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PROPERLY EMBEDDED MINIMAL DISKS BOUNDED BY
NONCOMPACT POLYGONAL LINES

LEONOR FERRER AND FRANCISCO MARTIN

In this paper we give a uniqueness and existence result for
minimal disks with some noncompact, U-shaped boundaries
in a slab of R3.

1. Introduction and preliminaries.

Minimal surfaces containing straight lines have special properties that dis-
tinguish them from the rest of minimal surfaces. In this article, we empha-
size Schwarz’s reflection principle. Examples of this type were well studied
during the last two centuries.

Recently, in [11], F.J. Lépez and F. Wei obtained an existence and unique-
ness theorem for properly immersed minimal disks whose boundaries consist
of two disjoint straight lines and a segment which meets the lines orthogo-
nally.

Following this, Lopez and the second author of this paper have con-
structed a deformation of Loépez-Wei disks which consists of properly em-
bedded minimal disks bounded by straight lines and contained in a wedge
of a slab (see [9] and [10]). Essentially, the deformation modifies the angle
formed by the two halfplanes containing the connected components of the
boundary. The surfaces that appear in this deformation for angle zero corre-
spond to some Jenkins-Serrin graphs (see [6]). The Lopez-Martin examples
have nice geometric properties such as the convex hull property. These
examples are a solution to Plateau’s problem for a polygonal noncompact
boundary consisting of a double U shaped contour (see Figure 1). These
surfaces can be used as a new type of barrier for the maximum principle
application ([8] and [9]). Examples of this kind are also closely related to
minimal surfaces with helicoidal ends ([15]).

In this paper, we obtain all the solutions to the aforementioned Plateau
problem with noncompact polygonal boundary, which are contained in the
slab, but not lie necessarily in the convex hull of their boundary (see Fig-
ure 2). To be more precise, we deal with the study of properly embedded
minimal surfaces whose boundary I'y 4 consists of the following configuration
of straight lines:

Fix § € [0,7] and d > 0, and consider two half-lines 7 and r; in R3,
meeting at an angle of §. If § = 0 this means that the straight lines are
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parallel. Let qfr and ¢; be two points in rf and r], respectively, such that
they are symmetric with respect the inner bisector of these half-lines. We
choose ¢; and ¢; in such a way that either ¢ = ¢; or the half-lines ¢ and
4] on Tf and r] starting at qf and ¢, , respectively, do not intersect. Write
d = dist(q)", g1 )-

Let II; be the plane determined by Ef and ¢7, II2 a plane parallel and
distinct to IIy and let S denote the slab determinated by II; and Ils. Let
(5 and /5 be the orthogonal projections to Iz of ¢{ and ¢, respectively.
Denote q; (resp. g5 ) as the orthogonal projection to Ily of qf (resp. ¢ ),
and label £§ (resp. {;) as the segment [g;, g5 ] (resp. [¢; , g5 ]). Finally, we

define
2 2

Tgy= U (65), Toq= U(Ei_)’ Toq=Ty,UTg,
i=0 i=0

Figure 1. The curve I'yq.

We consider the following generalized Plateau problem:

Problem 1. Determine a properly immersed minimal surface X : M — R3
satisfying:

(1) M is homeomorphic to the closed unit disk D minus two boundary
points £ and F», that we call the ends of M.

(2) X(9(M)) = Tpa.

(3) If d > 0, X is an embedding.

(4) In the limit case {§ = {; (i.e., d = 0), the maps X|y;_-+ and X|pr_--
are injective, where 4+ and 4~ are the two connected components of
I(M).

(5) X (M) lies in a slab that contains S.

Observe that if (5) is satisfied then it is easy to prove (see Lemma 2.1 in
[12]) that X (M) lies in the slab S. Then Condition (5) is equivalent to

(5) X(M) lies in S.
We prove the following:
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Main Theorem. If0 < § < 7 there exist dy and dj, with 0 < djy < dy such
that:

(i) If d > dy there are no solutions of Problem 1.
(ii) If d = dg, Problem 1 has a unique solution.

(iii) If d €]d},dg[ or d = 0, Problem 1 has two solutions.
(iv) If d = dj, Problem 1 has three solutions.

(v) If d €]0,d}[, Problem 1 has four solutions.

If 0 =« there exist d with 0 < d, such that:

(i) If d > dy there are no solutions of Problem 1.
(ii) If d =0 or d = dr, Problem 1 has a unique solution.
(iii) If d €]0,d,[, Problem 1 has two solutions.

If 6 = 0 there exist d, with 0 < df, < dist(IIy,II5) such that:
0 0

i) If d > dist(I11, I12) there are no solutions of Problem 1.
(i) If d =0 or d €]dy, dist(Ily,II5)[, Problem 1 has a unique solution.
(iii) If d = dj, Problem 1 has two solutions.
(iv) If d €]0,dy[, Problem 1 has three solutions.

Lépez and Wei proved in [11] that there exists a unique solution of Prob-
lem 1 when € = w and d = 0. Therefore, we always omit this case in our
discussions.

—
-t

Figure 2. The four solutions in case § = 5, d = w

The first and second one on the left corresponds to Lopez-
Martin examples.

The aim of this paper is to prove the uniqueness and existence of the
solutions stated in the Main Theorem. The paper is set out as follows:

In Section 2, we obtain the uniqueness result stated in the above theo-
rem. For the sake of clarity we divide the proof in several subsections. In the
first one, we shall see that if M is a solution of our Plateau problem then
M is conformally equivalent to a twice punctured closed disk with piece-
wise analytic boundary and its meromorphic data extend to the closed disk.
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Among the results obtained in this subsection, we emphasize the following
proposition:

Proposition 1. Assume X : M — R3 is a solution of Problem 1 for
0 <0 < 7 and denote by E(Tgq) the convex hull of Tgyq. Then X (M) lies
either in E(Tgq) orin (S\ ETgq)) UTgq. If 6 = 7, then X (M) lies in one
of the half-slabs determinated by the strip £(Tyq).

Roughly speaking, the above proposition asserts that if 0 < 8 < m, then
the solutions of our problem lie either in the interior of the convex hull of the
boundary or in the exterior of it. Subsection 2.2 is devoted to proving that
M inherits the horizontal symmetry of its boundary and also the vertical
symmetry in case d = 0. Finally, in Subsection 2.3, taking into account
the preceding steps, we determine a model of the complex structure and
Weierstrass representation of any solution of Plateau’s problem above. As a
consequence, we obtain that, in the general case, a solution of our Plateau
problem also inherits the vertical symmetry of its boundary.

The existence part of the Main Theorem can be found in Section 3. We
prove that the Weierstrass data obtained in Section 2 really correspond to
solutions of our problem.

As we mentioned before, Lépez-Martin examples can be used as barri-
ers in order to prove nonexistence results for minimal surfaces with planar
boundaries in a wedge of a slab. Furthermore, they extended the family
of minimal surfaces satisfying the convex hull property. To state these
results we need some notation. Define L = {(0,0,¢) | —3 < ¢t < 1}
and W = {(z1,22,23) € R® | =1 < 23 < 1}. For § € [0, 7], we also
write Wy = LU {(21,22,23) € W\ L | Arg((z1,22)) € [0,0]} and 3y = L U
{(z1,22,23) € W\ L | Arg((z1,22)) = 6}. Using this notation Lépez and
the second author have proved the following:

Theorem 1 ([10]). Let M be a connected properly immersed minimal sur-
face in a wedge War_¢ for some 0 < € < 2mw. Then one has:

(i) If O(M) C X, then M is a planar region in Y.

(ii) If O(M) C Wy, for 6 €]0,n[, then M lies in the conver hull of its

boundary.

Finally, we would like to mention that the Main Theorem and Proposi-
tion 1 are announced in the proceedings of the conference Differential Ge-
ometry Valencia 2001 ([5]).

2. Conformal structure and Weierstrass representation.

As we mentioned before, this section is devoted to study the underlying
complex structure and Weierstrass data of the solutions of our problem.

Throughout this paper (1, 22, 23) denotes a set of Cartesian coordinates
such that:
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. Ea' and £, have the direction of x3-axis,
e {z3 = 3} and {z3 = —3} are the equations of planes II; and Ily,
respectively,

qT;qu and qf-qu’
e the xs-axis is the inner bisector of the orthogonal projection of E? and
¢;” to the plane x3 = 0,7 = 1,2, and

° F;d C {$1 > 0}.

e the origin is the middle point between

Along this section, X : M — R? denote a proper conformal mini-
mal immersion satisfying Conditions (1)-(5) of Problem 1. For the sake
of simplicity, we use I', ' and I'~ instead of I'yq, I’ (';d and I'y,. Taking
into account that X(M) C S and the maximum principle, we deduce that
ILNX(M)CILNT, for i =1,2.

As we announced, we shall divide the study of conformal structure in
several subsections.

2.1. Conformal type of M. The conformal type of M can be easily de-
termined using a global result on conformal structure of properly immersed
minimal surfaces by P. Collin, R. Kusner, W.H. Meeks and H. Rosenberg
(see [4]). From Theorem 3.1 of [4] we obtain that M is parabolic and hence,
taking into account the topological type of M, M is conformally equivalent
to the closed unit disk D minus two boundary points F; and E,, where the
biholomorphism extends piecewise analytically to the boundary.

Next, we prove that the Gauss map and Weierstrass data extend contin-
uously to the ends. To obtain this, we need some additional results.

