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An Example of a Conservative Exact
Endomorphism which is Not Lim Sup Full

Julia A. Barnes and Stanley J. Eigen

ABSTRACT. We show how to modify a construction of Hamachi to obtain a
conservative exact endomorphism which is not lim sup full.
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1. Introduction

In showing certain endomorphisms are exact, Rohlin [7] developed the notion
of full and showed that in the finite measure preserving case these two notions
are equivalent. However, there are open questions of conservativity and exactness
when measure preserving is not known. To this end, Barnes [1] developed the notion
of lim sup full, and showed that lim sup full, nonsingular, n-to-1 endomorphisms
are conservative and exact whether or not the map is finite measure preserving.
She applied this to certain classes of rational maps, obtaining conservativity and
exactness when measure preserving is not known. The purpose of this note is to
show by example that a conservative exact map need not be lim sup full.

The example is based on a construction (see Section 3) studied by Hamachi [3]
and Krengel [6] and depends strongly on a theorem of Kakutani [5]. As a class, the
general construction gives a family of maps which are conservative, exact shift maps
on the one-sided symbol space with different product measures. By a construction
of Bruin and Hawkins [2] conservative examples can be moved to the Riemann
sphere where they are invariant for certain rational maps whose Julia set is the
entire sphere.
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2. Preliminaries

The transformation constructed by Hamachi was a Bernoulli shift on a two-sided
product space. The example in this paper is a one-sided factor of such a map.

Set @ =[[;2__{0,1};. The transformation 7 is the shift (Tw), = wy4+1. Most
of the work presented here deals with the construction of the product measure
P =112 _. Px, where P,(0) = 175 and Pi(1) = lil;\k for some A\, > 1. Since Q2
is fixed throughout the paper, we refer to the measure space (2, P,T) as P. We say
T is nonsingular with respect to the measure P if the measures P and P o T~!
are equivalent; conservative if for every set A of positive measure, there is a k > 0
such that P(ANT~*(A)) > 0; measure preserving if the measures P and PoT~!
are identical; ergodic if for any measurable set A, P(AA T 14) =0 = P(A) is
Zero or one.

We are interested in a one-sided shift map defined on a factor of 2. Let X =
H?Z_OO{O, 1}; with the product measure @ = sz_oo P,. Define S = T71, ie.,
(«++x_ow_1x0) — (- w_3x_2x_1). As above, we refer to the measure space
(X,Q,5) as S. We use B to denote the sigma algebra of measurable sets in X.
The same definitions as above are used to define S as nonsingular, conservative,
measure preserving, and ergodic. In addition, we call S exact if N5°S~1B contains
only sets of Q-measure one or zero; full if lim; ., Q(S?B) = 1 for all B € B of
positive measure; lim sup full if limsup,_, Q(S’B) = 1 for all B € B of positive

measure [1].

3. The Shape of the Measure P

The measure P is determined by a fixed probability distribution u on {0,1}, a
sequence of probability distributions v; = {H%, ﬁ}, and two sequences of non-
negative integers n; and m;. Hamachi assigns values to \;, n; and m; by induction.
He does this in a way which guarentees that the resulting measure he obtains is
nonsingular, conservative, ergodic and preserves no equivalent finite or infinite in-
variant measure for the two-sided shift. We present a simpler induction process in
the next section. Our goal is for a nonsingular, conservative exact measure which
is not lim sup full for the one-sided shift. Since it is not lim sup full, it follows that
it has no equivalent finite invariant measure. It remains open whether it has an
equivalent infinite invariant measure; it also remains open whether the one-sided
version of Hamachi’s example is lim sup full.

In general the distribution p occurs on all positive coordinates and on each of
the negative coordinates 0 through —m; +1 of the sequence space. The distribution
v1 occurs on each of the next ny negative coordinates. Then p occurs on each of
the next ms negative coordinates. Then v occurs on the next ny — and so on.

The following figures illustrate the measure P displayed on the coordinates of )
and the measure () displayed on the coordinates of X.
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Here = {1,1} is fixed, and v; = {H%7 H’\—)\}, where 2 > \; > 1 for all 4 with

As in Hamachi [3], the values of A;, n; and m; are chosen by an inductive process -
though not quite in the obvious order. While doing this induction we want to control
three things, the first two of which already appear in [3]: (i) T should be nonsingular
with respect to the measure P; (ii) 7" should be conservative with respect to the
measure P; (iii) S should be not lim sup full with respect to the measure ). The
nonsingularity and conservativity of S follow from the corresponding properties for
T.

In order to guarantee the nonsingularity of 7' with respect to P, we use Hamachi’s
version [3] of Kakutani’s theorem [5]. In particular, we choose the A; such that
2, (log(A))? < oc.

