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Weak type inequalities for maximal
operators associated to double ergodic
sums

Paul Hagelstein and Alexander Stokolos

ABsTRACT. Given an approach region T' € Z3 and a pair U, V of com-
muting nonperiodic measure preserving transformations on a probabil-
ity space (2, X, ), it is shown that either the associated multiparameter
ergodic averages of any function in L'(Q) converge a.e. or that, given
a positive increasing function ¢ on [0,00) that is o(logz) as z — oo,
there exists a function g € L$(L) (©2) whose associated multiparameter
ergodic averages fail to converge a.e.
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1. Introduction

Let U and V be two commuting measure preserving transformations on
a probability space (2,3, ). The general behavior of the multiparameter
ergodic averages associated to U and V is becoming well understood. As
was proven by N. Dunford in [2] and A. Zygmund in [13], if f € Llog L(Q)
then

1 m—1n—1
i o 2 2 FO7VE)
j=0 k=0
converges for a.e. w. If the pair U,V is nonperiodic in the sense that, for any
(m,n) # (0,0), (m,n) € Z% we have u{w € Q: U™V"w = w} = 0, then the
Llog L condition is sharp: as was shown in [6], if ¢ is a positive increasing
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function on [0, 00) that is o(logz) as © — oo, then there exists g € Lo(L)
such that

m—1n—1
LN Z 29UV
fails to converge a.e. As expected, these convergence and divergence re-
sults are reflected in the behavior of the associated ergodic strong maximal
operator Mg, defined by
m—1n—1

Mgf(w) = sup —Zz\f(wv’“ )|

m,n>1 TN =0

In [3], Fava showed that Mg satisfies the weak type (Llog L, L') inequality
,u{wEQ:Mgf(w)>a}</‘f|< g+’£>.

The sharpness of this result was proved in [6], where it was shown that, given
a pair of commuting nonperiodic measure preserving transformations U and
V on © and an o(log x) function ¢ as above, there exists a function g € L¢(L)
such that the associated ergodic maximal operator Mgg is infinite a.e.

This paper is concerned with somewhat better behaved multiparameter
ergodic maximal operators, corresponding to improved a.e. convergence re-
sults. The maximal operators and corresponding ergodic averages we will
be considering are associated to rare bases, ergodic theory analogues of
bases associated to geometric rare maximal operators previously studied
by Hagelstein, Hare, and Stokolos (see, e.g, [5], [7], and [11]). Being more
specific, let I' C Z%r be an unbounded region. (Such a set I' is sometimes
referred to as an approach region as it has a close connection to approach
regions associated to boundary value problems arising in harmonic analysis,
complex variables, and partial differential equations.) The corresponding
ergodic maximal operator Mt is given by

m—1n—1
Mrf(w)= sup ZZ’f (UIVkw) ‘
mn)GanJ —0 k=0

(Note if I' = Zi itself, then Mt is the usual strong ergodic maximal operator
Msg.)

In this paper we will show that, given ', if U,V is a commuting pair
of nonperiodic measure preserving transformations one of two possibilities
must occur:

(i) M is of weak type (1, 1) and accordingly the associated rare ergodic

averages
m—1n—1
lim E:E f(UIVEY)
m,n— oo
(m,n)El" ] =0 k=0

converge a.e. for every f € L'(2); or



MAXIMAL OPERATORS ASSOCIATED TO DOUBLE ERGODIC SUMS 235

(ii) Mr is of weak type (LlogL,L') but such that, given a positive
increasing function ¢ on [0,00) that is o(logx) for z — oo, there
exists g € Lo(L) satisfying Mpg = oo a.e. and such that

1 m—1n—1
Jim Sy g (V)
(m,n)€T mn j=0 k=0

fails to converge a.e.

We shall see that a monotonicity condition on I' determines whether case
(i) or (ii) holds. The notion of monotonicity is defined as follows. For any
positive integer j, let j* be the integer satisfying 27" ~! < j < 27", Given a
set I € Z2 , we define the dyadic skeleton T'* of T by

I = {(27”*,2”*) : (m,n) € r}.

We say that I" is monotonic if, for any (mq,n1), (mg,n2) in I'*, my < mgy
implies n; < ny. We will prove that if I' is contained in a finite union of
monotonic sets then case (i) holds, and otherwise case (ii) will hold.