Let U(E;), i = 1,2, be two open disjoint neighbourhoods of the ends of M
and let C,, denote the catenoid given by the equation 23 +x3 = a? cosh? (%3) ,
where a € RT. Define o, = X " 1{(X(M)NC,), for a > 0. With this notation
we shall prove the following:

Lemma 1. There exists ag > 0 such that for a > ag, 0, = J;UJ2 where o

a’ a
and o2 are two disjoint simple compact analytic curves such that o' C U(E;),

fori=1,2.

Proof. Clearly, since X (M)NC, is compact and X is proper, we have that o,
is compact for ¢ > 0. Furthermore, o, is a set of properly immersed analytic
lines, because it is the intersection of distinct minimal surfaces. Denote
by Int(C,) and Ext(C,), the interior and exterior connected component of
R3\ C,, respectively.

Note that we can consider a; sufficiently large to insure the following:
(F Uty CInt(C,) and SNInt(Cy) € SNInt(Cyr) if a1 < a < a’. As C, and
X (M) are transverse along U?:l ¢ ul;, for a > ay, we can assert that only
one curve lying in o, approaches to each one of the four points in o,NIO(M).
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Moreover, since oy, is compact, we can find U’ (E;), connected neighbour-
hoods of F; such that U'(E;) C U(E;) and X (U'(E;)) C Ext(Cg,). Consider
now ag > aj such that o,, C U'(E1) UU'(Es).

Therefore, if a > ap we deduce that o, = o} U o2, with 0! C U'(E;),
i=1,2and ol No2 = (). Now, we must prove that o are simple curves for
i = 1,2. Suppose that there exists a disk Q in U’(E;) bounded by an arc
of ol. In this case, either X (Q) C Ext(C,) or X(Q) C Int(C,). In the first
case, we have that X () C Ext(Cy) N Int(Cy,), for some a < ag. Hence,
using the family of catenoids {C}}q<t<q, and the maximum principle, we
obtain that X (£2) is contained in the catenoid C,, which is contrary to our
assumptions. Moreover, since ag < a we can assert that X (Q) C Ext(Cy,).
Consequently, if X(Q) C Int(C,) we may consider the family of catenoids
{Ct}a,<t<a. The maximum principle gives again a contradiction. O

Label 7 = X YT'}) and v; = X }(T}), for i = 1,2. Consider also
v =X ulyg) Nyt and 4y = XN UL ) Ny
Concerning the boundary behaviour we have, up to relabellings, three
possibilities:
Case 1. X(v7) =TF, X(yv7) =T~ and ~;' U~; diverges to E;, for i = 1,2
(see Figure 3.(1)).
Case 2. X(vT) = TF, X(y7) =T, 7 U~y diverges to Fy and 75 U~y
diverges to Ey (see Figure 3.(2)).
Case 3. When d = 0 we have also the case X (") = (f UlyUl;, X(v7) =
7 Ul U@L and 'yf U~ diverges to E;, for ¢ = 1,2, where £y = Ear =
(see Figure 3(3)).

R ) W
E1 El El
Yo Yo Y5 Y Yo Yo
1 1 Y Yo Yy Y
(1) (2) (3)
Figure 3.

Now, we shall prove that if d = 0 then Case 2 and Case 3 do not occur.

Lemma 2. Assume d = 0. Then the boundary of X : M — R3 is as in
Case 1.

Proof. Note that if d = 0 and the boundary is either as in Case 2 or as
in Case 3, X (M) contains a Mobius strip. Let us define ¢, as the transla-
tion of vector (0,0, p) and consider N the topological surface of R? given by
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N = U tn (X (M)). Since X (M) C S we have that N is a connected embed-
nez

ded topological surface in R3. A well-known topological result asserts that

then N must be orientable, but this is absurd because N contains Mobius

strips. O

Denote @2 = (0,1,0). Observe that @z is the unitary vector in the direction
of the inner bisector of £§ and ¢, pointing to £(T'). At this point we can
prove a restatement of Proposition 1 above:

Proposition 1. If 0 < 0 < m, then X(M) lies either in E(T') or in (S '\
EM)UT. If 0 = =, then X (M) lies in one of the half-slabs determinated
by the strip E(T).

Proof. Assume 0 < 6§ < mw. In accordance to Lemma 2 we have that the
boundary behaviour is either as in Case 1 or as in Case 2. Consider § =
X HX(M) N {xy = 0}). Since 3 is a nodal set of an harmonic function
we have that [ is a set of properly immersed analytic lines. Using the
maximum principle we obtain that there are no compact connected regions
of M bounded by curves in 8. Furthermore, as we are assuming 0 < 6 < m,
the theorem of the order of contact (see [13, §437]) gives us that there are no
curves in 8 approaching to either ’yi"’ or v, , for ¢ = 1,2. Now, we consider
the following half-strips:

B* = {(21,0,23) | 21 > 4,51 <5 < 1},

B_:{(x1707x3)|x1§7d,%1§$3§2 .

N[
=

First, we shall prove that if there exists a curve in (3 starting at either
’ya“ or 7, and diverging to one end, then there are no curves starting at the
same vertical segment and diverging to the same end. Assume that 3 and
3" are two curves starting at ’y[T and diverging to F;. The other cases can
be treated in the same way. Clearly, if d > 0 we have X (3') U X (8") C B*.
Suppose that d = 0 and X () and X (3”) are contained in different half-
strips. Then we can consider, taking a piece of 'yar if necessary, a piecewise
analytic curve 3 that diverge to F; and contains 3 and 3”. It is not difficult
to see that there is an angle between the curves in 3, ©, that goes by X to
an angle greater or equal than 20. Since X : M — R3 is conformal this
is a contradiction. Then we conclude that in both cases X (f’) and X (5”)
are contained in the same half-strip. Therefore, we can find a connected
component, €2, of M \ 3 such that X () is contained in one of the half-slabs
determinated by {ze2 = 0} and X (9(f2)) is in a half-strip. Consequently,
applying Statement (i) in Theorem 1 we obtain that X (€2) is a planar domain
of {z2 = 0} which contradicts our assumptions.

Moreover, we shall prove that there are no compact curves in 3\ (74 U~y )
starting at var and ending at 7, . Assume there exists 7 such a curve. As
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there are no compact regions of M \ 3, we infer that 7 is the unique curve
that starts at ’yar and ends at -, . Taking into account the above paragraph
and the fact that I'" and I'™ are in the same half-slab of S determinated by
{ze = 0} we conclude that must exist a pair of curves, 71 and 7 starting at
78“ and 7y, , respectively and diverging to either Fq or Eo. We assert that
both curves must diverge to the same end. Indeed, if 71 and 7o diverge each
one to one different end, then there exists a curve 73 diverging to both ends.
But this curve 73 intersects 7 transversally in a odd number of points while
X (73) intersects X (7) transversally in a even number of points.

Without loss of generality, we can assume that 7 and 7o diverge to Fj.
Now, we may consider, taking pieces of ’yar and v, if necessary, a piecewise
analytic curve 7/ from E; to Ep that encloses a disk Q of M \ 8. If X(7)
and X (72) are contained in the same half-strip, the domain  verifies the
conditions of statement (i) in Theorem 1 and we obtain a contradiction.
Assume that X (71) and X (72) are contained in different half-strips. Note
that then there is an angle between the curves in 7/, ©, that goes by X
to an angle greater or equal than 20. Using again that X : M — R3 is
conformal we get a contradiction.

Consequently, 3\ (7§ U~y ) consists of curves starting at 3 U+, and
diverging to one end and divergent curves. Next we prove that there are
no curves diverging to only one end. As before we have that one of these
curves would be contained either in BT or in B~. Otherwise, in each of
these cases it is possible to find a connected component, €2, of M \ [ such
that X (€2) is contained in a half-slab of S and X (9(2)) is contained in a
half-strip of {ze = 0}. Consequently, applying Statement (i) in Theorem 1
we obtain that X () is a planar domain of {2 = 0} which contradicts our
assumptions. Furthermore, using again that I'" and I'~ are in one of the
half-slabs determinated by {x2 = 0} we deduce that if there exists a curve
that starts at ’ygc and diverge to one end, then there exists a curve that
starts at 'y(j)[ and diverge to the other end. All these facts allows us to assert
that in B\ (yg U~y ) either there are no curves starting at v; U, , or
there are a pair starting at 'yar or 7, and diverging to different ends or there
are four curves, a pair starting at '70+ and diverging to different ends and
another pair starting at 7, and diverging to different ends. Moreover, we
may find curves in '\ (’)/6F U7y, ) diverging to the two ends. Note that then
the number of curves diverging to E; is the same as the number of curves
diverging to Fs. It is not hard to see, using Statement (i) in Theorem 1,
that two consecutive curves diverging to the same end have to be in different
half-strips, it is to say, if one is in BT the other one is in B~ and that all
divergent curves are disjoint. Assume that there are more than two curves
in 3 diverging to E; and consider the compact curves o' = o¢, for i = 1,2
and a > ag given in Lemma 1.
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Now, we analyze each of the possibilities for the boundary separately.

Case 1. Denote pj = 7 No! and p; = 77 No'. Then, denoting ps :
R3 — {23 = 0} as the orthogonal projection over the plane {3 = 0} we
deduce that p3(X(o!)) is a curve in {x3 = 0} such that |arg(p3(X(p]))) —
arg(ps(X (pf)))| > 27. Since X3(p) = X3(py) = 5 we infer that X (o) has
self-intersections, which is contrary to our assumptions. As a consequence,
there is at most two curves in § diverging to 1 and the same for Fs.

