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into C(K)-spaces

N. J. Kalton

ABSTRACT. We study the extension of linear operators with range in a C(K)-
space, comparing and contrasting our results with the corresponding results
for the nonlinear problem of extending Lipschitz maps with values in a C(K)-
space. We give necessary and sufficient conditions on a separable Banach space
X which ensure that every operator T': E — C(K) defined on a subspace may
be extended to an operator T : X — C(K) with ||T|| < (1 + €)||T|| (for any
e > 0). Based on these we give new examples of such spaces (including all
Orlicz sequence spaces with separable dual for a certain equivalent norm). We
answer a question of Johnson and Zippin by showing that if E is a weak™-
closed subspace of ¢1 then every operator T : E — C(K) can be extended to
an operator T : £1 — C(K) with ||T|| < (14 €)||T||. We then show that £; has
a universal extension property: if X is a separable Banach space containing
¢1 then any operator T': 1 — C(K) can be extended to an operator T:X —
C(K) with ||T|| < (1 + €)||T||; this answers a question of Speegle.
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1. Introduction

In this paper we study extensions of linear operators from separable Banach
spaces into C(K)-spaces where K is compact metric. This subject has a long his-
tory but many quite simply stated problems remain open. The first result in this
direction is Sobczyk’s theorem [37], which states that ¢y is 2-separably injective,
i.e., if X is a separable Banach space and Ty : E — ¢g is a bounded operator defined
on a subspace then Tj has an extension 7' with ||T'|| < 2||To||. Later Zippin [40]
showed the converse that ¢y is the only separably injective space.

If one replaces ¢ by C(K) with K an arbitrary compact metric space then a
number of special results are known (if X is separable it will then follow that one
has the same results for an arbitrary C(K)-space). In 1971, Lindenstrauss and
Petczynski showed that every operator Ty : E — C(K) where E is a subspace of
¢, can be extended to T;co — C(K) with | T|| < (1 + €)||Tol]. Similar results
with ||T'|| = ||Zo|| are known for £, where 1 < p < oo (Zippin [41]). On the other
hand, the fact that C(K)-spaces are not separably injective in general implies that
a similar result is false in ¢;. Johnson and Zippin [16] showed that Ty : E — C(K)
can be extended if F is weak*-closed and give an estimate of ||T]| < (3 + ¢)||To|. A
partial converse was given by the author in [18]: if E is a subspace of ¢; such that
every bounded operator T : E — C(K) can be extended and ¢;/E has a UFDD
then ¢;/F is isomorphic to the dual of a subspace of ¢g. For recent survey of this
problem we refer to Zippin [42].

We here aim to compare and contrast this linear extension problem with the
corresponding nonlinear problem for Lipschitz maps. In fact if F is a closed sub-
set of any Banach space X and Fy : F — C(K) is a Lipschitz map then there is
always a Lipschitz extension F' : X — C(K) by a result of Lindenstrauss [26];
furthermore in [19] we showed that one can take the Lipschitz constant of F,
Lip(F') < 2Lip(Fp). Nevertheless if one considers the existence of an almost iso-
metric extension (Lip(F) < (1 + €)Lip(Fp)) the results seem to parallel the linear
theory.

We now discuss the contents of the paper. We will restrict ourselves to the
context of real Banach spaces. In order to discuss our results let us introduce the
following definitions (see §2 for full description of our terminology). If X,Y are
Banach spaces and E is a closed subspace of X (respectively, closed subset of X)
then (F,X) has the linear (\,Y)-extension property (respectively the Lipschitz
(A, Y)-extension property) if every linear operator Ty : E — Y (respectively every
Lipschitz map Fy : E — Y') has a linear extension 7' : X — Y with ||T'|| < A|To]|
(respectively a Lipschitz extension F': X — Y with Lip(F') < ALip(Fp)).

In §2 we introduce our terminology and discuss some elementary facts about
extension problems. In §3 we recall the theory of types introduced by Krivine and
Maurey [25], and discuss some special classes of Banach spaces which will play a role
in the latter part of the paper; these include spaces with properties (M) and (M*),
introduced by the author in the study of M-ideals [17] and some new properties
(L) and (L*). In §4 we relate the theory of types to the existence of Lipschitz
extensions by recasting the results of [19] in terms of the behavior of types.
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In §5, we turn to the problem of extending linear operators with range in ¢y. We
show that for 1 < A < 2, if F is a linear subspace of a separable Banach space X
then (F, X) has the linear (A, ¢p)-extension property if and only it has the Lipschitz
(A, co)-extension property. One remarkable fact that emerges is that (E, X)) has
the linear (A, cp)-extension property if and only if (E, X) has the corresponding
Lipschitz (A, cg)-property; for either, it suffices to check all pairs (F,F) where
E C F C X and dim F/E = 1. We then characterize spaces X with the property
that (E, X) has the linear (), ¢g)-extension property for every closed subspace E.

In §6 we consider the same problem for ¢ in place of ¢y. Here the results are
necessarily somewhat more complicated and the problem of extending Lipschitz
maps is not equivalent to extending linear maps. Indeed c is a 2-Lipschitz absolute
retract but the extension constant for linear maps from separable Banach spaces
into ¢ is 3 (McWilliams [30]).

In §7 we find that by restricting attention to the almost isometric case we can
obtain quite satisfactory results. We obtain a description of separable spaces X so
that for every subspace E the pair (E, X) has the linear (1 + ¢,C(K))-extension
property for every C(K)-space and every € > 0. This property is equivalent to the
corresponding property for Lipschitz extensions and can be described in terms of
types on X*. As a particular example we see that spaces with properties (M*)
or (L*) have this extension property. In particular since Orlicz sequence spaces
with separable dual can be renormed to have property (M) we obtain an extension
theorem for such spaces. In §8 we consider isometric extensions. Johnson and
Zippin [16] had shown that that if X is uniformly smooth then the existence of
almost isometric linear extensions implies the existence of isometric extensions;
they asked if this is true when X is merely smooth and reflexive. We present a
generalization of their result and an extension to the Lipschitz case, but give a
counterexample to their question.

In §9 we consider the problem of extending operators from weak*-closed sub-
spaces of a separable dual space. Here we improve a result of Johnson and Zippin
[16] who showed that if E is a weak*-closed subspace of ¢; then (E,¢;) has the
(3+¢€,C(K))-extension property (for every e > 0 and every K). We show that 3 +¢
can be reduced to 1 + €.

In §10 we turn our attention to universal extensions. We consider separable
Banach spaces X such that if Y D X and Y is separable then (X, Y") always has the
linear (1 + €, C(K))-extension property; such spaces are said to have the separable
universal linear C-ATEP. This class was first considered by Speegle [38] who showed
that such a space cannot be uniformly smooth. However no infinite-dimensional
examples of such spaces were known. We show that ¢; and moreover any dual of a
subspace of ¢y has this property. We also give examples to show the class contains
some spaces not of this form (at least isometrically).

In §11 we attempt to describe those separable Banach spaces X which have the
property that whenever M is a metric space containing X then the pair (X, M)
has the Lipschitz (1 + ¢,C(K))-extension property for every € > 0 and every K; in
this case we say that X has the universal Lipschitz C-AIEP. We show that this is
related to a property we call the 1-positive Schur property; this draws heavily on
work of Odell and Schlumprecht [32]. We also show that under certain other mild
conditions the universal Lipschitz C-AIEP is equivalent to the separable universal
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linear ¢-AIEP (i.e., the corresponding linear property but just for the space ¢ in
place of all C(K)-spaces).

2. Extension properties

We remind the reader that all Banach spaces are assumed real. Suppose X,Y are
Banach spaces and E is a closed subspace of X. We say that (E, X) has the (A,Y)-
linear extension property (linear (\,Y)-EP) if for every bounded linear operator
To : E — Y there is a bounded linear extension 7' : X — Y with ||T| < A|To]l.
If (F, X) has the linear (\,Y)-EP for every closed linear subspace E we say that
X has the linear (\,Y)-EP. We say that X has the [almost] isometric linear Y -
extension property (linear Y-[A]IEP) if it has the linear (1,Y)-EP [respectively, the
linear (A, Y)-EP for every A > 1].

Y is said to be A-injective if every pair (E, X) has the (A, Y)-linear extension
property. There are no separable 1l-injective spaces but Sobczyk’s theorem [37]
implies that ¢y is 2-separably injective i.e., every pair (E, X) with X separable has
the (2, ¢p)-linear extension property. A result of Zippin [40] shows that the converse
is true, i.e., every Banach space which is separably injective is isomorphic to cg.

The spaces C(K) are, in general, not separably injective, but there has been
some considerable work on establishing conditions on a pair (F, X) so that (E, X)
has the (A, C(K))-linear extension property for every compact Hausdorff space K;
in the case when X is separable it suffices to consider metric K. We refer to [42].
We use the symbol C to represent an arbitrary C(K)-space where K is compact
metric. Thus we will say that X has the linear (A, C)- extension property (linear
(A, C)-EP) if it has the (A, C(K))-linear extension property for every compact metric
space K and the linear C-extension property (linear C-EP) if it has the linear (\, C)-
extension property for some A > 1. As above we may also define the [almost]
isometric linear C-extension property (C-[AJIEP).

If X,Y are separable Banach spaces we say that X has the separable universal
linear (A, Y) extension property if whenever Z is a separable Banach space contain-
ing X then (X, Z) has the (A, Y)-extension property. By the above remarks every
separable Banach space has the separable universal (2, ¢y)-extension property; a re-
sult of McWilliams [30] shows that every separable Banach space has the separable
universal (3, ¢)-EP. On the other hand, Lindenstrauss (Corollary to Theorem 7.5
and Theorem 7.6 of [27]) shows that a Banach space X has the separable universal
¢-IEP (or (1,¢)-EP) if and only if X is finite-dimensional and polyhedral.

We shall be particularly interested in the separable universal C-AIEP (i.e., the
separable universal (\,C(K))-EP for every compact metric space K and every A >
1.) This has been considered by Speegle [38].

In this paper we will exploit the connection between linear extension problems
and nonlinear extension problems. Assume M is a metric space and E is any subset
of M. If Y is an arbitrary Banach space then we say that (E, X) has the Lipschitz
(AN, Y)-extension property (Lipschitz (A, Y)-EP) if every Lipschitz map Fy: E — Y
has a Lipschitz extension ' : M — Y with Lip(F') < ALip(Fj) where

Lip(F):sup{w: x#yeM, x;«éy}



EXTENSION OF LINEAR OPERATORS AND LIPSCHITZ MAPS 321

As before we say (F, M) has the Lipschitz Y-IEP if it has the (1,Y)-EP and the
Lipschitz Y -AIEP if it has the (A, Y)-EP for every A > 1. We also say that (E, M)
has the Lipschitz (A, C)-extension property if it has the Lipschitz (A, C(K))-EP for
every compact metric K and define the corresponding Lipschitz C-IEP and Lipschitz
C-AIEP.

In the nonlinear category the spaces C(K) for K compact metric are Lipschitz
absolute retracts; this is due to Lindenstrauss [26]. The best constant is 2 as was
shown in [19].

We say that M has the universal Lipschitz (A, Y')-extension property if (M, M’)
has the Lipschitz (A, Y)-EP for every metric space M’ D M. In the case Y = C(K)
where K is compact metric it is proved in [19] that M has the universal Lipschitz
C-TIEP if and only if M has the collinearity property, which is equivalent when
M = X is a Banach space to the fact that X is finite-dimensional and polyhedral.

Proposition 2.1. Let X,Y be Banach spaces. Then X has the universal Lipschitz
(M, Y)-EP if and only if (X, Z) has the Lipschitz (\,Y)-EP for every Banach space
Z containing X linearly isometrically.

Proof. Simply embed X linearly isometrically into £ (I) for some index set I. It
suffices that (X, ¢ (I)) has the (\,Y)-EP. O

The following lemma is very well-known but will be useful later in the paper and
we state it for reference.

Lemma 2.2. Let X be a Banach space and suppose (xj)jcy is a subset of X.
Suppose we are given (d;);cy with d; > 0 for all j. Suppose that

|w; — x| <dj+de j ke

Then there is a Banach space Y D X with dimY/X <1 and a point y € Y such
that

ly—=z;ll <d;  jel

Proof. Embed X isometrically in the space Z = f(Bx~) via the canonical em-
bedding. Then the balls z; 4 d; Bz intersect pairwise and since Z has the binary
intersection property there exists y € Z with y € x; + d;Bz for every j € J. Let
Y = [X,y] and the proof is complete. O
3. Some remarks about types

Let X be a Banach space. A type on X is a function 7 : X — [0, 00) of the form
(3.1) 7(x) :hdex—i—de
where (24)4ep is a uniformly bounded net in X. If X is separable every type can
written using a sequence i.e.,
(3.2) T(x) = lm ||z + x|

n—oo

In general let us say that 7 is a sequential type if it is given in the form

. =i n
(3-3) 7(z) = lim [z + 24

for some nonprincipal ultrafilter Y.
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A type 7 is said to be nontrivial if
T(x) >0 reX

and strict if

T(x) > ||zl x e X.
We shall say that 7 is a bidual type if 7(z) = ||z + «™*|| for some x** € X**. We
also say that 7 is monotone if

T(x) > 7(0) reX

and 7 is symmetric if
T(z) = 7(—x) r e X.
7 is said to be weakly null if it is of the form (3.3) with (x,)5%, a weakly null
sequence.
A type 7 on X* is said to be weak*-null if it is expressible in the form (3.3) with
(z5,)52, a weak™® null sequence.

We recall that there is a canonical contractive projection @ of X*** on its sub-
space X* with kernel X+. X is called a strict u-ideal ([12]) if || — 27| = 1.

Proposition 3.1. Let X be a separable Banach space such that every weak™-null
type on X* is symmetric. Then X is a strict u-ideal and hence X* is separable.

Proof. Suppose z*** € X1 C X***. Then there is net (z})qecp in X* which
converges weak™ in X*** to x™** such that for any 2* € X* C X*** we have

[&" + 2™ = lim [l2" + 2]
deD

Now since X is separable for any fixed * € X* we can find a weak*-null sequence

(v2)o2, in {2} }aep such that

lim || £2" +a5]| = lim || £27 + v
and it follows that

or ||[I —2x|| = 1. The fact that this implies X* is separable follows from Proposi-
tion 2.8 of [12]. O

Let us recall at this stage that a separable Banach space is said to have the
metric approzimation property (MAP) if there is a sequence of finite-rank operators
T, : X — X such that ||T,]] <1 and lim,_,oo Tpz = z for x € X.

A separable Banach space X is said to have the unconditional metric approxi-
mation property (UMAP) if there is a sequence (7},)52; of finite-rank operators on
X such that lim,, .. Thx = x for z € X and lim,,_, ||I — 27,,|| = 1. This concept
was introduced in [3]. See also [12] and [8].

Lemma 3.2. (i) Suppose X is a Banach space and (x,)52 is a weakly null
sequence in X. Suppose w € X is such that lim, . ||u + x| exists. Then
there is an infinite subset Ml of N, u* € X* and a weak* null sequence (x7)nem
so that ||u* + x| = 1 for n € M and

w'(u) + lim ) (z,) = lim |Ju+ 2,
neM n—oo
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(ii) Suppose X is a Banach space with UMAP not containing a copy of €1. Sup-
pose ()22, is a weak™ null sequence in X*. Suppose u* € X is such that
limy, oo ||u* + x| exists. Then, given e > 0, there is an infinite subset M of

N, u € X and a weakly null sequence (., )nem S0 that ||u+z,| < 1 forn e M

and
u*(u) + limgﬂlf xp(zn) > (1 —€) lim [Ju™+ 2|
ne n—00
Proof. For (i) pick v¥ with ||vX|| = 1 and v} (u + 2,,) = |Ju + 2,||. Pass to a

subsequence (v} )pem which converges weak* to some u* and then put z,, = v} —u*

for n € M.
(i) First note that by Theorem 9.2 of [12], X has the shrinking UMAP, i.e.,
there is a sequence of finite-rank operators T;, with lim,,_, ||I — 27,/ = 1 and

lim ||z — Thx| =0 reX

and
lim ||z" =T 2"|| =0 xr e X

n—oo

We can assume that for some sequence 7, | 0 we have
1T =2T,| <140, |TnTh —Tull < nn m > n.
Now pick v,, € X with [Jv,|| = 1 so that
nan;o(u* + ) (vy) = nhigo lu* + ), ||.
We may now find an increasing sequence of natural numbers (r,)52; so that
lim, oo || T 25| = 0. For k € N
(I =27, (I —2Ty) — (I —2T,, +2T})| < 4n T >k

and so
[T =T, + Tl < (14 n0) (1 + 1) + 40
Now note that ((I — T, )v,)22, is weakly null; indeed if * € X* then

n=1
2" ((I = Tr, )vn)| < [l =T 2™ ||.
Let us now fix £ € N. Select M so that lim,ecy Txv, = u exists and let z,, =
(I =T, )v,. Then
limsup |2 + T, || < 1+ 5.
neM

However
lim (T =77 )(u* + 2y,) — Tyu" +u*|| =0
and so
lim sup(v* + 23 (Tkvn — Tr,vn) < |Ju’ — Tru®|.
neM
Hence

u*(u) + hrrlne%\?f x (Tp) = hgégﬂlf(u + a)) (v + Tpvy, — Ty Un)

> T [l + a3 - " — TEu.
If we take k large enough and let w = (1 + 5nx) 1w and z,, = (1 + 5ng) 12, we
obtain (ii). O
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A Banach space X is said to have property (M) if
lim |lu+z,| = lim ||v+ x| u,v € X, |lull = |v|l
n—oo n—oo

whenever (z,,) is weakly null and both limits exist. X has property (M™) if
lim ||u* + 2] = lim |[v*+ 2| ut vt e X*||lut|| = |jof|
n—oo n—oo

whenever (z}) is weak® null in X* and both limits exist. In the language of types

X has property (M) (respectively (M*)) if every weakly null (respectively weak*

null) type on X (respectively X*) is a function of the norm.

These properties were introduced in connection with the theory of M-ideals in
[17]. It is known that for separable Banach spaces (M*) implies (M) [17] and if
X contains no copy of ¢1, (M) implies (M™*). If X is a separable Banach space
with property (M*) and with MAP then X has UMAP. In the language of types
X has property (M) (respectively (M*)) if every weakly null (respectively weak*
null) type on X (respectively X*) is a function of the norm.