2. Weak type (1,1) bounds associated to monotonic
approach regions

We now show that the ergodic maximal operator Mt associated to a
monotonic region I' C Z%r is of weak type (1,1). To prove this theorem, we
will “transfer” the known weak type (1,1) bound of a geometric maximal
operator associated to a monotonic basis of rectangles to a weak type (1,1)
bound of Mr. The transference mechanism will be constructed explicitly,
taking advantage of a lemma of Katznelson and Weiss involving commuting
nonperiodic pairs of measure preserving transformations. We hope to yield
a general transference principle relating weak type bounds of “rare” multi-
parameter ergodic maximal operators associated to commuting nonperiodic
pairs of measure preserving transformations to weak type bounds of rare
geometric maximal operators on a future occasion.

Lemma 1. Let I C Z%r be a monotonic region and let U,V be a pair of
commuting nonperiodic measure preserving transformations on a probability
space (2,3, u). Then the associated mazximal operator My satisfies the weak
type (1,1) inequality

,u{wEQ:Mpf(w)>a}§§/Q|f|.

Proof. Let I'* denote the dyadic skeleton of I'. One may readily check that
My f < 4Mp- f, hence it suffices to show that Mp« is of weak type (1,1).
Since I' is monotonic, we may write I'* = {(m1,n1), (mga,n2), ...} where

(mj,n;) = <2mﬂ*',2";> and where m; < mji1, n; < njq; for each j. Also let
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%= {(m1,m),...,(mj,n;)}. As

lim u{wEQ:Mp;f(w)>a}:u{w€Q:Mp*f(w)>a}

j—oo
there exists N such that
1
u{wEQ:Mp}kvf(w) >a} > i,u{weQ:Mp*f(w) > al.

For notational simplicity we shall denote Mp+ by M*. It suffices to show

1) poe M fw) >ay< o [ 1.

where C' is independent of V.
It is useful at this point to recall the following result of Katznelson and
Weiss:

Lemma 2 ([9]). Let U and V be two commuting nonperiodic measure pre-
serving transformations on a measure space ) of finite measure. Then for
any € > 0 and positive integer v there exist sets B and E in Q) such that
u(E) < e and

v—1
o= J B"|uE,
J:k=0

where the BY* = UIV*B are pairwise disjoint.

Let € = tpu{w: M* f(w) > a}. We assume without loss of generality that
e > 0. Set Ry = max(mpy,ny). Let v € Zy be such that M% < .
By Lemma 2, there exists a set A such that {UijA};;iO is a disjoint
sequence of sets in €2 such that pu (U;;iOUijA> > 1 —e. Observe that
1 —e<~?u(A) <1 and hence

v—1-Rn
p|l U UV = (= RBy)’ (4
3,k=0
> 72 pu(A) — 2Rnyu(A)

> (1 —€) — (ev)yu(4)
>1—2¢.

Accordingly,

v7—1-Rn
pl{w: M*f(w) >a}n U Uivka 2%u{w:M*f(w)>a}.
j,k=0
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For s =1,2,...,N let
1 ms—1ng—1

MgMg Z Z ‘f <Uijw>’ -

j=0 k=0

E,=<we:

and let Ag ;= AN U IVFkE, .

We now let {BT}TJ,V: 1, be a disjoint collection of sets of positive measure
such that:

() Uy Br = U U™ Asji, and
(ii) given any B, and Ay for 1 <r < N:1<s<N;and 1< 7k <
v —1— Ry, either B, C A, or (B, NAs k) =0.

In order to circumvent certain technical complications later on involving
sets of measure zero, we assume without loss of generality that a slightly
stronger version of (ii) holds, namely, given any B, and A j; for 1 <r < N;
1<s<Nj;and1<j,k<vy—1—Ry,either B, C Ay or B,NAg i =0.
This may be justified from removing from the space 2 the set of zero measure

o0

N
U U v {weB nAgx:pu(Br N A k) =0}
r=1m,n=—o0
Note that if M*f(w) > cand w € U;;iaRN UJVFA, then w € E for some
s, and hence for some 0 < j,k < v—1— Ry we have U-iV—Fky e As ik