Case 2. Denote p| = 7 Nol, p; = v Nol, pg = v No? and p; =
v, N o2 and suppose that o! has been parametriced so that it starts at pf
and ends at p, and o2 has been parametriced so that it starts at p; and
ends at pj. Using the same notation as above we can see that p3(X(o?))
are curves in {z3 = 0} satisfying |arg(ps(X(p;))) — arg(ps(X (p7)))| > 27
and |arg(ps(X (p7))) — arg(ps(X(p7)))| > 27. Moreover, pa(X (o)) and
p3(X (0?)) rotates around (0,0, 0) in reverse sense, it is to say, if p3(X (o))
rotates clockwise then p3(X(0?)) rotates counterclockwise, and vice versa.
Since X3(p;") = X3(p; ) for i = 1,2 we infer that X (o!) and X (0?) intersect
each other. This contradicts our assumptions and therefore there is at most
two curves diverging to each end in (.

The same argument used in both cases proves that if 3\ (v; U7, ) consists
of two curves, 71 and 7, diverging to the two ends such that X (1) C BT
and X (72) C B, then the boundaries of the three connected components
of M\ B arey" Ur, 71 Ut and v~ U 7.

Taking into account this and the fact that I'" UT'~ is in one of the half-
slabs determinated by {z2 = 0} we have that either 3\ (7§ Uy ) is empty
or it consists of:

1. Two curves diverging to the two ends (see Figure 4(1)),

2. a curve starting at ’yJ and diverging to E1, a curve starting at 76“ and
diverging to Fy and a curve diverging to the two ends (see Figure 4(2)),

3. a curve starting at -, and diverging to Eq, a curve starting at v, and
diverging to Fs and a curve diverging to the two ends (see Figure 4(3)),

4. a curve starting at yar and diverging to E7, a curve starting at 70+
and diverging to s, a curve starting at v, and diverging to Fq and a
curve starting at v, and diverging to Ey (see Figure 4(4)).

Clearly, if B\ (7¢ U~g ) is empty we obtain that X (M) is contained in the
half-slab {z2 > 0}. Therefore X (M) satisfies the conditions of Statement
(ii) in Theorem 1 and so X (M) C E(T).

Assume that we have one of the other possibilities. Then we shall prove
that X (M) C (S\E(T"))UT. Note that it is sufficient to study the connected
components of M \ § whose image is contained in the half-slab {z2 > 0}.
Note that these connected components are those whose contains any of the
curves ’y;r or vy; , for ¢ = 1,2. At this point, it can be easily check that each
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Yo

AN\
hall

(1) (2) (3) (4)

Figure 4.

of these connected components have the boundary contained in one of the
following wedges:
(S\ ) N {(z1,22,23) | #1 > 0,22 > 0, 3 < w3 < 3},

(o}

(S\ @) N{(z1,z2,23) | 21 < 0,22 > 0,5 <23 < 3}

Using again Assertion (ii) of Theorem 1, we conclude that the image of these
connected components is contained entirely in the correspondent wedge.

o]

Summarizing, we have proved that X (M) C (S\ £(I")). Now the Proposition
is an easy consequence of the maximum principle.

Next, we analyze the case § = 7, d > 0. Let us define A = X~ 1(X (M) N
{z1 = £}). It is well-known that A is a nodal set of an harmonic function
and so it is a set of properly immersed analytic lines. Using the maxi-
mum principle we obtain that there are no compact connected regions of
M bounded by curves in A. Then, A\ fy(')" consists of a set of divergent
curves. Since I'" C {z; > ¢} and I'™ C {21 < ¢}, we infer that if there
exist a curve in A starting at 'yar and diverging to one end, then another
curve starting at 76{ and diverging to the other end must exist. Reasoning
as in case 0 < 6 < w, d = 0 we can see that the image of such a pair of
curves is contained in one of the following half-strips:

C+ = {(%,1'2,1'3) | T2 2 Oa _71 S I3 S %},

c” = {(%71‘27333) | To < 0, %1 <x3 < %}7

and if two curves in A diverge to the same end there must be one of them
with the image contained in C* and the other one with the image in C~.
Therefore, adapting to this situation the argument presented above for the
two different possibilities of the boundary, it is not hard to see that there
is at most a curve diverging to each end. And then A\ V(T consists of
either a curve diverging to the two ends or a pair of curves starting at ’yJ
and diverging to different ends. Note that in both cases X (A) is contained
either in CT or C~. In order to conclude the proposition it is sufficient
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to apply Statement (ii) in Theorem 1 to each of connected components of
M\ A. O

Remark 1. Assume that T is a plane in R? and that the divergent curves
in X~Y(X (M) NT) verifies that two consecutive divergent curves are in
different half-strips of 7. Then reasoning as in the proof of Proposition 1
we can see that there are at most two curves diverging to each end.

Corollary 1. The boundary of the immersion X is as in Case 1.

Proof. Assuming that 0 < 6 < 7 and taking into account Proposition 1 we
have that either X (M) C E(M) or X(M) C (S\ E())UT. Suppose that
the boundary behaviour is as in Case 2 and consider the compact curves
o' =o', i =1,2 given in Lemma 1 for some a > ag. Clearly, X (c!) starts
at ] and ends at £; and X (0?) is a curve starting at ¢; and ending at £5 .
Since both curves lie either in C, N E(T') or in C, N ((S\ E(T")) UT), they

intersect, which contradicts our assumptions. ([

Taking the above corollary into account and the fact that X3 is a bounded
harmonic function one has the following:

Corollary 2. The function X3 : M — R3 extends continuously to the
ends.

Let us consider § = X 1(X(M) N {zs = t}) for t > —1. Concerning &
we can prove:

Corollary 3. The set §; is compact and consists of a simple arc, for all

te]— %, %[ Moreover, the Gauss map g of X omits the points 0 and co.

Proof. Clearly, from Corollary 2, we deduce that J; is compact. Since d; is
the nodal set of a harmonic function we have that §; is a one-dimensional
proper real analytic subvariety of M. Then, taking into account the maxi-
mum principle we deduce that there are no regions in M bounded by curves
in X~1(4;). Therefore, d; is a regular simple curve in M starting at £ and
ending at £, . Moreover, the theorem of the order of contact (see [13, §437])
gives that there are no points in M with vertical normal vector. ([

In the case 0 < @ < 7 the uniqueness of solutions X : M — R3 of
Problem 1 satisfying X (M) C £(M) were completely studied by F.J. Lépez
and F. Martin in [9]. Henceforth, in the remainder of the section we assume
that X (M) C (S\&(I')) UT'. Furthermore, we always assume that X (M) C
{z2 < 0} in the case § = 7. With this assumptions, we can prove:

Lemma 3. We have the following possibilities for the set o = X (X (M)N
{1‘1 = 0}):

i) If d > 0, 19 consists of a curve diverging to both ends, E1 and Es.
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ii) Ifd =0, 10\ (v§ Uy ) either consists of a curve diverging to both ends
or 7o\ (vg Ung ) = 78 UTE, where 7§ are curves starting at g or vy
and diverging to E;, fori=1,2.

Proof. Since 7y is the nodal set of a harmonic function we have that 7y is
a set of properly immersed analytic curves in M. Observe that 79 # 0. If
not, applying Statement (ii) in Theorem 1 we obtain that X (M) are two
planar domains. Moreover, by the maximum principle, there are no compact
connected regions in M \ 79 bounded by curves in 7y. Clearly, taking into
account that X (M) N {1 = 0} C {(21,22,23) | 21 = 0,29 < 0,—3 < 33 <
1} and Statement (i) in Theorem 1 we obtain i).

Assume now that d = 0. In this case we have W’SF Uy, C 7. Since
I'" € {1 >0} and I'" C {x1 < 0}, we infer that if there exists a curve in
Tp starting at 'yg[ and diverging to one end, then there exist another curve
which starts at v(jf and diverges to the other end. Then reasoning as in the
above paragraph we obtain ii). O

Proposition 2. Counting multiplicities {{N ~'(—da,d2)] < 5 and
HINT (=2, @2) N (M \ O(M))] < 3,

where N : M — S? is the Gauss map of X. Furthermore, if 0 < 6 < 7 we
have

$IN"Y(—a,@)] <5, Va e SN {z3 =0}

Proof. We prove the first assertion in Proposition 2. The second assertion
can be proved using similar arguments. Let us consider 3; = X ~1(X (M) N
{zg = t}), for t € R. Note that 3, is a set of properly immersed analytic
lines, because it is the nodal set of a harmonic function. Hence, using
the maximum principle, we infer that there are no compact domains in M
bounded by curves in 3, for all ¢ € R. Therefore, any two curves in 3; do
not intersect in more than one point. If not, we can find a compact domain
of M \ ; bounded by curves in ;.

We start with the case t < 0. Observe that in this case [; is a nonempty
set of divergent curves, converging to a unique end or to the two ends. If
Bt = 0 for some t < 0 we deduce that X (M) C {z3 > 0} and applying
Statement (ii) in Theorem 1 we obtain X (M) C £(T") which contradicts our
assumption.

Let a; and as be a pair of arcs in 3; diverging to E; such that a; Nag # 0.
Therefore, there exists U;, a neighbourhood of F;, verifying that:

e U; \ (U;N 1) has two connected components, U;" and U, , where 7
was defined in Lemma 3.
e a1 NU; C U;'_ and as NU; C Ui_'
If not, one can find a neighbourhood of E;, U;, verifying the first condition
and such that either (ay Uag) NU; C Uf or (&g Uap) NU; C U; . Hence,
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we deduce that X ((aq U ag) NU;), @ = 1,2 are contained in a half strip
of {2 = t} and so there is a connected component in M \ 3;, 2, whose
boundary is in a half-strip of {za = t}. Therefore, we can apply Statement
(i) in Theorem 1 to conclude that X (Q2) is a planar domain in {z2 = t},
which is a contradiction.

