3 =a1 + o + a3+ 2a4 + a5 + as,
G4 = o1 + o2 + 203 + 204 + a5 + ag,
(s = a1 + g + a3 + 2a4 + 2a5 + o,
G = a1 + ag + 2a3 + 2a4 + 25 + ag,
7 = a1 + g + 203 + 3oy + 205 + o,
(8 = a1 + 20 + 203 + 3ay + 205 + as.
One advantage of enumerating the sets R(1,1), R(1,—1), and R(2,0) in
these orders is that the three 8-by-8 matrices [(u4, 1t)], [(vi, v4)], and [(¢;, ;)]

of inner products between roots drawn from the same set are equal to one
another. The common value is

2 1

O = = e
— O~ = = =N
— O~ = N
== O N ==
=N O =
R RN~ O~
— N~ === O
e e e e =)

1 1 2

Unfortunately, it is not possible to assign an order so that the two 8-by-8
matrices [(1;, ()] and [(v4, ;)] are equal to one another and so the values of
both must be recorded. They are

1

[(as G)] =

SO O = O =

OO R OO MM
O OO HFHFEOH
— O OOk~ F~=O
O FHEFEFOOO
— O = OO~ O
_ = Ok, Ok OOo
il e e i e B e R an)

and

[(vi, )] =

S OO O ==
SO OO =
OR OO F O
O FEF PP, OOOHH
— OO OoO K~ O
— O == OO0 O
Ll el = el )
—_ R RO, OOO
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We would like to remark on the structure of these two matrices. In the
first matrix, the first four entries in the rows are an enumeration of all
4-bit strings with an odd number of 1s, and the last four entries are the
mirror-image of the bit-complement of the first four. Moreover, the i row
is the bit-complement of the (9 — i)®® row. The second matrix has the
same structural features, except that the first four entries in the rows are an
enumeration of all 4-bit strings with an even number of 1s. We also require
the 8-by-8 matrix [(u,v;)]. It is

[0 0 0 0 -1 -1 -1 -1
0 0 -1 -1 0 0 -1 -1
0 -1 0 -1 0 -1 0 -1
0 -1 -1 0 -1 0 0 -1

(eov)l=1_7 o 0o -1 0o -1 -1 o0

1 0 -1 0 -1 0 -1 0

1 -1 0 0 -1 -1 0 0

1 -1 -1 -1 0 0 0 0

Note that the structure of this matrix is similar to the structure of the
matrix [(v4, (5)].

We shall also need certain structure constants. With the total order on
R? that was fixed above, the matrix of the bilinear form f with respect to
the ordered basis o, ..., aq is

1

0
=1
0

0

For € R(1,1) and v € R(1,—1) we have
Nuw = () (1)),

since u + v € R if and only if (u,v) = —1. By making use of this and the
matrix [f], we find that

0O 0 0 0 -1 -1 -1 -—1]
0o 0 -1 -1 0 0 1 1
0o -1 0 1 0 1 0 -1
0 -1 -1 0 -1 0 0 1
INpsir;] = -1 0 0 1 0 1 1 0
-1 0 -1 0 -1 0 -1 0
-1 1 0 0 -1 1 0 0
-1 1 1 -1 0 0 0 0

It will be useful to list the sets S((1),...S((s) explicitly. They are
S(Cl) = {(/1’17 V5)7 (/1’27 V3)7 (,U’37 Vz)a (,U’57 Vl)})
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S(C2) = {(p1,v6), (12, va), (114, v2), (16, v1) },
S(¢s) = {(p1,v7), (3, va), (pa, v3), (7, v1)
S(Ca) = {(p2,v7), (3, v6), (114, v5), (18, v1) },
S(Gs) = {(p1,v8), (15, va), (16, v3), (7, v2) },
S(C6) = { (12, v8), (15, v6), (116, v5), (18, v2) },
S(C7) = {(u3,v8), (s, v7), (17, v5), (ks, v3) }
S(Cs) = {(pa,v8), (16, v7), (117, v6), (118, va) }-