Hence U_?V_kw € B, for some r, and thus w € U'VFB,.. We will frequently
denote U?V*B, by B, ;. So

yY—1-RN

pl{w: M*f(w) >a}n U Uivk A
k=0

N y—1-Ryn

=pu {w:M*f(w)>Oz}mU U By jk

r=1 j,k=0

7—1-Rn

N
= ZM {w: M*f(w)>a}ln U Bk |,
r=1

5,k=0
the latter equality following from the fact that

vY—1-Ry v—1-Rn
m U ©uvB. | N U vivts, =0
J,k=0 4,k=0

when r # s.
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Fix an r € {1,...,]\7}. It suffices to show

v—1-Rn C
pl{w: M*f(w) >a}n U By jk Sa/—lg |fldp .
U'Y

7,k=0 §,k=0"710k
For our convenience, we set p, = y/u(B,). Define g, on
Qr = [0,7pr] x [0,7pr]

by
1 =2
9r(&m) = —2~ > / |1 ) Xjpr,(i+1)00) x [kor(k+1)00) (§5 1) -
/’L( T) j,kZO Br,j,k
Note that

[ oemazan=[ - ifian.

G k=0"T:J,k

Let now the collection of rectangles S« be defined by

Brs, = i (5 +me) pr] X [kpr, (k+ne) pr] 2,k € 2,1 <L < N}.

We define the geometric maximal operator M, associated to Or, , by

MTf(‘gan) :Sup{ul%’/Rf(uaU”dUdU : (5,77) €eRRe BF}‘\,,T}-

Suppose M* f(w) > « and w € B, for some 0 < j,k < v —1— Ry.
Then w € Ey and U7V Fw € A jr for some s, and hence B, C Ay,
implying U'V*B, C E,, i.e. B, ;i C Es. So

1 1 ms—1ng—1
_ U“wa)‘d w) > .
M(Br) mshs /Bw-,k aZ:O ; ‘f( M( )

Hence if (§,7) € [jpr, (7 + 1) pr) X [kpr, (k +1) p;) for 1 < j,k <v—1—Ry
we have

rgr (S, 7] > = / / gr\u,v)auav
msns,u(Br) u=jpr v=kpr

j+ms_1 k4+ns—1

1 5 1
= — d
T X X A /B Ul

a=j b=k

ms—1 nsg—1

— msnsL(Br) /Bk Z::O g ’f (Uawa)‘dH(w) >a.

So {w: M*f(w) >a}nN (UZ.ELERNBM’O is a disjoint union of a subcol-

lection of the B, ;’s, and if B, ;i C {w: M*f(w) > a} N <U]’ELBRNBWJ€>
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then
Gpr, (G +1)pr) X [kpr, (K +1)p) C{(z,y) : Mygr(z,y) > af.

As the sets B, ; 1, are of the same measure p(B,) and disjoint, as well as the
sets of the form [jp,, (7 + 1)p;) X [kpr, (kK + 1)p,), we realize

y—1-Ry
pl{w: M fw) >atn |J Bk | <HER) : Mege(€,m) > a}].
§,k=0
Hence it suffices to show
C
Hem: Malem>all <S [ flda.
a U;,k:oBT,j,k

The rectangles in fSr« , satisfy the following monotonicity property: if
R, Ry € 51“*]\,,7"7 then there exists a translate 7R; of R; such that either
TR1 C2- Ry or Ry C 2-7R; where multiplication by 2 means the doubling
of the dimensions of the rectangle. This follows from the monotonicity
property of I'y.

Any geometric maximal operator associated to a basis of such rectangles
in R? with sides parallel to the axes is automatically of weak type (1,1), as
may be readily seen by the proof of the Vitali covering theorem. (See [12]
for more details.) Hence

€  Moar&n) > ) < & [ artémddn

C

1
& JUY o Brjk

as desired. O

Theorem 1. Let U and V be a pair of commuting nonperiodic measure
preserving transformations on a probability space (2,3, p), and let T' C Zi
be contained in a finite number of monotonic sets. Then the associated
maximal operator Mr satisfies the weak type (1,1) inequality

u{wEQ:Mpf(w)>a}§Z/Q|f\,

and the associated rare ergodic averages

m—1 n—1
lim § D fUVRw)
m,n— oo
(m,n)EF ] =0 k=0

converge a.e. for every f € L*(Q).

Proof. SinceI C Z%r is contained in a finite number of monotonic sets, there
exists subsets I't, ..., 'V of Za_ that are monotonic such that I' C Ué-vzlfj.
As each Mp; is of weak type (1,1) by Lemma 1 and as by sublinearity we
have Mrf < M f + -4+ Mpn~ f, the weak type (1,1) estimate follows.