Let us prove that if a; and ao are two curves in 3; diverging to E;, then
they are disjoint. Indeed, if oy and a9 intersect then we have four arcs
{@;}t, in B diverging to E; and aj Na; # (. But this contradicts the
above result.

Assume now that a; is a curve diverging to F; and that «s is a curve
diverging to the two ends. If oy and «o intersect each other then we have
three arcs {a;};_, in B; diverging to F; and &; Ny # (). But, again this
contradicts the above result.

As a consequence, only curves diverging to the two ends can intersect.
Now, we shall prove that there are at most two of these curves whose in-
tersection is not empty. Assume there exist «; for ¢ = 1,2,3 curves in (;
diverging to the two ends such that oy Na; # 0, for i = 2,3. Then, by con-
sidering apropriate arcs in «;, for ¢ = 1,2, 3 and using the assertion proved
above about arcs diverging to one end, we can find a connected component
of M \ f3; that satisfies the conditions of Statement (i) in Theorem 1 and
then X () must be a planar domain in {ze = t}, which contradicts our
assumptions. Moreover, it is clear that if a; and ag are two curves in [
diverging to the two ends whose intersection is not empty then oy N is a
unique point.

Lastly, if we have two curves in 3; diverging to the two ends whose in-
tersection is not empty, then there are no more intersections in Fy for any
t' < 0, t #t. If not, using again the above assertion, we deduce that the
pair of divergent curves in 3; intersect the pair of divergent curves in Gy .
Since (; and By are contained in parallel planes, this is a contradiction.

Now, we tackle the case ¢ > 0. Observe that this case only has sense
if 0 < 0 < 7 and that 8; N (M) = pf Ups Up] Up, where pf € ~;
and p; € v, , for i = 1,2. Since X(M) C (S\ E(M))UT we deduce that
connected curves in (3; are contained in a half-strip of {z3 = t}. Therefore,
there are no curves in §; diverging to one end. Indeed, we have a connected
component of M \ f; satisfying the conditions in Statement (i) in Theorem 1
and so we get a contradiction. Hence, it is clear that curves in 3; diverging
to two ends are disjoint and moreover a divergent curve starting at 9(M)
and a curve diverging to the two ends can not intersect each other. Then,
a1 Nag # () only in two situations:

i) When «; is a curve starting at 'yfr and diverging to Fs and as is a
curve starting at fyj and diverging to F1,
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ii) when «; is a curve starting at 7; and diverging to E2 and «ag is a
curve starting at v, and diverging to Ej.

Moreover, we observe that if there exist a pair of curves as in i) for ¢y > 0,
this pair is unique. It is to say, {z2 = t}N{z1 > 0}NX (N~ ({—d2,d2})) =0
fort > 0, t # tg. And the same occurs for a pair of curves as in ii). Therefore,
we have at most two points in §; N N1 ({—dy, @ }) for t > 0.

We recall that the set Gy = 3 was studied in the proof of Proposition 1.
Since we are assuming X (M) C (S\ £(I')) UT the possibilities for §y are
those described in 1, 2, 3 and 4. We also point out that Case 2 is not
compatible with Case i) analyzed in the case t > 0, Case 3 is not compatible
with Case ii) analyzed in the case ¢ > 0 and so Case 4 is not compatible
with either i) or ii). Therefore, there exist at most five points of ordinary
contact in M and only three of them can lie in M \ 9(M). O

Lemma 4. For anyp € vfr Uvy, U'y;r U7, , counting multiplicities, one has
ilo~" (9(p)) NO(M)] < 6.

Proof. Assume X (p) € Ef. The proofs of the other possibilities are similar.

Label ¥ as the tangent plane to X (M) at X (p) and let us consider A =
XY XN X(M)). Since A is the nodal set of a harmonic function, then A
is a set of properly immersed analytic curves. Using the interior maximum
principle we also deduce that there are no compact simply connected region
of M bounded by curves in A.

First, we study the case 0 < § < 7. In this case /] C ¥ and since X (M) C
(S\E(T))UT, it is straightforward to prove that ANX ~1(I'—¢) = 0. Hence,
taking into account the reasoning at the beginning of the proof and that M
is simply connected, we have that if A is a curve in A starting at fyf , then
A diverges to an end and when two curves in A start at ’yfr , they do not
intersect.

If #lg~ 1 (g(p))NO(M)] > 6 then, using once again the theorem of the order
of contact (see [13, §437]), there are at least 6 curves in A starting at ;"
Observe that then there exist at least three curves diverging to the same
end. Consider this set of diverging curves. If there is a pair of consecutive
curves in this set contained in the same half-strip of ¥ then the connected
component between them, that we call €2, satisfies the conditions of State-
ment (i) in Theorem 1 and then X (2) must be a planar domain in 3, which
contradicts our assumptions. On the contrary, if each pair of consecutive
curves are in different half-strips, we can use Remark 1 and obtain a new
contradiction.

Finally, we analyze the case # = . Observe that in this case ANOJ(M) =
v Uv; - Suppose t[g~(g(p))NO(M)] > 6. We note that in this case compact
curves starting at ’yf and ending at 7; can appear in A. Otherwise, we can
only have one of these curves, because if there exist two or more curves
of this type in A we would get a compact domain, €, in M \ A satisfying
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X (©2) C ¥, and this is a contradiction. Either there exists a compact curve
in A or A consists only of divergent curves starting at yfr U~ , it is not
hard to see, using Statement (i) in Theorem 1, that there are at least a set
of three curves (counting the curve fyf ) diverging to the same end in A such
that two consecutive curves in this set are in different half-strips of . Then
we can conclude as in the former case. (]

Using the above lemmas we can now prove:

Proposition 3. The map g extends continuously to the ends. In particular,
the total curvature of M is finite. Furthermore, the limit tangent plane to
M at E; ism;, 1 =1,2.

Proof. We shall prove that the map g extends to F;. The same argument
can be used for Fy. Taking into account Lemma 4 it is not difficult to prove
that the following limits exist:

p— Ey p— Ey
peqt peEY

For the proof of this fact see Claim 3.15 in [9].

Since M is conformally equivalent to a sector Sp, = {re!® | r > 0,0 €
[0,61]}, a truncated sector Sy, (R) = Sp, \ D(0, R) can be seen as a neigh-
bourhood of F; in M. Furthermore, we can assume that R is sufficiently
large so that X (re'1) € ¢ for r > R. According to Schwarz Principle we
can consider the reflection respect to ¢ of X (Sp, (R)). Taking into account
Proposition 2 we deduce that the Gauss map N on the truncated sector
Sop, (R) = {re'® | r > 0,0 € [0,201]} \ D(0, R), assumes the values a
and —dy a finite number of times. Then it is possible to choose R’ > R
sufficiently large so that g restricted to Sag, (R’) omits the values —1 and 1.

At this point, we need the following technical result:

Let a < v < B, S(R) = {rel® | r > 0,0 €a, B[} \ D(0,R),
for R > 0 and let f be holomorphic in S(R) and for some
complex ¢ satisfy lim, 1o f(re?’) = c. Suppose that there are
two distinct complex number absent from the range of f. Then
lim, o0 f(re’®) = ¢ for every © €]a, f].

We refer to reference book [1, pp. 441-445].

This theorem and (1) imply that g extends continuously to Ej. Finally,
since M C S we have that the limit tangent plane at F; coincides with m;,
i=1,2. 0

Consider again the compact curves o, given in Lemma 1 for i = 1,2 and
a > ap sufficiently large. Let us denote by U! the connected component of
M\ (ol Uo?) that contains the end E;, i = 1,2. With this notation we can
prove the following useful result:
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Corollary 4. For a sufficiently large, X (U!) is a graph over the plane ;,
i1=1,2.

Proof. Take a > ag sufficiently large so that g(U!) does not intersect the
equator {z € C | |z| = 1}.

Taking into account that X (M) C (S\&(T))UT and the definition of U},
it is not hard to see that p3|x () is a local diffeomorphism onto Q% where
Qi is the exterior unbounded domain in the plane {z3 = 0} determined by
the curve ps(¢;) Ups(¢;) Ups(ol). As X is proper, the same occurs for the
map p3 o X|y:. So, p3 o X|y: is a covering map, and taking into account
that Q& is simply connected we deduce that p3 o X |Ug is one-to-one. This
concludes the proof. O

2.2. The symmetries of the surface. The method for proving that {x3 =
0} is a plane of symmetry of X (M) is based on the well-known Alexandrov’s
reflection method and consists of a generalization of Schoen’s ideas (see [14])
to our particular case of noncompact boundary. For a precise presentation of
our result the following notation is required. Recall that 6, = X ~1(X (M) N
{zs =t}). We also denote for ¢t > —1/2:

M+(t) = {($17$27$3) € X(M) / T3 Z t}7
M_(t) = {(z1,22,23) € X(M) / w3 < t}.
A thorough reading of the paragraph 3.2.2 of [9] will convince the readers

that, sharpening some arguments, the proof of Theorem 3.24 still works in
the case X (M) C (S\ E(T")) UT. Then, we have:

Proposition 4. X (M) is symmetric with respect the plane {x3 = 0}. Fur-
thermore, M (0)\ (¢g Uly) and M_(0)\ ({5 ULy) are graphs over {z3 = 0}.

Now, we recover two consequences of the above proposition that we need
in what follows.

Corollary 5. There are only two branch points Rar €t and Ry €y~ of
g along 70+ U » 9 has multiplicity two at these points and RaL,Ra € do.
Furthermore, the set G = {p € M / |g(p)| = 1} consists of 7§ U~y U do.

Corollary 6. The limit normal vectors at the ends are opposite.

