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PARTIAL REGULARITY FOR WEAK SOLUTIONS OF
SEMILINEAR ELLIPTIC EQUATIONS WITH
SUPERCRITICAL EXPONENTS

ZONGMING GUO AND JI1AaYU LI

Let Q be an open subset in R"™ (n > 3). In this paper,
we study the partial regularity for stationary positive weak
solutions of the equation
(1.1) Au+ hi(z)u + he(z)u®* =0 in Q.

We prove that if o > 22, and v € H'(Q) N L*+(Q) is a
stationary positive weak solution of (1.1), then the Hausdorff
dimension of the singular set of u is less than n — 2%, which
generalizes the main results in Pacard 1993 and Pacard 1994.

1. Introduction.

Let Q be an open subset in R™ (n > 3). In this paper, we prove a partial
regularity result for positive weak solutions of the equation

(1.1) Au+ hi(z)u + he(z)u® =0 in Q,

where o > Z—f;, h; € CH(R), a; < hi(z) < b, 0 < a; < by and |Viogh;(z)| <
B (i =1,2) for z € Q. As we know, there is not much known about the
properties of the weak solutions of (1.1).

We say that u is a positive weak solution of (1.1) in Q if u(z) > 0 for a.e.
x € Q and for all ¢ € C*°(£2) with compact support in €,

(1.2) —/QUA¢d:J::/Q[hl(x)u—i—hg(x)ua]gb(x)dx.

We say that a weak solution u is stationary, if it satisfies

ou ou 04 1 Q&zﬂ 1 28h1 2 0¢’
(1.3) / [Bacl Oz Ox; 2’ u Tt * h oz
1 wot! ah? i uot! 8¢

o' ot +1h o

for all regular vector field ¢ with compact support in € (summation over i
and j is understood).
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For weak solutions in H'(Q)NL**1(Q) this identity is obtained by assum-
ing that the functional E(u) is stationary with respect to domain variations,
that is,

d

%E(Ut)’mo =0

1 1 1
E(u) = 2/ |Vu|*dz — 2/ hiu® — 1 / hou® T dx
Q Q « Q

and w(x) = u(z + to(x)).

Let u € H'(Q)N L () be a positive weak solution of (1.1). We denote
by ¥ the set of points € 2 such that u is not bounded in any neighborhood
W of  in Q. If uw is bounded in a neighborhood of x then the classical reg-
ularity theory ensures that u is regular in the neighborhood of x. Therefore
3. is the singular set of u. Moreover, 3 is a closed subset of €.

If a < %5, a simple bootstrap argument shows that all positive weak
solutions of (1.1) are regular. It is well-known that the singular set may not

be empty if o > % Pacard [Pa2] constructed solutions with singular sets
of Hausdorff dimension d < n — 2% Schoen and Yau proved in [SY] that
the singular set of a positive weak solution of (1.1) is not always as simple
as in the examples given in [Pa2].

In [Pal] and [Pa3], Pacard showed that the Hausdorff dimension of the
singular set of a stationary positive weak solution u of the equation —Au =
u® in 2 is less than n — 2%.

In a recent paper [GL], we considered the compactness for positive solu-
tions of Equation (1.1). Using the ideas in [LT1] and [LT2], we obtained
the measure estimate of the blow up set of a sequence of positive smooth
solutions {u;} of (1.1) with {||w;|| g1 (q) + [[willpe+1 ()} bounded. We applied
such result to a semilinear eigenvalue problem

(1.4) —Au=ANu+u") in 2, w=0 on O

where

when 2 is a smooth star-shaped domain and obtained that any branch of
positive solutions (A(s),u(s)) of (1.4) must converge to a (singular) positive
solution ug of the equation

(1.5) —Au = X(u+u®) in Q

as A(s) + [[u(s)| () — 00, 8 — 00, where A\g = lims .o, A(s) and 0 <
Ao < oo. The existence of such branches of positive solutions is obtained
by Rabinowitz. It was proved in [BDT] and [Da] that some branches are
simple curves.
In this paper, we shall prove a partial regularity theorem for a stationary
n+2

positive weak solution of (1.1) with o > 5.
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Theorem A. Leta > 2. Jfu e HY(Q)NL*(Q) is a stationary positive
weak solution of (1.1), then the Hausdorff dimension of the singular set of
u is less than n — 29+

Our result covers the main results in [Pal] and [Pa3]. The proof is quite
different, we used the duality of a weighted Hardy space and a weighted
BMO, which was used in [CLL] to get a partial regularity result for a weak
heat flow.