240 PAUL HAGELSTEIN AND ALEXANDER STOKOLOS

Let f € LY(Q) and € > 0. To prove the convergence result, it suffices to
show

-1 n—1
: . 1 % .
pqw € Q: | limsup —liminf | — E E fUIVED) > ep <e.
{’Zfﬁéﬁ (m,n)er mn j=0 k=0

Let €; > 0, where ¢; is to be determined later. Since Llog L(€2) is dense in
LY(€), there exists g € Llog L(2) such that ||f — Il < €. As

1 m—1n—1
. L 17k
RIS ILE
J= =

converges a.e. as was shown by Dunford and Zygmund, we necessarily have

1 m—1 n—1
dm oY) g(UivEe)
(m,n)€r j=0 k=0
converges a.e. Hence
1 m—1 n—1
peweQ: | limsup —liminf | — FUIVFW) > €
m,n— oo m,n— oo mn “
(m,n)er (m,n)el’ 7=0 k=0
1 m—1 n—1
=pqwe Q: | limsup — liminf —Z (f = )(UIVFw) > €
m,n— oo m,n— oo mn 4
(m,n)el’ (m,n)el’ 7=0 k=0
C Ce
< ZI = gy < =
As €; is arbitrarily small, the desired result holds. ([l

We remark that an alternative proof of this result may be obtained using
techniques of A. Zygmund in [13]. In this paper Zygmund states, without
providing details, a result that encompasses the above theorem even in the
case of noncommuting measure preserving transformations. However, the
transference methods we have constructed in our proof are effectively “re-
versible” and enable us in the next section to show that certain weak-type
bounds on multiparameter ergodic maximal operators are indeed sharp.

3. Nonmonotonic approach regions

In this section we shall show that if the approach region I' is not mono-
tonic, then the weak type (L log L, L!) estimate on M is sharp and moreover
that the rare ergodic averages associated to I' will converge a.e. for all func-
tions in Llog L(€2) but not for all functions in any larger Orlicz class. Ob-
serve that the weak type (Llog L, L') estimate on Mt follows from bounding
Mr by the strong ergodic maximal operator Mg and applying De Guzman’s
(Llog L, L') estimate for Mg. That the rare ergodic averages associated to
I" converge for all functions in Llog L(£2) follows immediately from Dunford
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and Zygmund’s result that the strong ergodic averages of any function in
Llog L(£2) converge a.e.

Analogous sharpness results for (L log L, L) bounds have been found pre-
viously for geometric maximal operators by the second author (see in partic-
ular [12].) The strategy here will be to “transfer” the associated techniques
of proof used by Stokolos to the ergodic setting, and the means of transfer-
ence will be the Katznelson-Weiss lemma.

Let I and I’ be two rectangles in the plane whose sides are parallel to the
coordinate axes. If there exists a translation placing one of them inside the
other, we say I and I’ are comparable. If such a translation does not exist
we say I and I’ are incomparable.

Lemma 3. Let I, ..., 1I; be pairwise incomparable rectangles in the plane
whose sides are parallel to the axes and whose sidelengths are dyadic. Then
there are two sets © and Y in the plane such that

Y| = k2590
and such that for every (x,y) € Y there is a shift T such that for some j,
(z,y) € 7(I;) and |7 (I;) N O] > 2% |7(1))].

Moreover, each 7(I;) is a dyadic rectangle, © C'Y, and Y is contained in a
dyadic rectangle Hgy such that

|Y| > k2_k_1 )
[He,y|
Proof. Without loss of generality we assume that I, ..., I have a com-
mon lower left vertex. Let I; = I} X IJZ, with ‘Ijl‘ =27"% and ‘If’ =27".

We also assume without loss of generality that I} C IJ C --- C I} while
112 D) 122 ) I,%, corresponding to my > mo > -+ > myg and n; < ng <
cee < ny.

We define ©! and ©? by

k—1 2mi~mk—l
ol = xle],%:H Z XI];(:Bl—Qs‘I]lD:l )
j=1 s=0

N "171_1

k
0?2 — xQEI%:H Z XIJ?($2_25|IJ2D:1
j=2 s=0

Observe that |@1‘ = ol-k ‘I,H and }92| =ol-k ‘Iﬂ Set © = ©! x ©2. Then
O = 27 [I1] - |17].
Set now V! = I}, Y = I?, and

k—1 2™~ ™kl

vi=qoeli: ]I X xp(m-2sig) g,

j=i s=0
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FIGURE 1.