With these sets and the structure constants NV, , in hand, we can compute

the operators A;. We abbreviate A, as A; and find that

Ay = 04, 0ps + 0y Oy + 01300y + Oz Ouy
Ay = aﬂl aws + auzal&x + 8#46112 + aﬂeal/u
Az = 8#1 81/7 - aM38V4 + almal/s + alwal/lv
Ay = _8#28117 - 8#3 81’6 =+ 8#4 al/5 + 8#8 81/17
As = 8Mlal/zs - a1158114 + 6%81/3 - alwal/zv
Ag = _8#261/8 - 8#5 al'a =+ 8#6 8115 - 8#8 81127

A7 = 8M3alfs - a11581/7 + alwalfs» - aﬂs 8,,3,
Ag = _8H46V8 + 6#6 aw - 8/1478116 + 8#8 a1/4'
The next thing that we must do is to identify g(1,1) and g(2,0) as rep-
resentations of [**. From the Dynkin diagram, we see that [** = so(8) but,

because s0(8) has a number of outer automorphisms, there are a number
of genuinely different isomorphisms between [** and so0(8). We can rigidify

the situation sufficiently by deciding how we shall identify o, ..

standard model of the root system of type Dy
is

Qg < e3 + ey,
Q3 <> €1 — €2,
Oy <> €2 — €3,
a5 < €3 — €4.

We can then identify uq, ...
algebra that is spanned by H,,,. ..

., a5 in the
. The identification we choose

, g as weights with respect to the Cartan sub-
,Hn5. The correspondence of weights is

as follows:
p1 < —eq, M5 S —€4,
H2 < —eg, He <— €3,
ug < —es, pr <— e,
Hq < €4, Hg < e1.

In particular, with the given identification of [** with so(8), g(1,1) is iso-

morphic to the standard module. We can also identify (y, ...

, (s as weights.
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The correspondence of weights is as follows:

C1<—>—%(el+ez+eg~l—e4), C5<—>—%(el—62—63—|—e4),
C2<—>—%(61+62—63—64), C6 < %(61—62%-63—64),
C3<—>—%(€1—62+63—64), (7 <— %(61-%62—63—64),
(4 %(61—62—634—64), (g < %(614—62—}-634—64).

In particular, with the given identification of [** with so(8), g(2,0) is iso-
morphic to the even half-spin module.

Let T'(p1,p2,p3,p4a) be the irreducible so(8)-module with highest weight
pie1 + poes + pses + paeyq. Then we have

T(m,0,0,0) ®T(1/2,1/2,1/2,1/2) =

r(1/2,1/2,1/2,1/2) if m =0,
T(m+1/2,1/2,1/2,1/2) & T(m —1/2,1/2,1/2,—-1/2) if m> 1.

To confirm this, recall that the highest weight of a constituent of the tensor
product necessarily has the form (m,0,0,0) + w, where w is a weight of
I'(1/2,1/2,1/2,1/2). Moreover, the tensor product is multiplicity free since
I'(1/2,1/2,1/2,1/2) is weight multiplicity free. As the Cartan constituent,
I'(m-+1/2,1/2,1/2,1/2) must occur, and a check of the dimensions on both
sides shows that the other possible constituent must also occur unless m = 0.
In order to make the decomposition of the tensor product concrete, we need
to locate a highest weight vector for the summand I'(m—1/2,1/2,1/2,—1/2).
As will become clear below, it suffices to do this for m = 1. For the pur-
pose at hand, we shall use g(1,1) and g(2,0) as models for I'(1,0,0,0) and
'(1/2,1/2,1/2,1/2), respectively.

Lemma 5.12. The vector
7= Xps @ Xeg + Xpg @ X = Xppr @ Xg + Xy @ X
is a highest weight vector for I'(1/2,1/2,1/2,—1/2) in g(1,1) ® g(2,0).