When h; = 0 and ho is a constant, it is not hard to construct solutions
of (1.1) which are singular (see [Lin| and [Re]). However, when hs is not a
constant, the problem is much harder. A singular solution was given in this
case by Johnson-Pan-Yi [JPY]. Let Q = Bg, here B C R" (n > 3) is a
ball with center at 0 and radius of R > 0. Consider the equation

(1.6) Au+ K(|z|)u® =0 in Bg
with K (|x|) satisfying the following conditions in [JPY]:
(K1) K € C'0,00), K'(0) = 0, K(r) > 0 for r > 0, and lim, ., K(r) =

K(o0) > 0;
(K2) There is a § > 0 such that lim 7°(K(r) — K(c0)) =0, lim r' K’ (r)

(K3) K'(r) <0 for r > 0.
It is proved in [JPY] (Theorem 1) that the equation

Au+ K(Jz[)u® =0 in R”

has a singular solution Uy(r) with r = |z|, which satisfies

2 1 2 2 \]&1
li a—1 = - 92—
Jimy et Uo(r) [K(O) a—1 <" a—2>} ’

2 2 1 2 2 a-1
lim ra—1 U (r) = — - -2 .
0 | [K(O) a—1 <” a—l)]
It is clear that Uy(|z|) for € Bp is a singular solution of Equation (1.6).

Throughout this paper, C' will denote a universal constant depending only
on «, B, n and a;, b; (i = 1,2), unless it is explicitly stated.

2. H.(R") and Mlﬁ,l,g(a:).

In this section we review definitions and properties of the space H} (R") and
the function M f7l,g(:c). See Stromberg & Torchinsky [ST] for more details.
Let u be the Lebesgue measure in R™ and du(z) = dx. Let v be a

weighted measure with respect to the Lebesgue measure in R™ with weight
w(x). Then

H,(R") = {f € S'(R") : My(Fy) € L,R"), |[fllm, = [M1(Fy)llzy, }-
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where

Fy(z) = tln/Rn fy)o <y;x> dy,

¢ is any smooth function with support in the unit ball and M;(Fy(x)) =

Supyo £ (2)-
For g € Li (R"), define

loc

where

: /
Dat = 57— gdy,
( ) ' B(ZU, t) B(z,t)

and B(z,t) C R™ is the ball centered at x with radius ¢. It follows from
Theorem 2 in Chapter IX in [ST] that for f € Dy, g € Li. . (R™) and v € Dy

for some d > 0 (see Doubling Dy condition in Chapter I in [ST]), there
exists C' > 0 independent of f and ¢ such that

(2.1) st <c ([ anE gui).
R’I’L

R”

Since Dy is dense in H.(R™) (see Theorem 1 of Chapter VII in [ST]), we
conclude that (2.1) holds for f € HL(R") and g € L. (R").

In this paper, we define w(z) = |z|~2/(®=Y and dv(x) = |z|~¥/ (@ Vda.
Then v is a doubling weighted measure with respect to the Lebesgue measure
of R™ with weight \x]_Q/(O‘_I) and v € D, > . Moreover,

@-1)

— 1wy, t"‘ﬁ,

v(B(z,t)) = 718_1)_2

where w, is the area of the (n — 1)-dimensional unit sphere in R".

3. A monotonicity inequality and blow up.

In this section, we first recall a monotonicity inequality for stationary pos-
itive weak solutions of (1.1) established in [GL], using this monotonicity
inequality and a blow up argument, we then obtain a decay property of the
scaled energy. Assume henceforth that u € H(2) N L¥T1(Q) is a stationary
positive solution of (1.1).
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For any o € 2 and r > 0, define

(Oé - 1) eC'r‘r—;L/ hgua+1d$
2(a+1) B(zo.r)

+} ecri T“/ ulds
4 dr 8B (wo,r)

+ E eCrrrl (-1 4 ) / u’ds
4 9B (zo,r)