2”j7"171_1

i
Y? = xQEI%:H Z XI;($2—2S‘I?’):1
=2 s=0

fori=1,...,k—1andi=2,...,k respectively. We let Y; = Y;-l X Yf. Note
that [V;t| = 27=D|I}| and |V = 2'7|13|. So |Vi| = 2'7F |I}] - |I}).

Let now Y = Y U---UY}. For j = 1,...,k, Y; is a disjoint union of
translates of I;, with at least one-quarter of each translate not intersecting
any of the other Y;’s. So

k
1
Y= STl = ke R | |17 = k25 e
=1

Moreover, if (z,y) € Y, then (z,y) € 7(I;) for some 1 < j < k and shift 7,
where

r)nel el _[v;nel jel  27[L|- || i

B VT T (TR VN T
Let now Hegy = I,i X 112. By construction © C Y C Hgy. Moreover,

D T LA R L

— — k,2—k}—1 ,
[Hoy| = |1} < If| 212

completing the proof of the lemma. O

Figures 1 and 2 should aid the understanding of the proof of the above
lemma. Figure 1 illustrates three incomparable rectangles I, Is, and Is.
Figure 2 features the set © (what is shaded in black) as well as the corre-
sponding Y (the union of the rectangles in the figure).

We now introduce some new notation that will be helpful to us. Given
an approach region I' C Z2 , associate to the dyadic skeleton I'* of T' the
collection of dyadic rectangles Rr~, where

Rpe = {[0,2’”*} X [0,2"*} : <2m*,2”*) e F*}.
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L

]
i E— —

FIGURE 2.

A crucial observation at this point is that, if I' is is not contained in a finite
number of monotonic sets, given any positive integer k and positive number
« there exists a collection of k pairwise incomparable rectangles in R+ all
of whose sidelengths exceed «.

Given I' C Zi and the associated collection of rectangles R+, we now let

R+ be the collection of dyadic rectangles in the plane consisting of all the
shifts of members of Rp-. We define the associated maximal operator M«
by

M fw) = s g

(z,y)€RE R~

Lemma 4. Suppose I' C Z s not contaz’ned in a finite number of mono-
tonic sets. Let € > 0. For O <A< 100, let k € Z be such that 27F < )\ <

21—k Then there exist sets Oxe C Yy C Hy in the plane, all being unions
of dyadic squares of sidelength 1 and such that H) . is a dyadic square itself,
such that

Mr+xe,, > Aon Y,
Vool > k2572 O

and
|-H)\,e - Y)\,e|

‘HA,E‘

Proof. Since I' is not contained in a finite number of monotonic sets, there
exist a collection Iy 1,..., I of pairwise 1ncomparable rectangles in Rpx.

By the previous lemma, there are two sets ©1 and Y] in the plane such that
|22
and such that for every (z,y) € Y; there is a shift 7 such that for some j,

(z.9) € 7 (L) and |7 (15) N 61] = 21F |7 (1))
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Moreover, each 7(I; ;) is a dyadic rectangle and ©; and Y; lie in a dyadic
rectangle H; such that

‘Yl 1—k
— > k27
[ H, |
Observe that Mp*xél > 21k > X\ on Y.
Let now I31,...,Io be a collection of pairwise incomparable rectangles

in Rr all of whose sidelengths exceed the longest sidelength of Hy. Applying
the previous lemma again we obtain two sets ©2 and Y5 in the plane such
that

|Ya| > k2"7% |0,
and such that for every (x,y) € Ya there is a shift 7 such that for some j,

(.%,y) eET (IQJ') and |7_(1—2,j) N ®2| > 21_k |T(Ig’j)| .

Moreover, each 7(I3 ;) is a dyadic rectangle, ©, C Y, and Y5 lies in a dyadic
rectangle Ho such that

Y2 1k

| > k2 .
Assuming without loss of generality that the construction of ©2 and Y5 from
the I ; was like the one described in the proof of the previous lemma, Hy—Y5
consists of an a.e. disjoint union of dyadic rectangles, each being a translate
of Hy. (This follows from the method of construction and the fact that each
I ; has sidelengths exceeding the largest sidelength of Hi.) Defining the
shift operators 721, ..., 724, such that Hy — Y5 is the a.e. disjoint union of
the 7o j Hy, we set

Lo
Yo=Y U UTz,jY1 ;
j=1

lo
Oy =0y U U T27j@1
j=1
An important observation here is that
Hy — 372‘ 2
‘ < (1 _ k—l—k)
| Hy|
and
V| = k24202,

Also note that MF*X(:)2 > )\ on 172.