In the remainder of the paper and without loss of generality, we assume
that

(2) g(E1) =0, g(E2)=o0.

Next we prove that if d = 0 then {z; = 0} is a plane of symmetry of X (M).
As in the horizontal symmetry case, the proof is inspired on Alexandrov’s
reflection method. However, the argument exhibited here is slightly different
from classical Alexandrov’s technique which uses a family of parallel planes.
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In this case we use the pencil of vertical planes that contains the vertical
segment {y = Eg =1 .

For the sake of simplicity, in this paragraph we consider a new set of
Cartesian coordinates obtained from the old one by a rotation of —F around
the x3-axis. Observe that in the new coordinate the xi-axis is the inner
bisector of the orthogonal projection of E? and /¢; to the plane {x3 = 0},
i=1,2,and I'" C {z2 > 0}. Moreover, we need to introduce some notation.
For ¢ € [0,7 — g], t €] —00,0] and a set A C R? we define:

He = {(x1,22,73) € R® | Arg(ay +ix2) = €}, Hey = He + (1,0,0),
Pe = {(21,22,73) € R® | Arg(zy + i) =€ — 5}, Py = P + (1,0,0),
HY = {(21,22,23) € R | Arg(a1 + i) € [€,7 — 5]},

Hg = {(21,22,25) € R | Arg(wy + o) € [-7 + 5,¢]},

§) = X(M mHg,A+<§>—AmH;,A7<5>=AmHg,

&) = X(M)N Hey, Ar(§t) = AN (HS +(,0,0)),

t) = Aﬂ(Hg+(t,o,0)),

i
6( 9
A_(§,
where Arg : C\ | — 00,0] — R denotes the principal argument. Note
that He L P:. In addition we label s¢ : R3 — R3 and Set R3 —
R3 as the orthogonal symmetries with respect to the planes containing He
and Hg,, respectively. In the same way, we label p¢ : R3 — H¢ as the
orthogonal projection. With these definitions we denote A% (§) = s¢(A+(§))
and A% (&,t) = 5§’t(A+(§,t)). In particular we denote M, (§) = X(M)+(§),
M (&,t) = X(M)4(&,t), M_(§) = X (M) (&), M_(§,t) = X(M)_(&,t) and
A¢ z]\f);ﬁ(f) NM_(§). If ¢ e [5,m— g] we also consider Ag; = M7 (£,t) N
t
Since the following argument is valid for all € € [, 7 — f] and t €] —o00, 0]
we omit the parameters £ and ¢ in the description of the different sets.
With the above notations, it is not difficult to see that

(3) AN ur_)=6nT.

From Proposition 3 and Corollary 4 we can also consider ay sufficiently large
so that a1 > ag, X(U*) = X (U, ) is a graph over the plane {3 = 0}, =1,2
and z3|x 1) > 0 and z3]x 2y < 0, where qg is as in Lemma 1 and Ui is
defined in Subsection 2.1.

Now, we can prove the following assertion:

Claim 1. If X~}(A\ §) c U UU?, then A = .

The proof of this claim is similar to the proof of Claim 3.19 in [9]. We
refer the reader to [9] for details.
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Now we define the set
I= {é‘l e [0,7— 4] | [M7(¢) n{xs > 0}] = [M_(&) N {w3 > 0}],
r-f<e<al

Our objective is to prove that 7 = [0, m— %] We divide the proof of this
fact into several points:

Claim 2. 2,7 - %] c 7.

If A,B C R3, we say that A >¢ B provided for every = € R3 for which
Pgl({x}) NA # (0 and pgl({a}}) N B # (), we have that the orthogonal

coordinate to He; of any point in pgl({x}) N A is equal to or greater than
the respective orthogonal coordinate of any point in pgl({x}) N B.

Given £ € ]%, m— g], we define the set

Ie = {t €] —00,0] | My (& t) is a graph over Hg,
and M7 (€,1) <e M_(¢,1)].

Our purpose is to show that Zg =] — 00, 0], for all £ € ]%, T — g] . Note that
this fact implies ]g, m— g] cZI.

First, we are going to see that Zg # (. To do this, let ¢’ < 0 such that
XYMy (€,t)) c U UU?, where U' are defined as above, ¥t < t’ (observe
that X 1(A¢;) C UM UU?). Hence from Claim 1, Ag; = 0¢y, t < .

Then, it is clear that X ~!(M, (&,t)) consists of two simply connected
components, one of them in U! and the other one in U2, Vt > t, and thus
M, (&,t) is the union of two disjoint graphs G (&,t) and G2 (,t) over the
same simply connected domain G4 (&,t) in the plane {z3 = 0}.

) From the definition of U' and U?, we have that pe(GL(¥')) Npe(GA(H)) =

Let us see that M (§,t) is a graph over the halfplane He,, t <t'.

First, observe that p¢ is injective on ¢4, t < t'. Indeed, note that d¢; C
H¢; is a graph over a connected piece of a straight line, and so the p¢ is
injective.

Moreover, a similar argument gives that the set Pe s N M, (£,t') is a con-
nected curve, for sufficiently large s. Furthermore, the function x3 is mono-
tone over Pgs N My (&,t'). Otherwise, there would exist some points in
M (&,t') whose normal vector lie in {z1 = 0} N'S%2. Thus, we could take
t < t' in such a way that d; contains a point with normal vector in P: N S2.
Hence, from the theorem of the order of contact (see [13, §437]) and taking
into account that X (U®) are graphs over the plane x3 = 0, i = 1,2, we
deduce that Agy — 04 # 0, which is contrary to Claim 1.
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This proves that M (£,t') is a graph over the plane He, and so the same
holds for My (&,t), t <t'.

Taking into account that Ag ; = d¢ ¢, for t < t' and X (M) € (S\E(M))UT,
we deduce that M3 (€,t) <¢ M_(&,t), t <t'. Thus, | — oo, '] C Z.

It is obvious that Z¢ is closed in | — o0, 0].

Next, we shall see that 0 = Maximum(Z¢). We proceed by contradiction.
Assume to = Maximum(Z¢) < 0. Let K = X (M \ (U'UU?)). Since ty € T¢,
K (&, 1) is a graph over the plane H¢. Using the interior maximum principle
and the maximum principle at the boundary, it is not hard to see that there
exists € > 0 such that K (&,t) is a graph over He and Ag; N K = ¢ N K
for t €]to, to + ¢](for details, see Claim 3.21 in [9]). Hence, using Claim 1,
we deduce that A¢; = d¢;. However, the maximality of ¢y leads us to
Ag i\ 0gr # 0, which is absurd. This finishes the proof of the claim.

Claim 3. The set 7 is closed in [0, m— g] and its minimum is 0.

Obviously, 7 is closed. To prove Minimum(Z) = 0 we proceed by contra-
diction. Let us assume that Minimum(Z) = & > 0. As in the preceding
claim, we consider K = X(M \ (U'NU?)). Taking into account that & € 7
we have

(4) (M (€0) N {3 > 0}] = [M_(&) N {3 > 0}].

Hence, since K (&) is compact, there exists g9 > 0 sufficiently small so
that [K* (& —e) N{xs >0} = [K_(& —¢) N{xs > 0}], for all 0 < & < .
Otherwise, we could find sequences {£,} /" &, with &, € [0,&][, and {x,},
{yn} in K, fulfilling the following conditions:

i) Tn € KJr(gn)a Yn € K*(gn) and 5¢, (:L'n) = Yn, Vn € N.

i) {zn} — 2 € Ki(&), {yn} — v € K_(&0)

From i) and ii) we deduce that s¢ () = y. On the other hand, (3) implies
that any point lying in Ag, \ d¢, is an interior point of contact between
M (&) and M_(&). Assume Ag \ d¢, # 0. Then, making use of the
interior maximum principle we deduce M7 (§y) = M_(&p), which is absurd
because, since §y > 0, I' is not symmetric with respect to the plane Hg,.

Therefore z = y € K Ndg,. Hence, taking into account i) and ii), we have
that N(X1(z)) = s¢(N(X71(z))) and so N(X~!(x)) is parallel to Hg,.
Therefore, by the theorem of the order of contact (see [13, §437]) we have
that z € K N (8¢, \ (6, N o)) and = & {¢i = q; ,q3 = g5 }- From this fact
and taking into account (4), the maximum principle at the boundary can
be applied to a neighbourhood of the point x. We get M7 (§) = M_(&),
which is as above a contradiction.

By the preceding reasoning, we have A¢\d¢ C X (U'UU?) for € > &) —&o.
From Claim 1 we conclude that A = d¢ for { > {y —eo. Clearly this implies
[M1(6) N {3 > 0)] = [M_(€) N {5 > 0} for & > € =g and s0 £9—e0 € T,
which contradicts that &y is a minimum.
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Summarizing we have [MZ(0) N{zs >0}] = [M_(0)N{zs>0}]. We
can repeat the above argument starting from I'” instead of I't and ob-
tain [M*(0) N {x3 > 0}] = [M4(0) N {z3 > 0}] and so X (M) N {x3 > 0} is
symmetric with respect to the plane {x2 = 0}. Finally, by the horizontal
symmetry mentioned in 2.2 we have that X (M) is symmetric with respect
to the plane {z2 = 0}.

2.3. Determination of conformal structure and Weierstrass data
of M. This subsection is devoted to determining the Weierstrass data as-

sociated to the minimal immersion X : M — R3. We define n = 3727:9.
Observe that n € [3,1]. As M is simply-connected, the map (—ig)? has

a well-defined branch on M. Let f be the branch of (—ig)? such that
Arg(f(p)) = 0, whenever —ig(p) € R*.

