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Typicality of normal numbers with
respect to the Cantor series expansion

Bill Mance

ABSTRACT. Fix a sequence of integers Q = {¢n}n>; such that ¢, is
greater than or equal to 2 for all n. In this paper, we improve upon
results by J. Galambos and F. Schweiger showing that almost every (in
the sense of Lebesgue measure) real number in [0,1) is @-normal with
respect to the @Q-Cantor series expansion for sequences @ that satisfy a
certain condition. We also provide asymptotics describing the number
of occurrences of blocks of digits in the Q-Cantor series expansion of a
typical number. The notion of strong Q-normality, that satisfies a simi-
lar typicality result, is introduced. Both of these notions are equivalent
for the b-ary expansion, but strong normality is stronger than normality
for the Cantor series expansion. In order to show this, we provide an ex-
plicit construction of a sequence @ and a real number that is @Q-normal,
but not strongly @-normal. We use the results in this paper to show
that under a mild condition on the sequence @, a set satisfying a weaker
notion of normality, studied by A. Rényi, 1956, will be dense in [0, 1).
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1. Introduction

Definition 1.1. Let b and k& be positive integers. A block of length k in
base b is an ordered k-tuple of integers in {0,1,...,b—1}. A block of length
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k is a block of length k in some base b. A block is a block of length & in base
b for some integers k and b.

Definition 1.2. Given an integer b > 2, the b-ary expansion of a real z in
[0,1) is the (unique) expansion of the form

o)
E,
x:ZT::OElEZE?’

such that E,, is in {0,1,...,b— 1} for all n with E,, # b — 1 infinitely often.

Denote by N?(B, x) the number of times a block B occurs with its starting
position no greater than n in the b-ary expansion of x.

Definition 1.3. A real number z in [0,1) is normal in base b if for all k
and blocks B in base b of length k, one has

(1) lim Na(B:2)

n—00 n

=b "k
A number z is simply normal in base b if (1) holds for k = 1.

Borel introduced normal numbers in 1909 and proved that almost all (in
the sense of Lebesgue measure) real numbers in [0, 1) are normal in all bases.
The best known example of a number that is normal in base 10 is due to
Champernowne [3]. The number

Hip=0123456789101112...,

formed by concatenating the digits of every natural number written in in-
creasing order in base 10, is normal in base 10. Any Hj, formed similarly
to Hip but in base b, is known to be normal in base b. Since then, many
examples have been given of numbers that are normal in at least one base.
One can find a more thorough literature review in [4] and [5].

The Q-Cantor series expansion, first studied by Georg Cantor in [9], is a
natural generalization of the b-ary expansion.

Definition 1.4. Q = {g,}° is a basic sequence if each ¢, is an integer
greater than or equal to 2.

Definition 1.5. Given a basic sequence @, the Q-Cantor series expansion
of areal z in [0, 1) is the (unique) expansion of the form

o0

(2) Z

q192 -

such that E, is in {0,1,...,q, — 1} for all n with E,, # ¢, — 1 infinitely
often. We abbreviate (2) with the notation = 0.E1E;F3 ... with respect

to Q.
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Clearly, the b-ary expansion is a special case of (2) where ¢, = b for all n.
If one thinks of a b-ary expansion as representing an outcome of repeatedly
rolling a fair b-sided die, then a QQ-Cantor series expansion may be thought
of as representing an outcome of rolling a fair ¢; sided die, followed by a
fair g9 sided die and so on. For example, if ¢, = n + 1 for all n, then the
(Q-Cantor series expansion of e — 2 is

1 1

If ¢, = 10 for all n, then the Q-Cantor series expansion for 1/4 is

12,5 0 0
410 102 103 104

For a given basic sequence @, let N,? (B, z) denote the number of times

a block B occurs starting at a position no greater than n in the Q-Cantor

series expansion of . Additionally, define

R

n

D

= q595+1 - - - 4j+k—1

A. Rényi [7] defined a real number x to be normal with respect to @ if
for all blocks B of length 1,

. NY(B,x)
(3) A m o ok

If ¢, = b for all n, then (3) is equivalent to simple normality in base b, but
not equivalent to normality in base b. Thus, we want to generalize normality
in a way that is equivalent to normality in base b when all g, = b.