+C /T eCﬁg(a—H)/(a—l)df’
0

E,(xg,r)

where p =n — Qg—ﬂ and C depends only upon «, 3, n and a;,b; (i = 1,2).
It is proved in [GL] that E,(xo,r) can be written to the equivalent forms:

1 1
E,(xg,7) = §ecrr_“ /B( | \Vu|?dx — iecrr_“ /B( )h1u2dac
xo,T Zo,T

1
— ecrr_“/ hou®Ttdx
(Oé + 1) B(zo,r)
1

Cr,,—p—1 / 2
4+ —7e"'r u“ds
(Oé - 1) 0B(zo,r)
1+ Coorpn / u?ds + C / " Ol o) ge
4 OB (zo,r) 0

and

a—1 1
Eu = Cro—p|___ ~ h a+1d
(z0,7) <a + 3) ° [(CH 1) /B(:co,r> o
1 1
N / ]Vu|2d$ _ / h1u2d$:|
2 B(zo,T) 2 B(@or)

1 d
4+ — ecrr“/ uds
(Oé + 3) dr OB(z0,r)

+ (C __ ¢ ) ecrr_“/ u?ds
4 (Oé + 3) OB (z0,r)

n C/T (Ceglat)/(a=1) g
0

All the derivatives in the above expressions are to be understood in the sense
of distributions. Lemma 3.1 and Lemma 3.2 below are proved in [GL].

Lemma 3.1. Ifu € HY(Q)NLY¥Y(Q) is a stationary positive weak solution
of (1.1), then E,(zo,r), defined above, is an increasing function of r.

Lemma 3.2. E,(zo,7) is a continuous function of zo € Q and r > 0.
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Now we show the following lemma:

Lemma 3.3. There exist 0 < rg < 1 independent of xqg €  and some

constant C' > 0 depending only upon a, n, such that the following inequality
holds:

(3.1) T“/ \Vu|2dm < CEy(x0,2r) < CEy(xzg,70) forr <ro/2.
B(zo,r)

Proof. We consider the last one of the three equivalent formulations of
E.(zg,r) given above. By Lemma 2.3 in [GL] we know that there exists
0 < rg < 1 such that

(3.2) E.(zg,r) >0 forall zg € Q, 0<r <rg,

and for r < rg,

(3.3)

1 <a—1> ecrr_“/ hyu?dz
2\a+3 B(zo,r)

< C/T eC€§(O‘+1)/(O‘_1)dE + ! (a — 1) ecrr_”/ houtdz.
N 0 2 B(zo,r)

(a+1) \a+3

We denote by ¢(r) = r—# fB(Iw) |Vu|?dx. Since E,(xo,7) is an increasing
function of r, we integrate it from 0 to r < ry and obtain that for almost
every xg € €0, (note that e > 1)

a—1

2

/ o(p)dp + ecrr_“/ u?ds < (a4 3)Ey(zo,7)r for r < ro.
0 9B(zo,r)

(Here we have used lim, _,gr* faB(xO ") u?ds = 0 a.e. g € Q. This fact is

proved in [GL].) Now we use Remark 2 in [Pal] and we see that there exists
some o € [r/2,r] such that

bo) <> /0 " $(p)dp < CEu(z0,7),

for some constant C' > 0 depending only upon «, 8 and n. In addition we
have ¢(r/2) < 2*¢(0), if o € [r/2,r]. This gives us the desired result for
almost every g and, by continuity, for every xg.

Proposition 3.4. Assume that there exist xg € Q and 0 < r1 < rg such
that Ey(xo,71) < . Then

(3.4) r_“/ |Vu|?dz < C9,
B(y,r)

for ally € B(xo,7m1/8) and 0 < r < r1/4, where C only depends upon n, «,
0.
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Proof. Let 0 < r < r1. We know that for any y € B(zo,7/2), B(y,r/2) C
B(zg,r) C B(xg,71). Thus,

/ \Vu|?dx < / |Vu|?da.
B(y,r/2) B(zo,r)

Thus, (note that e“” > 1)

a—1 r\ —H
E, > 97H - hou®ttd
w0 227 (e ary) (5) f e
+ (a — 1) eCrpH 1/ |Vu|*dx — Cr
o+ 3 2 B(y,r/Z)
+ L 4 eCTr“/ u?dx
(Oé + 3) dr OB (zo,r)