We also want to introduce a reverse property. Let us say that a separable Banach
space X has property (L) if

lim ||u+ 2,| = lm |lu+ y,] ue X
n—oo n—o0
whenever (z,,) and (y,) are weakly null and lim, . ||Zs| = limy,— 00 ||ynl]. X has
property (L*) if
lim ||u* + 2| = lim [[u”" + y, | ut e X*
n—00 n—oo
whenever (z%) and (y) are weak* null in X* and lim, o ||2% ]| = lim,— 0 Y]]

Note that if X has property (L) or (M) it is clear that every weakly null type
is symmetric: similarly if X has (L*) or (M™*) then every weak*-null type on X*
is symmetric. From this we deduce via Proposition 3.1 that if X has (L*) or (M™)
then X™* is automatically separable.

Proposition 3.3. (i) X has property (M) if and only if whenever o is a weakly
null type on X then
[z = llyll = o) =0(y) =z,yelX.
(ii) X has property (M*) if and only if whenever o is a weak* null type on X
then
[z*[| = [ly"| = o(@®) =0(y") 2",y € X"
(iil) X has property (L) if and only if, whenever o, are weakly null types on X
0(0) =7(0) = o(x) =7(x) r e X.
(iv) X has property (L*) if and only if, whenever o, 7 are weak® null types on X
0(0) =7(0) = o(a*) =71(z") xt e X*.

Note here that in each instance the equalities can be replaced by inequalities
e.g., in (iii) X has property (L) if and only if, whenever o, 7 are weakly null types
on X

0(0) <7(0) = o(x) < 7(x) z e X.
To see this suppose
o) =lim flz+z.] zeX
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and
= lim + Yn X
T(a:) n1€M||x Y || S

where (2,,)2%1, (yn)52, are weakly null sequences. If 0(0) < 7(0) we choose o =
o(0)/7(0) and note that
o(z) = lim ||z + aynl|.

Since
= lim +
T(x) nlel/{ ”33 yn”

convexity gives o(z) < 7(z).

Proposition 3.4. Let X be a separable Banach space.
(i) If X has property (L*) then X has property (L).
(ii) If X has property (L), contains no copy of £1 and has UMAP then X* has
property (L*).
Proof. These follow directly from Lemma 3.2. For (i) suppose (2,)5% 1, (yn)oe; is
weakly null and lim, .« ||25 || = lim, oo ||yn||. Suppose further that lim,, .. |Ju +
Znl|l and lim,,_, ||u+ yn|| both exist. Then, using Lemma 3.2 (i), there is u* € X*
and a weak*-null sequence (z7) so that ||u* + x| = 1 and for some subsequence
M we have
li * “(rn) = 1 nll-
lim u”(u) + @ (en) = lim Jlu+an|
On the other hand we can also find a further subsequence My, v* € X* and a weak*

null sequence (¥ )nem, with [[v* + y|| = 1 such that

S (07 + ) (yn) = 1y (yn) = Lo lyn ]l

Since all weak*-null types on X* are symmetric, it follows that
. « 1. — x
limsup [y, || < 5 limsup(|lv” + 5 || + [lv" =5 )) < 1
neMop neMop

Hence limy, e, ||ly5|| = 1. Consider the sequence (u* + || ||y ) nem,- By property
(L*) we have

= 1.

i | + 125 v
Thus

*

hm [|lw+ 2| < u*(u)+ hm ) (xn)

u*(u) + hm [ lnl]

*

(u)
(u)
u*(u) + hm sup {27, |||y |
neMp
(u)

< u*(u) + limsup ||}, ||y (yn)
neMy
< limsup(u” + ||z, [|y;,) (@ + yn)

neMg

< lim [Ju+ ynl|-
n—oo

The reverse inequality also follows.
(ii) is similar. O



326 N. J. KALTON

It is easy to create examples of space with properties (L) or (L*). Curiously
these examples are also isomorphic (not isometric) to spaces with property (M) or
(M*). It was first shown in [17] that if ® is an Orlicz function then the space ho
(the closure of ¢gp in the Orlicz space £4) can be renormed to have a 1-unconditional
basis and property (M); hence it has property (M*) when it has separable dual.
This construction was generalized in [1] to so-called Orlicz—Fenchel spaces, and it
was noted that this class includes certain twisted sums such as the spaces Z, for
1 < p < oo constructed in [22].

We follow the construction first given in [1], but note that a small corretcion
must be made. Let Vi be a sequence of finite-dimensional spaces and for each k let
Ni. be a norm on R x V}, such that

(3.4) Ni(A z) < Ni(p, x) 0< A<, x€Vy,
(35) Nk()\,a:) :Nk(—/\,$) ANER, z €V,
and

(3.6) N (1,0) = 1.

It is clear that these conditions imply Ni(\,z) > |A| and Ng(A, z) > Ni(0,2) for
all \,z. In [1] on p. 118 (3.5) is omitted. However in the subsequent application
(Lemma 4.8 of [1]) it is easily verified that the constructed norms also satisfy (3.5).

Let coo(Vi) be the space of finitely nonzero sequences v = (vy)72 , with vy € Vj.
For m < n we define a seminorm N, ,, on coo(V) by

Ny n(v) = Np(0,,vy)
and then, inductively define
N () = Nop (Nyg1.0(v), Un) m < n.
Similarly define
Nipn(v) = Npp(Npp—1,0.(v), ) m > n.
Let
o]l = sup Npn(v).

m<n
Similarly let
[0llar = sup N (v).
Let Ay, and Ay be the completions of (coo(Vk), || - [|z) and (coo(Vk), || - [[ar). Note
that both spaces have 1-unconditional FDD’s and hence UMAP.
Let ®y(z) = Ni(1,z) — 1. Thus &, : Vj, — R is convex and even.

Proposition 3.5. (i) The space (AL, | - ||1) has property (L).
(i1) The space (Apr, || - |ar) has property (M).

(i)
Ay =Ap = {v: i@k(tvk) < oth>O}.

k=1
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Proof. (i) and (ii) are trivial.

(iii) for Aps is essentially shown in [1] Theorem 4.1 for a fixed N = N;. We
will prove only the characterization of Ay which is in fact almost identical to the
argument for Aps. First suppose v € Ay with [Jv]|, = 1. Let v = (v1,..., 0,0, ).
Then for 1 < k <n — 1 we have, since Nj41,(v) <1,

Ni(Nit1,0(v); k) = Nigp1,0(0) (1 + @, (06 /N 11,0(0)) 2 Nigp1,0(v) + Pr(vr).

S
|
—

1=Nin() =) (Nk(Nkt1,0(v),v%) = Ng+1,n(v))

E
Il
—

NE

(Nk(l,l}k) — 1)

>
Il
—

(I)k(l}k).

NE

>
Il
—

Hence > 2 | @i (vi) < 2.
It follows immediately that if v € Ap, then >" - | ®x(tvg) < oo for all ¢.
Conversely suppose v € coo(Vy) and Y po; @x(vr) < 1. Suppose m < n and
that Ny, (v) > 2. Note that Ny »(v) = Np(0,v,) < N,(1,v,) < 2. Let r be the
smallest index so that N, ,(v) < 2. Then

Ny210(0) = Np21 (Npn (0),0021) < Np21(2,0021) <2(1 4+ @421 (vr21/2))
and then
Nj—1n(v) = Njo1(Njn(v),vj-1) < Njp(v)(14+®;-1(vj-1/2))  m+1<j<r—L
Thus

r—1
Nn(v) <2 [T (1 + @x(vr)) < 2e.

It follows that ||v|| < 2e.
Now assume y -, @4 (tvy) < oo for every ¢ > 0. Then for every € > 0 we can
find r so that Y7 ., ®x(2evy/e) < 1. Thus

10, ..., 0, vms1s ey 00,0, )L < € r<m<n< oo.
This implies v € Ap. (]
In particular if (¢5)52, is a sequence of Orlicz functions on R, normalized so

that ¢ (1) = 1, we can define Ny on R? so that

L+op(lt)  0<t<1
24 ¢(t—1) 1<t<oo

Ni(t,1) = {

where ¢ is chosen large enough to ensure convexity. Thus the Orlicz—Musielak
space h(g,) defined as the closure of cop in space £(4,) can be renormed to either
have property (L) or property (M). For property (M) these results where first
established in [17]. In the case when these spaces have separable dual one also
deduces that they also enjoy (L*) or (M*). The class of spaces contained this way
includes finite direct sums of spaces of type ¢, or co.
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In [1] the same ideas are applied to Orlicz—Fenchel spaces. Here we take V =V},
to be a fixed finite-dimensional space and ® = @, to be a fixed Young’s function on
V i.e., an even continuous convex function ® : V' — [0, 00) with ®(x) > 0 if = # 0.
It is shown in [1] that the space he of all V-valued sequences (vi)72; such that
Y ope D(tvg) < oo for all t > 0 can be equivalently normed to have property (M);
however the same argument shows that they can also be renormed to have property
(L). If these spaces have separable dual (e.g., if they have nontrivial type) then
they can be renormed to have (L*) or (M*). This class of Orlicz—Fenchel spaces
includes such spaces as the twisted sums Z, for 1 < p < oo originally introduced in
[22]. Here we take V = R? and define

Y|P + [z —ylogly||P y#0
Wz, y) = | Ip | |yl 7
|z| y=0.

Then ¥ is not convex but is equivalent to a convex function (see [1]). The space Z,
has a subspace isomorphic to ¢, spanned by the vectors (0,...,(0,1),...) so that
the quotient is also isomorphic to £,,.

Let us now recall that a separable Banach space X is said to have property (mp)
for 1 < p < o if every weakly null type o is of the form

(2) = (ap—l—Hpr)% reX, 1<p<x
max(a, [|z||) z€ X, p=oc.

Similarly X has property (m;,) for 1 <p < oo if every weak*-null type o on X* has
the form
o ) (a®+ ||x*|\p)% rreX*, 1<p<oo
o(@) = max(a, |[z*]]) 2" € X, p=occ.
It is clear that property (m,) implies both property (M) and property (L); and
similarly (mj) implies both property (M*) and property (L*).

Proposition 3.6. Suppose X is a separable Banach space.

(i) If X has both property (L) and property (M) and contains no copy of {1 then
X has property (my) for some 1 < p < oco.

(ii) If X has both property (L*) and property (M*) then X has property (my,) for
some 1 < p < oo.

Proof. (i) By Proposition 3.9 of [17] for every a > 0 there is a weakly null type
o on X of the form o(x) = (a? + Hx||p)% for some 1 < p < oo (with obvious
interpretation when p = oo). But then property (L) implies that every weakly null
type on X is of this form.

(ii) The proof is similar, but requires a couple of remarks. Let (z})5 ; generate
a nontrivial weak*-null type via the formula

ofa®) = lim 2" + 77
where U is some nontrivial ultrafilter on N. Then as in Lemma 3.6 of [17] one

generates a weak*-null sequence (y}) which is (1 + €)-equivalent to the unit vector
basis of the space Ajp; corresponding to the fixed norm

N(o§) = lim flau® + G} |
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where ||u*|| = 1. Arguing as in [17] one obtains from Krivine’s theorem the existence
of 1 < p < oo so that

r(a*) = (@ + [l=*|P)
is a weak*-null type on X*. By property (L*) every weak*-null type is of this form.
However if p = oo then ¢y embeds in X* and hence X* is nonseparable by a classical
result of Bessaga and Pelezyniski [2]. As already observed (M*) implies that X* is

separable. O
Finally let us recall that a Banach space X is called stable [25] if
lim lim ||z +ynl| = Um lim ||z, + ys|]

whenever both limits exist. If X is stable it is possible to unambiguously define the
convolution o * 7 of two types

o(x) = nhlrolo |z + x|, 7(x)= nhlrolo |z + ynll reX

by
ox7(x) = lim lim ||+ 2z, + ¥l

m—00 N—00
Then o x7=7x%0.
We will need one elementary fact about stable spaces.

Proposition 3.7. If X is a separable Banach space such that X* is stable then
every type on X* is weak®-lower-semicontinuous.

Proof. If X* is stable and o is a type defined by
o(x*) = lim ||z* + ¥} e X*

o0

then for any weak*-convergent sequence ()5,

nonprincipal ultrafilter U,

converging to x*, we have for any

lim o(er,) = lim lim_ |27, + 7]l

— lim li g
ngg{nlgll\xnﬂwml\

> 1 * *
2 lim fla* +yp |

=o(z"). O

4. Types and Lipschitz extensions

Suppose X is a Banach space and C' is a closed subset. Let us introduce two
conditions on the pair (C, X). We will say that (C, X) satisfies the condition ¥o(\)
(or, more informally, C' satisfies the condition Xo())) if given a bounded sequence
(en)pey in C, x € X and € > 0 there exists e € C' and an infinite subset M of N
such that

llen —ell < Allen — x| + € n € M.
We will say that (C, X) satisfies the condition X1 (\) if given two bounded sequences
(en)p2q and (f)5%, in C, x € X and € > 0 there exists e € C' and an infinite subset
M of N such that

len —ell +11fn —el < Allen — 2l + 1fo —2l) +e neM
Notice that 31 () implies ¥(\) by taking e, = fp,.
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The following theorems were proved in [19].

Theorem 4.1. Let X be a Banach space and suppose C is a separable subset.
Suppose 1 < A < 2. The following conditions on (C,X) are equivalent:
(i) (C,X) has the Lipschitz (A, co)-extension property.
(ii) (C,X) has the property Xo(N).
In the case A =1 then (ii) is equivalent to:
(iii) (C, X) has the Lipschitz co-AIEP.

Theorem 4.2. Let X be a Banach space and suppose C is a separable subset.
Suppose 1 < A < 2. The following conditions on (C,X) are equivalent:
(i) (C,X) has the Lipschitz (X, C)-extension property.
(ii) (C,X) has the property X1 ().
In the case A =1 then (ii) is equivalent to:
(iii) (C,X) has the Lipschitz C-AIEP.

In the definition of ¥4(A) and (), the word bounded is redundant when A > 1
as the conditions are automatically satisfied by any unbounded sequence. However
when A =1 we get a slightly stronger notion. We will say that (C, X) satisfies the
condition (1) if given a sequence (e,)5%; in C, z € X and € > 0 there exists
e € C and an infinite subset M of N such that

llen — el < llen — x| + ¢ n € M.

We will say that (C, X) satisfies the condition X5 (1) if given two sequences (e, )22

n=1
and (fn)22, in C, x € X and € > 0 there exists e € C' and an infinite subset M of
N such that
len —ell + 1fn —ell <llen =zl + 1l fn -zl +€  neM
We then have [19]:

Theorem 4.3. (i) (C,X) has the Lipschitz co-IEP if and only if (C,X) has
property 35(1).
(ii) (C,X) has the Lipschitz C-IEP if and only if (C, X) has property ¥5(1).
From this the following is trivial:

Proposition 4.4. If C is a bounded subset of X then (C,X) has the Lipschitz co-
AIEP (respectively the Lipschitz C-AIEP) if and only if it has the Lipschitz co-IEP
(respectively the Lipschitz C-1IEP).

Let us first point out the trivial connection between types and Lipschitz extension
problems. Let C' be a nonempty closed subset of a Banach space X. Then a type
o will be said to be supported on C' if it is of the form

o(x) zliCIlon—de reX

where x4 € C for all d. Then we have the following elementary lemma, which is
simply a rewriting of conditions ¥ (A) and X1 (A) (see Theorems 4.1 and 4.2):

Lemma 4.5. Let C' be a nonempty separable closed subset of a Banach space X .
Then, for A\ > 1:
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(i) (C,X) satisfies the condition So(\) (i.e., has the Lipschitz (X, co)-EP) if and
only if for every type o supported on C' we have

N,
JE o) <2 jul 0@

(il) (C,X) satisfies condition X1 () (i-e., has the Lipschitz (A,C)-EP) if and only
if for every pair of types o, 7 supported on C we have

. <\ '
inf (o(w) + 7()) < X inf (o(2) +7(2))
We now establish some simple results to be used in the rest of the paper.

Lemma 4.6. Let X be a separable Banach space and suppose x* € X* and X\ > 1.
Then the following conditions are equivalent:
(i) (kerz*, X) satisfies condition () (respectively X1 (N)).
(ii) If H = {x : x*(x) < 0} then (H,X) satisfies condition Xo(\) (respectively
E1(N)).

Proof. (i) = (ii). It suffices to show that if (kerz*, X) has the Lipschitz
(A, Y)-EP then so does (H,X), where Y =¢cpor Y =C(K). If Fp: H - Y is a
Lipschitz map, then there a Lipschitz map G : X — Y with Lip(G) < ALip(Fp)
and Glkerz+ = Fo. Define

Fla) = Fy(x) a*(x) <0
G(z) x*(x)>0.

Then F extends Fy and Lip(F') < ALip(Fp).

(ii) = (i). We do the case of ¥;()) since the arguments are similar. Suppose
o, T are types supported on kerz* and € > 0, Since H and —H both satisfy 37 ())
we can find v € H and v € —H with

o(u) +7(u) < )\Ilg((a(x) +7(x)) +e
o(v) +7(v) < )\Ilg’((a(x) +7(x)) +e.

Then a suitable convex combination y = (1 — 0)u + 6v € kerz* and by convexity
of o, 7,

o() +7(9) < X inf (o(a) + 7(x)) +e. 0

Proposition 4.7. Suppose X is a separable Banach space and X\ > 1. Then the
following conditions on X are equivalent:

(i) Bvery closed subspace E of codimension one satisfies condition Yo(\) (respec-
tively ¥1(N)).

(i) Every closed conver subset C of X satisfies condition 3o(N\) (respectively
Z1(A)).

Proof. We need only show (i) = (ii). Suppose C is a convex set which fails
31 (A) (for example; the other case is similar). Then there exist types o, 7, supported
on C, such that for some € > 0, and v € X
o(x)+7(x) > MNow) +7(v)) +¢€ xeC.
Let
D={z: o(z)+7(z) < Ao(v) + 7(v)) + Fe}.
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Then D + %eB x NC # 0 so by the Hahn-Banach theorem there exists z* € X*
and « € R so that z*(x) < « for x € C and «*(z) > 3 for x € D where 8 > «.
Thus {z : z*(z) < a} also fails 1 (\) and thus by Lemma 4.6 so does kerz*. O

The corresponding statement for weak*-closed convex subsets of a dual space
does not appear to follow in general because a type need not be weak*-lower-
semicontinuous. However we have, using Proposition 3.7:

Proposition 4.8. Suppose X is a separable Banach space with X* stable, and
A > 1. Then the following conditions on X* are equivalent:

(i) BEvery weak*-closed subspace E of codimension one satisfies condition Yo(\)
(respectively X1 (N)).