Definition 1.6. A real number x is Q-normal of order k if for all blocks B
of length k,

Q
lim W —1.
n—oo Qn

We say that z is Q-normal if it is @-normal of order k for all k. A real
number x is Q-ratio normal of order k if for all blocks B and B’ of length
k, we have
N2 (B,x)
im —r——" =

n—00 Nn (B’, x)
x is Q-ratio normal if it is Q-ratio normal of order k for all positive integers
k.

We make the following definitions:

Definition 1.7. A basic sequence @ is k-divergent if lim,, o Q%k) =o00. Q
is fully divergent if Q) is k-divergent for all k. Q is k-convergent if it is not
k-divergent.
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Definition 1.8. A basic sequence @ is infinite in limit if ¢, — oo.

For  that are infinite in limit, it has been shown that the set of all z in
[0,1) that are @-normal of order k has full Lebesgue measure if and only if
@ is k-divergent [7]. Therefore, if @ is infinite in limit, then the set of all
in [0, 1) that are @Q-normal has full Lebesgue measure if and only if @ is fully
divergent. Suppose that @) is 1-divergent. Given an arbitrary nonnegative
integer a, F. Schweiger [8] proved that for almost every z with ¢ > 0, one

has
No((a),z) = QY + O <\/ QW) - 1og?/2te Q,S,”) :

J. Galambos proved an even stronger result in [10]. He showed that for
almost every x in [0, 1) and for all nonnegative integers a,

NZ((a),z) = QM + 0O <\/ QY (Iog log QS))U2> .

We provide the following main results:

(1) A notion of strong @-normality is provided and we construct an
explicit example of a basic sequence ) and a real number that is
Q@-normal, but not strongly @-normal (Theorem 2.15).

(2) (Theorem 4.9) If @ is a basic sequence that is infinite in limit and B
is a block of length k, then for almost every real number x in [0, 1),
we have

N0 = @ +0 (ol (logtoa) ).

(3) If @ is infinite in limit, then almost every real number is @-normal
of order k if and only if @ is k-divergent (Theorem 4.11).

(4) If @ is k-convergent for some k, then the set of numbers that are
Q@-normal is empty (Proposition 5.1). If @ is infinite in limit, then
the set of @-ratio normal numbers is dense in [0,1) (Corollary 5.3).

Acknowledgements. I would like to thank Christian Altomare and Vitaly
Bergelson for many useful conversations.

2. Strongly normal numbers

2.1. Basic definitions and results. In this section, we will introduce a
notion of normality that is stronger than -normality. This notion of nor-
mality will arise naturally later in this paper and will be useful for studying
the typicality of Q-normal numbers. We will first need to make definitions
similar to those of NY?(B, x) and Q%k).

Given a real number z € [0,1), a basic sequence @, a block B of length
k, a positive integer p € [1,k|, and a positive integer n, we will denote
by Ny({%p(B, x) the number of times that the block B occurs in the @-Cantor
series expansion of x with starting position of the form j-k+p for 0 < j < 7.
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If n and k are positive integers, define

p(n,k)=[n/k] —1 :max{i €Z:i< %}
Suppose that @) is a basic sequence and that n,p, and k are positive
integers with p € [1, k]. We will write

p(n,k)

1
QY=

=0 9k+p9ik+p+1 " Qjk+p+k—1

Definition 2.1. Let k be a positive integer. Then a basic sequence @ is
strongly k-divergent! if for all positive integers p with p € [1, k], we have
limy, 00 stl)) = oo. A basic sequence Q is strongly fully divergent if it is
strongly k-divergent for all k.

Given a real number x € [0,1), a basic sequence @, a block B of length
k, a positive integer p € [1,k], and a positive integer n, we will denote by
N,%,(B,x) the number of times the block B occurs in the Q-Cantor series
expansion of z with positions of the form j -k + p for 0 < j < 7.