Proof. By using the correspondence of weights given above, it is easy to
check that each of the terms in r has weight %(el + ey + e3 —eyq). Thus it
suffices to check that r is annihilated by Xq,, Xa,, Xo,, and X,.,. We have

Xa2 : (Xus ® XCs) = Naz,uqua ® XCg - Xua ® ng,

since f(ag, 1u5) = 0 because aw is the largest simple root and doesn’t occur
in ps. Similarly,

Xa2 : (Xma ® XC7) = Naz,C7Xu6 ® XCS = _Xﬂ»e ® XCgv
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since f(ag,(7) = 1 because «s is the largest simple root and occurs in {7 with
coefficient 1. The other two terms are annihilated by X,, and so X,, -7 = 0.
We can confirm in the same way that

XOé4 : (XNG ® XC7) = _X,W ® XC?’
XOé4 : (X,W ® XC6) = _X,W ® XC?’

and X,, annihilates the other two terms in 7, so that X, - 7 = 0. Further-
more,

Xas (XM ® XCG) = —Xpus ® X,
Xas (XP«S ® XC5) = —Xpus ® X,
and X,, annihilates the other two terms in r, so that X,, - » = 0. Finally,

X, annihilates every term in r separately, and so X, - = 0. U

We also need to identify the quadratic vectors in g(1,1) and g(2,0) that
are preserved by [%°.

Lemma 5.13. The vector
q =X Xpg + Xpo Xpy + Xpg Xpg — Xy X
spans a copy of the trivial representation in sym?(g(1,1)). The vector
s = X¢ X¢g + Xy X — Xy X¢g + X, X
spans a copy of the trivial representation in sym?(g(2,0)).

Proof. These two facts can be verified by calculations similar to the ones
used to prove Lemma 5.12. O

Next we require the values of the operators F¢, ¢;, which we shall abbrevi-
ate as I j. These will be expressed in terms of the variables z,,, and partial
derivatives 0,,, which we shall abbreviate as x; and 0;, respectively. The
operators F;; each have four terms. They are as follows:

Fi1 = 2101 + 2202 + 2303 + 2505,
Fy9 = 2101 + 1202 + 1404 + 2606,
F33 = 1101 + 1303 + 1404 + 2707,
Fy4 = 205 + x305 + 1404 + 2505,
F55 = 2101 + 2505 + 2606 + 2707,
Fs6 = £909 + 2505 + 1606 + 1808,
Fr7 = 2305 + 1505 + 1707 + 2505,
Fgg = £404 + 160¢ + x707 + 1805.
Note that Fj ;+Fy_; 9—; = [, the Euler operator with respect to the variables

x1,...,a8, for all 1 <7 < 8. The operators F; ; with ¢ # j each have two
terms unless they are zero. Their values are displayed in Table 1. To reduce
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the amount of calculation that is necessary, we note a symmetry property
of the operators F; ;. Recall that

Fee= Y NevoNevw@e O
veR(1,-1)
rO=(8=1

This expression makes it clear that F¢ : may be obtained from F¢ ¢ simply
by interchanging the subscripts on the x and 0 factor in each term. We
also note, for future reference, that one may observe the symmetry F;; =
+Fy_j9—; for all i # j from the values given in Table 1.
It follows from Lemma 5.13 that L*® preserves the quadratic form
Q) = 128 + Tow7 + T3TE — T4T5
on g(1,1).

Lemma 5.14. We have

FijoQ = 0i;Q
for all 1 < i,j <8. Consequently, if ¢ € Clg(1,1)]F29 is an eigenvector of
Fe with eigenvalue A then Qp is an eigenvector of Fe with eigenvalue A+ 1.