As before, Q;’ = ’yarﬂ’y;.“, Q; = Nv;,J =1,2. Observe that f(Qj) =i
and f(Q;) = —1, j = 1,2. Moreover, since X (M) C (S\E(I')) UT it is easy
to see that f(p) # f(Q;E) for all p € fyjc, j = 1,2. Then, taking into account
that g(E1) = 0 and g(F2) = 00, one has:

for) =sy ={Xi | Ae[=1,0]}, f(ra)=s3 ={Al | A€]—o0,—1]},

fOf) =si ={A | A€)01]},  f(r) =55 ={A | Ae[l,00[}.
Using Corollary 5, we deduce that f |[Q.i R] are injective for j = 1,2. Hence,
J b

if we write f(Ry) = el? and f(Ry) = ei%, it is not hard to check that
()
Jo5) =55 = {5 | tel-mul}, SO =sf = {5 | teltonl}.

Using again that X (M) C (S\E(T"))UT, the fact that there are at most two
points on ’ya—L where the Gauss map achieves the values +dy (see the proof
of Proposition 1) and Corollary 5, one deduces that —m < t; <0 <ty < 7.

Let A denote the connected component of C\ (f(0(M))U{0}) containing
the point {1} (see Figure 5). We have the following result:

Lemma 5. The map f: M — C fulfills that:
(i) F(M\O(M)) = A, and
(ii) flanoar) : M\ OM — A is a biholomorphism.

Proof. In order to prove (i) we note that f is holomorphic and nonconstant,
and so f(M \ 9(M)) is an open subset of C* (note that no points in M
have vertical normal vector). On the other hand, taking into account that
M = M U{E, Ey} is compact, f(M) is a closed subset of C. Therefore the
set W= f(M\9(M))N(C\ (f(0(M)) U{0})) = fF(M) N (C\ (f(O(M)) U
{0})) is a closed subset of C\ (f(O(M)) U {0}). Then, either W = C\
(f(O(M)) U {0}) or W is a connected component of C\ (f(0(M)) U {0}).
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To see that the first possibility does not occur we proceed by contradiction.
Assume W = C\ (f(0(M)) U {0}). Observe that f(p) € S! if and only if
g(p) € S!. Hence, taking into account Corollary 5 and (5) we infer that

{e'2,t € [t1, 1] U [Z,3%]} C f(6). Moreover, since there are no ramification

points in dy \ { Ry , Ry }, we deduce that Arg(f) is a monotone function in dg
and f(dp) = S'. Since {1, e%"”i,emi,e%"”i} C S!, we have that there are at
least four points in 5o N N~1({d@s, —d@>}). But it is contrary to Proposition 2.
Since f(7g) and f(vy) lie in the boundary of W, we easily obtain that
W =Aandso f(M\O0(M))=A.

The same argument presented above gives us that f(dg) = {ei% | t €
[t1,t0]} and fls, : do — {ei% | t € [t1,t0]} is a one-to-one function.

To finish the proof, we define v = 9(M). Since M is conformally a
closed disk with piecewise analytic boundary, then « is a piecewise analytic
curve homeomorphic to S'. Note that since g|p; has no poles and g extends
continuously to M, we can assert the same for f. Then, we know that for
any w € A = f(M\ (M), §(f Hw)) = ﬁfwﬁ—fw € Z. Thus, if we
define h : A — Z by h(w) = #(f~(w)), the function h is continuous on A,
and so it is constant. From the above arguments we have that h(w) = 1,
Vw € f(do \ {Rg, Ry }) and this concludes the proof. O

Let /\/;5'501 be the following four-punctured torus:
1 * 2 il -ilo il —ilL
0 ={(u,v) €eC* xClv = (u—e2)(ut+e 2 )(u—e2)(ute'2)}
Consider Zx[f& C Mtol as the connected component of u=(C\ f(0(M))) con-

taining the point Py = (1, 2 \/— sin(%) sin(%)) . Define N/ = Z/Tfé At this

point we prove the following proposition:

Proposition 5. M is biholomorphic to N'. Furthermore, the Weierstrass
data are given on N' by

2 du

g(u) un, 3 U’

where A € RT and we choose the branch of ur satisfying 17 =1.

Proof. Consider f : M\O(M)— A, the biholomorphism defined in Lemma 5.
Observe that the u-projection is a biholomorphism from A’ \ d(N”) onto A
andso F = flou: N\ OWN")— M\ O(M) is a biholomorphism. Since
N\ O(N) and M \ 9(M) are conformally equivalent to Jordan regions in
C, a well-known result of complex analysis asserts that F' can be extended
to a biholomorphism from N’ onto M. For the sake of simplicity, in what
follows we identify M with N”.

Now, we consider the holomorphic function w = % on N'. Let py €
s§ Usy and {p}, pg} = u1(po). Since the surface is symmetric with respect
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to the plane {z3 = 0} (see 2.2), we have that ®3(p}) = —®3(p3). But this is
also the behaviour of v. Consequently, & = wou ™! is a holomorphic function
in A that can be extended to sar Usg .

As @3 and v extend to the punctures in a natural way, w can be seen
as a holomorphic function on {z € C | Re(z) > 0}. Furthermore, @ is real
on {z € C | Re(z) = 0} and so, using the Schwarz Principle, @ extends
to the whole C. Then, @ is a holomorphic function on C without zeroes
or poles and therefore w = A\ € C*. Finally, using again that w is real on
{z € C | Re(z) = 0} we deduce A € R*. Observe that, up to a rigid motion,
we can assume that A\ € RT. O

As we announced, we now prove that X (M) also inherits the vertical
symmetry of its boundary when d > 0.

Proposition 6. In the above setting, t1 = —tg.

Proof. First of all, observe that the result about the vertical symmetry
proved in Paragraph 2.2 implies t; = —tg if d = 0. We shall see that
this fact suffices to prove the general case.
Since X : M — R? is a solution of Problem 1 we have that X (Ry) = —42
and X (R7) = 4. Thus
d = X\(R}) - X1(Rg) = Re /Aqn,
é

where 0 is the lift to M of the curve ei%, t; <t <tp, in the u-plane. Taking
into account the expressions for g and ®3 given in Proposition 5, it is not
difficult to obtain that

A A [t cos(L)
d=2ftot) =2 [ ——nl g
f1ltot) 4/,:1 o(t, to, t1)

where v(t, to,t1) = \/(sin(%o) —sin(%)) (sin(§) —sin(4)). Furthermore, we
have that X2(R]) = Xo(Ry ). Thus

t,

Xo(R$) — Xa(Rg) = Re /A@Q 0.
é

A direct computation using again the expressions of g and ®3 given in Propo-

sition b gives
A A [t sin(l)
Re [ @y = folto,t1) = = —n)
¢ /g ? 4f2( 0 1) 4 /t1 U(tvt()’tl)

From the definitions of the functions f; and fo we have
(6) filto,t1) = fil=t1,—to),  falto,t1) = — fa(—t1, —t0),

for all (tg,t1) € [0, 7[x] —,0]. Observe that if X : M — R3 is the solution
of Problem 1 given in Proposition 5, then (¢g,t1) must satisfy fi(to,t1) >
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0 and fa(to,t1) = 0 . From the properties of f; and fo given in (6), it
suffices to study the zeros of the functions f; and f3 in the triangle given by
T ={(to,t1) € [0, 7[x] = 7,0] [ to < —t1} .

Let us denote by L1 = {0} x [—7,0], L2 = {(to,t1) € [0, 7] X [-7,0] | to =
—t1} and L3 = [0, 7] x {—} the sides of the triangle T'. We also define the
sets C1 = {(to,t1) € T'| fi(to,t1) = 0}, Co = {(to,t1) € T | fo(to,t1) = 0}
It is clear from (6) that Ly C Cy. Furthermore, by the vertical symmetry
proved in Paragraph 2.2 we deduce that C can only intersect Cy in points
of Lo. For the sake of clarity, we divide the rest of the proof in several steps.

Step 1. The objective of this step is to show that C; is a set of analytic
curves in T, for i = 1, 2.

2
Consider the meromorphic 1-form given by ® = “*du. Note that —fo
and f; are the real and imaginary part of 4 fg ®. By deriving, one has

2 2
(7) c<q>>—%§+%§+ %Zﬁﬁ %gimgcp—d(p),
where

1 cos(tg) + sm(%) sm(%)

“= 2 cos(9)(sin(p) —sin(4))’

2= — cos(t1) + sin(%) sin(4)

2005(%)(sin(%0) - sin(%))’
2
a8 - 44n?

and F' is the following meromorphic function:

u%+1(au4 + bud 4 cu? + du + e)
4nv? ’

where a = 2+n, b= —’(4+n)(sm( )+sin(4)), c = —4(1+2sin(9) sin(4)),
d = —i(—4+n)(sin(%p) + sin(4)) and e = 2 — n.

Integrating by parts in (7), we have that fi and fo are zeroes of the second
order elliptic operator given by £. As C} and Cs are the nodal sets of f;
and fo, respectively, we can assert (see [2]) that C; is a set of regular curves
and the critical points on the nodal lines are isolated. Furthermore, when
the nodal lines meet, they form an equiangular system. Moreover, by the
Maximum Principle for elliptic operators, C; cannot contain closed curves.

F =

Step 2. The purpose of the present step is to study the behaviour of the
curves in C at the boundary of the triangle T'. We shall see that C1 N Ly =
(0,%1), C1 N Ly = (to, —to) and that there are no curves in C; approaching
Ls.
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First, we shall prove that g—{ll(tg,tl) > 0, for all (tp,t;) € T. It is not
difficult to see that

8( cos(%) ):COS(TZ)COS(Q) cos(%)cos(%)
oty \v(t,to,t1) 4v(t, to, t1)( (%)—sin(%)

)
cos(t) p sin(%p) — sin(%)
sm(tQO) sin(4) v(t, to, 1) .