1 1 r a+tl
+ CeCrpH ( — ) / u’ds + C'/ eCea—1de.
4 (a + 3) OB (zo,r) 0 ¢ -

Define ¢(r) = (g>_u fB(y /2) |Vu|?dx. By the argument similar to that in

the proof of Lemma 2.3 in [GL], we have, for almost every xy € Q,

(3.5) 2~1(o — 1) /0 " G(p)dp < (a4 3)Eu(zo, )

Using Remark 2 in [Pal] again, we see that there exists some o € [r/2,r]
such that

(3.6) W(o) < i/orzﬂ(s)ds < CEy(z0.m),

for some constant C' > 0 only depending upon «, 3 and n. It is clear that

P(r/2) < 2Mp(o). Since
(3.7) v/ = (5" /B L

we have the desired result for almost every y € B(xg,71/8). By continuity,
we see that it holds for every y € B(xg,r1/8).
Define

Fy(zo,7) = r_“/

B(zo,r)

|VU|2dCL'+C/ €C££(a+1)/(a_1)d£,
0

where O[] e“¢¢(@D/(@=1g¢ is the function in the formulations of E, (o, 7).
Then we have the following lemma:

Lemma 3.5. We have that
r”/ hou®tldz < CF,(xg,r) for allzg € Q and 0 <1r <19
B(zo,r)



96 ZONGMING GUO AND JIAYU LI

and
r“/ hiu?dz < CF,(xg,7) for allzg € Q and 0 < r < 1o,
B(zo,r)

where C' depends only upon o, n, a; and b; (i =1,2).

Proof. We only show the first inequality, the second can be obtained by a
similar argument. Since E,(xg,7) > 0 for all zp € Q and 0 < r < rg, it can
be seen from the second of the three equivalent formulations given above

that
7“_“/ hou®tde < C | Fy(zo,7) + 7“_“_1/ u?ds |,
B(zo,r) 9B(zo,r)

for some constant C' depending only upon «, n, a; and b; (i = 1,2). On the
other hand, the trace embedding theorem gives
2(n—1)

HY(B(z0,7)) — W22(8B(z0,7)) < L -2 (8B(z0,7)).

Therefore,

ul| 2(n— < C|lu .
| ||L2(71—1)(8B(3:0,r) <C| ||H1(B(:vo,T))

By Holder inequality,

n—2

. 2(n—1) n-1
[ wassc ( |t ) < Clluls 50y
(zo,r) OB (zo,r)

so we obtain

r_“_l/ u?ds < CF,(xo,7).
9B (zo,r)

This implies that the first inequality in the lemma holds.

Theorem 3.6. There exist constants 0 < €p, 7 < 1, 0 < 19 < 19/4, such
that

(3.8) E.(xo,7) < €
implies

1
(3.9) Fu(xg,1r) < §Fu($0, r) for all zy € Q and 0 < r < ro.
Proof. 1t follows from Proposition 3.4 that if Ey,(xo,7) < €, then for n <
r/4,

77_“/ |Vu|?dz < Ce.
B(zo,n)

This implies lim,, o n~* fB( ) |Vu|?dr = 0. (Otherwise we can choose ¢

Zo,"n
smaller to deduce a contradiction.)
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If the result were false, there would exist balls B(xg,r;) C Q with rp, — 0
as k — oo such that

(3.10) Fy(zg, ) = N, — 0,
whereas

1
(3.11) Fy(xy, 1) > §>\2,

for 7 > 0 selected as below. We rescale our variables to the unit ball
B(0,1) C R™ as follows: For z € B(0,1), we set

 9/ta—1) [u(xg + rE2) — ag
(3.12) ve(z) = r/ Y ( " > :

where

1 /
ap = udy = (W)ay, rps
|B($k,’rk)| B(xkﬂ‘k) e

(|B(zk, )| = Vol(B(xg,rr)) denotes the average of u over B(zk,7k), k =
1,2,....)
Using (3.10), (3.11) and (3.12) we have