Proof. The first claim follows by inspection of the values of F; ; that have
been given above and in Table 1. The second claim follows from a formal

calculation using the first. O
Theorem 5.15. We have o(F) =7ZN[—3,00).
Proof. Let

V = 0108 + 0207 + 0305 — 0405.
Dually to Lemma 5.14, one verifies that
[Fihj’ v] — _5l7jv‘

This has the consequence that if ¢ € C[g(1,1)]%?9 is an eigenvector of F'e
with eigenvalue A then Vep is an eigenvector of F'e with eigenvalue A — 1
unless Ve = 0.

We call an element of Clg(1,1)] harmonic if it is annihilated by V and
denote by H the space of harmonic polynomials in C[g(1,1)]. It is well
known that

Clg(1, )] =ClQl @ X
as [**-modules, where the isomorphism from right to left satisfies Q7 ® h —
Q’h. Furthermore,

H = PHT(m,0,0,0)

m>0

as [**-modules and 27" € H is a highest weight vector in the I'(m,0,0,0)
summand. These facts may be derived from the discussion in Sections 3.5
and 3.6 of [9], for example. It follows from these observations and Lemma
5.14 that o(F) is the union of the arithmetic progressions with common
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1 2 3 4 5 6 7 8

* 403 + 2605 2402 + 1705 1401 + 2805 w602 — w703 w60y — 2803 w701 — 2802 0
2304 + 2506 * —x302 + 270 —wx301 + 2805 —x500 — 2704 —x501 — 804 0 —2701 + 2802
2904 + 2507 —x203 + 2607 * —x901 + 2807  x503 + 1604 0 —x501 — x50y x601 — 1803
1104 + 15083 —x103 + 1608 —x102 + 1708 * 0 2503 + 1604 r502 + 1704 —x602 + 1703
2906 — 2307 —x205 — 2407 1305 + 2406 0 * —x201 + 2807 2301 — 2805 —x401 — 2805
2106 — x303 —x105 — 408 0 2305 + 2405 —x102 + 2708 * —2302 + 2705 X402 + 705
1107 — 2208 0 —x105 — 1408 X905 + 1407 1103 — 1603 —T203 + 1607 * —x403 — 2605

0 —2107 + 1203 X105 — x303 —x90¢ + 307 —x104 — 1508 X204 + 1507 —x304 — 506 *

TABLE 1. The Operators F; ; with i # j
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difference 1 and first term an eigenvalue of F'e on H20  Thus we must
compute the eigenvalues of Fe on H(20)  As we noted above,

HACO) ~ 3 9 1(1/2,1/2,1/2,1/2)
=~ Pr(m+1/2,1/2,1/2,1/2) & P T(m - 1/2,1/2,1/2,-1/2).

m>0 m>1

In particular, HE20 is multiplicity free. By Proposition 4.4 and Schur’s

Lemma, F'e is necessarily a scalar on each summand in the above decompo-
sition. In order to determine this scalar it suffices to compute the action of
Fe on a highest weight vector in each summand.

A highest weight vector in the I'(1/2,1/2,1/2,—1/2)-summand in the
above decomposition was identified in Lemma 5.12. In the model used
there, X7 ® X¢; is a highest weight vector in the I'(m +1/2,1/2,1/2,1/2)-
summand. By using Lemma 5.13 we may identify g(1,1) and g(2,0) with
their contragredients in an L*°-equivariant fashion and thus transfer the
above highest weight vectors into the required model. On doing so, we find
that

g™t =2, 0, 0, 0, 0, 0, 0, 0]
is a highest weight vector in the I'(m+1/2,1/2,1/2,1/2)-summand in F*(20)
and
o™ = [—a g, 2 e, 2 ey, 2, 0, 0, 0, 0]

is a highest weight vector in the I'(m — 1/2,1/2,1/2,—1/2)-summand in
HE(20) By direct calculation, using the values of F; j that have been given
above, we find that

F'(pm’+ — msom,-l—
for m > 0 and

F'gOm’_ —_ _390771,—
for m > 1. Tt follows that the spectrum of Fe on HFZ9 is {—3} UN. In
combination with the reductions that were made above, this completes the
proof. O
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