Definition 2.2. Suppose that @) is a basic sequence. A real number x in
[0,1) is strongly Q-normal of order k if for all blocks B of length m < k and
all p € [1,m], we have

A real number x is strongly QQ-normal if it is strongly ) normal of order k
for all k.

We will use the following lemmas frequently and without mention:

Lemma 2.3. Given a real number x € [0,1), a basic sequence Q, a block B
of length k, a positive integer p € [1,k|, and a positive integer n, we have

N2(Bw) + N2y(Bow) + -+ N2y (Bx) = NJ(B,z) + O(1) and
Qi+ Qua+ -+ Q0 = QY +0(1),
Proof. This follows directly from the definitions of N (B, x) and ng). O

1t is not true that k-divergent basic sequences must be strongly k-divergent. The
following example of a 2-divergent basic sequence that is not strongly 2-divergent was
suggested by C. Altomare (verbal communication): let the basic sequence @ = {gn} be
given by

max(2, [n'/4]) ifn=0 (mod 4)
_Jmax(2, [n*/* - log?n]) ifn=1 (mod 4)
= max(2, |n%/*]) ifn=2 (mod 4)
max(2, [n®* - log?n|) ifn=3 (mod 4).
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Lemma 2.4. If g1, g2, . .., gn are nonnegative functions on the natural num-
bers, then

o(g1) +o(g2) + -+ +olgn) = 0(g1 + g2+ -+ gn)-

Theorem 2.5. If Q is a basic sequence and x is strongly Q-normal of order
k, then x is Q-normal of order k.

Proof. Let m < k be a positive integer and let B be a block of length
k. Since z is strongly @-normal of k, we know that for all p € [1,m],

Ng,p(B, x) = Q%’f}o +o (Q,@,) Thus, we see that

m

- SN =3 (0 + o (0)
p=1 p=1
~> - +o ZQ QP +o Q).
p=1
so limy, o0 N%(f)’x) = 1. Therefore, z is Q-normal of order k. |

Corollary 2.6. Suppose that Q) is a basic sequence. If x is strongly Q-
normal, then x is Q-normal.

2.2. Construction of a number that is Q-normal, but not strongly
Q-normal of order 2. In this subsection, we will work towards giving an
example of a basic sequence () and a real number x that is ()-normal, but
not strongly @-normal of order 2. We will use the conventions found in [6].
Given a block B, |B| will represent the length of B. Given nonneg-
ative integers lq,lo,...,l,, at least one of which is positive, and blocks
B1,Bs,...,B,, the block B =11B1lsB>...l,B, will be the block of length
[1|Bi|+ - - -+ 1| By| formed by concatenating [; copies of By, la copies of Ba,
through [,, copies of B,,. For example, if B; = (2,3,5) and By = (0, 8), then
2B11B20Bs = (2,3,5,2,3,5,0,8). We will need the following definitions:

Definition 2 7 A weighting p is a collection Of functlons TNTICITIC

with 3772 (M (§) = 1 such that for all k, u® : {0,1,2,...}* — [0,1] and
( )(b17b27"'5b1€) Zj:OM(k+1)(b1)b27"'vbkv )

Definition 2.8. The uniform weighting in base b is the collection A, of
functions )\l()l), /\22), )\l(,g), ... such that for all £ and blocks B of length k in
base b

(4) AR (B) = b+,

Definition 2.9. Let p and b be positive integers such that 1 < p < b. A
weighting p is (p, b)-uniform if for all k£ and blocks B of length & in base p,
we have

(5) n®P(B) = N (B) = b7,
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Given blocks B and y, let N(B,y) be the number of occurrences of the
block B in the block y.

Definition 2.10. Let € be a real number such that 0 < € < 1 and let k
be a positive integer. Assume that p is a weighting. A block of digits y is
(¢, k, )-normal? if for all blocks B of length m < k, we have

(6) pM(B)yl(1 —€) < N(B,y) < u"™(B)[yl(1 +e).