Sup/ lug|?dz < oo, Sup/ Vg |2dz < oo,
k JB(0,1) k JB(0,1)

but
1 1

(3.13) / (Vop2dz > = — eC72/ @) > 174 (k=1,2,...),
T JB(0,r) 2

a—1

if we choose 7 < (%e‘c> ** In fact, we know that

TTk C _ 1 o
o /0 (CEclatD)/(a1) g < 06(20;)(%)51

and since C' [;* eCegleat/la=lge < A2 it holds that

Cla—1) 2o
(O;a )r,‘j_l < AL

Thus, it follows from (3.11) that

1 a
A2 7m Vop2dz | > (= — ePracT ) A2,
B(0,7) 2

The sequence {v;}32, is thus bounded in H'(B(0,1)), so there exists a
subsequence (still denoted by {vy}) such that

(3.14) vy — v strongly in L?(B(0,1))
(3.15) Vo — Vo weakly in L?(B(0,1)).
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Choose any function w € C§°(B(0,1)). Define

wi(y) = w ( xk) (y € B(wk, 7)),

T

m) = (1),
o2
(

Since u is a weak solution of (1.1), we have

(3.16) / Vu Vwydy = / (hl(y)u + hz(y)ua> wi(y)dy.
B(mk7rk) B(Ikurk)
Thus,

(3.17) / Vi, Vwdz = / [Tzﬁl(z) (Uk(z) + %>
B(0,1) B(0,1) A

ag

FX () () + ) ()

~2/(a-1)

where Ay, = A1 . Since

I,%::TQ

h Vg + > wdz
g /B(O,l) 1< A

N b\ 2 1/2 N 1/2
< r,% (/ h1 <vk + Ak> dz) </ h1w2dz>

B(0,1) k B(0,1)
1/2
< 7‘,% [)\,;27",;2 (r;“ /B( )hﬂﬁdm)] Hh1w2”L2(B(0,1))
Tk

< CTthlw HL2 B(0,1)) — —0

(here we used Lemma 3.5) as k — oo and

he (v +> wdz
/B(O,l) ? < B4,

N atl a/(a+1)
<At / ha <vk+> dz

B(0,1) A
N 1/(a+1)
. / ho|w|*Ttdz
B(0,1)

a+1 "
< X0t (A,;W“)rk“ /B ( )hgua+1dx> 17w et 50,11
Tk,Tk

Il% 1= )\2—1
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< CA,(ffl)/(aH)HE;/(aH)w||La+1(B(o,1)) — 0

(here we used Lemma 3.5) as k — oc.
Letting & — oo in (3.17), we get

(3.18) / Vv Vwdz = 0.
B(0,1)
Hence v is harmonic function, and hence smooth, and we have the bound
(3.19) 2 < ¢ / Wdz < o
. oo 1 S T )
L=B0:2) = B(0,1)] B(0,1)

where |B(0,1)| =Vol (B(0,1)). We will show in next section that

1
(3.20) Vo, — Vv strongly in L? (B <0, 4))
then we have,
1 ) 1
(3.21) — |Vol?dz < OT"7F < =
™ JB(0,7) 4

0;771 _ (a+1)/(2c)
provided 0 < 7 < min { (%) = H), (ef) ,%}, which contradicts
(3.13).

4. Compactness.

In this section we turn our attention to (3.20). We choose a smooth cut-off
function ¢ : R™ — R satisfying

0<¢<1,
(=1 on B<O,1>,
4
(=0 on R"\B (0,5).
16

Lemma 4.1. The sequence {Cvi};2 is bounded in Miu(R”, R).
Proof. We first show that for 0 < r <rg < 1,

(4.1) E,(xo,7) < CFy(z0,7) for all zog € Q.
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In fact, it follows from the second of the three formulations of E,(zg,r)
given above that

(4.2)

Eu(x07 T) S

ecrr_“/ |Vu|>dz + L ecrr_“_l/ u?ds
B(zo,r) (Oé - 1) 0B(xo,r)

+ Geory-u / wds +C / St e g
4 OB (zo,r) 0

N

By the trace embedding theorem and the argument similar to the one used
in the proof of Lemma 3.5, we obtain

(4.3) r_“_l/ ulds < CF,(xo,7).
OB (zo,r)

Note that e < €. Our claim can be obtained from (4.2) and (4.3).
Fix any point 29 € B(0,2) and any radius 0 < r < %, set

3
Yp =T + 120 € B ﬂfkazrk .

By the claim above and an argument similar to the one used in the proof of
Lemma 3.3, we obtain that

— |Vul|“dy
(rrg)# B(yk,rrk)

1
S CEU (yka 47"k)

1o,
<C Tk—ﬂ/ |Vu]2dy+C/4 €C££(a+1)/(a—1)d§
B(yk,37k) 0

< OF,(zp, 1) = CAL.