Thus integrating by parts in the above equality we obtain

df1 to cos(L) cos(4) —cos(t)cos(%)
(8) oty a1, oo t) = /t1 4v(t,t0,t1)2(s1n(§) —QSm( L))

N[+

In order to prove g—{ll(to, t1) > 0 we shall see that the function
h(t,n) = cos (L) cos (%) — cos (%) cos () >0,

for t € [t1,t0]. Since h(—t,n) = h(t,n) and to < —t1, it suffices to prove
that h(t,n) > 0 for ¢t € [t1,0]. Moreover, taking into account h(tl, n) =0, it
is enough to see that 2% Oh(t,n) = —Lsin(L) cos(%) + L sin(4) cos(2) > 0 for
t e [tl, O].

Assume first ¢y € [-5F,0]. As n € [2,1] we have 0 < —sin(%) < —sin(L)
and 0 < cos(1) < cos(Y ) Hence 2 (t n) > 0.

If ty € [—nm, —%F], the study of the signs in the expression of at gives
directly that this partial is nonnegative.

Finally, we consider the case t; € [—m,—nn]. As in the former case,
studying the signs in the expression of 8h we obtain that oh 3¢ (t,m) > 0 for
t € [-nm,0]. Otherwise, it is not dlfﬁcult to see that a at (t n) >0 forte
[t1, —nm]. As @(t 2) = 2cos(4)sin(%) (—2cos(§)? + (cos(4)? — cos(%)?))
> 0 for ¢ € [t1, —n~|, we conclude that %}t‘ (t,n) > 0.

Our next objective is to prove that f1(0, —n7) < 0. Indeed, making the
change of variable s = ¢t + nm/2 one has:

_ / = sin(2) o
=5 - sin(=2222) (sin(%) + sin(=2522))

\/(sin("T“) - sin(""zr25)) sin("”zr25) - \/(sin(”T”) - sin(""ZQS)) sin(""225)
\/(sin(”T”) — sin(""225)) sin("”Z25)\/(sin(”T”) — sin("”ZrZS)) sin("”irzs)

An easy computation gives us that the numerator in the last integral is
always nonpositive and then f1(0, —n7) < 0. From the definition of f; we

also have f1(0, —%F) > 0. Then, taking into account that 8f1 1(0,£1) > 0, we
have that there ex1sts a unique t; €] — n, — ¢ [ such that f1 (0,1) = 0.

ds.
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We now consider the function fi(to) = fi(to, —to), that is the function f;
restricted to the side Ly. Taking into account (6) one has

0 0 ofi 3
O Dra) = Pt -t0) - Pris, 1) = 2210, -10) <0

According to the definition of f; we have ]?1(”7”) = fi(y, =) > 0. Our
next purpose is to see that f; (mr) = fi(nm, —nm) < 0. Note that

t
cos
fi(nm) =2v2 ()
“nr y/cos(t) — cos (nm)
A direct computation gives
fi(nm)
2 sin(£)(y/cos(s + &) — cos(nm) — \/cos(s — &) — cos(nT))
- 2f nw nw )
\/cos s+ 2T) — cos(nm)/cos(s — oF) — cos(mr)

It is not hard to see that the numerator in the above integrand is nonpositive,
in particular fi(nm) < 0.

Therefore there exists &g €], nn[ such that fi (to, —to) =0, f1 is positive
in {(to,—to) €T |0 <ty < to} and negative in {(tg, —tg) € T | to < to < 7}.

Now, we prove that limy, ,_r fi(to,t1) = —oo. In order to do this we
consider a new set of parameters
(10) s(to,t1) = sin(R), r(to,t1) = sin(%).
Note that r(tg, —m) = —1. Our next objective is to see that lim,_._; fi(s,r)

= —o0. In order to do this, we derive again the 1-form ® defined in Step 1
and we obtain the following equality:

It 3D 0%d 0P

11 b b b bo® = d
(11) gt t g Fhega Thig T =d(p),
where

b — 2(5r% 4 25 — 8r?s + (=2 + 35?))

57 (=1 +72)(r —s)? ’

by — —16(r — 5)%2 + n?(—8 + 9972 — 1167s + 2552)

27 An2 (=1 +72)(r — s)? ’

- (—48 + 57n?)r + (48 — 39n?)s

e An2(—1+7r2)(r — s)? ’

2
—4
by = 3(n” —4)

An2(—1+7r2)(r — s)?
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and ¢ is the following meromorphic function:

u%+1(a’u4 + VU 4+ du? +du+e)(u? -1 - 2‘91“)%
plu) = i) ’
4n2(—1+7r2)(r —s)?(u? — 1 — 2riu)?z

with ¢’ = =3n(2+n), V/ = =3in((—4+3n)r — (4+5n)s), ¢ = 12n(1+2rs),
d' = =3in((443n)r+ (4—5n)s) and ¢’ = 3n(n —2). Integrating by parts in
(11), we have that f; is a solution of the fourth order ordinary differential
equation given by

' f & fi & fi of1
12 b b bi—— +bof1 = 0.
(12) ri T gyt thohi=
Observe that this equation presents a regular singular point in » = —1 and

then we can use the Frobenius method to compute the limit of f; when r
tends to —1 (see §4.8 in [3]). Taking into account the coefficients of Equation
(12) and the aforementioned method, we deduce that

fi(s,r) = c1log(147)¢1 (s, 7)+co da(s, 7)+es(r+1)ds(s, r)+ea(r+1)pa(s, 1),

where ¢; € R, ¢1(s,—1) # 0 and ¢; are analytic at the points (s,—1), i €
{1,2,3,4}. A direct computation using (8) and (10) proves that lim,_,_; 8{}

= +o00. Thus ¢; # 0 and lim,_, 1 f1(s,7r) = —oc.

Step 3. With regard to C, we shall check that Co N {(0,¢1) € T | h <t <
0} = () and that if (to, —to) is a critical point of Cy in Lo, then %y > fo.
Clearly, from the definition of fs one has f2(0,¢1) < 0 for ¢; € [—nm,0[.
Thus we obtain the first assertion in the present step.
In order to prove the second one we need an apropriate expression for
8f 2 Observe that

P 2
o® =y — —au2/"_1¢ du+ad (u2/"w) ,
ato n
where
. 20)
—1 (—1+€2u)d
T = = ,
4(1+ezu> v
il fas
(u+e 2><u—e 2)
¢: 5
)
1
a =
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Integrating by parts once again in the above equality and computing the
real part, we get:

0 to cos(1) sin( sin(4) tan (e
%11 | (Dsin) s
dto t \ nu(t, to, t1) (sin(%g) — sin(4)) 4u(t, to,t1)
sin(4)
- — fi(to, t1)-
n (sin(%g) —sin(3))
In particular, if t; = —ty one has that the integral of the first summand

vanishes, and so

0f to sm( )tan(tffo)
dto 1 oo Tt0) = / 4
—tg ’U(t,to,tl)

1
dt + — to, —to).
+ 2nf1( 0, —to)

Taking into account that ¢y < nr, it is not difficult to see that

/to sin(1) tan(“4f0)
ey A(t to, 1)

for 0 < ty < tp, and so g—ti(to,—to) is positive in the points where the
function f; is nonnegative. This concludes the assertion.

By Steps 1, 2 and 3 we deduce that there are no points (tp,¢1) in 7" with
fl(t(),tl) > 0 and fg(t(),tl) = 0 apart from the points {(to, —to) ‘ 0<t) <
to}. O

dt > 0,

Corollary 7. M is invariant under the antiholomorphic involution S, (u) =
u which corresponds to the reflection in the plane {x1 = 0}.

3. The existence results.
In the former section we have seen that if X : M — R? is a solution of
Problem 1 satisfying X (M) C ((S\E(Tpq))UTq) then M is biholomorphic
to N = U, " and their Weierstrass data are given by

0
d
g=ius, <I>3—>\—u, v=ut —2utcos(to) +1, ne[31].

At this point, we observe that, up to an easy conformal transformation,
the above Weierstrass data for n € [1,2[ correspond to a Lépez-Martin
example, it is to say, solutions of Problem 1 verifying X (M) C £(Tp4). For
the existence of this examples we refer the reader to [10].

Moreover, if n = 2 then the surface is a Jenkins-Serrin graph. Exten-
sion by Schwarz reflection of these surfaces gives embedded doubly periodic
examples with two orthogonal planes of symmetry between adjacent saddle
towers. These examples were studied by H. Karcher in [7].

Therefore, to complete the existence part of the Main Theorem it suffices
to prove that indeed for n € [%, 1] the above conformal representation leads
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Figure 5. a) The domain u(M). b) The surface M.

to a solution of Problem 1 which lies in the exterior of the convex hull of its
boundary and this is the purpose of the present section.

In what follows we denote M = N’ and + = u~l(s]), 77 = u=1(s;),
i = 0,1,2, where sf and s; are those defined in Section 2 corresponding
to t; = —to for i = 0,1,2 (see Figure 5). Moreover, we label v+ = UZ ;"
and v~ = U? v, . We use the notation E;t introduced in Section 1 for the
half-lines in the polygonal I'g 4. Furthermore, recall that the set of Cartesian
coordinates was introduced at the beginning of Section 2.