(il) Every weak*-closed convex subset C' of X* satisfies condition Xo(\) (respec-
tively ¥1(N)).

The following lemma connecting the linear and nonlinear theories is proved in
[19]:

Lemma 4.9. Suppose X and Y are Banach spaces and suppose E is a closed
subspace of X of co-dimension one. Suppose (E,X) has the Lipschitz (\,Y)-EP.
Then (E, X) has the linear (\,Y)-EP.

This allows a simple deduction:

Proposition 4.10. Suppose X and Y are Banach spaces so that for every closed
subspace E of X, (E,X) has the Lipschitz Y -IEP then X has the linear Y -IEP.
If X is separable, and for every closed subspace E of X, (E, X) has the Lipschitz
Y-AIEP then X has the linear Y -AIEP.
If X* is separable and for every weak*-closed subspace E of X* the pair (E, X*)
has the Lipschitz Y -AIEP then for weak*-closed subspace the pair (E, X*) has the
linear Y -AIEP.

Proof. This is a trivial deduction from the previous lemma (the first part needs
an argument involving Zorn’s Lemma). O

5. Extensions into ¢y

Suppose X is a Banach space and suppose K, is a uniformly bounded sequence of
compact convex subsets of Bx«. Then we may define the nonempty weak*-compact
set limsup,, ., K, by

c© oo
limsup K,, = ﬂ U K.,
n—oo n=1m=n

(where the closures are in the weak*-topology). If M is an infinite subset of N we

can define
limsup K,, = ﬂ U K,,

neM neMmeM
m>n

and it is clear that limsup,, <y K, C limsup,,_, o K.

Lemma 5.1. Suppose X is a Banach space and suppose K, is a uniformly bounded
sequence of compact convex subsets of X*. Suppose K = limsup,,_, ., K, is weak*-
metrizable. Then:
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(i) If * € K, there is a sequence x}, € K,, converging weak™ to x* if and only if
x* € limsup,,cy Kpn for every infinite subset M of N.
(ii) There is an infinite subset M of N so that with the property that

limsup K,, = limsup K,
neM’ neM

for every infinite subset M of Ml and this set is convex.

Proof. (i) Assume z* € limsup, oy K, for every infinite subset M of N. Let
(Vi)72, be a decreasing sequence of closed weak*-neighborhoods of z* with the
property that K N N>, V,, = {z*}. The the set {n: Vi N K, # 0} is cofinite for
every k and we may pick x), € K, so that for each k, z} € V}, eventually. It is clear
that this sequence has exactly one accumulation point x* and hence converges to
x*. The converse is trivial.

(ii) Let (Wx)32, be a sequence of closed symmetric weak*-neighborhoods of 0
such that W1 + Wiqp1 C Wy, for k > 1 and if «*,y* € limsup,, , o K, with 2* —
y* € Wy, for all k then 2* = y*. Let (u;‘);";l be a dense sequence in limsup,, . K.

Arrange the countable family of sets (u] + Wj) as a single sequence (Uy)52;.
Then we construct inductively subsequences M; D My D - - - so that for each k& the
set {n € My : K,, NUy # 0} is either finite or cofinite in M. Let M be obtained
from M, by a diagonal procedure so that Ml C My U A, for a finite set Ay for each
k. Then {n € M: K, NUjy # 0} is either finite or cofinite for every k.

Now if x* € limsup,,¢; Ky, then for each k there exists j so that z* — u;‘ € Wiyo
and so that u} + Wiy is a neighborhood of *. Thus (u;k + Wip1) N K, # 0 for
infinitely many n € M and hence for a co-finite subset. It follows that, for every
k, x* + W}, meets K, for a cofinite set of n € M. Hence z* € limsup,, ¢y K, for
every infinite subset M’ of Ml. By (i) it follows that z* € limsup,, ¢ K, if and only
if there is a sequence (z})nem with x} € K,, and (z})nem converging to z*. The
set of such x* is clearly convex. O

Theorem 5.2. Let X be a Banach space and suppose E is a closed linear subspace
of X such that X/ E is separable. Suppose X > 1. Then the following are equivalent:
(i) (E,X) has the linear (A, co)-EP.
(ii) (E,F) has the linear (\, co)-EP whenever F is a linear subspace of X with
ECF anddmF/E =1.

Remark. It follows from Sobczyk’s theorem [37] that (i) and (ii) automatically
hold if A > 2.

Proof. We only need prove (ii) implies (i). Suppose
T = (e, ()

n=1

defines an operator T : E — ¢o with || T|| = 1 which has no extension T to X with
IT| < A Let K,, denote the set of all z* € X* with z*|p = € and |jz*|| < .
Then limsup,, ., K, C E+ is weak*-metrizable.

By Lemma 5.1 (i) we conclude that there exists an infinite subset M of N so
that 0 ¢ Ky = limsup,,cp; K. By (ii) of the same lemma, we can suppose Ky is
convex. Hence by the Hahn-Banach theorem we can find « € X so that z*(z) > 1
for z* € Ky. Let F be the space E + [z]. By assumption 7' can be extended to
an operator T :F — ¢y with ||f|| < A. It follows from the Hahn-Banach theorem
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that we can find z} € K, such that ||z%] < A and lim,, o 2% (z) = 0. If 2* is
any accumulation point of (z});cy then 2* € K but «*(z) = 0. This contradiction
proves the implication. 0

Proposition 5.3. Let X be a separable Banach space and suppose x* € X*. Then
for any A > 1, the following conditions are equivalent:
(i) (kerz*, X) has the linear (X, cy)-EP
(ii) (kera*, X) has the Lipschitz (A, co)-EP.
(iil) If o is any weak*-null type on X* then Ao (z*) > o(0).
Proof. (i) = (iii). Suppose € > 0. Suppose z is a weak*-null sequence such
that
o(ax™®) = nlgr;o laz™ + ) || aceR
and
|[z* +z; || <o(@*)+e n=1,2,....
Define Tp : kera* — ¢o by Tox = (23 (x))22,. Then [|Ty|| < o(x*) + €. Let T be

n n=1-*

any extension with | T|| < M|Tp||. Then Ta = (y): ()52, where y} = a,z* +

n=1
with a,, € R. Since (y)22; is weak*-null, lim,,_, o, o, = 0. Thus

lim ||z ]| < Ao(z") +¢€)
and (iii) follows.
(iii) = (ii). Let us assume that kerz* fails condition ¥¢(X). Then there is an

x € X, e > 0 and a bounded sequence (e,,)22; in E so that for every e € kerz*
there exists N = N(e) so that

lle = enl] > M|z — en|| + 2¢ n > N.
It follows that for any compact subset K of ker z* there exists N = N(K) with
lle —en]l > Az —en] +€ ee K, n>N.

Now let (F,) be an increasing sequence of finite-dimensional subspaces of ker «*
whose union is dense in ker z*. Let K,, = F,, "'nBx. We may pass to a subsequence
of (e,)52 (still denoted (e,,)22 ;) so that

lle —enll > Allx —en| + € ee K,, n>1.

It follows from the Hahn-Banach theorem that we can, for n > 1, pick =}, € X*
with ||z}|| = 1 and

xr(e—en) > Nx—ep| +¢ e€ K,,n>1.
In particular, since K, is symmetric,
0< [ei(e)] < whlen) = Alw —enl =€ e K,
which from the boundedness of (e, ) implies that
|zk (e)] < C/n e€ BxNF,
where C' is some constant. Thus lim,_.. x)(e) = 0 for e € kerz* so that every

weak*-cluster point of (z3)%°; is a multiple of z*. Suppose (2} )necm is weak*-

convergent to some az*. Let v = x), —az*. Let U be a nonprincipal ultrafilter on
N containing M. Then by hypothesis

il
T [l < A i [l = A
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Thus
0= lim y;(z)
<0 (o . "
- }Zlg/l{ yn(x en) + }zlgl yn (en))

e e
> Al [l — e + lim 27 (en)

Y

€.

This contradiction establishes (ii).
(ii) = (i) follows from Lemma 4.9. O

Theorem 5.4. Let X be a separable Banach space and suppose E is a closed linear
subspace. Suppose 1 < X < 2. Then (E, X) has the Lipschitz (A, co)-EP if and only
if (E,X) has the linear (X, co)-EP.

Hence, (E,X) has the linear co-AIEP if and only if (E,X) has the Lipschitz
co-AIEP.

Proof. This is an immediate deduction from Theorem 5.2 and Proposition 5.3
above. The only necessary observation is that (F, X) satisfies condition Xo(A) if
and only if (E, F') satisfies condition ¥o(\) for every linear space F' O E with
dim F/E = 1. O

The following theorem is now a trivial deduction.

Theorem 5.5. Let X be a separable Banach space. Suppose 1 < X < 2. The
following conditions are equivalent:

(i) (E,X) has the linear (X, co)-EP for every closed subspace E.
(ii) (E,X) has the Lipschitz (X, co)-EP for every closed subspace E.
(iii) (C,X) has the Lipschitz (X, co)-EP for every closed convex subset C of X.
(iv) (C,X) has the Lipschitz (A, co)-EP for every closed bounded convex subset C

of X.

(v) For any weak*-null sequence (x) and z* € X* we have

(5.1) limsup ||z || < Alimsup ||z* + 2|

n—oo n—0o0

This yields an immediate conclusion for the almost isometric case:

Theorem 5.6. Let X be a separable Banach space. The following conditions are
equivalent:

(i) (E,X) has the linear co-AIEP for every closed subspace E.
(ii) (E,X) has the Lipschitz co-AIEP for every closed subspace E.
(iii) (C, X) has the Lipschitz co-AIEP for every convex subset C of X.
(iv) (C,X) has the Lipschitz co-IEP for every closed bounded convex subset C of
X.
(v) Ifz* € X* and (2})2, € X* is a weak™-null sequence, then,
(5.2) limsup ||z || < limsup ||z* + x|

Proof. The only point necessary to observe here is that for bounded sets the co-
AIEP and the ¢o-IEP are equivalent (Proposition 4.4). O

Note here that (v) simply says that every weak*-null type on X* is monotone.
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6. Extensions into ¢

We now replace c¢g by c. First note that:
Proposition 6.1. If (E, X) has the (A, ¢)-EP then (E, X) has the (), co)-EP.

Proof. This is due to Johnson (see [38]). Suppose Ty : E — ¢o with ||Tp]| = 1,
is defined by Tpe = (e} (e))o, where e € E*. Define Sy : E — ¢ by Soz =
(e5(x), —ef(x),e5(x), —e5(x),...) and let S: X — ¢ be an extension with [|.S]| < .
Let Sz = (ui(z), —vi(x), us(x), —v3(z),...). Then

Tz = (3(ui +v})(2), 5(u3 +v3)(2),...)
defines an extension of Ty with ||T]| < A. O

Suppose X is a separable Banach space and FE is a closed linear subspace of
X. Then if n € N and A > 1 we say that (E, X) satisfies condition (I', (X)) if
given, € > 0, a family of (n + 1) bounded sequences (ejk)?ill)’,;’i , in E and any
Ti1,...,Tps1 € X with

331+"'+$n+1 =0
then there exist uj,...,u,+1 € E with

u1+-~~+un+1:O
and an infinite subset M of N so that

n+1 n+1
ZHUj-l-eij<)\Z|‘$j+€jk”+€ k € M.
=1 =1

We note immediately that T',,(\) = T,,—1(\) when n > 2. We also observe
that every subspace FE satisfies the conditions I',,(3). Indeed we have:
Proposition 6.2. For any subspace E, (E,X) satisfies condition T',,(\) with

\— 3n + 1.
n+1

Proof. We may choose v; € E with ||z; — v;|| < ¢/2(n+ 1) + d(z;, E) and then
put u; = v; — ¥ where

7= n+1(v1+---+vn+1).
Then
luj +ejell < llzj + el + lz; —v; + 9.
Now "
z; —v; + 9| < 25 — vl + >l — il
n+1
i#j
so that
n+1 n+1 m n+1
D s+ el <D Ml + egll + | Dl — ]
j=1 j=1 j=1
n+1 m n+1
< Z ||33J + Eij + TL—-|-1 Zd(xj,E) +e€
j=1 j=1
3n—+1 ntl
<= D e el +e O
j=1
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It will also be useful to translate the condition I',,(A) in terms of types:

Proposition 6.3. In order that (E,X) has property T',(\) it is necessary and
sufficient that for every (n+ 1) types o1,...,0n41 supported on E and every e € E
then

n+1 n+1
6.1 inf ile;) <A inf i(x;).
(61) D BLECOE LI D DL
e1+-tenp1=e J=1 z1+ T p1=e J=1
The proof of this is trivial once one observes that the condition (6.1) is equivalent
to the same statement with e = 0. Indeed simply replace oy with of () := o1(z—e).
We also observe:

Proposition 6.4. For any closed linear subspace E of X and A > 1, properties
¥1(A) and T'1 () are equivalent for (E, X).

This, again, is trivial from the definition, exploiting only the fact that e € £ —
—ec b.

Proposition 6.5. Let X be a Banach space and suppose E is a closed subspace
such that X/E is separable. Suppose Ty : E — c is an operator with |Tp| = 1.
Then:

(i) If X > 1, in order that there exist a linear extension T : X — ¢ of Ty with
T < X it is necessary and sufficient that for every subspace E C F C X
with dim F/E < oo there is an extension Tp : F' — ¢ with || Tr| < .

(ii) If X > 1 in order that there exist a linear extension T : X — ¢ of Ty with
IT| < X it is necessary and sufficient that for every u > X there exists a
linear extension T, : X — ¢ with ||T,|| < p.

Proof. Fix some sequence (z,)22; so that [EU {x,}52,] = X. Let To(e) =
{ek(e)}22, where e} € E* and |lef|| < 1.

If (i) holds then for every n, using the Hahn-Banach theorem we can find ex-
tensions x}, of e; with |z} .| < X and such that lim,_.o ), (z;) = ay; exists for
j < n. We can then pick an infinite subset M of N so that lim,ecm an; = a; exists
for every j. Now by a diagonal argument we find a nondecreasing map k& — my
from N into Ml with limj_,o My = oo so that limy_, o xfnkk(xj) = q; for every j.
Now define Tz = (z;,, ,(2))72, and T is the desired extension.

Now suppose (ii) holds. Proceeding in a similar way we produce extensions z7
of ef so that ||, || < A+ 1/n and limy_,o z}, = x} exists (weak™). We can pass
to a subsequence M so that lim,em 2} (2;) = a; exists for every j. As before we
can then define my, € M (a nondecreasing sequence with limy_. my = 00) so that
limg oo 7, x(25) = a; for all j. Let yy =z, so that limsup,_ |lyz|| < A and
(y5)52, is weak*-convergent.

Finally let u; be any norm-preserving extension of ej. Then, since A > 1, we
may pick ¢ with 0 < ¢ < 1 and lim¢, = 0 so that |lcpuy + (1 — cx)yill < A
Letting Tz = (cpuj(x) + (1 — cx)yp(x))72, gives the result.

Theorem 6.6. Let X be a Banach space and suppose E is a closed subspace of X
with the linear (X, ¢)-extension property. Then for every n € N, (E, X) satisfies the
condition T'p(N).
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Proof. Suppose on the contrary that E fails the condition ', () for some n. Then
we may find € > 0, z1,..., 2,41 € X with Z;Z;rll z; = 0 and bounded sequences
(ejr)ge, in E for j = 1,...,n + 1 with the property that for every choice of
UL, ..., Ups1 in E with E?ill uj = 0 the set of k such that

n+1 n+1
D g+ el < A Nz + ejull + 2¢
j=1 j=1

is finite.

Consider the space £} (X) and the subspace F of all (u1, ..., up41) with u; € E
and Z?;l u; = 0. It follows that for every compact subset K of F' there exists
m = m(K) so that:

n+1 n+1
Z lluj + ejrl > /\Z llz; + ejil + € (U1, upg1) € K, k>m.
j=1 j=1

Since F' is separable we can find an increasing sequence of compact convex sets
K, each containing the origin, so that USS_, K,, is dense in F'. It then follows
that we can choose a subsequence My = {k1, ko, ...} so that

n+1 n+1
Dol + el =AY My + el 46 (U tngn) € Ko
j=1 Jj=1
Now by the Hahn-Banach theorem we can find z7;, ..., 25,4, € X* so that
o, ]| < 1 and
n+1 nt1
(6.2) ZZIJ;km(U]“Fejkm) > )\Z||$j+€jkm” +e (U1, Upt1) € K.
j=1 j=1

In particular
n+1 n+1

Soan )= wn (@) +e (ur,.ung) € K,
j=1 j=1

At this point we pass to a further subsequence M of My where

f i =
exists for 1 < j < n+ 1. We then have

n+1 n+1
Zx;(uj) > Zx;(xj)—l—e (Uty .oy Uny1) € Uno_ K.
j=1 j=1

By a density argument we can conclude that
n+1 n+1

S ai(uy) = > ai(z;)  (wa,... ung) € F.
j=1 j=1

Since F' is a linear space, this implies that
n+1
Za:;(uj)z() (u1,...,Upt1) € F.
j=1
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Hence z7|p = 25|p = -+ = o, ;1 |p = €, say. Now we can consider the map
*
Tz = @Gk($»1§j§n+1,keM

as a linear operator from X into £ (A) where A = [1,n + 1] x M is a countable
set. Then T maps E into ¢(A) (the subspace of converging sequences) and so has
an extension S : X — ¢(A) with ||S]| < A, given by

Sz = (y;k(x))1§j§n+l, kEM-

Then
n+1 n+1
SIS + el < AY llz +ewl ke M.
i=1 i=1

This means that
n+1 n+1

S (e +en) A Nl + el
j=1 j=1

Now limgem yj;, = y* in the weak*-topology (independent of j), where y*|g = e*.
Hence

n+1 n+1
zller&z yi(a) =y (O _z;) =0.
j=1 j=1
Thus
n+1 n+1
limsup | Y a7 (eje) =AY [l + ekl | <0.
keM |\ 153 =
This contradicts (6.2) when u; = 0 for all j. O

Theorem 6.7. Let X be a Banach space and suppose E is a closed subspace of
codimension n. Suppose X > 1. Then (E, X) has the linear (X, ¢)-extension property
if and only if (E, X) satisfies the condition T, (N).