Rescaling this estimate we obtain,
(4.4) 7“_“/ |V 2dz < C
B(zo,r)

for k=1,2,...,all 0 <r < § and z € B(0,3). This implies that

1
(4.5) 5 / [ve — (Vk) 20,r|dz < C < 00
r™" " a1 JB(z0,r)
for k, r and 2y as above. This implies v € £ at (B(0, %)) and
£hat (B(0,3/4)) is a Campanato space (see [Gi]). Since B(0,3) is type
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(A) ([Gi], Chapter III, Definition 1.3), Proposition 1.2 in Chapter III in [Gi]
implies that

1
(4.6) sup 5 / |ug|dz
20€B(0,3/4), 0<r<1/8 ¥~ a—1 J B(z,r)

1
<C sup ;
20€B(0,3/4), 0<r<1/8 y"* " a—1

/ o — (1) sz < C.
B(zo,r)
Since ¢ is smooth, then

Cr
4.7 20,7 2= 1B (20, 7)]
@7 M€ = @00l < gy [

for any ball B(zp,r). Thus, if zo € B(0, %), 0<r< %, we have,

|vg|dz on B(zg,T)

1
(4.8) o Qo — (Cuk) 20, dz
Bz, >r Blzo) '
Cr
— (V) 2o, |d2 + 57— |ug|dz.
|B 20,7 |/ (z0,7) 0 |B(ZQ,’I“)| B(zo,r)

On the other hand, if zp € R™\B(0 ’1)7 0<r< %, we have

(4.9) / Qo — (Cuk)zo,r|dz =0
B(zo,r)
It follows from (4.6), (4.8) and (4.9) that
(4.10) Cop € LY"75T (R™).
This also implies that {Cv};2, is bounded in ]\ﬂjW(R”7 R) for k=1,2,....

Proposition 4.2. The rescaled functions {Vu,}32, converge strongly in

L2(B(0,1)).

Proof. Subtracting (3.18) from (3.17) we obtain

(4.11) / (Vo — Vv) Vwdz
B(0,1)

= r2/ h (vk + ak) w4+ A1 / ho <vk + ak) wdz
* I Ag " Json) Ag

for w € C§°(B(0,1)). Hence it holds for w € H}(B(0,1))NL>*(B(0,1)). We
now insert w = (%(vgy — v) into (4.11). The left-hand side of (4.11) is

L= [ Q- VePdr2 [ G o) (To - V) Veds
B(0,1) B(0,1)

> / |V, — Vol2dz + o(1)
B(0,3)
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as k — 00, in view of (3.14) and (3.15). The right-hand side of (4.11) reads

Ry = r,%/ I (Uk + Zk> C(vg —v)dz
B(0,1) k

+ )\g_l/ %2 <Uk + ak) CQ(Uk —v)dz
B(0,1) Ay

= R, + Rj.

as k — oo.
Now we show that
(4.12) ¢(vn+ %)a e HL(R")
Ay,

for k=1,2,.... We first consider

My (c <k " A’;)) () =swp = [ (CVof)e e (y . ) dy

t>0 t" Jrn 13

where fi(y) = ve(y) + &, ¢ is a Schwartz function with nonvanishing
integral (see [ST)).
Ift21+m,wehave

i | () we (y . Z) dy

¢ i) (w)udy

IA
|

t" JB(0,1) (

1 0t a/(a+1) 1/(a+1)
< - (/ <Cl/afk> dy) (/ ¢§c+1dy>
B(0,1) B(0,1)

a/(a+1)
)\I;(a—kl)rk—p / ua+1d$]
B(x]wrk)

< O\
=i k

C a(l—a)
< )\ a+1
RS
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Therefore,

Ift < 1—1—%, we have, if |y —z| < t, then |[y—z| < 1—|—% and |y| > 3|z|—1.
Therefore, if |z| > 8/3, then |y| > 1. Thus, for 0 < e < 1 and z € B(0, 3),