In order to guarantee the conservativity of T with respect to P, (again as in [3])
we force the Radon-Nikodym derivatives to sum to infinity, i.e., Efio %(w) = 00,
almost everywhere mod P. The Radon-Nikodym deriatives for the measure P are

analyzed by 1" (w) = [T, rcle) = [0 Pelen),

In order to guarantee that S is not lim sup full, we construct a distinguished set
of positive measure E in X with the property that lim;_., Q(S7F) = 0. The set F
will be the intersection of a collection of sets A; based on the disjoint coordinates

associated to the measures v;.

4. The Induction Process

We construct the measure P by finding appropriate values for the sequences
n;,m;, and \;, as well as for sets A; used in constructing the set E described
above. Along the way, we construct some auxilary increasing sequences N;, K;, L;
of integers and set m; = N; + N;41, n; = Z;Zl N;, and L; = Z;’:l m; +n;. We
also inductively construct reals I; ; > 0 which are used in controlling the Radon-
Nikodym derivatives.

Fix the sequence 1 > ¢; > 0 such that [];°,(1 —¢;) > 0. The sequence ¢; is used
in choosing the sets A; and eventually in the construction of E.

We use the following lemma to select variables A; and N; below.

Lemma 4.1. Given measures v # p on {0,1}, and given 1 > € > 0, there is an
N > 0, such that for any natural number n > N there is a set

Ac [[{o.1}
j=1

with the property that for the finite product measures,

n n

IIme <e [ >1-e

1 1
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Proof. Without loss of generality, we assume that x(1) < v(1). Put o = M,
and define A, = {w € [["_,{0,1}; : 13" w; > a}. Then ([} p)(A,) — 0
and (]} v)A, — 1. Thus, for any natural number n > N there is a set A C
H?ZI{O, 1}; with the property that for the finite product measures, ([T} #)(4) < €

and ([T{ v)(4) > 1—e O
Step 1. Choose 1 < A\; < 2 to obtain v;. From Lemma 4.1, we obtain N; > 0 and
a set A; satisfying (Hivl 1) (A1) < € and (Hivl v1)(A1) > 1—¢€1. Set ny = Ny, and
initialize Ly = N7. Choose K7 such that K1 A7 "™ > 1. Define I 1 = K3 A\] ™.

Note that we have specified n1, A1, A; and K;, but we have not yet specified
values for my or L. This is done in Step 2.

Step 2. Choose 1 < A2 < 1+ 1/2 such that )\Q_(L°+K1)I1’1 > 1, and define I ; =
)\;(Lo-"—Kl)Il )

From Lemma 4.1, we obtain Ny > Lo+ K and a set Aj satisfying (Hf[2 1) (Az) <
€s and (Hf[z 12)(As) > 1 — 5. Now set my = Na + Ny, and ng = Ny + Ny. Let
Ly = ny + my and observe that Ly > ny. Choose Kj such that KoX; ™ A7"! > 1.
Define I o = Ko Ay "2 A; ™.

The values for ma and Lo will be specified in the next step.

Step 3. Choose 1 < A3 < 141/3 such that )\??(LOJFK”IQJ > 1, and )\??(L1+K2)12,2 >
1. This is possible since Iz and I>2 are both greater than 1. Define I3; =
)\;(L°+K1)I2,1, and Is o = )\g(L1+K2)1272. From Lemma 4.1, we obtain N3 > L1+ K>,
and a set Ag satisfying (Hf[3 1)(As) < ez and ( 1 v3)(As) > 1 —e3. Set mg =
N3+ Ny, n3g = N3+ No+ Ny and Lo = no +mo + L. Again Ly > n3. Choose K3
such that K3 ;" ;"2 7™ > 1. Define I35 = K33 "\, ™A ™.

Step t + 1. Suppose that m;_1, Li_1,n¢, A¢, A, and K; have been fixed. Also,
Ii1,1t2,..., 1t 4 are all defined and are greater than 1. Choose A¢11 such that 1 <
Aep1 < 1+ 1/(t+1) and A\ PRI S 1 for all j € {1,2,...,¢}, and define
It = )‘t+1 -1tk )I Use Lemma 4.1 to obtain an integer Nyy1 > Ly—1+K; and
a set Ay satisfying ( N”l 1) (Atg1) < €41 and ( Nt“ Vit1)(App1) > 1 — €41.
Set my = Nypq1 + Ny, Lt =ng+my + Li—1, and nyyq = Nt+1 + ng. Choose Kyyq

such that K; H;ill )\j_"f > 1. Let Liy1441 = Ky H;Hl ;

Remark 4.2. From the definitions, for fixed 7 > 1 the sequence I ; is a decreasing
sequence and lim;_,o I;; > 1.

5. Nonsingularity, Conservativity, and Not Lim Sup Full

In this section, we show that the one-sided shift map with the previously con-
structed measure P is a conservative, exact 2-to-1 endormorphism which is not lim
sup full.