Proof. One direction follows from Theorem 6.6. Let us therefore suppose that E
satisfies I',(A\) and T : E — c is an operator with ||7']| < 1. By Proposition 6.5 we
need only show the existence of an extension T : X — ¢ with |T']] < u when pu > A.
Assume therefore p > A and that Tz = (e, (2))5°_; where e, € E*. We suppose
that (eX,)°_; is weak® convergent in E* to e¢* € E*. Let K,, be the set of all
x* € X* so that 2*|g = e}, and ||z*|| < . Note that K = limsup,,_, . K,, C E+
which is an n-dimensional linear subspace. For M an infinite subset of N we define
Ky = limsup,,, ¢y K.
Suppose My, ..., M, ;1 are any n + 1 infinite subsets of N. We will show that

(6.3) A Ky, # 0.

Let Mj = {m}32,. For convenience we define f; =ej, .

We consider the space ¢ (X) with its usual norm denoted by || -|| and the unit
ball by B. Let G be the subspace of all (z1,...,z,+1) such that z; + -+ 2,41 = 0.
On ¢} (X)for each m € N we define an auxiliary norm || - ||, as the Minkowski

functional of B+ m(B N G).
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We define h¥ on (7 (X) by
n+1

h;;(el, - 7€n+1) = Z f;k(ej)'
j=1
We claim that
(6.4) lim sup ||Ag]|lm < A
k—o0

Indeed if not we can find A’ > A and an infinite subset A of N so that ||hf|[,» > N.

Thus there are (ejk)?il and (xjk)?ill for k € A so that

(6.5) ejr € B i=12....,n+1, k€A,
n+1

(6.6) > k=0 ke A,
j=1
n+1

(6.7) > gkl <m ke A,
j=1
n+1

(6.8) > ek =zl < 1 ke A,
j=1
n+1

(6.9) > Fnlee) > N ke A.
j=1

We fix € > 0 so that A+ (A +2)e < \. Let Q : X — X/FE be the quotient map.
The sequences (Q(xjx))kea are bounded and X/FE is finite-dimensional. Hence by
passing to another subsequence A so that each (Q(zx)rea, is norm-convergent and
picking suitable representatives in X we may find y1,...,yn41 € X and fjr € E
for1<j<n+1, k€ Agso that

n+1
(6.10) >y =0,
j=1
(611) ||xjk_yj_fjk|| SE/(TL—Fl), 1<j<n+1, ke Ag.

Now applying the condition I',,(\) we can find a further infinite subset A; of Ag
and u; € E/ for 1 < j <n+1 with

(612) Uy 4+ Upy1 =0
and with the property that for k € A4,

n n+1
(6.13) D e = Fie —ugll < €+ XD llegk — fix — yll-
j=1 J=1
Combining (6.8) and (6.11) we have
n+tl n+1
e+ A ek — fir —yill < A+ De+ Y llegr — zn
=1 j=1

<A+ (A+1e.
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Thus we have by (6.13),

(6.14) > ek — fir —uill S A+ (A +1e, k€A
j=1
Note also that, since f;r € E, we have by (6.11),
n+1 n+1
S| <D0 i
j=1 j=1
n+1
<e+ Z(a:jk—yj)‘:e, keA;.
j=1
Combining this with (6.13) gives:
n+1 n+1
S Flein) A+ A+2)e+ Y fh(u) ke A
j=1 j=1

At this point we note that the sequences (fjx)reas, converge weak* to a common
limit e*. By (6.9), and using (6.12),

n+1

N < limsupz fir(ejn)
keAy j=1

n+1
< )\+(A+2)e+e*<2uj>

j=1
=2+ (A+2)e
This contradicts the choice of € and shows that (6.4) holds.
Now it also follows that we can find a sequence of natural numbers my | oo so
that
lim sup ||AL ]l m, = A
k—o0

In particular we can find ko so that ||h}|lm, < p for & > ko. Using the Hahn—
Banach theorem we can find norm-preserving extensions to ¢/*(X) for the norm
[ [y This means that we can find 27, € X* for k > ko and 1 < j <n+1so
that 3, |5 = 5, ] < o and

n+1 n+1
> w(ay) < pmp Y [l
j=1 j=1

whenever Z?ill x; = 0. Again by the Hahn-Banach theorem we can find y}‘k e X*
with [[y5,]| < pmy ' and
n+1 n+1

Yo w(es) =Y yiklay)
j=1 j=1

whenever Z;Z;rll xj = 0. This means that for each k > ko we can find 2}, € X* so
that z7, =y, +2z;. Now limyoo |27, — 25| = 0 for 1 < j < n+1 and it follows that
any weak*-cluster point 2* of (z)72; is a cluster point of each sequence (7, )k>k, -
Hence z* € Ky, for all 1 < j < n+ 1. This establishes (6.3).
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We now deduce that NyKy # 0. Let C = {M : Ky is convex}. Since
dim E+ = n it follows from (6.3) and Helly’s theorem (see e.g., [39]) that Nyec K
is nonempty; however, Lemma 5.1 (ii) implies this means that the entire intersec-
tion is nonempty. Now from Lemma 5.1 (i) we can pick z} € K, so that (x)>
is weak*-convergent. Thus T : X — ¢ given by T'(z) = (2% (x))2, is the desired

extension with || T|| < p. O

Corollary 6.8. Suppose x* € X*. Then for 1 < A < 2, (kerz*, X) has the linear
(X, ¢)-EP if and only (ker x*, X) has the Lipschitz (\,C)-EP.

Proof. This follows from Proposition 6.4. See Theorem 4.2 (v) of [19] and Theo-
rem 4.2 above. O

Combining Proposition 6.5 with Theorems 6.6 and 6.7 gives:

Theorem 6.9. Let X be a separable Banach space and suppose E is a closed
subspace of X. Suppose 1 < X\ < 3. Then the following conditions are equivalent:
(i) (E,X) has the linear (X, c)-EP.
(i) (E,X) satisfies the condition T'y,(\) for every n € N.

When A = 1 this reduces to:

Theorem 6.10. Let X be a separable Banach space and suppose E is a closed
subspace of X. Then the following conditions are equivalent:

(i) (E,X) has the linear c-AIEP.
(ii) (E,X) satisfies the condition Ty, (1) for every n € N.

7. Separable Banach spaces with the almost isometric linear
C-extension property

If we look for conditions on X so that every closed subspace E has the lin-
ear almost isometric extension property, different techniques can be used, using a
nonlinear approach. Thus we have:

Theorem 7.1. Let X be a separable Banach space. The following conditions on
X are equivalent:

(i) X has the linear C-AIEP.

(ii) (E, X) has the linear C-AIEP for every closed subspace E of codimension one.
E, X) has the Lipschitz C-AIEP for every closed subspace E.

) has the Lipschitz C-AIEP for every closed convex subset C' of X.

) has the Lipschitz C-IEP for every closed bounded convex subset C of

(vi) Let 0 and 7 be weak*-null types on X*. If u*,v* € X* then there exists
0<0<1 so that if w* = (1 — 0)u* + Ov*
(7.1) max(o(w”*), 7(w*)) < max(o(u*), 7(v")).

Proof. Let us start by observing that (i) and (vi) are equivalent.
(ii) = (vi). Pick (23)52; and (y;)o2; be weak*-null sequences determining
the weak*-null o, 7 respectively on the span of ©v* and v*, i.e., so that

o(e) = lm o + a5, m(a*) = lim 2" +yil, 2t € )
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Let E be the kernel of v* — u*. For m > 1 define T},, : E — ¢ by

0 7<m
(Tme); = u*(e) +xj(e) j>m, jeven
u*(e) +yj(e) j>m, jodd.

Then
lim sup || 77| < max(o(u®), 7(v")).

m—00

Now suppose we extend each T, to define T : X — C with

limsup || T, || < max(o(u*), 7(v*)).

m—00

This implies we can find 605, for j > m so that lim;_.o 0, = 0,, exists and
[u* + 0jm (v* = u*) + 23| < | Tl J even
[u* + O (v — ™) + || <[ Tl j odd.

Hence
(1 = Op)u* + 0mv*), 7((1 = O™ + 0,0 ) < || T

The sequence (6,,)2°_; is bounded and hence has a cluster point 6 so that if w* =
(1 — O)u* + Ov* we have (7.1). It remains only to add that if & < 0 we can take
6 =0 and if # > 1 we can take § = 1 by simple convexity arguments.

(vi) = (ii). Suppose T : E — cis given by Te = (e (€))22 . If A > 1 we define
K, to be the set of 2* € X* with ||z*|| < A and 2*|g = 0. Let Ky = limsup,, ¢y K-
In order to prove the existence of an extension 7 : X — ¢ with |[T]| < A, it is, as
in the argument for Theorem 6.7, sufficient to show that Ny Ky # (. In this case
dim E+ =1 and so it suffices to prove (using Lemma 5.1 that Ky, N Ky, # () for
any two infinite sets My, M. Pick any v} € K,, with [[v}] < 1. We can pass to
infinite subsets M and M}, of M; and M respectively so that lim, ey vy, = 2% and
lim,emy, v, = y* exist weak™. Note that y* —a* € E+. We can further suppose
that

im, 12" 05—, Jim, 20—

exist for every z* € [2*,y*]. Now by hypothesis we can find u* = (1 — 0)a* + Oy*
so that

Jim, 07— 2, B o o -y <1
For large enough n € M we have u* + v} —2* € K,, since u* —2* € E*; similarly
for large enough n € Mj, u* + v} — y* € K,,. It follows that u* € Ky, N Ky, and
we are done.

It remains to show that conditions (i)—(v) are equivalent. In fact we observe
from Proposition 4.7 that if every closed subspace of codimension one has property
¥1(1) then so does every closed convex subset. From Corollary 6.8 it is clear that
(ii) implies (iii), (iv) and (v). We also observe from Proposition 4.10 that once every
subspace of X has the Lipschitz C-AIEP then in fact X has the linear C-AIEP. This
implies that (iii) = (i). The other equivalences are easy. d
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Remark 7.2. Of course we can use Theorem 5.6 and Proposition 6.1 to deduce
that any weak*-null type ¢ on X* must be monotone i.e.,
o(z*) > o(0) e X”
under the hypotheses of the theorem. This implies
olax™) < o(z") reX*, 0<a<l,
ie., a — o(azr*) is monotone on (0, 00). These facts will be used repeatedly in this

section.

In practice we only know of examples where (7.1) holds with 6 = 0 or 1 (i.e.,
w* € {u*,v*}). In this case (7.1) reduces to the condition

min(o(v*), 7(v*)) < max(o(u*), 7(v")) ut, vt e X~

whenever o, 7 are weak*-null types. We will now show that this condition is neces-
sary in most cases (i.e., with a quite mild additional condition on X). We start by
considering an equivalent form of this stronger version of (7.1) (which is equivalent
to (7.2) below).

Proposition 7.3. Suppose X is a separable Banach space with the linear co-AIEP.
Let E be a closed subspace of X*. Then the following conditions are equivalent:

(i) For any pair o,7 of weak*-null types on X* we have

(7.2) min(o(v*), 7(v*)) < max(o(u*), 7(v*)) u*,v* € E.
(ii) For any pair of weak-null types o, 7 and any u*,v* € E,
(7.3) o(u*) =c(*) =7(u") > max(c(0),||u"]]) = 7(v*) < a(v¥).

Proof. (i) = (ii). Suppose E satisfies (i) but fails (ii). We suppose o, 7 are weak*-
null types and v*,v* € E are such that
T(v*) > o(u”) = o(v*) = 7(u™) > max(c(0), ||u*]]).

Now pick any 0 < ¢ < 1 so that 7p(v*) > o(v*), where 7y denotes the type
To(x*) = O7(0~12z*). Then 79(u*) < 7(u*) since 7(u*) > ||u*||, and 0 — 79(u*) is a
convex function with limg_,o 79(u*) = ||u*||. Pick ¢ < 1 so that 7p(¢v*) > o(v*).
Then o(¢v*) < o(v*) since o(v*) > 0(0). Now

min(7p(pv*), o(u*)) > max(rg(u*), o(pv™*))

contradicting (7.2).

(ii) = (i). Conversely suppose E satisfies (7.3) but there exist weak*-null types
o,7 and u*,v* € F such that

min(o(v*), 7(u*)) > max(o(u”), 7(v")).

Let us suppose o(u*) > 7(v*). As in Remark 7.2 all weak*-null types on X* are
monotone. It is then clear that by replacing v* with a suitable positive multiple
we can suppose, without loss of generality, that o(u*) > ¢(0). Then there exists
0 < ¢ < 1 so that o(¢v*) = o(u*). Now 7 cannot coincide with the norm since
that implies ¢ > 7 and gives a contradiction. Thus there also exists # > 1 so that
To(pv*) = o(u*).

Thus we have 19(¢pv*) = o(u*) = o(¢v*) > o(0). We now apply (7.3). Since
To(u*) > 7(u*) > o(u*) we must have o(pv*) = ||¢pv*||. But then we have

o(v) < lgv| + [I(1 = @)™l = v < 7(v7),
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contradicting our assumption. Thus we have (7.2). O

We will need the notion of the subdifferential of a convex function. If Y is
a Banach space and F' : Y — R is a Lipschitz convex function we define the
subdifferential VF(u) at u € Y by

VF(u)(y) = tli%1+ F(u+ tyt) - F(u)

Then VF(u) is a continuous sublinear functional and indeed
|VF(u)(y)| < Lip(F)]yl|-

Furthermore if YV is finite-dimensional we have an estimate

(7.4) |F(y +u) = F(u) = VE@)(y)] < lyllpuly)

where lim, .o py(y) = 0. The following lemma will be used later:

Lemma 7.4. Suppose F': Y — R is a Lipschitz convex function and f : [a,b] =Y
is a continuous function. Suppose f is differentiable at some a < s < b. Then Fo f
is left- and right-differentiable at s with

(F'o f)y(s) = VE(f(s))(f(5)),
(Fof)l(s)==VE(f(s))(—f(5))-
Proof. Let f(t) = f(s) + (t — s)f'(s) + r(t) where

I,
t—»s |t — s
Then
[E(f(t)) = F(f(s) + (t = 5)f'(s))] < Lip(F)[r(t)]]
and the conclusion follows easily. O

Lemma 7.5. Suppose X is a separable Banach space with the linear C-AIEP.
Suppose o and T are two weak*-null types on X* and that for some xz* € X* we
have 0(0) < o(x*) = 7(a*). Then for any y* € X* such that Vo(z*)(y*) < 0 we
have VT (x*)(—y*) > 0.

Proof. First suppose Vo (z*)(y*) < 0 and V7(z*)(—y*) < 0. Then (using the fact
that o, 7 are convex functions) we can choose s,t > 0 so that
olx* +sy*) =7(z* —ty*) < o(a™) = 7(z").
It is then clear that the choices u* = z* + sy*, v* = x* — ty* violate (7.1) because
o(z* 4+ ay*) > o(z") —t<a<0,
T(x* +ay™) > 7(z") 0<a<s.

Next suppose Vo (z*)(y*) = 0 and Vr(2*)(—y*) < 0. The condition o(z*) >
o(0) implies that Vo(z*)(—2z*) < 0. Hence for small enough ¢ we have

Vo(z*)(y* — ex”) < eVo(z™)(—2") <0,
Vr(z*)(—y* + ex™) < V7 (z*)(—y*) + eVT(2") (™) < 0.
This gives a contradiction, by the first part of the proof. O



346 N. J. KALTON

Lemma 7.6. Let X be a Banach space with the linear C-AIEP. Suppose o and
T are two weak®-null types on X*. Suppose E is a closed subspace of X* with
dim E > 1 and that
o(e”) > |le”|| e e B
Suppose further that u*,v* € E are such that:
ou")=oc@")=7(u")=0>0(0).
Then 7(v*) = 0.

Proof. It will suffice to consider the case when FE is finite-dimensional (indeed even
of dimension two). Let us assume that

T(z*) = 711151} la* + vl e X*

where (v})>, is a weakly null sequences and V is a nonprincipal ultrafilters. For

A € R we define
™ (z*) = liél\l; la™ + vy || xt e X",
We define a norm on £ @& R by
F(e*,\) = 7a(e") e e E".

We next construct a Lipschitz map f : [0,1] — E with f(0) = v*, f(1) = v*
and o(f(t)) = 0 for 0 < ¢t < 1. In order to do this we first find any Lipschitz
map fo : [0,1] — E with fo(0) = u*, fo(1) = v* and such that fo(¢) # 0 for all
0 <t < 1. This is possible since dim E > 2. Let us denote the Lipschitz constant
of fo by Ko. We then define ¢(t) to be the unique choice of A > 0 so that so that
o(Afo(t)) = 0. The uniqueness of the choice follows from the fact that 6 > o(0).
We will let f(t) = o(t) fo(t). To show that f is Lipschitz we need only show that ¢
is Lipschitz. Note first that f is bounded. It follows, since fy has a lower estimate
[[fo()]] > ¢ >0 for 0 <t <1 that there exists constant M so that

lp(t)| < M, 0<t<1.

Of course ¢(0) = p(1) = 1.
Assume 0 < s,t < 1 and that ¢(t) > ¢(s). Then

0 < o(e(t)fols)) < alet)fot)) + KoMt — s| = 0 + Ko M|t — s|.
Now, by convexity of the map A — o(Afo(s)) we have

o(e(t)fols)) — o(e(s)fols)) > P2 g o)),

p(s)
Hence
p(t) —o(s) _ KoMt — s|
p(s) = 0-0(0)
2t —s
o) - o(s) < Sl

and so ¢ is Lipschitz. It follows that f is Lipschitz with some constant K.
By assumption 8 = o(f(¢)) > || f(¢)]] = F(f(¢),0) for 0 <t < 1. Tt follows that
there is a unique choice of g(¢) > 0 so that

F(f(t),9t) =06, 0<t<1.
Note that g(0) = 1 by our assumptions.
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We next show that g is also Lipschitz. The argument is similar to that for ¢
above; of course g is bounded by some constant M’. Let

0o =sup{|[f(t)]| : 0 <t <1} <.
Suppose g(t) > g(s). Then
0 < F(f(s),9(t)) < F(f(t),9(t)) + Kt — s| = 0 + K[t — s|.