;/R Ak <y - Z) dy
e

(1—e)/(a+1—€)
_ (/ Ea—i—l—e)/(l—e)dy)
B(z,t)
atloe \ &/ (atl=e)
<c <M((c1/“fk) )) ,

where M(+) is the Hardy-Littlewood maximal function. If z € R™\ B(0, 3),

1 1/a * _
i () oty =
Therefore,
Y |2/ a-)
My ¢(2) [ vk(2) + K dz
a+l—e\ 7a/(a+1—e¢)
gc/ M( (Mg, 2|72 @D g,
o (€ 8) )

(e ol a/(a+1)
([ ()™

a/(a+1—e)
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a(l—a)

<ONT

where we used the facts that pu > 0 if o > 22 and

n—27

a1 1 (@) /(a+1-0)
Jro (o)) &
(a+1)/(a+1—c)

= Jo (o)) iz
<[ (¢n) e

M((Cl/afk) aim) (2) =0 for » € R"\B(0,3).

It concludes that (Cl/ o fk)a € HL(R™). Therefore, it follows from (2.1)
that

because

RE< ! [ (V) )M (olun = )l Vs

SC)\z_l/ M1<<C1/O‘fk)a)|Z]_2/(a_1)dz
R~

a(l—a)

< CATIA T

a—1
=CN =0

as k — oo.

5. Proof of Theorem A.

In this section we shall prove Theorem A. We recall the definition of function
space LP1(Q):

LPI(Q) = {v € LP(Q): sup rq/ uPdr < —l—oo} )
x€Q,r>0 B(z,r)NQ

This is called Morrey space (see [Gi]). Now we recall a theorem in [Pa2].

Theorem 5.1. Let u be a positive weak solution of (1.1), assume that u €
LoAT(Q) for A =n — 22 and some 0 > 0 then u is reqular in €.

Note that Pacard [Pa2] proved this theorem only for the case that by =0
and ho = 1 in , but we can easily see from his proof that this theorem still
holds in our case.

Set

V={xeQ: E,(z,r) < e for some 0 <71 < ra},
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where €g and ry are constants in Theorem 3.6. Furthermore, using Theo-
rem 3.6, we can show that (cf. [Gi]), if x € V, there exists r* > 0 sufficiently
small such that

(5.1) Fu.(y,r) < Cr?

for some 0 < v < %, C > 0, all y near z, and all sufficiently small radii
0 < r < r«. It follows from Lemma 3.5 that

(5.2) 7"_“/ uttde < CF,(xo,7)
B(zo,r)

for all 29 € Q and 0 < r < ro. Note that v < 2% by (5.1) and (5.2), we
have

(5.3) r—H (/ (|Vu|2 + u°‘+1)d:v> <Cr?
B(y,r)

for all y near z, and 0 < r < r*. Now we show that
(5.4) u e LY (B(x, 7+ /2))

for some 6y > 0. In fact, choosing 6y = we have, for 0 < r < r*,

oy
a+1?
a/(a+1)

T—(n-i—@o)/ udy < y—(nt6o) (/ uoc-l—ldy) p1/(a+1) <C.
B(z,r) B(z,r)

This implies (5.4) and therefore, by Theorem 5.1, u is regular at x. Hence
u is regular in V.
Define ¥ = Q\V. Then

Y=Npso{z €Q: Ey(z,7) > €0}
It is proved in [GL]| that

(5.5) 2 C Neso {33 eN: / (ua—i-l + |Vu|2>dy > Ceor“} .
B(z,r)

Thus, standard covering arguments imply that the Hausdorff dimension of
Y is less than n — 23—3. This completes the proof of Theorem A.

Remark. The conclusion of Theorem A still holds for the stationary posi-
tive weak solutions of the equation

Au+ hi(x)u” + ha(x)u® =0 in Q

where 0 < Kk < a, o > Z—fg It should be very interesting to know whether

our partial regularity theorem holds for the equation
Au+h(x)f(u) =0 in Q

where f(s) satisfies that f(s) > 0 for s > 0 and f has the growth rate

a > Z—J_“g The main difficulty is how to establish the monotonicity inequality.
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