For the rest of this subsection, we use the following conventions. Given
sequences of nonnegative integers {/;}7°, and {b;}?°, with each b; > 2 and
a sequence of blocks {z;}°,, we set

i
(7) Liz |11£L'1lll‘z| :le|:13j|,
j=1
(8) gn =b; for L,_1 <n < L;,
and
9) Q ={a}nl1-
Moreover, if (E1, Ea,...) = ljzilozs ..., we set
= E

10 T = "

( ) nz:l qi1q2 - - - 4n

Given {¢,}7>; and {[;}5°,, it is assumed that = and @ are given by the
formulas above.

Definition 2.11. A block friendly family is a 6-tuple

W = {(127 bi7pi7 €, kia uz)}?il
with nondecreasing sequences {l;}5°, {b;}32,, {pi}32; and {k;}3°, of non-
negative integers for which b; > 2, b; — oo and p; — oo, such that {u;}5°,

is a sequence of (p;, b;)-uniform weightings and {¢;}$°; strictly decreases to
0.

Definition 2.12. Let W = {(l;, b;, pi, €, ki, 1) }321 be a block friendly fam-
ily. If imk; = K < oo, then let R(W) = {0,1,2,..., K}. Otherwise, let
R(W) = {0,1,2,...}. A sequence {x;}°; of (e, ki, pi)-normal blocks of
nondecreasing length is said to be W-good if for all k£ in R, the following
three conditions hold:

bk
(11) ———— =o(|z);
€i—1— €
(12) li—a . |21 _ o(iflb»_k)'
l; | ;] v

2Definition 2.10 is a generalization of the concept of (e, k)-normality, originally due to
Besicovitch [2].
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L |2 —k
1 — . = o(b; ").
(13) L Tml o(b; ")

We now state a key theorem of [6].

Theorem 2.13. Let W be a block friendly family and {x;}5°, a W-good
sequence. If k € R(W), then x is Q-normal of order k. If k; — oo, then
x 18 Q-normal.

If b and w are positive integers where b is greater than or equal to 2 and
w > 3 is odd, then we let Cj ., be one of the blocks formed by concatenating
all the blocks of length w in base b in such a way that there are at least
twice as many copies of the block (0) at odd positions as the block (1). For
example, we could pick

Ca,3 =1(0,0,0)1(1,0,1)1(0,1,0)1(0,0,1)1(0,1,1)1(1,0,0)1(1,1,0)1(1,1,1)
=(0,0,0,1,0,1,0,1,0,0,0,1,0,1,1,1,0,0,1,1,0,1,1,1),

which has 9 copies of (0) at the odd positions and 3 copies of (1) at the odd
positions. Note that |Cj,,| = wb"™. The next lemma is proven identically to
Lemma 4.2 in [6]:

Lemma 2.14. If K <w and ¢ = %, then C, is (€, K, \p)-normal.

Theorem 2.15. 2 There exists a basic sequence Q and a real number x such
that x is Q-normal, but not strongly Q-normal of order 2.

Proof. Let z; = (0,1), by = 2, and Iy = 0. For i > 2, let z; = Cy; (2i41)2,
b; = 2i, and I; = (2i)"*8. Set ¢ = 1/2, ky =1, py = 2 and p3 = Ag. For
1> 2, put €; = 1/(2i+ 1), kz‘ =2+ 1, Di = bi, My = /\Ql‘, and

W = {(lza bivpia €iy k%vuz)}fil

Thus, since x; = C,,, where b = 2i and w = (2i+1)?, z; is (;, k;, Ap,)-normal
by Lemma 2.14.