However
F(f().9(t)) — F(F(s). 9(5)) > %(9 ~ )
so that Iy
alt) — gts) < S5

It follows that the maps ¢t — f(¢) and ¢t — g(t) are differentiable almost everywhere.
Let 6(t) be chosen so that 6(¢t) = £1 and 6(¢)g’(t) = |¢’(¢)| almost everywhere.
Since F(f(t),g(t)) =60 > F(f(t),0) = || f(t)|| we have that

VE(f(t),9(t))(0,=1) = =h(t) 0<t<1
where h(t) > 0 for all 0 < ¢ < 1. Thus
VE(f(t),9®))(0,=|g' (D)) = —h®)lg'(t)],  0<t<1, ae
Next since o(f(t)) is constant we have by Lemma 7.4,
Va(f®)(f'(1) = Vao(fO)(=f() =0, 0<t<1, ae
Thus by Lemma 7.5
VTg(t) (fl(t)), VTg(t) (—f/(t)) >0, 0<t<1, ae.
In particular
VFE(f(t),9()(0(t)f(),0) >0,  0<t<1, ae.
Hence
0 < VE(f(1),9())(6(t)f'(#),0)
S VE(f(1),9() (6@ f' (), 6(t)g' (1)) + VF(£(t), 9(t))(0, —6(t)g'(t))
= —h(t)|g' (t)], 0<t<1, ae.
Here we use again Lemma 7.4 to deduce that
VE(f(t),9®)(6@)f (#),0(t)g'(t)) =0,  0<t<1
Since h(t) > 0 everywhere we deduce that ¢’(t) = 0 almost everywhere and so g is
constant, i.e., g(t) = 1 for 0 < ¢ < 1. This implies that
0=F(f(1),9(1) =7(v"). 0

Lemma 7.7. Let X be a separable Banach space with the linear C-AIEP. Suppose
E is a linear subspace of X* with dim E > 1. Suppose there exists a weak™-null
type p on X* such that

pla) > [a*]| " € B.
Then, if o and T are two weak*-null types on X* and u*,v* € F,

(7.5) min(o(v*), 7(v*)) < max(o(u”), 7(v")).
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In particular every weak*-null type is symmetric on E i.e., o(x*) = o(—z*) for
¥ e k.

oo

Proof. Let p(a*) = limpey ||z* + v} || for some weakly null sequence (v})> ; and

some nonprincipal ultrafilter V. For any type o we can define
oc(z") = lim o (2 + evy)

Then o, is a weak*-null type and |oc(z*) — o(z*)| < €||z*||. Furthermore if e* € E
we have
oe(e”) = ep(e”le™) > |le7]|.
It therefore suffices to show (7.5) holds when both ¢ and 7 verify the additional
conditions
a(e®),7(e") > |le*|l, e* € E.
Let us assume with these additional conditions that (7.5) fails to hold i.e.,
min(o(v*), 7(v*)) > max(o(u”), 7(v")).

We assume without loss of generality that o(v*) =6 < 7(u*). Then 6 > o(u*)
o(0) and € > 7(v*) > ||v|. Hence there exist p > 1 so that o(pu*) = 0 and A >
so that 7)(v*) = 6. By Lemma 7.6 applied to o and 7, we deduce that 7 (puu*)
0 < 7(u*). If @ =min(A, u) > 1 this means that 7, (cu*) = ar(v*) < 7(u*) and w
obtain a contradiction.

>
1

oz |l

The following theorem is a special case of the preceding lemma. We recall that
a type p on X* is called strict if p(x*) > ||z*|| for all x* € X*.

Theorem 7.8. Suppose X is a separable Banach space such that X* admits a strict
weak™-null type p. Then X has the linear C-AIEP if and only if for every pair of
weak™ -null types o, 7 on X* we have

min(o(v*), 7(v*)) < max(o(u™), 7(v*)) u vt e X*.
In particular every weak®-null type on X* is symmetric and hence X* is separable.
‘We have not been able to eliminate the condition that X* admits a strict weak™-
null type. In practice, this is a quite a weak condition which is implied by asymp-

totic uniform smoothness. We recall [13] that if X is a Banach space we define its
modulus of asymptotic smoothness by

Px(t) = sup inf sup (|l +tyl — 1).
x(t) lz]|=1 dimX/Y<OoHyﬁY (Il I )
yl|=t

X is called asymptotically uniformly smooth if lim;_.o py (t)/t = 0.

Proposition 7.9. If X is a separable asymptotically uniformly smooth Banach
space then X* admits a strict weak*-null type.

Proof. In this case X* is separable (see [13], Proposition 2.4, where even p (t) < ¢
for some t is shown to be sufficient for this conclusion) and it follows from Propo-
sition 2.8 of [10] that for any normalized weak*-null sequence ()7, in X* and
any «* with [|2*|| = 1 we have

liminf ||z* + ¢t || > 1.
n—oo

Thus any nontrivial weak*-null type on X* is strict. 0
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Let us give some examples of spaces which satisfy the equivalent conditions of
Theorem 7.1. It is well-known that it holds for X = ¢, where 1 < p < oo (Zippin
[41]) or X = ¢ (Lindenstrauss—Pelczynniski [28]).

Theorem 7.10. Let X be a separable Banach space with properties (L*) or (M™*).
Then X has the linear C-AIEP.

Proof. Suppose o, 7 are weak*-null types on X* and suppose u*,v* € X*.

If X has property (M*), let us assume without loss of generality that [|u*| <
[[lo*||. Then (Proposition 3.3) 7(u*) < 7(v*) so that (7.2) and hence (7.1) hold.

If X has property (L*) let us assume that o(0) < 7(0). Then o(v*) < 7(v*) and
again (7.2) holds. O

Corollary 7.11. Let X be an Orlicz—Musielak sequence space h(g, ) not containing
01. Then if E is a closed subspace of X and T : E — C(K) is a bounded operator,
there is a bounded linear extension T : X — C(K) i.e., X has the C-LEP. In
particular if X =€, ®--- DLy, or X =L, @ DL, ©co where pi,...,pp >1
then X has the linear C-EP.

Proof. We need only remark that X has an equivalent norm with respect to which
X has property (M) and hence also (M*). O

The same argument applies to Orlicz—Fenchel spaces as discussed in §3 and hence
to such spaces as the twisted sums Z, for 1 < p < oo.

Corollary 7.12. The spaces Z, for 1 < p < oo have the linear C-EP.

Proposition 7.13. Let X be a separable Banach space with linear C-AIEP and
suppose E is a finite-dimensional normed space.

() If 1 < p < oo and X* admits a strict weak™-null type, then X &, E has the
linear C-AIEP if and only if X has property (L*).
(il) X @1 E always has the linear C-AIEP.

Proof. (i) In this case (X @, E)* = X* @, E* (where ¢ is the conjugate index)
also admits a strict weak*-null type given by

pla”.e”) = (p(a') 4 |7 =" e X", &t € B
Theorem 7.8 thus applies. Suppose X @, £ has the linear C-AIEP. Let o, 7 be two
weak*-null types on X* and assume o(0) < 7(0). We will show that o < 7 and this

suffices to show that X has property (L*). Suppose there exists u* € X* such that
7(u*) < o(u*). Pick a,b > 0 so that

a? + o(u)? =0b? 4 7(0)9.
Then there is a weak*-null type o on X* @&, E* so that
F(a* ") = (o(@*) + [|e*|9)s 2% € X*, " € B
and a weak*-null type 7 given by
F(x*,e*):(T(x*)q—i—He*Hq)% ' e X*, e* € B
Pick f* € E* with ||f*|| =1 and then
o(u,af*) =7(0,bf")
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but
a(0,bf*) <7(0,bf"), T(u",af*) <o(u*,af").
This contradicts Theorem 7.8. Hence we have o < 7, i.e., X has property (L*).
For the converse it is easy to see that if X has (L*) then so does X &), E since
every weak*-null type on X* @, £* is of the form & for some 0. We can then use
Theorem 7.10.
(ii) In this case ¢ = co. Every weak*-null type on X* @, E* is of the form

o(z*,e") = max(o(z"),e") e X* efe B,
Now suppose o, T are two weak*-null types on X*. If (u*, e*), (v*, f*) € X* oo E*
we may pick 0 < A < 1 so that
oM™ + (1= No*), 7(Au” + (1 = A\)v*) < max(o(u™), 7(v*))

and then

a(Au* + (1 =XNv*, Ae* + (1 — N f*) < max(a(u®,e”),7(v*, f*))
and

T(Au* + (1= Av*, Ae” + (1 = \) f*) < max(o(u*,e*),7(v*, 7)),
so that X @ E has the linear C-AIEP by Theorem 7.1. (]

Example. Now if X is a reflexive space with property (M) but not (m,,) for any p,
then X @1 R has the linear C-AIEP but (X @1 R)* does not have the linear C-AIEP.
Note that X must admit a strict weakly null type of the form (a? + Hx||p)% where
1 < p < oo and similarly X* must admit a strict weak*-null type. If X* @&, R has
the linear C-AIEP then X* would have property (L*) i.e., X would have property
(L) and Proposition 3.6 would apply to give a contradiction.

Theorem 7.14. Suppose X and Y are two infinite-dimensional Banach spaces.
Then X ®1Y cannot have the linear C-AIEP.

Proof. Observe that (X @; Y)* = X* @ Y*. Assume X @1 Y has the linear
C-AIEP. If 0 and 7 are weak*-null types on X* and Y* respectively then

0 Do T(2*,y") = max(c(x*), 7(y"))
defines a typical weak*-null type on (X @; Y)*. Then for any pair of weak*-null

types 01,02 on X* and any x7, x5 with o1(27),02(23) < a let I(o1, 09,27, 25) be
the nonempty closed subinterval of [0, 1] of all A such that

or((L = Nai + Ax3) <1, oo((1 — Na] + Axj) < 1.

This is nonempty since X has the linear C-AIEP by Theorem 7.1. Similarly for
any pair of weak*-null types 7,7 on Y* and any y3,y5 with 71 (y7), 2(y3) < a let
J(T1, 72,97, y3) be the nonempty closed subinterval of [0,1] of all A such that

(1= Nyr +Ay3) <1, o2((1 = Nyy +Ays) < 1.

By applying Theorem 7.1 to the pair of types (01 oo 71,02 oo T2) and the pair of
points (z}y7), (25, y5) we must have I(o1, 09, 25, x5) N J (11, 72,95, v3) # 0.

We will argue that either § € I(o1,02,27,23) for every permissible choice of
01,02, 2% or 3 € J(71,72,y;,y5) for every permissible choice of J(71, 72, y5,y3).
Indeed suppose the latter condition fails so there exists J(71, 72, ¥, y5) not contain-
ing £. Thus J(71, 72,9}, y3) fails to meet J(72,71,¥3,y7}), so every I(oy,00,x7,23)
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must contain the points p and 1 — p where p is the endpoint of J(71, 72, y7, y5)
closest to 3. Hence 3 € I(0q,02,27,23).

We therefore assume % € I(o1,02,27,2%) for every permissible choice. Let us
assume o is any weak*-null type with o(0) > 0. Let o’(z*) = (¢(0)) o (a(0)z*)
so that ¢/(0) = 1. If ||z*|| < 1 let ] = ax™ where o > 0 is the largest ¢ so that
o'(tz*) < 1. Then if a < 1 we deduce using o1 = o/, 3 = z* and oa(z*) = ||z*||
that o/ (4 (1 + a)z3) < 1 which is a contradiction. Hence ¢/ (z*) < 1if [|2*| < 1 or,
equivalently, o(z*) < ¢(0) if ||2*|| < ¢(0). This quickly reduces to

o(z*) = max(co(0), |z*]) e X

*

This implies that X has property (m},) which is impossible for an infinite-dimen-
sional space. Although this is not explicit in [23] or [17] it can be seen very easily.
For example, X cannot contain a copy of 1 by the linear C-ATEP yet the arguments
of [17] imply that X* contains a copy of co. O

Theorem 7.15. Suppose 1 < p < oo and X and Y are infinite-dimensional sep-
arable Banach spaces such that X ®, Y has the linear C-AIEP Then X ©, Y has
property (my).

Proof. Note that (X &, Y)* = X* &, Y* where ¢ < co is the conjugate index.

It follows from Proposition 7.13 that both X and Y have property (L*). We will
also deduce that X and Y have property (M*). Indeed regarding X* as a subspace
of X* @, Y™ it is clear that there is a weak™-null type (for X* @, Y™*) on X* of the
form

ou(a?) = (Ja”||” +a?)7 2" € X"
for an arbitrary choice of a > 0. Note that o,(z*) > ||z*|| for z* € X*. Hence
if 7 is any weak*-null type on X* we can use Lemma 7.6 to deduce that as if

xf, x5 € X* and ||| = |23 then 7(z7) = 7(23). Indeed if 7(x) > ||aF|| then pick
a > 0 so that 7(z7) = 04(2}) = 04(23); by Lemma 7.6 we have 7(z3) = 7(z7). If
7(23) = ||zt then 7/ (2*) = (7(2*)?+€%)'/9 is a weak*-null type restricted to X* for

every € > 0 and so we can deduce the same conclusion. Thus X has property (M*)
and by Proposition 3.6 we conclude that X has property (m}) for some 1 < r < oo.
Similarly Y has property (m}) for some 1 < s < co.
Let us fix weak*-null types ¢ and 7 defined by normalized weak*-null sequences
(z)in X* and (y;) in Y*. Fix v* € X* and v* € Y* of norm one.
For a > 0 define the weak*-null types,
0u(2*) = ac(a™'2") e X @, YT,
Ta(2*) = ac(a™12%) e X @, Y".

For € > 0 we can choose 1 = 7(e) so that

Indeed we require that
(7.6) (14 €))7 = (1+n°)*.
Now pick v = v(e) > —1 so that

o1+ )" = o)
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i.e., we require
(7.7) (L4+) + )7 =(1+e9)7.
Then we deduce from Lemma 7.6 that 7,((1 + v)u*) = o.(v*), i.e.,
(7.8) (1+€?)7 = ((L+ ) +n9)7.
Treating v, 7 as functions of € we see that from (7.6) that
m L —
e—0 €4 q
We also have from (7.7) and (7.8),

S

(L+0)? )i —1—v
1

lim =1
—0(14+v) +e)r —1—v
which reduces to
I n?  q
im — = =
e—0 € r
Thus ¢/s = r/q = 0, say, and then
0’ =0
which implies # = 1 and we are done. O

Remark. Johnson and Zippin ([16] Corollary 4.2) proved that L,(0,1) for 1 < p #
2 < oo fails to have the linear C-IEP and hence by Proposition 4.1 of [16] it also
fails the linear C-AIEP. The same result can be obtained from Theorem 7.15 since
L, fails to have (m,) unless p = 2.

8. Isometric extension properties

We now turn to the question of when we can obtain the linear C-IEP. Johnson
and Zippin [16] show that if X is uniformly smooth then the linear C-ATEP implies
the linear C-IEP. They also ask in Problem 4.3 if this conclusion holds when X
is assumed to be smooth and reflexive. In this section, we answer this question
negatively. First, however, we give an extension of the Johnson—Zippin theorem.

We recall that a Banach space X is called uniformly rotund (or convex) in every
direction (URED) if whenever (z,,)72; and (y,)52; are sequences in the unit ball
such that lim, .« ||z, + yn|| = 2 and lim,,—, o (,, — yn) = z exists then z = 0. See
[7] p. 61. Equivalently, given z € X and € > 0 there exists 1 < A = A(¢,z) < 2 so
that

Izl Iyl <1, lz+yll > A 2 —y=pz = |u/ <e

The following theorem was proved by Johnson and Zippin under the stronger

hypothesis that X is uniformly smooth, i.e., X* is uniformly convex.

Theorem 8.1. Let X be a Banach space such that X* is URED. Then if X has
the linear C-AIEP, then X also has the linear C-IEP.

Proof. Since X is necessarily smooth we can reduce the problem using Proposition
4.2 and Corollary 4.1 of [16]. It will suffice to consider the case when E = ker z*
is a subspace of codimension one, with ||z*|| = 1, and (2)aep, (¥))dep are weak*-
convergent nets to z*,y* respectively satisfying ||z}|| = ||y5l| = |z} |l = ||y}l &l =
1ford e D. and z* —y* = pz* € [z*]. We then must show that 2* = y* i.e., u = 0.
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Suppose € > 0 and choose A = A(e/4, z*) as in the definition. Pick 1 < a < (2/A).
Then the canonical injection j : F — C(Bpg+) has an extension T : X — C(Bpg~)
with [|T|| < o. Let ® : Bx+ — Bx- be defined by ®(u*) = T%(0y-|,) (where ¢,
is the point-mass at a). Then ® : Bx+ — aBx+, ® is weak*-continuous, ®(u*) =
O (v*) if u* —v* € [2*] and P(u*) — u* € [z*] for u* € Bx-.

Observe that |a~t(z5+®(x3))| > 27! > Xand so ||z5—®(x3)|| < ale/4) < €/2
for d € D. Hence ||z* — ®(z*)|| < €/2 and similarly [|y* — ®(y*)| < ¢/2. Hence
" —y*[| <e

Since € > 0 is arbitrary, we obtain x* = y* and the theorem is proved. O

It would be natural to expect that one could also obtain an isometric Lipschitz
result for mappings defined on convex sets under the same hypotheses; however we
have only been able to achieve this under the assumption that Theorem 7.8 also
holds.

Theorem 8.2. Suppose X is a separable Banach space such that X* is URED and
admits a strict weak®-null type. If X has the linear C-AIEP, then (C,X) has the
Lipschitz IEP for every closed convex subset C of X.

Remark. These hyptheses hold if X is uniformly smooth.

Proof. Of course Theorem 7.8 applies and in particular every weak*-null type on
X* is symmetric.
We next argue that if o is any type on X* then

(8.1) o(3(z* +y*)) < max(o(z*),0(y")), x* £y

Indeed suppose o(x*) = limpey ||2* + u)|| where u’ is a sequence in X*. As-
sume o(3(z* + y*)) = o(z*) = o(y*) (which we may assume nonzero). Let
a, = max(||z* + uill, [|[y* + ui|]). Then lim,ey at|la* + y* + 2ul|| = 2 and

so ||z* — y*|| = 0. Thus (8.1) holds.

By Theorem 7.1 (C, X) has the Lipschitz IEP for bounded closed convex sets C.
Suppose (C, X) fails Lipschitz IEP for some (unbounded) closed convex subset C'
of X. Then for some ¢ > 0,a € X it follows from Theorem 4.3 above or Theorem
4.2 of [19] that we can therefore select two sequences (x,)5%; and (y,)52, in C
such that

[znll + llynll + € < min (|lzn — v + [lyn —vll)  n=2,3,...
veK,

where K, =co {z1,...,Zn-1,Y1,--.,Yn—1}. This means that the set

{(xn — U Yn — ’U); (S Kn}

in X @1 X does not meet the closed ball of radius ||z, || + ||y.|| + €. By the Hahn—
Banach Theorem we can therefore find «7, v € X* with || ||, [|y}]] <1 and

(@0 = 0) + Yp(Yn —0) 2 [lzall + llynl + 6, v E Ky, n>2.
This implies that, in particular,
(8.2) o (n = k) + Y (yn — 2x) 2 lznl + llynll +6, 1<k <n-1,
(83)  ah@n— ) +in—90) > loall +lwall 46 1<k<n-L.
By passing to a suitable subsequence we can assume that (8.2) and (8.3) hold and,

in addition, (z})22; and (y;)°2; are weak*-convergent to u* and v* respectively.