We proceed by induction. Suppose Y;,, ©n, and H,, have been constructed,
all being unions of rectangles in Rp. Moreover, suppose Mr-xg > Aon Yy,
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and
Hn|
Let Inq11, ..., Int1,1 be a collection of incomparable rectangles in R

all of whose sidelengths exceed the longest sidelength of H,. Applying the
techniques of the previous lemma we obtain two sets ©,11, Y,+1 in the plane
such that
Yoi1] > k2872 0,41

and such that for every (z,y) € Y,4+1 there is a shift 7 such that for some j,
(z,9) € T(Int15) and |7 (Ing1,5) N Opi1| > 217 |7 (In1,5)| - Moreover, each
T(In+1,;) is a dyadic rectangle, ©,41 C Y41, and O, and Y11 lie in a
dyadic rectangle H,.1 such that % > 2717k Now, Hyi 1 — Yoy is
an a.e. disjoint union of dyadic rectangles each being a translate of H,,, due
to the nature of construction of ©,4; and Y,11 and the fact that each
In4+1,; has sidelengths exceeding the largest sidelength of H,. Defining
Tnt1,1, -+ Tngll,,, Such that Hyy1 — Y,11 is an a.e. disjoint union of
the 7,41 jHp, we set

lnt1

Yn+1 = Yn+1 U U Tn—i—l,an
Jj=1

and
£n+1
@n—H = en-l—l U U 7'n—ﬁ-l,j@n
j=1
Note that
‘Hn—l-l - Yn+1‘ n+1
e O
|Hn+1|
MF*XénJrl > )\ on Yn+1 s
and

Yn+1‘ > f2h3 ‘én-i-l‘ .

Let now N = N(\€) € Z; be such that (1 —k_l_k)N < e Hy is
not necessarily a dyadic square. However, there exist a collection of shift
operators 7y ; for 1 < j < rpy, such that the a.e. disjoint union of the
THy; forms a dyadic square. Defining O, Yy, and H) ¢ by

’I"HN

Ore = U THy,j(ON) ,

Jj=1
THN

Vae= | mans(Yn)
j=1
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and
T‘HN
Hy o = U THN,j(HN> )
j=1
we obtain the lemma. O

We now consider some pleasantries associated to the fact that, although
Mr is a “centered” maximal operator, MF* is not. We define the four “quasi-
centered” maximal operators Mp* e Mp* I, Mp* 111, and Mp* 1v by

S if(ey) = swp /R (L), y)) + (u,v)) dud ,

ReR =

Wiy = sup. ,}%‘ / (2], L)) + (—u,v)) dudv,

Mr- 11 f(z,y) = sup
GRF*

R\/f ([x], + (—u, —v)) dudv ,

and

Mpe v f(z,y) = sup

ERF*

Note that Mp*f < Mrg[f + Mp*ynf + Mp*y]}]f + MF*JVf . We may
assume without loss of generality that on a set within Y) . of measure at
least % |Y) | that Mr+ 1xe, . > %MF*X@M- To see this, suppose it had been

R|/f (=], + (u, —v)) dudv .

that, say, MF*7IIX®)\,5 > %MF*X@A,E on a set within Y) . of measure at least
11Y |- Assuming without loss of generality that H) . were situated such
that its lower left hand corner were at the origin, we could replace ©) ¢, Y} .
by sets ©) _ and Yy _, where

1/2

_x7y)7

Y) -

Observe that Mp*ﬂx@“ > %MF*XQM on a set of measure at least 1 |Y) |

Xey (7,y) = xe,.(

Xy (@,9) = X (

implies that MF*JX@’M > %MF*X@&& on a set of measure at least % 1Y el
Relabeling @’/\7 . and Y/\'7 . by O, and Y} . we would obtain the desired result.
Similar symmetries apply if we replace ]\NJF*, 11 by Mp*, IIT Or Mpﬁ V.

We summarize these considerations with the following.