In order to show that {z;} is a W-good sequence we need to verify (11),
(12), and (13). Since k; — oo, we let k be an arbitrary positive integer. We
will make repeated use of the fact that |z;| = (2i 4+ 1)2 - (2i)@+1* We first
verify (11):

2(2i 1 2 . 2% (2i+1)2
lim | —— | = lim (2 + k) (,22) = 00.
1—00 z 1)+1 Tiri 1—00 (2@) . (42 — 1)

3Theorem 2.13 may be used to construct other explicit examples of Q-normal numbers
that satisfy some unusual conditions. Given a basic sequence @), we say that x is Q-
distribution normal if the sequence {gig2 - - gnx}n is uniformly distributed mod 1. [1]
uses Theorem 2.13 to give an example of a basic sequence Q and a real number x such
that z is Q-normal, but gig2 - - - gox (mod 1) — 0, so z is not Q-distribution normal.
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We next verify (12). Since [;_1/l; < 1, (2i —1)?/(2i + 1)2 < 1 and

1 (2i+1)2 '
<1 o ) < 672(21+1)7

1

we have
lica | ®mia . ) e
L L 2i —1)2 (21 —2)@-D
imoo i 1(20)F ~ ideo (20) (2i+1)2  (20)@i+1)?
1 (2i4+1)2 .
< lim i(20)% - 1- <1 - ) (21 —2)7®
11— 00 1

< lim (20 + 1)Fe 22D (2 — 2)78 = 0.

i—00

Lastly, we verify (13). Since (2i 4 3)%/(2i +1)2 <2, (1 +2/(2i +1))% < €8,

and
14 9\ (2i+1)? < 9204
e
21+ 1 ’
we have
1; % . |m‘;—|1‘ y (2~)—9i—8+k (Qi + 3)2 (21- + 2)(2i+3)2
im ———— = lim . .
, (2i+1)? '
< ilira(%)szfSJrk .92. <1 + Z) . (22' + 2)(81+8)
. 1) 5it8 A
< lim 4221 <1 + > (2d) " *
1—00 7
< lim 4e2IHDF8 (9 ~itk —

Since Ay, is (pi, b;)-uniform, {z;} is a W-good sequence and by Theorem 2.13,
x is (Q-normal.

Since the length of each block x; is even, so there will always be at least
twice as many copies of the block (0) as the block (1) in any initial segment
of digits of x, so x is not strongly ()-normal of order 2. ([l

3. Random variables associated with normality

For this section, we must recall a few basic notions from probability the-
ory. Given a random variable X, we will denote the expected value of X as
E [X]. We will denote the variance of X as Var [X]. Lastly, P (X = j) will
represent the probability that X = j.

We consider x as a random variable which has uniform distribution on
the interval [0,1). If z = 0.Ey(z)Ee(z)Es(z) ... with respect to @, then we
consider Ej(z), Ea(x), E3(z),... to be random variables. So for all n, we



610 BILL MANCE

have
qin lfOSJSQn_l
0 ifj=>gn.

Lemma 3.1. If Q is a basic sequence, then the random variables Ey(x),
Es(z), Es(x),... are independent.

Proof. Suppose n; and ny are distinct positive integers and 0 < F; < ¢j —1
for all j. Then
p (Enl (CL') = FTLl?EnZ([B) = Fy,
=A{z€0,1): B, (x) = F,, and E,,(z) = F,,})
1 1 1

- = — — =P (B (2) = Fy,) P(Ep,(2) = Fyy). O
dn19no n,  Gno (nl() ”1) (nz() n2)

~—

Suppose that @) is a basic sequence, b is a natural number, B is a block
of length k, and m = ik + p is an integer with p € [0,k — 1]. We set

0 )1 ifEy(x)=b
Cb’n( ) -
0 if E,(x) #n,
Q 1 if Ezk-i—p k’(x) =B
CB7'L7p( ) =
0 if Bigypr(z) # B,
p(n,k) ®)
Félk) =E [Cg,z,p(m)} s Vrgk) = Var [Cg,l,p(x)} ’ tgfl)’ = V;k;-‘,—p'
=0

Lemma 3.2. For all non-negative integers b, the random variables Cl?l (z),

Cl?g(sc), CI?3($)7 ... are independent.