354 N. J. KALTON

It follows from (8.2) and (8.3) that
(@n () = [2nll) + (o (yn) = llynll) — €

84) (2, +yp) (@) < (z,
(8.5) (@, + ) (k) < (@5 (@n) = llzal) + (Wa(yn) = lynl) =6, n >k

From these we deduce that
(8.6) (u* +v")(zp) < —¢, (U +0")(yx) < —e.

In particular u* 4+ v* # 0. We also may deduce (keeping k fixed and letting n vary
that the nonnegative sequences (||z,| — 2% (2,))52, and (||yn|l — v (yn))22, are
each bounded above (say by some constant M)

Let U be a nonprincipal ultrafilter on N. Define o, 7 to be the weak*-null types
on X* given by

o(z*) = lim ||a™ + 2z}, — u”|| e X*
neu

7(2*) = lim [|z* + y; — ™| xr e X
neu

We recall that these types are necessarily symmetric. Observe that o(u*), 7(v*)
Assume 7(u*) < 1. Then 7(—u*) < 1 and so by (8.1), 7(3(v* —u*)) < 0
ie.,

<1
<1,

1
1' * T * * .
lim [l — (" + ") < 6

Thus there exists a set M € U so that
Yalon) — 5" +0)(gn) < Blyall - mEM
which implies
(u* +v")(yn) > 2(1 — 0)||yn| — 2M n € M.

By (8.6) this gives
2(L=0)llynll < M —¢

and so the sequence (¥, )nem is bounded. Similarly o(v*) < 1 would imply that
(Zn )nemr is bounded for some M’ € Uf. .

If both (zp)nem and (Yn)nemr, with MM’ € U, are bounded then we reach a
contradiction, because the closed convex hull of the set {x,,,y, : n € MNM'} then
fails the Lipschitz IEP, contradicting Theorem 7.1. We therefore consider, without
losing generality, the case when

(.7) Tim [l = o
Thus 7(u*) > 1. However by Theorem 7.8 we have

min(o(v*), 7(u*)) <1

so that o(v*) <1 and lim,ey ||2,] < 0.
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Now, by (8.2),

e < lim i (a7, (2n) = 2al)) + (gn (vn) = llynll) = (2 +y2)(@r))

= lim (27, (2n) = [lznll) + (YY) = lyal)) — lim (u” +v7)(zx)

= lim (a7, (zn) = (u” +0")(@n)) = llzall + (4n(Yn) = yal)

< A : . * _

< (o(v") = 1) lim [lzn| + lim (7, (yn) = [|yall)

<0,
which gives a contradiction. O

The remainder of this section will be devoted to the construction of an example

of a smooth Banach space X isomorphic to £2, having the linear C-AIEP but failing

the linear C-IEP. This answers problem 4.3 of [16].
Let N be the absolute norm on R? given by

N(&1, &) = max((|6” + §l&)% &) (6,6) € R%

Let cgp denote the space of finitely nonzero sequences with the canonical basis
(en)22 4. Let E, = [e1,...,en] be the span of the first n basis vectors,and let
F, = [en=1,...]Necgp. Associated to N we may construct a norm || - || on cop with
(en)22; a normalized unconditional basis such that

[+ Eenlla = N(llzlla;[6]) 2 € Ep1,6 €R, n>2.

Let A denote the completion of (cqo, || - |[a). Then A has property (M) Also A is
isomorphic to the Orlicz sequence space £, where ¢(t) = max((1 + 3¢2)1/2 1) — 1.
Thus A is isomorphic to f2 and || - ||a is equivalent to the standard f2-norm.

Let (€5,)n>2 be any sequence of positive numbers such that 22022 € < 0.

Lemma 8.3. There is a norm || - ||x on coo with the following properties:

(88) (I —en)N(llzllx,[8]) < [z + Eenllx < (1 + en)N([l2]x, [€]),
reF,_1, EER, n>2.

(8.9) |z + Eenllx = (l=ll% + $1€1%)12, €] < ll=x.

(8.10) l[z+yllx =llz-ylx=1 = [lzx <1 2,y €copo

and for each n > 2 there exists v, € le1,...,en—1] with ||v, — %(—1)”61”){ < €,
and

(8.11) lon + enllx = d(z, Bp—1) = min{||z + e,||x; € En_1]}.

Proof. We define the norm on E, by induction on n. To start the induction we
define |le1||x = 1. Now suppose n > 2 and that || - || x is well-defined on E,,_; and
satisfies the conditions (8.8), (8.9), (8.10) and (8.11) where applicable. In particular
| - || x is assumed stricly convex on E,,_1.

We start by defining a norm || - [|o on E,, by the formula

x4 Eenllo = N(|lz|x,[€]) =€ En1, EER,
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Next we define || - ||; on E,, by setting
k
|+ Eenllr = inf{(l +en)lly + aenllo + 18]+ D llz; + 7j6n||o}-
j=1
where the infimum is taken over all representations
k
1
r+Een = (y+ae,) + B(5(—1)"e1 +en) +Z zj + vjen)
j=1

with o, B,71,...,"m € R, y,21,...,2, € Ep_1 and such that |v;| < ||z x for
1 < j <k. It follows from the construction that

(8.12) [z +&enllt < (14 en)l|2 + Eenllo-

We will now argue that
1
(8.13) ||%(—1)”61 +enli =1 < ||z + enl, xe€FE, 1, x# 5(—1)”61.

Indeed it is clear that |[4(—1)"e1 + en1 < 1. Now suppose 0 < 1 < €, and
x € E, is such that ||z + ey||1 <1+ 7. Then z + e, has a representation

k
T+en=(y+ae,) +BE(=1)"e1+en) + > (2 +7jen)
j=1

with |v,| < ||zl|x for 1 <j <k.

k
L+ en)lly+ aenllo+ 181+ D 1z +vienllo < 1+,
j=1
Then
k
atB+Y =1
j=1
Note that
ly + aenllo > |a]
and
Iz +vienllo = (lzi1% + 222 > Llyl,  1<j<k
Thus
k k
1+n> (Ial+|5|+2|w> + ol + IOZIWJ
Jj=1
Thus
k
>yl < 10p
j=1
and

lal <n/ey.
We deduce that
|1 — 8] <109 +¢, .
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Thus
k
ly + aenllx + >[Iz +vienllx < 11+ 6,1
j=1
and so
k
v+ >+ 0= )ea| <aar+en
i=1 0
Hence

< (21 + 26, )n.
X

k
j=1

Finally we deduce
||z — %(—1)”61”){ < (31 + 3¢, Y.
This establishes (8.13).
For 0 < € < 1 we now define

Iz + Eenllo = ((1 = 0)(max(||z + Eenllo, [l2 + Eenll)? + O(|l2|% + 31[%))

We will show that taking || - ||x = || - |l¢ for some choice of § we can satisfy (8.8),
(8.9),(8.10) and (8.11). First observe that

(1= 0)"?[lz+Eenllo < o+ Eenllx < (1+en)lle+ Eenllo

so that for 6 small enough we will have (8.8).

If [€] < ||lz||x then ||z +&enll1 < ||z + Eenllo and so (8.9) follows immediately for
any choice of 6.

For (8.10) we need only observe that ||-||g is strictly convex on E,, by construction,
since || - || x is strictly convex on E,_1.

Finally let vy € E,,—1 be (uniquely) defined by

1/2

llvg + enllo = min{||z + ey |lo; © € Ep_1}.
Then by an elementary compactness argument and (8.13) we have limy_gvy =
2(—1)"e;. Thus for  small enough we satisfy (8.11). O

Lemma 8.4. Ifx € E, andy =37 . &ej € Fy then

(8.14) an|llallxer +y]| < llo+yllx < ballzlxer +
where
o0 oo
an = H (1—ex), b= H (14 er).
k=n-+1 k=n+1
In particular || - | x is equivalent to || - ||a-

Proof. This follows easily by induction from (8.8). Indeed we show that if y €
F, N E,, where r > n, then

a’TLT‘

lallxer +y]|, < lo+yllx < bar|lallxes +y]

where
r r

anr= [ A=), b= ] Q+e)

k=n+1 k=n-+1
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For r = n + 1 this is given by (8.13). Assume it is now proved for r — 1 > n + 1.

Suppose y € F,, N E, is given by y = yo + £e,» where yo € E,_1. Then
(I =e)N(llz +yollx, [€]) < llz +yllx < 1+ e)N(z + yollx, [€])-

However
N(llz+ yollx, 1€]) < bnr—1N([[lzl xer + yolla, [€])
= b H
r-1|lzlixer +yl|
and similarly
Nz +oll . [€]) = an [zl xen 43|

and the induction step follows easily.
In particular taking n = 1 we see that

arllzfa < flzllx <baflzlla 2 € coo. O
We now define X to be the completion of (cqp, || - ||x); clearly X coincides with
{5 and || - || x is equivalent to the f5-norm.

Lemma 8.5. X is strictly convex and satisfies property (M).

Proof. Suppose z,y € X with ||z + y|lx = ||z]lx = ||z —yl|x = 1. Let z =
doioi&jej and y = 3772 mje;. Then there exists an integer m so that if k > m we
have

k
€1 + Met1] < Z(fj +i)ei|
j=1 X
k
rer = men] < D& —mpes|
j=1 X
k
|€k+1] < ijej :
j=1 X
It follows that
m 2 0
lz+yll? = || (& +ni)e; +t1 > (& +m)
j=1 X j=m+1
m 2 1 0
lz —yl? =D (& —ni)es|| + 1 > (&)
j=1 X j=m+1
m 2 1 0
lel® = > gesl| +5 X &
j=1 X j=m+1
Thus
m 2 m 2 m 2 1 [e%s}
0=|>& +m)es|| +|D_E—mdes| —2D &es|| + B > 0
j=1 X j=1 X j=1 X j=m+1

Hence n; = 0 for j > m+ 1 and by the strict convexity of ¢y in || - || x (i-e., (8.10))
we have n; =0 for 1 <j <'m, ie., y=0.
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Next suppose u,v € cop with |Jul| < ||v]| and than (2,)52, is a bounded block
basic sequence such that lim,, o ||u+ z,||x and lim, . ||v + x, || x exist. Then it
follows from (8.14) that

hmHu+LMX:1meMkm+xn
n— o0 n— o0 A

and

nmuv+%mxz1quﬂXq+xn
n—oo n— oo A
so that

lm |lu+z,||x < lim ||v+ 2, x. O
n—oo n—o0

The following proposition gives a counterexample to Problem 4.3 of Johnson and
Zippin [16].

Proposition 8.6. The space X* is isomorphic to a Hilbert space, has a smooth
norm and satisfies the linear C-AIEP. However it does not satisfy the linear C-IEP
(and indeed fails the linear co-1EP).

Proof. We have seen that X is isomorphic to /5 and hence so is X*. The dual
norm is smooth since X is strictly convex. X has property (M) (and is reflexive)
so that X* has property (M*) and hence the linear C-AIEP. Finally let us take the
sequence (v,)>2, given by (8.11) and define x,, = (vn, + €,)/||vn + €nllx. Then
d(zn, Ey) = 1 = d(zp, Ey) for all n. By (8.8) we have (1 —€,) < ||vn + enllx <
(1 +€p). Hence

lim s, = %el, nhjr;O Top—1 = —%el weakly.

n—oo

Define the map T : Ef — c¢o by Ta* = (0,2*(x2),2%(23),...). The linear
functionals #* — x*(x,) for n > 2 have norm one on Ei- and by smoothness
have unique norm-preserving extensions namely z* — z*(x,) on X*. But (z,)5%,
is not a weakly convergent sequence and so 7" has no norm-preserving extension
T:X*—ec. O

9. Extension from weak*-closed subspaces

We now consider the extensions of operators on dual spaces, restricting ourselves
to weak*-closed subspaces. Our results are somewhat different from the preceding
section in that our criteria are in the form of conditions on types on the original
space not its dual. This gives different characterizations of the linear C-AIEP for
reflexive spaces.

Theorem 9.1. Let X be a Banach space with separable dual. Consider the follow-
ing conditions on X :

(i) (E,X™*) has the linear AIEP for every weak®-closed subspace E of X*.
(ii) (C,X*) has the Lipschitz AIEP for every weak*-closed sonvex subset C of
X,
(iil) For every pair o,7 of weak*-null types on X* and u*,v* € X* there exists
0 <60 <1 such that

(@ —v*) +7((1 = 0)(v" —u*)) <o(u) +7(v*).
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Then (iii) = (i) and (ii). Conversely if X is reflexive or X* is stable (i), (ii)
and (iil) are equivalent.

Proof. Note that (i) = (i) by Proposition 4.10. Now suppose (iii) holds. We
use Lemma 4.5. Let 0,7 be types supported on C'. We must show that

(9.1) nf (o) + 7)) = inf (o(a") + 7(2"))

Then since C' is weak*-compact we may find e*, f* € C so that og(z*) := o(z* +€*)
and o (z*) := 7(z* + f*) are weak*-null types.

Fix * € X*. Then letting u* = 2* —e* and v* = 2" — f* wecan find 0 < 6 < 1
so that

oo(0(f" —€)) +1o((1 = 0)(e” — f7)) < oo(a™ —€") +1o(z" — [7).
This simplifies to
o(w*) +7(w*) < o(x*) + 7(z")
where w* = (1 — 0)e* + 0f* € C. Thus (9.1) holds. Thus (C, X) has the Lipschitz
C-AIEP.

Now let us suppose that either X is reflexive or X* is stable. In this case
Propositions 4.7 and 4.8 will imply that (i), (ii) are equivalent.

Now suppose (i) is satisfied. Let o,7 be weak*-null types on X*. Then o,7
are weak*-lower-semicontinuous by Proposition 3.7. Let (F},)22; be an increasing
sequence of finite-dimensional subspaces of X so that U, F,, is dense in X. Then
we can suppose o, T are given by weak*-null sequences

o(z*) = lim |jz* + €} e X*
n—oo

T(x*) = lim ||z* + f7| zF e X¥,
n—oo

where e, f € Fi- for all n.

Fix u*,v* € X*. Since for each weak*-closed subspace F the pair (F, X*) has the
linear C-AIEP, it follows that the condition I';(1), or equivalently X (1) holds for
any weak™*-closed subspace. Hence X (1) holds for any translate of a weak*-closed
subspace.

Let E,, be the linear span of u* —v* and F-. Then the types o’ (z*) := o(2* —v*)
and 7/(z*) := 7(2* — u*) are both supported on %(u +v) + E,. By Lemma 4.5 for
each n we can find w}, € $(u* + v*) + E, so that

o' (wp) + 7' (w)) < o' (u* +v*) + 7' (uF +oF)+ 1 n=12....
Thus
o(w), —v*) +r(w) —u*) <o(u*) +7(v*) + L n=1,2....
The sequence (w})>2 is clearly bounded and has a weak*-cluster point w* =
Au* + (1 — A)v* where —oo < A < co. Thus

o(A(u* —v"))+7((1 =N (0" —u")) <o(u*)+ 7(v").

This inequality implies in the case ¢ = 7 and u* = v* that every weak*-null type
is monotone. Hence

o —v*)+7(0) < oA (u* —v*))+7((1 = N)(v* —u")) A>1
and
a(0) +7(v* —u") <o(A(u" —v"))+7((1 = N)(v* —u")) A <0.
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Hence we may take A = 0 where 0 < 6 < 1. [l

Theorem 9.2. Let X be a Banach space with either property (L*) or (M™).

(i) If C is a conver weak*-closed subset of X* then (C,X) has the Lipschitz
C-AIEP.
(il) If E is a weak*-closed subspace of X* then (E,X™) has the linear C-AIEP.

Proof. We establish that both (L*) and (M*) imply (iii) of Theorem 9.1.
(i) Assume X has property (M*). Suppose ¢ and 7 are weak*-null types defined
by weak*-null sequences (x7)>2; and (y;;)>2,. Suppose u*,v* € X*. Pick § with

0 <60 <1so that (1 —0)||u*| = 0||v*|]. Then

o(B(u* —v")) = lim [|fu” —6v" + 2 ||

IN

lim ||6u” + 0z ||+ lim || —6v* + (1 —6)z) ||
= lim ||6u* + 0z} || + lim ||(1 —60)u™ + (1 — 0)x} ||
=o(u").

Similarly 7((1 — 0)(v* — u*)) < 7(v*). This verifies (iii) of Theorem 9.1 and gives
the conclusion.

Now assume X has property (L*) and keep the same notation. In this case pick
0 so that

(1 0) lim [l =0 lim_[ly; ]|
As before

o(@(u* —v*)) = lim [|6u* — 6v™ + x|

IN

lim [|§u* + 02%| + lim || — 6v* + (1 — 0)a7

lim [[u* + 027 + lim [|00* + 0y7 ||
0(o(u”) +7(v")).

Similarly
(1 =0)(v" —u’)) < (1= 0)(o(u") +7(v))
and again Theorem 9.1 can be applied. (]

Corollary 9.3. Let E be a closed subspace of ¢1. Then (E,¢1) has the linear
C-AIEP if and only if E is weak™-closed (with respect to cp).

This corollary answers a question of Johnson and Zippin [16], Problem 4.5, who
proved that (E, ¢1) has the linear (3+¢,C)-EP when E is a weak*-closed subspace.
We remark here that the classification of subspaces E so that (E, ¢;) has the linear
C-EP (not necessarily almost isometric) is open. The author showed in [18] that if
¢1/E has a UFDD and (E, ¢;) has the linear C-EP then there is an automorphism
S : 0y — ¢y so that S(F) is weak™-closed.

Proof. If E is weak*-closed this is an immediate conclusion from Theorem 9.2.
Conversely suppose E has the linear C-AIEP. Then E certainly has the linear co-
ATEP and satisfies Tg(1). Let (e%)22; be a weak*-converging sequence in E and let
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oo

e* be the weak*-limit. By passing to a subsequence we may suppose that (€)%,

defines a weak*-null type o which (by property (m7)) must be of the form
o(x*) = ||lz* —e*|| + ole”) xt e X*.
By Lemma 4.5 we have
. f * < *
ul*%EU(u ) <o(e")
so that we have e* € E. By the Banach-Dieudonné Theorem this means that E is
weak*-closed. (]

Remark. Of course the above argument uses only the fact that ¢y has property
(m3) and so applies to any dual of a space with property (m7).