Lemma 5. Suppose I' C ZE_ is not contained in a finite number of mono-
tonic sets. Let € > 0. For 0 < A < 1—(1)0, let k € Z be such that 27F < X\ <
21=K_ Then there exist sets Oz C Y\ C Hy . in the plane, all being unions
of dyadic squares of sidelength 1 and such that H) . is a dyadic square itself,
such that

- 1
MF*,IX@XYE (:Cay) > ZA for any (xvy) € Y)\,e y
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|
‘Y)\,e| > Zk2k 3 |@)\,E| )

and

By means of transference we now obtain an ergodic analogue of Lemma 5.

Lemma 6. Let U and V' be two commuting nonperiodic measure preserving
transformations on a probability space (2,3, 1), and suppose T' C Z%r 18 not
contained in a finite union of monotonic sets. Let 0 < A < 1—(1)0, 0<e<l.
Then there exists a set Ay ¢ C € such that:

(i) Mp-xa,. > 3A onQ on a set of measure greater than 1/4—2¢, and
(i) [Axel < ot

log(5)”
Proof. Let k € Z be such that 2% < X < 217% and let Oxe, Yae, and
H) . be as is provided by Lemma 5. For notational convenience let p) . =

|H ,\7€|1/ %, Applying the Katznelson-Weiss lemma, (Lemma 2) we obtain sets
By and Ejy  in Q such that |E) (| < € and

p)\,efl
0= U UIVFBye | UEs.,
J,k=0

where the U'V*B A, are pairwise a.e. disjoint.

Let S)\’E = {(j, k‘) : (j + %,k + %) € @A,e} and A)\,E = U(j,k)eSAyéUijBA,@
Let The = {(j, k) : (j + 3,k + 3) € Yo} and Wi e = Ugpyer, U7V By
O] Vel < o

Observe that |A) | < | and Wy > (1 — e)m > ] ~ e . By
Lemma 5 we then have
|Ay | < 4k—1237F < 1001\
’ log(%)
and
|Wy.el > 1 — 2€ .

4
Note also that, as MF*71X6)\,5 (z,y) > 3 for any (z,y) € Y) . , we must have
that Mp-xa,, > %)\ on W) ¢, completing the proof of the lemma. ([

We now are in position to show that, if the approach region I' C Zi is not
contained in a finite union of monotonic sets, then Llog L(2) is the largest
Orlicz class of functions for which we have a.e. convergence.

Theorem 2. Let U and V' be a commuting pair of nonperiodic measure pre-
serving transformations on a probability space (2,3, ), and suppose I' C Zi
is mot contained in a finite union of monotonic sets. Let ¢ be a positive
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increasing function on [0,00) that is o(logx) as © — oco. Then there exists
a function f € Le(L)(?) such that

m—1n—1
Jim =SS (Uivk)
mmer " 20 k=0

does not exist on a set of positive measure in .

Proof. For each positive integer n, choose 0 < A, < ﬁ such that

o (%) 1

< .
log (f;) n-2n

Note that such a A, exists since ¢(x) = o(log 37) as ¢ — 0o. By Lemma 6,
there exists a set E,, C {2 such that Mrxg, 2 16An ON Q on a set of measure

1 1002,
at least g, where |E,| < o ()"

Let now f, = y-XE&,- Note that Mrf, > {g on ) on a set of measure at

| 6t =181 -0 (f)
lolg()(())\ ) n <n)
< 100lOg E?%

100
on

least % . Moreover,

3

Set now f = sup,, fr, . Observe that Mrf = co in (2 on a set of measure at
least % and hence for each w in a set of measure % in 2 there exist sequences
of positive integers jo, 1, juw.2: Jw,3,- - - Kw,1: kw2, ko3, ... tending to infinity
with each (ju n,kwn) € I' such that

jw,n_l kw,n_l

lim — >y f(UJ’V%)

j=0 k=0

o .

Moreover, f € Lo(L)(Q2) since

Z/fncbfn @—100.

n=1
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As accordingly f € L' (Q) we also have

m—1n—1

Lo XS (V) <l

§=0 k=0
for all positive integers m, n, and hence it is not possible for

1 m—1n—1
i . vk, =
D 221 (V) = o
j=0 k=0
to hold for all w in a set in €2 of measure % (even though on such a set we

. 1 m—1 n—1 i1k _
may have lim sup o 22j=0 Do f (UJV w) = o0). The theorem

follows. O
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