Proof. This follows directly from Lemma 3.1 as the random variables F1 (z),
Es(z), E3(x),... are independent. O

Lemma 3.3. If B = (by,bo,...,bx) is a block of length k, then
Cg’ivp(x) - Clg,ikntp(w) ' Cg,ik+p+1(x) ”' Clii,ik—&-p-l—k—l(x)‘

Proof. By definition,

1 if By pi = B
Cg,i,p(‘r) = T
0 if Eik-‘rp,k: §é B.

In other words, Cgip(x) =1if

Q _ Q _ _ Q _
Cbl,z'k+p(m) - Cbz,z‘k+;o+1(m) - Cbk:ik+p+k—1(x) =1

and Cg’i7p(x) = 0 otherwise. O
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Corollary 3.4. For all blocks B = (b1,ba,...,by) of length k and nonneg-
ative integers p1,p2 € [1,k|, i1, and iy with (i1,p1) # (i2,p2), the random
variables Cg,il,m (z) and Cg,izm (z) are independent.

Proof. Using Lemma 3.2 and Lemma 3.3, we see that
B[y @) B @]
=B :(Hﬁ;ggﬁhﬂmﬂ m) ' (Hf;églgizk#—pzﬂ(aj))}
= (0B [0 i a)]) - (B0 6 s @)

_ 1w [rk-1,Q k—1,Q
=B _Hj:Uij7i1k+p1+j(I)} B [Hj:ﬁgbj@k-i-m-#j(m)}

=

=E _<§,i1,p1 (1‘)} E [Cg,iz,l?z (JC)} ) =
Lemma 3.5. If B = (by,bo,...,bx) is a block of length k, then
1
F,Sf) = and
Qik+pQik+p+1 - - - Qik4+p+k—1

2

v = . -( ! )
Qik+pYik+p+1 - - - Qik+p+k—1 Qik+pQik+p+1 - - - Qik+pt+k—1

Proof. We first compute the expected value of Cgip(x). By Lemma 3.2
and Lemma 3.3, we see that

B[C30@)] =B 67 hip@) i @ G iy (@]
=E [Cb?,ik—&-p(x)] B [Clg,z‘k—f—zﬁl(x)} B [Ci,ik+p+k—1($)}
1 1 1

Qik+p dik+p+1 Qik+p+k—1
1

Qik+pQik+p+1 - Qik+p+k—1

Next, we recall that Var [Cg’i7p(x)} =E [Cg’i7p(x)2} —-E [Cgﬂ.,p(x)r. Since

2
Cgvip(:z:) may only be 0 or 1, we see that (ng‘,p(l‘)) = ng‘p(x)’ SO

Var [Cg,i,p(x)]

2
1 1
- ( ).u
Qik+pQik+p+1 - Qik+p+k—1 Qik+pQik+p+1 * * * Qik+p+k—1

Lastly, we remark that Q,(f}; = fgf)’k) ¥

iktp by Lemma 3.5 and will use
this fact frequently and without mention.
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4. Typicality of normal numbers
We will need the following:

Theorem 4.1. * Let X1, Xo, ..., X, be independent random variables. As-
sume that there exists a constant ¢ > 0 such that |X;| < c¢ for all j. Let
Gj = E[X;],U; = Var[X;], and t, = 370 U;. If t, — oo, then, with
probability one,

) Xi+Xo+-+X,-G1—Ga—...Gy

lim sup

n—oo RV 2tn IOg lOg t?’L
Corollary 4.2. Under the same assumptions of Theorem 4.1, with proba-
bility one,

X1+ Xo+ -+ Xy=G +Go+---+G,+0 (t}/Q(loglogtn)l/Q) .

= 1.

We will also need the Borel-Cantelli Lemma:

Theorem 4.3 (The Borel-Cantelli Lemma). If > >° | P(A,) < oo, then
P (A, i.0.)=0.

Given a basic sequence ), we will define tgf;,)) = fg(l)’k) Vj(:j_p.