Proposition 9.4. Suppose X is a separable Banach space and that E is a closed
subspace of X. Suppose:

(i) E is isometric to the dual of a space Y.
(ii) If o, 7 are types on X induced by weak™-null sequences in E = Y™ then

c(0)=7(0) = o(z)=r1(x) r e X.

Then (E, X) has the linear C-AIEP. If X is uniformly smooth, then (E, X) has the
linear C-IEP.

Proof. Let £y = FE and then E, be an increasing sequence of subspaces of X so
that dim E,,/E,—; = 1 for n > 1 and U, E,, is dense in X. We note that each
E,, is isometrically a dual space in such a way that the weak*-topology on F,
restricts to the weak*-topology on E,,_1, since E, /E,_ is finite-dimensional. We
claim that F, = Y, where Y,, has property (L*). Indeed if (u,)$%, is a weak*-
null sequence in F,, defining a type on X then since E, /F is finite-dimensional,
lim,, o d(un, E) = 0 and so o is supported on E. Our assumption quickly ensures
that Y;, has property (L*). By Theorem 9.2 if ¢ > 0, we can now extend an operator
T : E — C(K) inductively to T : UpE,, — C(K) with |T|| < | T|| + e.

If X is uniformly smooth we can apply Proposition 4.1 of [16]. O

Proposition 9.5. Suppose 1 < p < oo and that E is a closed subspace of L,(0,1).
Then:
(i) If E is almost isometric to a subspace of £, then (E, Ly,) has the linear C-IEP.
(i) If 1 <p<q<2and E is isometric to a subspace of £, then (E,L,) has the
linear C-IEP.

Proof. (i) By Theorem 4.4 of [23] Bg is compact in L;. Thus if F/E is finite-
dimensional then Bp is also compact in L;. Hence for any type ¢ induced by a
weakly null sequence in E we have

o(f) = (IfIP + o)/ fe L,
By Proposition 9.4 and Theorem 8.2 we are done.

(ii) It follows from the Plotkin—-Rudin Theorem [34],[36],[24] Theorem 4 that it
suffices to prove this result for any isometric embedding of E into L,(0,1). We
therefore take E as a subspace of a space E; defined as the closed linear span of a
sequence of independent g-stable random variables (h,,)52; with

/eith"(s)ds =1t
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Since F4 has the C-IEP it is enough to prove the result for £ = Ej.

Suppose ¢ is any type induced by a weakly null sequence in E then there is a
sequence of independent g-stable random variables (g,,)52; (with the same distri-
bution as h;) and a constant o > 0 so that

o(f) = lim |f+og.|  fEL,

But by Lemma 2.5 of [21] we have

o= 1 / 1F(s) + an (1)1 ds dt)l/p.

Now an appeal to Proposition 9.4 concludes the proof. (]

10. The universal linear C-AIEP

We shall say that a separable Banach space X has the separable universal linear
C-AIEP if whenever X is isometric to a subspace of a separable Banach space Y
then (X,Y’) has the linear C-AIEP. This property has been investigated by Speegle
[38] who showed that a uniformly smooth space cannot have the universal linear
C-AIEP. However, no examples were previously known of spaces with the universal
C-AIEP.

Let us say that a Banach space X has the my-type property if every type o on
X has the form

o(x) = |z —ul| + o(u) xeX

for some v € X.

Theorem 10.1. Let X be a separable Banach space with the mq-type property.
Then X has the separable universal linear C-AIEP.

Proof. Let us suppose that X is embedded in a separable Banach space Y. We
start by considering on Y a minimal function ¢ : ¥ — R which respect to the
following conditions:

o(y) < ly|l fory € Y.
@ is convex.

p(y) = p(—y) fory € Y.

o(z) = ||z|| for z € X.

The existence of such a minimal function is guaranteed by Zorn’s Lemma. It is
clear that ¢(y) > 0 for all y € Y since ¢(y) + ¢(—y) > 2¢(0) = 0.

We first claim that ¢ is a seminorm. Indeed note that if 0 < a < 1 then
¥(y) = a tp(ay) defines another function in the class with 1 < ¢. Hence 1 = ¢
and this shows that ¢(tx) = [t|¢(x) for ¢ real.

Let Z be the completion of Y/ ~1{0} which respect to the induced seminorm.
Then X is isometrically embedded into Z and it is enough to show that (X, Z) has
the C-AIEP.

Note that Z has the property that if ¢ : Z — R is a function such that

o %(z) < 2] for z € 2,

e 1) is convex,

o Y(z) =1Y(—z) for z € Z,

o Y(x) = ||z| for x € X,



364 N. J. KALTON

then ¢(z) = ||z|| for all z € Z.

Clearly Z is separable and we may construct an increasing sequence (Z,)52; of
subspaces of Z so that Zy = X, dim Z,,/Z,,—1 = 1 (for n > 1) and U,, Z,, is dense in
Z. Tt will suffice to show that (Z,,_1, Z,) has the linear C-AIEP for all n > 1. To
do this it suffices to show that (Z,,—1,Z) (and hence (Z,,_1, Z,)) satisfies condition
Fl(l) or 21(1)

For fixed n > 1 let o be any type on Z supported on Z,,_1. Since Z,,_1/X is
finite-dimensional we can write o in the form

o(z) =o' (2 — up) €7
where ¢’ is supported on X and ug € Z,_1. By assumption there exists u; € X so
that for z € X

o' (z) = ||x — u]| + o' (u1) reX.
Let
00(z) =o(z +u) €7
where u = ug +u; € Z,_1. We have
oo(x) = ||z|| + o(u) z e X.
Note that in general
o0(2) < 00(0) + [l2]| = o(u) + [|z]].
Now define

9(2) = 2 (00(2) + o0(~2) — 20(w).

Clearly v is convex and symmetric. Also ¥(0) = 0 and v has Lipschitz constant
one so that ¥(z) < ||z||. If # € X then ¢ (z) = ||z||. Thus by our assumptions on Z,
Y(z) = ||z|| for every z € Z. It follows that we also have, since og(—2)—o(u) < ||z,

oo(z) —o(u) =zl z€Z
or
o(z) = |lz — ul|| + o(u) z€Z.

Now suppose o and 7 are two types supported on Z,_;. Then we can find
u,v € L1 with

o(z) =|z—ul|+ o), 7(z)=]z—0v|]|+70) z € Z.
Thus if z € Z,

o(u) +7(u) = o(u) + 7(v) + [lu — ||
<o(u) +7() + |z —ul + [z -l
<o(z)+7(2).
Thus (Z,,—1, Z) satisfies X1 (1). O

Corollary 10.2. Let X be the dual of a subspace of co. Then X has the separable
universal C-AIEP. In particular every weak®-closed subspace of {1 has the separable
universal C-AIEP.

Proof. X =Y™* where Y has property (mj) which implies that X has the m1-type
property. O
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Remark. Of course this applies to any space X = Y* where Y is a separable
Banach space with property (ms) and not containing ¢;. Such spaces are charac-
terized in [23] by the fact that Y is almost isometric to a subspace of ¢q (i.e., for
every € > 0, there exists Y, C ¢o with d(Y,Y:) <1+ €).

Corollary 10.3. If X is a subspace of {1 then X has the separable universal C-
AIEP if and only if X is weak®-closed (with respect to cy).

Proof. This follows from Corollary 9.3. (]

This corollary suggests that there might be a converse to Corollary 10.2. This is
false by two examples in [11] (one due to Talagrand) and the following corollary:

Corollary 10.4. Let X be a subspace of L1]0,1] such that Bx is compact for
convergence in measure. Then X has the separable universal linear C-AIEP.

Proof. Suppose o(f) = lim, o ||f + full for f € X. Then we can pass to a
subsequence and suppose that f,, — —¢g a.e. where g € X. Thus

o(f)=1f—gll+0(9) FfeX
and Theorem 10.1 applies. O

The examples in [11] §4 show that it is possible for X to satisfy the conditions
of this corollary and not be almost isometric to the dual of a subspace of ¢y. To
see this note that if X* has MAP where X is a subspace of ¢y then X* has UMAP
and use Theorem 4.2. It should be noted, however, that both spaces in [11] are
isomorphic (but not isometric) to ¢;-sums of finite-dimensional spaces.

We shall now give further slightly more general examples; unfortunately all the
examples we know seem to be at least isomorphic to weak*-closed subspaces of an
£1-sum of finite-dimensional spaces.

Proposition 10.5. Let X be a separable Banach space with the m1-type property.
Let F be a finite-dimensional normed space and suppose N is a norm on F' x R
such that:

() N(LO=If]  feF.
(i) N(f,§) =N(f.—¢§)  feF.eR.
(iii) N(0,1) =1.
Then the space W = F &y X also has the universal linear C-AIEP. Here F &y X
is the direct sum F & X normed by

I(f ) = N l)-

Proof. Suppose € > 0 and let # = (1+¢)'/? and that W is isometrically embedded
in a Banach space Y. Suppose T : W — C(K) is a bounded linear operator with
IT]| < 1. We denote by Pr and Px the canonical projections of W onto F' and X
respectively.

We start by considering the restriction of 7" to F. This may be represented in
the form

Tf(t)=(f,f"(t) tekK

where t — f*(¢) is a norm continuous map K — F*.

Suppose N* is the dual norm on F* @ R. Let us define v*(t) € F* @n+ R by
v*(t) = (f*(t),®(t)), with ¥(t) the unique positive solution of N*(f*(t),(t)) =6
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(note that ||f*(t)]] < 1 < 0). It is easy to verify that ¢ is continuous and so the
map S : F &y R — C(K) given by
S(fA) = (f, (1) + Xp(t)
satisfies ||S|| = 6.
Let us observe that if 0 # x € X then so any f € F we have
(£ PN+ ATz < [l + fII = NS Alll)-
Thus
NE(f(), [ Tz(@0)]/]x]) <1
and so
Tx(t)] <o@)llzl  te K.
Now, for m large enough we may find a linear map V : FF @y R — £ such that
[V < @ and ||g|| < |[Vyg| for g € F @n R. Then using the extension properties for

finite-dimensional polyhedral spaces we can find an operator Sy : £ — C(K) with
[[So]| < 6 and SyV = S. Let

So(&1s---y&m) = Z&m
=1

where h; € C(K). Then

Let
V(f,A) = (fi (f) + BiN)ity
where
N*(fi, 8;) < 0.
Thus .
SN =Y () + Bidh
i=1
and so .
) => h)f tek
i=1
and

Y(t) = Zﬁihi(t) te K.

At this point we define the operators T; : W — C(K) by
T;(w) = ff(Prw) + By~ ' T Pxw.
Let m; be the seminorm m;(w) = | f#(Prw)| + |G:||| Pxw||. Then
ITw] < m(w) — weW.
Now
mi(w) < N*(f, |B:)N (Prw, [TPxw|) < 0wl — weW.

Define
(mi(w) +0lly —wl)  yeY.

pi(y) = inf
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Then p; is a seminorm on Y such that p;ly = m;. The normed space W/p;*(0)
is (except when ; = 0, when it reduces to a space of dimension one) isometric
to R@®; X and so has the m;-type property; thus we can apply Theorem 10.1 to
produce an extension T} : Y — C(K) with

IToyll < pily) <Olyll yeVY

Now define
Ty=> hTyy yev.
i=1
Then
T| < 6su hi(t)] < 6% =1+e.
17| te£;| )l
If w e W then

m

Ty =Y (f;(Prw) + By~ ' TPxw(t))h;

=1
= TPpw+ " <Z ﬁihi> TPxw
=1

=Tw. O

Theorem 10.6. The Nakano space {,, where p, > 1 and lim, .. p, = 1 has the
separable universal linear C-AIEP.

Proof. The canonical basis of X = ¢, is clearly boundedly complete and so X
is isometric to the dual of a space Z with a l-unconditional basis. Then Z has
property (L*). If fact if £ = (&)72, € X and (uy)32, is a normalized block basic
sequence and A > 0, then

T €+ M| = N(EA)

where o = N (&, \) is the unique solution of

Zafp’“|£k|p’“ +aN=1.
k=1
If €] = 1 then
-1
ON (z,\) B - o
—on ‘,\:o = (ZPM&J
k=1
so that
o -1
NN =1+ A(Zml&l”’“) -
k=1
Now fix m and let F = [e1,...,en] and Z = [em+1, €mt2,-..] Where (e,)22

denotes the canonical basis. Let p = max,~mpn > 1. Let ¢ = p’ the conjugate
index. Then for £ € Z with ||| = 1 we have

NEN > 1+ 2
p
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Hence, using Theorem 2.4 of [9] for every € > 0 there is a closed subspace W of ¢
so that d(Z, W*) < p? +e.

If ¢ € Fand n € Z with ||€]| = ||| = 1 then, for A >0, ||+ Ag|| < N(&,)). On
the other hand ||§ + M| = « is the solution of

m o0
Za*pk|§k|pk + Z QPR APE || PF = 1,
k=1

k=m-+1
Thus, since @ > max(A\, 1),

ZQ_PPk|€|ZDk T AP <.
k=1
This implies that
o > N(£,N)
ie.,
N(ENYP < [l€+ M.
Now if A > g we have

N(EN) <A+1< 1+ D)+ M.

If A < g then
N(EN) < [IE+ Ml < (g + 1P HE+ Mll.
It follows that X has Banach—Mazur distance from F & W™* at most

p=(p* + €)max((q+ 1)’ (1 4+ 1/q)).

Hence X has the universal linear (u,C)-EP with p as above. Now (¢ + 1)P~! =
(¢+ 1)_p/ 9. By taking m large enough we can make p arbitrarily close to 1 and so
X has the separable universal linear C-AIEP. O

Let us remark that Lindenstrauss and Pelczynski showed that every subspace
of ¢o has the separable universal linear (2 + €, C)-extension property for for every
€ > 0. The class of spaces with the separable universal linear C-extension property
is important in the study of automorphisms of C(K)-spaces (see [4]). In a separate
publication [20] we will study these spaces in more detail; we will show for example
that ¢, fails to have the separable universal linear C-extension property when 1 <
p < oo.

We conclude this section by observing that ¢; also has a separable universal
extension property with respect to a wider class of spaces. We refer to two recent
papers [5] and [6] for results in a similar spirit.

Theorem 10.7. Let Y be a separable Banach space. The following are equivalent:

(i) €1 has the separable universal Y -AIEP.
(ii) For every € > 0 there is a quotient Z of C[0,1] so that d(Y,Z) < 1+ e.

Proof. (i) = (ii). Let Q : {1 — Y be a quotient map. Embed ¢; isometrically
in C[0,1] and extend @ to an operator T : C[0,1] — Y with ||T'|] < 1+ e. Then let
Z =CJ[0,1]/ kerT.

(i) = (i). It is enough to assume Y is isometric to a quotient of C[0,1].
Suppose ¢1 C X where X is a separable Banach space and T': /1 — Y is a bounded
operator. Then T': {; — Y can be lifted to an operator S : ¢; — C[0, 1] with ||S|| =
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|T|l, and T} has an extension S : X — C[0,1] with ||S|| < (1 + €)[|S]|. Composing
with the quotient map gives an extension 7 : X — Y of T with ||T] < (1 + ¢€)|T|.

b

Y.

Remark. In particular Theorem 10.7 applies when Y is a Lindenstrauss space (i.e.,
an Li-predual) by [15].

Theorem 10.8. For anyn € N the space £ (1) = {1® oo - Dol has the separable
universal C-AIEP.

Proof. Let X = X ® -+ o X, where each X is isometric to ¢;. Suppose
Z D X is a separable Banach space. Let 6 = (04,...,0,) € {-1,1}" = D,, and
define an isometry Uy : X — X by

U9($1+---+{En):6‘1$1+--'+9nxn $j€Xj.

We first embed Z in a larger Z; so that there is homomorphism 6 — Vj from
D,, into the group of isometries of Z; with Vp|x = Uy. This is a standard con-
struction. To do this consider the space ¢1(D,;Z) and form the quotient Z; =
01(Dn; Z)/W where W is the set of elements (z4)gep, where ) ., Upzg = 0.
Let Q : 1(Dn; Z) — Z1 be the quotient map. Let J : Z — (1(D,;Z) be the
injection z — Zz where zg = z if § = e (the identity) and 0 otherwise. Then QJ is
an isometric embedding of Z into Z. N N

Define Vp : ¢1(Dyn; Z) — €1(Dy; Z) by Vy(z) = (204)pcp,.- Then 6 — Vp is a
homomorphism into the group of isometries of ¢1(D,; Z). Since Vag(W) C W for
each 6 this factors to Vy : Z7 — Z; and VpQJ = QJUy as required. We can
therefore regard Z as embedded in Z; and Vjp as an extension of Uyp.

Let T : X — C(K) be a bounded linear operator with ||T|| < 1. Consider
T|x; = Tj. Let ¢;(s) = supj <1 |Tjz(s)| so that p; is lower semicontinuous and
sup,ex ¢; < 1. More generally since ||T|| < 1 we have

p1(s) + -+ on(s) <|TIl, sekK.
Let E; be the subspace of C(K) of all functions f satisfying an estimate
[f(s)l < Myj(s) seK

under the norm

I1£llz, = sup [£(s)les(s) ™"

#;(5)>0

Then Ej is an abstract M-space (cf. [29] pp. 15-18). If we consider the smallest
closed sublattice E; of E; containing T;(X;) then E; is a separable M-space and
hence an isometric quotient of C[0,1] by the result of [15] cited above. Clearly

HTJ'”XJ-HE]- < 1 and so by Theorem 10.7 we have an extension S; : Z; — Ej C C(K)
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with |5l 5, .5, < IITI|=". Now let

1
Rj:ﬁ Z Sj‘/J

6eD,,
0;=1

Then || Rjll 5, 5, <IITI™,
Finally consider R = >°7_ | R;. Then R|x =T and if z € Z; with ||z[| <1 we

have N
|Rz(s) Z )| < T~ 12%

so that ||R||Z1—>C(K) S 1.
Hence X has the separable universal C-AIEP. O

11. Necessary conditions for universal extension properties

In this last section, we will attempt to classify spaces with the universal Lipschitz
C-AIEP. Our conditions will suggest that spaces must be close to ;.

Proposition 11.1. Let X be a separable Banach space. The following are equiva-
lent:

(i) X has the separable universal linear co-AIEP.
(i) (X,Y) satisfies Xo(1) for every Banach space Y D X with dimY/X = 1.
(iil) X has the universal Lipschitz co-AIEP.