Lemma 5.1. T is nonsingular with respect to P.

Proof. From the construction of the measure P we have a sequence A\; with the
property that A\; < 14 1/t for all ¢ > 0. Therefore,

Z log(A Z log(1 +1/4))? Z(l/i)2

i=1
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Thus T is nonsingular with respect to P [5]. O

It follows that S is also nonsingular with respect to Q.
Lemma 5.2. S not lim sup full with respect to Q.

Proof. We now construct a set E from the collection of sets A; obtained in the
previous section.

Let Al denote the set of all sequences in X with A; placed on the leftmost NV;
coordinates of n;. This can be observed by the following illustration:

N4+Ns5 N34+ Ny+Ny Ns+Na Ny+N; N2+Ns N, Ni+N2 o

Hence, for Ny < j < N1+ Na, Q(S7A]) < e1; for Ny + Ny < j < Ny + Ny + N,
Q(S7Al) < €35 and in general, Q(S7A}) < e for Zle N; <j< Zf:ll N;.
Let E =N, AL Since A} forms a disjoint collection of sets based in v; blocks,

QE)=T1[Z,Q(A) > I 1( ) > 0.

Let € > 0. Since lim;_, o €; = 0 there is a natural number K such that for all
k > K, ¢ < €. Then for all j > Nk, there is a kK > K such that Zle N; <
J <Y, N, So, Q(SI(E)) = S, Q(S(A) < Q(S(A})) < e < . Thus,
lim; o, Q(S7(E)) =0, and S is not lim sup full. O

Lemma 5.3. T is conservative with respect to P.

Proof. To show conservativity we demonstrate that the sum of the Radon-Nikodym
derivatives sum to infinity.
It is clear that

o . Lo+Ki—1 , Li+Kip1—1 )
dPT" dPTi dPTi
>
ap W= > ap Wt > ap Wt

i=1 i=Lo i=L,

We will show that for all ¢ > 0, ththt“_l dggi( ) > 1. For each ¢ we have

dPT?( ) =1l o P}’;k’(‘:’“) Since the sum ) "/ ‘+K'+1 ! dgg (w) has K1 terms,
we will show that for all ¢ > 0 the product szioo PI@;(“(:’;) Kt+11

Let a; denote the left-end coordinate of the v; block and b; denote the right-end
coordinate of the v; block. Then

o) a;j—1 bj+i

HszWk L H Plczwk Hszwk

4 Pr(wr) bye1 b1 Pe(wr) o ; Py.(wr)
ai—f P, wk bﬁ Pr_i(wr) ﬁ Pr_i(wr) '
bt Py (wg) i Py(wg) i Py (wi)

It is immediate that [];2, ;. 4 PI@;E"E}“;’)“) = 1 since all the Pj(wy) with & >

by +i+ 1 are the same, ie., {5,1}.
Assume Lo <i < L0+K1
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Remark 5.4. This means that there are at most Lo + K coordinates of each v;
block moving to the left into a p block, and there are at most Ly + K; coordinates
from the u block on the right moving into the v; block. For the v; block there are
only n; < Lg+ K; coordinates to move and these move completely into the u block
to the left.

It is again immediate that for each j, ng;ﬂ_iﬂ %{iﬁ’;) = 1, since all the P;(wy)
bi+i Py_i(wk)

with bj41 +i+1 < k < aj_; are the same, i.e., {5,5}. The term | s Foy 2
A= ILlKl_l > Kl_1 because the entire v; block, which is of length ni, is moved
into a p block and simultaneously covered by a p block. For j > 1, the terms

szzzij %ﬁ:’;) > )\;i > )\;(LOJFK”. This follows from the above remark. Hence,

the product [ _  Fe=t@n) > i, 1 K71 > K

—0o  Py(wy)
Using a similar argument, we see that for s > 1, Ly 1 < i < Lg 1+ K — 1,

bi+i Pr_;(wk) s —-n; —1 bi+i P (wk) —i
Iz, o 2 1z A 7 = LK Forallt > s, [[2, 5oy 2 A" =

)\;(Lsfl-’_KS). Therefore, [~ Pisi(wi) > limyoo s K8 > K71 O

—00  Py(wg)

Lemma 5.5. S ezact with respect to Q.

Proof. Associated to (S, X, Q) is the usual odometer map R except that the coor-
dinates of X are negative: if x is a point of X withz_; =1for¢=20,1,2,--- [ k—1
and z_, =0 then (Rz)_; =0,i=0,--- ,k—1, (Rx)_r =1and (Rx)_; = x_; for
all j > k.

From the construction of @, it follows that (R, X, Q) is a nonsingular ergodic
transformation [4]. It then follows from the Kolmogorov zero-one law that S is
exact. O
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