Lemma 4.4. If Q) is a basic sequence and n, k, and p are positive integers
with p € [1,k], then

[N k k
Jol < <l
Proof.

p(n.k) 2
=3 1 _ < 1 >
P i—o Qik+pQik+p+1 * * Qik+p+k—1 Qik+pQik+p+1 *  ° Qik4+p+k—1

(n.k) 1 p(n,k) ®
< = Y o=k
; Qik+pQik+p+1 " Qik+p+k—1 ; ik+p P

To show the other direction of the inequality, we recall that since @ is a
basic sequence, ¢,, > 2 for all m, so for all 4

k
p(ij ) 1 ( 1 >2
i—0 Qik+pQik+p+1 *° * Qik+p+k—1 Qik+pQik+p+1 * * * Qik+p+k—1

(n,k)
1 1 1
> _
o Z <qik+ink+p+l C o Qik4ptk—1 2k <Qik+pqik+p+l : "Qik+p+k1>>

i=0
p(n.k)
> 1 . 1 o 1 (k) 0
o = 5@np-
= 2 diktpliktpt1 o Qiktprk-1 2

4See, for example, [11].
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Lemma 4.5. If Q is infinite in limit and B is a block of length k, then for
almost every real number x in [0,1), we have

1/2
(14) N2,(B,z) = Q) +0 (x/Qﬁff% (108108 (%)) ) -

Proof. We consider two cases. The first case is when lim,, ., ng]), < o0.
We see that

p(n,k)

so by Theorem 4.3, we have P (Cgip =1i.o. ) = 0. Thus, for almost every
x €[0,1), limy 00 N,gp(B,x) < oo and (14) holds.

Second, we consider the case where lim,, .~ Qq(f;, = 0o. By Lemma 4.4,
we have lim,, oo tgf;,), > limy,—oo ng}), = 00. Note that

(n,k)
N2, (B,x) = > C(ipla).
=0

By Corollary 4.2,
p(n,k) ® 5 1/2
Ne,(B,z)= 3 F¥) +0 < 14 (1oglog (5 )
=0

for almost every x € [0,1). By Lemma 4.4, tgfl), < le]f,)), so the lemma
follows. O

Lemma 4.5 allows us to prove the following results on strongly normal
numbers:

Theorem 4.6. Suppose that Q) is strongly k-divergent and infinite in limit.
Then almost every x € [0,1) is strongly Q-normal of order k.

Proof. Let B be a block of length m < k and p € [1,m]. Then by
Lemma 4.5, for almost every x € [0,1), we have that

m o /2
N3, (B.0) = Qi + 0 (Vi (loglos) ).

SO

m m 1/2
Q'Y (loglog Q')
Q) o
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However, @) is strongly k-divergent, so Q,({go) — oo and

(m) (m)\ /2
N9 (B \/ @np (loglog Qnp
i Nee(Bo) o ( ) —1.

Since there are finitely many choices of m and p and only countably many
choices of B, the result follows. O

Corollary 4.7. If Q is strongly fully divergent and infinite in limit, then
almost every real x € [0,1) is strongly Q-normal.

We now work towards proving a result much stronger than Corollary 4.7
on the typicality of Q-normal numbers. We will need the following lemma
in addition to Lemma 4.5:

Lemma 4.8. If Q) is a basic sequence and k and p are positive integers with
p € [1,k], then

> (@ +0 (Vo (eozet) )
p=1
=Q® +0 (x/Qﬁf) (10g10g Q;’ﬂ)l/ 2> .

Proof. We first note that
i k
>l <+ (@ - Q).
p=1

Since Q,(Ik) - Q(k) < (k+1)27% = 0, we sce that

n—k —
k
(15) > =Ql +o(1).
p=1
Next, note that
. N 1/2
16) S/l (o)) <k loglog >~ QL)
p=1 p=1

By (15) and (16),

(17) zk: O (\/QT’“}, (log log Q;’f;fﬂ) =0 (\/@ <log log Qﬁl’“))w) .
p=1

Thus, the lemma follows by combining (15) and (17). O
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Theorem 4.9. If ) is a basic sequence that is infinite in limit and B is a
block of length k, then for almost every real number xz in [0,1), we have