Proposition 11.2. Let X be a separable Banach space. The following statements
are equivalent:

(i) X has the separable universal linear c-AIEP.
(i) For every n € N, (X,Y) satisfies £,,(1) for every Banach space Y D X with
dimY/X = n.

These statements simply reword Theorems 5.4 and 6.9 above. There is a corre-
sponding statement for Lipschitz extensions:

Proposition 11.3. Let X be a separable Banach space. The following statements
are equivalent:

(i) X has the universal Lipschitz C-AIEP.
(i1) (X,Y) satisfies 31(1) for every Banach space Y D X with dimY/X = 1.
Proof. This follows from Proposition 2.1 and Theorem 4.2 of [19]. O

Notice that these propositions imply that the separable universal linear C-ATEP
(or c-AIEP) implies the universal Lipschitz C-AIEP.
If o is a type on X it will be convenient to introduce the notation

he = ek o)

We also introduce the parameter
0y = inf{diam C': o is supported on C}.

Note that
0o < 2Uy.
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Indeed if o(z) = lim,, o ||z + 2, || for £ € X then for any fixed y
[2n —@ml < lly + zall + Iy + 2]l

which implies
limsup ||z, — 2, < 20(y).

m,n—oo

Proposition 11.4. Let X be a separable Banach space. Then X has the separable
universal linear co-AIEP if and only if for every type o on X, §; = 2/t -

Proof. Assume 0, = 2u, for every type o on X. Suppose X C Y wheredimY/X =
1 and ¢ is a type on Y supported on X. Let

o(y) = lm [ly+z.| yeV

Then
0

< c:=limsup ||Xm — nl|

m,n— o0

olx
Now there exists u € X with
1

o(u) < %5U|X +e< §C+€.

Now for any m,n € N,
[Zm — zall < ly + zull + |y + zmll yey
so that
¢ <20(y) yevy.

Hence

o(u)<o(y)+e yey
so that (X,Y) satisfies ¥o(1)

Conversely suppose X has the separable universal linear ¢o-AIEP and suppose

o is any type on X. Suppose A > J,. Then we can find a sequence (x,,)52; with
[|2m — xn|| < A for all m,n so that

o(x) = nh_}n;o |z + x| z e X.

By Lemma 2.2 we can embed X into a space Y with dimY/X < 1 containing a
point y so that ||y — z;|| < 21X, We can (by passing to a subsequence of (z,))
therefore extend o to a type o on Y with 5(y) < 1A. Since (X,Y) satisfies ¥ (1)
we have
fio = piz < 3\
Hence j1, < 36,
The converse inequality 6, < 2pu, is trivial as observed above. O

Theorem 11.5. Let X be a closed subspace of L1(0,1). The following conditions
on X are equivalent:

(i) X has the separable universal linear C-AIEP.
(ii) X has the separable universal linear co-AIEP.
(iii) Bx is compact for the topology of convergence in measure.
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Proof. (i) = (ii) was observed in [38].

(i) = (iii). Let (fn)2%; be a sequence in Bx. We will prove that there
is a subsequence which converges in L/, to an element of Bx. By passing to a
subsequence we assume that (f,,)$2; induces a type on L,

o(f) = lim [|f = ful  f€Lu,

and that lim,, . o(f,) = 260 where 0 < 6 < 1. By passing to a further subsequence
we can suppose that
1fi = fell 220 —vn  jk>n
where v, | 0.
For € > 0 pick h € X, using Proposition 11.4, so that

o(h) <0 +e.
Then there exists N so that
[fn— Rl <8+, n>N

and
1fi = fell >20—¢  j,k=N.
For any n, let u, = max(f, — h,0) and v,, = max(h — f,,0). Then for k > j if
min(u;(t),ur(t)) > 0 we have

min(u; (t), u(t)) = [f; (&) = h(B)] + [fe(t) = R(E)] = [£;() = Fu(t)].
Hence
min(u;, ug) < [f; = bl + [fx = bl = [f; = fil
and so
[ min(uj, ue) || < [If5 = Bl + 1 fx = Bl = 1f5 = frll <4 5,k >N.
Since || max(u;,ug)|| < 2 this implies that
et 722 < | i, ) |2 mas (g, )|
< 2v2\/e
< 3y/e.
Let F be any finite subset of {N + 1,...} with |F| = r. Then

2
/(Z |uj|1/2> dt < 2r +3(r® —r)\/e

JEF
and this implies that
9 1/2
Z/|uj|1/2dt§r<;+3\/€> .
JEF
Since this is true for every such F we conclude that
limsup/ uj | 2dt < V/3el/4
Jj—00
We can make an exactly similar calculation with v; and we conclude that

limsup/|vj|1/2dt < V3el/4,

Jj—00
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Now f; —h = u; —v; so that

limsup/ |fj — h|M? < 2V/3€l/4
Jj—00
and so

limsup/|fj — filV? < 4V3e/4

Jrk—00
As this holds for all € we have that (f, )52, convergesin L;,5(0,1) to some g € By,.

To conclude the proof we need to show that ¢ € X. Since (f,)22; is now

convergent in measure, the type o takes the form

o(f)=If—gll+olg) fel
Furthermore o(g) = infser, o(f) = infrex o(f) = 6 using the fact that (X, L)
has the linear ¢p-AIEP and so satisfies condition ¥¢(1) (then use Lemma 4.5). Now
there is a sequence (h,)52 ¢ in X with lim,_,o o(h,) = 6 and clearly

lim ||, — g|| = 0
so that g € X.
(iii) = (i). Corollary 10.4. O

The following result improves the result of Speegle [38] who showed that no
uniformly smooth space can have the separable universal linear ¢op-AIEP (actually
Speegle proved this but only stated the result for the separable universal linear
C-AIEP).

Theorem 11.6. Let X be a separable Banach space with the universal linear co-EP.
Then no subspace of X is uniformly nonsquare.

Proof. We use a result of Milman [31] that there exists in every subspace E of X
a normalized sequence (z,,)52 ; defining a symmetric type o. Since o is symmetric
0(0) = pe =1 and so d, = 2. It follows that

lim o(zy,) =2

m— 00
and hence by symmetry
lim lim ||z, + 2, = lm lim |z, — 2,/ = 2.
m—00 N—00 m—00 N— 00
Thus E cannot be uniformly nonsquare. O

Let us recall that a Banach space X has the 1-strong Schur property if for every
bounded sequence (x,)32, with ||z, — x| > 2 for all m,n and for every € > 0
there is a subsequence (x,, )nem such that

> ajaif| =1 =) |ayl

jeM jEM

for every finitely nonzero sequence () em. This concept was introduced by John-
son and Odell [14] and studied by Rosenthal [35].

Let us say that X has the 1-positive Schur property if for every normalized
sequence (z,)>2 ; and for every € > 0 there is a subsequence (2, )nem such that

Zajxj 2(1—6)Zaj

JEM JEM
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for every finitely nonzero sequence (a;)jem with a; > 0. It is clear that the 1-
positive Schur property implies the Schur property.

Theorem 11.7. Let X be a separable Banach space. The following conditions on
X are equivalent:

(i) X has the 1-positive Schur property.
(ii) For every normalized sequence (ry,)5%; we have sup,, ,, [|Tm + znl| = 2.
(iil) For every normalized sequence (x,)°2, and € > 0, there exists x* € X* with
l=*|| =1 and limsup,,_, . z*(z,) > 1 — €.
(iv) For every type o supported on a subset C' there exists ** in the weak*-closure
of C with
o(x) = ||z — ™| z e X.
In particular if the equivalent hypotheses (i)—(iv) hold, X is stable.

Proof. (i) = (ii) is trivial.

(i) == (iii). This is essentially a deep result of Odell and Schlumprecht
[33] (Theorem 2.1). Indeed if (ii) holds then every spreading model (s,)52; of a
normalized sequence satisfies ||s1 + s2f| = 2.

(iii) = (iv). If o(x) = lim;,, . ||z — z,|| where x,, € C' we may by passing to
a subsequence assume that for every x € X and € > 0 there exists " € X* with
[|[*]] = 1 and liminf, o 2*(z — z,) > (1 — €)o(x). Let 2** be any weak*-cluster
point of this sequence (x,,)52;. Then ||z — z**| = o(z) for x € X.

(iv) = (ii). Let (x,)52 1 be a normalized sequence; by passing to a subsequence
we can assume it induces a type o(z) = lim, . || — x,|| = ||z — 2**|| for some
weak*-cluster point of (x,,)2% ;. Then ||z**| =1 and

liminf lim ||, + x,| > liminf |2, + 2] > 2.
m—oo n—o0 m—0o0

(iii) == (i). This is trivial.
Now suppose (i)—(iv) hold. We show first that X is stable. Indeed suppose
(25,)22 4 and (y,,)22, are two bounded sequences so that the limits

lim lim ||zp + ynll, im lm ||z, + ys||
o0 n—oo MmMm—0o0

m—0o0 Nn—r

exist and are unequal. We can also suppose that the types

p(x) = lim lm ||z 4+ 2 + ynl|

and
O'(z) = lim lim ||z + Zm + ynl|

n—od m—0o0
are well-defined.
If z € X and € > 0 we can find sequences ny, my — oo so that

p(x) = Lm ||z + zm, +yn,||
k—oo
and there is x* € X* with ||z*|| = 1 so that
1ikminfx*(a: + Ty + Yny) > p(x) — €.
— 00

Let U be a nonprincipal ultrafilter on N. Then if 2** = limgey ©m, and y™* =
limgey yn, (weak*-limits in X**), we have

[z + 2™ +y™[ = o(z) —e.
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On the other hand
¢ (x) > . (|2 + 2 + 5™ 2 [lz + 2™ + ™.
Thus
p(r) <¢'(z) +e

Letting € — 0 and reversing the roles of ¢, ¢’ gives the conclusion that ¢ = ¢’
and so X is stable. O

Let us define the inf-convolution of two nonnegative convex functions ¢, on a
Banach space by

oO(z) = i

nf (¢(z —y) + ().
Let us note for future reference that if o is any type on X,
(11.1) oo (z) = 20(x/2).
To see this observe that if z,y € X

oz —y)+o(y) = 20(x/2)

by the convexity of o. We recall that if X is stable then we can define the standard
convolution of two type o, 7 by

ox7(x) = lim lim ||& =ty — vy, ||
meUu ney
where
o(z) = lim ||z = upll, 7(z) = lim [z —vn .
This convolution is unambiguous and o * 7 = 7 * 0. Observe that
(11.2) ox1 < ol
Indeed suppose y € X. Then
B TR, o B > .
oz —y)+7(y) = lim Im (o —y = wnll + lly = vall) 2 0% 7(2)
Let us note the following simple proposition:

Proposition 11.8. Let X be a separable Banach space. Then X has the 1-positive
Schur property if and only if X is stable and for every type o we have

oxo(x) =20(x/2) = c0o(x) z e X.

Proof. If X has the 1-positive Schur property then X is stable. If (z,)nen is any
sequence and U is a nonprincipal ultrafilter defining a type o(z) = lim,ey/ ||z + zn |
then

oxo(x) = 171111611}”111314 (52 4 Tm) + (52 + 20)|| = 20(2/2).

The converse is similar. O

Theorem 11.9. Let X be a separable Banach space. Then the following conditions
on X are equivalent:

(i) X has the universal Lipschitz C-AIEP.

(ii) The following three conditions hold:
(a) X has the 1-positive Schur property (and hence is stable).
(b) For any type o, we have 0, = 2.
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(¢) For any pair of types o, 7 we have
(11.3) oO7(x) = max(o * 7(x), o + fir) z e X.

Proof. (ii) = (i). Let Y be any Banach space containing X. We show that
(X.,Y) satisfies condition ¥1(1). Suppose y € Y \ X. By Lemma 4.5 we need only
show that if o and 7 are two types on [X, y], supported on X, then we have

o|x0O7|x(0) = oO7(0).

(apply the criterion of Lemma 4.5 to o and 7(x) = 7(—x).
It is clear from (b) that (X,Y") satisfies condition (1) so that y, = g, and
tr = jir|- Thus applying (c), (11.3), we have (since (0 * 7)|x = o|x * T|x)

o|x0O7|x(0) = max(o * 7(0), po + pr) < o07(0).

This implies (i).

(i) = (ii). X certainly must have the universal linear co-AIEP by Proposi-
tion 11.1; this implies that for any type o we have 6, = 2u, (Proposition 11.4).
We next make the following claim:

Claim. If (u,)52, and (v,)52; are two bounded sequences such that the types
o(x) = limp oo |2 = un|, 7(x) = limp o0 ||y — vnll and @(z) = lim, o0 o(z — vn)
are well-defined then

(11.4) oO7r(x) = max(p(z), po + 17) z e X.

Let us suppose by way of contradiction that there exists w € X with
A= max(p(w), e + pr) < o071 (w).
We will choose
v=1(c07(w) — \).
By passing to subsequences, since 0, = 2y, we can suppose that
(11.5) [tum — unl| < 2o + v, ||Um — vn]l < 2pr +v m,n € N.
We may further suppose (by passing to subsequences) that

(11.6) lw—=tm —vn| <@w)+v<A+v  mmnelN.
We may now choose 61,602 > 0 so that
2us + v < 2604
2, + v < 205
A+ v =10+ 0.

This is permissible since
o+ pr +v < A+

It follows from (11.5), (11.6) and Lemma 2.2 above that we can find a Banach
space Y containing X with dimY/X <1 and y € Y such that

ly+w—un| <01, |ly+ vall <62 n e N.
Now (X,Y) satisfies X1 (1). It follows that there exists a point € X with
|2 +w—um| + ||+ o <01 +62+v
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for infinitely many n so that
olx+w)+7(—x) <0 +6+v
ie.,
o07(w) < 61 + 62 +2v < oO7(w).
This contradiction establishes (11.4) and the claim.
Now suppose (uy,)22 ; is any normalized sequence in X. Passing to a subsequence

we can suppose that for any finite sequence of nonzero reals (aq, ..., «,) and any
x € X the limit

T,y (X) 1= lim |l + aqwgy + -+ -+ apu;, || exists.

i1 —00
11 <12<-<lp

Then 01,-1,1,—1 S 0'171|:’0',17,1 so that
01,-1,1,-1(0) < 201,1(0).

Similarly
01,-1,-1,1(0) < 2071,1(0).
However
0op 1 < 01,-1,-1,1(0)
so that
Moy 1 < 0171(0)'
Now

20’17,1(0) == 0'17,1[’0'17,1(0) == max(?uglﬁl,017,1)1,1(0))
by (11.4). Hence
0'1)_1(0) S 0'1)1(0).

Now
2 = 204(0)
= 01004 (0)
= max(2ps,,01,1(0))
= max(dy,,01,1(0))
< max(o1,-1(0),01,1(0))
< 1,1(0).
Hence
m’lflgoo [[tm + un| =2

and X has the 1-positive Schur property by Theorem 11.7. In particular X is stable
and we may rewrite (11.4) as (11.3). O

Note that in (11.3) the term u, + f1r cannot in general be eliminated. Indeed
consider the space £1 @, £1 which has the Lipschitz C-AIEP by Theorem 10.8. We
now invoke a hypothesis which eliminates this type of example.

We recall [13] that if X is a Banach space we define its modulus of asymtotic
convexity by

0= it g 06 el =

X is called asymptotically uniformly convex if dx (t) > 0 whenever t > 0.
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Lemma 11.10. Suppose X is a separable asymptotically uniformly conver Ba-
nach space with the universal Lipschitz C-AIEP. Then for any type o the set
K, = {x : o(x) = po} is nonempty and compact and if lim, o0 0(yn) = o
then lim,, o0 d(yn, K5) = 0.

Proof. It suffices to consider the case when p, > 0. It suffices to show that if
(yn)oL; is any sequence such that lim, .o 0(yn) = 0 then inf,,p ||ym — ynl| = 0.
Indeed let us suppose that ||y, —yn|| > v > 0if m # n. Let o(z) = lim,, o0 || —2, ]|
for some sequence (z,)5° ;. Since the family {z,, —x, : m # n} is bounded above
and below there exists ¢ > 0 and a finite co-dimensional subspace Z(m,n) for each
m # n so that if z € Z(m,n) and ||z| > v/2,

[@m = 2n + 2] 2 [2m — znll + 3e.
Fix a nonprincipal ultrafilter &. Then

lim lim d(y, — ys, Z(m,n)) =0

and so

lim Um ||z, — ©n + yr — ys|| > ||m — 20| + 3¢, m#n.
reld sel

This implies that

lim lim lim lim ||z, — 2, + yr — ys|| = 05 + 2€.
meU neUd reld seld

Since 6, = 2u, we deduce that

.
by e = ol 2 e

and since X is stable we have
lienl/lla(yr) > o+ €
which is a contradiction. O

Theorem 11.11. Let X be a separable Banach space which is asymptotically uni-
formly convex. Then the following are equivalent:
(i) X has the universal Lipschitz C-AIEP.
(i1) For any pair of types o and T we have o x 7 = c7.
(iii) X has the separable universal linear c-AIEP.

Proof. (i) = (ii). Let us suppose that
o*x71(x) < o + pr-
Suppose y # 0. Then there exist —oo < A\ <0 < A9 < 00 so that
oxT(x+NjY) = pto +To =007(x+ Njy) j=1,2.

Thus for j = 1,2 we can find sequences (u,)s2; and (v,)02; with u;, +vj, =
z + Ay and lim, oo 0(uyn) + 7(vn) = fo + pr. By Lemma 11.10 we can find
u; € K,, vj € K, so that u; +v; = 4+ A\;y. Since the sets K, and K, are both
convex this implies that x € K, + K. However K, + K, is also compact and thus
has no interior. This implies that ¢ % 7 is constant on K, + K,. Since o % 7T is
continuous it follows that o *7(x) = s + pur on K, + K. By (11.3) we obtain (ii).

(i) = (iii). By induction we deduce that for any n types o1, ..., 0, we have

o1 %09 % ---x 0, = oo ---Ooy,.
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Now suppose X is embedded in a separable Banach space Y. We use Proposition 6.3
to show that (X,Y) satisfies T',,(1) for all n. Indeed if o1,...,0, are types on Y
supported on X, we have for x € X

o1|x0os|x0O---Ooy|x (2) = 01 k09 % -k o () < 010020 - - - oy ().

Finally we use Theorem 6.9.
(iii) = (i). This follows trivially from Corollary 6.8. O

We note here that we do not know if the universal Lipschitz C-AIEP is in general
equivalent to the separable universal linear C-AIEP even under the conditions of
Theorem 11.11.
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