NR(B,z) = QP +0 (@ (logIOgQ%’“Ol/z) '

Proof. We first note that
k
(18) ZanBm +O()
p=1

Thus, by (18) and Lemma 4.5, for almost every z € [0, 1), we have

(19) N9(B,z) = Z <Q<k +0 (M (loglog Q;’f;)m)) +0(1).

p=1

Thus, the theorem follows by applying Lemma 4.8 to (19). O
We recall the following standard result on infinite products:

Lemma 4.10. If {a,}5°, is a sequence of real numbers such that 0 < a, < 1
for all n, then the infinite product [[,~ (1 —ay) converges if and only if the
sum Y o7 ay is convergent.

Theorem 4.11. Suppose that Q) is a basic sequence that is infinite in limit.
Then almost every real number in [0,1) is Q-normal of order k if and only
if Q is k-divergent.

Proof. First, we suppose that @) is k-divergent. Then by Theorem 4.9, for
almost every x € [0, 1), we have

(*) [ k) (k)) /2
_ N9B,x) +O< W (loglog Q1Y) >
lim ————~% = lim —

k

We now suppose that @ is k-convergent.We will now use similar reasoning to
that found in [7]. Set B = (0,0,...,0) (k zeros). We will show that the set
of real numbers in [0, 1) whose Q-Cantor series expansion does not contain
the block B has positive measure. Call this set V. We see that

[e.o]

1
AV) = 1-— .
( ) H < dndn+1 - - Qn+k—1)

n=1

Set an = Gndn+1-* Guik—1- Since Q is k-convergent, we have > a, < oo.
Thus, A(V') > 0 by Lemma 4.10. O

Corollary 4.12. Suppose that Q) is a basic sequence that is infinite in limit.
Then almost every real number in [0,1) is Q-normal if and only if Q is fully
divergent.
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5. Ratio normal numbers

We are now in a position to compare the prevelance of (Q-normal numbers
to @-ratio normal numbers, depending on properties of the basic sequence
Q. In particular, we will show that if @ is infinite in limit, then the set of
@-ratio normal numbers is dense in [0,1) even though the set of ()-normal
numbers may be empty. Suppose that @) is a k-convergent basic sequence
and define

(20) QW) = li_>m QW < 0.

Proposition 5.1. If Q) is a basic sequence that is k-convergent for some k,
then the set of Q-normal numbers is empty.

Proof. We make the observation that since g,, > 2 for all n, Qc()];) < %Qgéfl)

for all k. Thus, there exists a K > 0 such that for all £ > K, we have

Q(o]f)) < 1. Thus, no blocks of length £ > K can occur in any (-normal
number and the set of ()-normal numbers is empty. O

If B=(by,ba,---,bg) is a block of length k, we write
max(B) = max(by, by, - -+, bg).
If E = (El, EQ, cee ), then set En,k = (En, En+1, e >En+k—1)'

Proposition 5.2. If Q = {qn}°2, is infinite in limit, then there exists a
real number that is QQ-ratio normal.

Proof. Let Q' = {¢,,}5°, be any fully divergent basic sequence that is
infinite in limit. Then we know that there exists a ’-normal number by
Corollary 4.12. Let z = 0.E{E4EY ... with respect to @' be @’-normal and
let E' = (E{, E),...). Set

M}, = min{m : ¢, > k VYn > m},
E, = min(E!,q, — 1), and E = (F1, Es,...). Suppose that B and B’ are

n
two blocks of length k and let | = max(max(B), max(B’)) + 2.
Thus, if n > M;, then E;Lk = B is equivalent to E, j; = B and E;Lk =
B’ is equivalent to E,, = B’. Since z is ’-normal, there are infinitely
many occurences of every block. Additionally, F,, < ¢, — 1 for all n, so

o0 A . _ .
> onel gresq is Q-ratio normal. O

Corollary 5.3. If Q is infinite in limit, then the set of numbers that are
Q-ratio normal is dense in [0, 1).
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