Now, we consider the curve 70+ which consists of two copies, 6fr and 5; ,
of s§. We can assume that §;(t) and &5 (¢) are the two lifts to M of the

curve €'z, ¢ € [to, 7], in the u-plane, satisfying 6; () € v{ and &5 (%) € ~5,

respectively. Define h :]0, 7[— R as h(tg) = 2Re (f5+ 7'), where 7 = %.
2
. . . 7 V2 gy dt
A direct computation gives h(to) = % [, Tt > 0. As we are

assuming that the immersion X : M — R3? is normalized so that the

distance between the planes 71 and 79 is 1, we have A = 7 (1 -
0
2

As usual, we define (@1, Py, P3) = % (—i(u*% +u5),u7% — u%, 1) ®s.
Since M is homeomorphic to a closed disk minus two boundary points, we
have that X : M — R? given by X(p) = fﬁ)(@lﬁbz,fbg) is a well-defined
conformal minimal immersion verifying Condition (1) in the statement of
Problem 1. Let us see that (M, g, ®3) fulfill also the other conditions.

Denote Sy, S, the antiholomorphic transformations on M given by
Sh((u,v)) = (1/u,v/u?), Sy((u,v)) = (u,v). Observe that the point Py =

(1,2sin(%)) is invariant under Sj, and S,. Moreover, we have

(13) goSy=1/g, goSy, = —g, Spl¢s)=—d3, Sy(d3) = 3.

Hence elementary arguments imply that Sp (resp. S,) induces on X (M) a
symmetry with respect to the plane {z3 = 0} (resp. {z; = 0}).
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First, notice that
(14) Su(y) =7, i=0,1,2

(15 Su(n) =12, Sh(v) =% Su(w) =9, Se(ve) =0 -
It is straightforward to check that the conditions on the boundary are sat-
isfied. Actually, we have:

Lemma 6. The maps X|,+, X|,- are injective, X (7;") = ¢ and X(v;) =
0, fori=0,1,2, it is to say, X(O(M)) =Tgq for 0 = (3n —2)m/n.
Taking into account Lemma 6, the expression of the oriented distance
d 3]0, [— R between ( and {; is d(to) = Re (5 ®1), where now § is the
lift of the oriented curve ez, ¢ € [—to, to], in the u-plane. Since (Sp)«(8) = 0,
(Sy)«(8) = —6 and taking into account (13) we deduce that L01= [0 =

~ 2 ~
%fl (to), where, as in Section 2, ® = “*du and f1(to) = f1(to, —to). Hence

we have
(16) d(to) = i%((ttj)) |

A thoughtful study of the function d will be very useful in order to prove
the rest of the conditions on the immersion X : M — R3. In this context
we shall see:

Lemma 7. The function d :]0,7[— R satisfies:

1. It vanishes at only one point t, €5, nn[. Furthermore, d is positive

in )0, to[ and negative in Jto, 7|.
2. thmo d(to) = 0. In particular, d is bounded in |0, tol.
0*)

3. It has only a critical point t, E]O,t~0[ which is a mazimum. In partic-
ular, § [d"1({z})] =2, Vz €]0,d(t)].

Proof. We had seen (see Step 2 in Proposition 6) that there exists a unique
to €)%, nx| such that filto) = 0, fi(to) > 0 in ]0,%o[ and fi(to) < O in
Jto, 7[. Note that this proves the first assertion.

In order to prove the second statement, observe that
(17)
1 to cos(122) s — 2/1 ds
—1 y/cos(tos) — cos(to) T aVI—2
Moreover, it is clear that 0 < y/cos(tg) — cos(t) < /1 —cos(t), t € [to, 7],

then h(tg) > ? ft:)r %()S(t) = —log [tan (%)], and so

2.

Jim, falto) = i, V2

(18) t})iinoﬁ(to) > lim (— log [tan (%)]) = +oo.
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Both (17) and (18) give Assertion 2. Concerning Assertion 3, we shall
prove that the functions fi, h satisfy the following differential equations:

(19) 1 (to) + cot(to) fi (to) + o “filto) = 0,
(20) 1" (to) + cot(to) ' (to) — 1h(to) = 0.

The above ordinary differential equations can be obtained from the following
equalities integrating by parts:

‘;f + cot(to)gf + 44;;% = d(G), ‘?;2 + cot(to)g; %T = d(H),
where
Gilu) = i (n(-1+u!)+2 (1+ut) - 43u2 cos(to))
4n (14 u* —2u? cos(tp))?
and
fi(w) = (1Y)

4(1+ut—2u? cos(to))% .
Let ) a critical point of d in ]0,%o[. This implies that d’()) = 0 and so

(]71/5 — fik')(t)) = 0. Therefore we have the following expression for the
second derivative of d at the point ¢{:

"
7'(1h) = iW(ta»
Hence, using (19) and (20), we obtain that d”(t)) = — cot(to)d’ (t{) — 5 d(t{)
< 0. Consequently, there exists only one critical point of d, t{,, in }O,fg[ and
it is a mazimum. Obviously, d(th) = Maximum{d(to) | to €]0, o[}

Hence, it is clear that § [d~!({z})] > 2, Vz €]0,d(t))[. If ¢ [d7*({z})] > 2
for some x €]0, d(t()[, then it implies the existence of a local minimum of d
in )0, [, which is absurd. This concludes the proof. O

Remark 2. For each n € [2,1], we denote either by d,, or by dj, the max-
imum of the distance function d(ty), to €]0,%g]. Observe that the function
d(n, to) is a differentiable function on [2,1]x]0, 7[. Let us check that gd > 0.

Taking into account that g < nm and the definition of the function fl,
we obtain

od _ 1 0f _ V2 " tsin())
on  4h On An2h J_4, \/cos(t) — cos(to)
Then n — d, is a continuous increasing function in [g, 1], equivalently the

function § — dj is increasing in [0, 7]. Therefore, dy < djy for 0 < 6y <
01 <.
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At this point, we recall that the distance function for the examples which
lie in the convex hull of their boundary coincides with our function d for
n € [1,2] (see [10]). As % > 0 we have that dp, < dp, for 2 <ng <ny < 2.
Hence, we infer that dj < dg, for 6 € [0, 7], where dy is the maximum of the
distance function for the Lépez-Martin examples (see Remark 4 in [10]).

From the asymptotic expansion of the Weierstrass data we have that X
can be expressed locally around E; as

21)  X(u) = (X1(u), X2(u), X3(u))

A
- (—Q(Q"_n)u (14 01 (1) +i05(u)) ,03<u>) ,
where O;(u)/|u| is a bounded function in a neighbourhood of F1, i = 1,2, 3.
Using this fact and Lemma 2.1 in [12] it is not difficult to prove the following
lemma:

Lemma 8. The minimal immersion X : M — R3 is proper and X (M) is
contained in the slab S.

Let us consider M; = {(u,v) € M | |u| < 1} and My = {(u,v) €
M | |u| > 1}. We recall that we had denoted by & and 5 the lifts
to M of the curves of u(M) given by e's, for t € [—to,t0] and t € [to, 7],
respectively satisfying 51* (m) € ’y;“ , © = 1,2. Clearly, the surfaces M; and
M are topologically a closed disk minus one boundary point. Moreover,
M =M UM,, MiNM;=25and d(M;) =dU~{ U~y USH U, 9(My) =
SU’@L U7, UdS UG, , where §; = S,(5;") for i = 1,2.

Our next objective is to prove the following assertion:

Claim 4. X|; is injective and X (8) C {a2 < 0,23 = 0}.

Proof. To see this we observe that Xa(0(t)) = Xa2(d(t)) — Xa(d(—tp)) =
—ﬂffto __sms/m) ge Since 0 < ty < nm we have that Xy 00 is a

\/cos(s)—cos(to)

nonpositive decreasing function for ¢ € [—#p,0]. This fact and the vertical
symmetry S, prove the assertion. O

Let us denote M+ = {(u,v) € M | Im(u) >0} and M~ = {(u,v) € M |
Im(u) < 0}, and define p as the lift to M of the divergent curve ]0, +00] in
the u-plane. We parametrize p as follows: p(t) = u=1(t), t €]0,+ool.

Obviously, the surfaces M+ and M~ are topologically a closed disk minus
two boundary points. Furthermore, M = MT™UM~, MTNM~ = p and
O(MT)=pU~ Urd Uy, O(M™)=pU~; Uy Uy, . Next we prove:

Claim 5. X(p(t)) C {(z1,22,23) | 21 = 0,20 < —&,—3 < z3 < 3}, where
e=—Xo(Py) > 0.
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Proof. Taking the symmetry S} into account, it suffices to prove the asser-
tion for X (p(]0,1])). From the Weierstrass data we deduce that

2

o= e [ At
\/54—2(:05 (to)s? +1
Using Claim 4 we have ¢ = —X5(FPy) > 0. So X3 o p is decreasing and
nonpositive in |0, 1]. O

Moreover, taking (21) and the symmetry S, into account, we obtain that

lim X5(p(t)) = lim X>(p(t)) = —oo.
At this point we can prove the following lemma:

Lemma 9. The minimal immersion X : M — R3 verifies:
L X(M) c ((S\EToa)) UTga)-
2. The surfaces X (M \ (6] US7)) and X (M \ (65 Udy)) are graphs on
the plane {x3 = 0}.
3. d > 0 implies that X is an embedding. If d = 0, then X\M\7+ and
X|an,- are injective.

Proof. Denote by ps the orthogonal projection on the plane {3 = 0}. Using
(21) once again and the symmetries, it is not hard to see that X(M™)
and X (M™) are contained in a wedge of the slab S. Then we can apply
Statement (ii) in Theorem 1 to conclude that X (M ™) and X (M) lies in
the convex hull of their boundary.

In case d = 0, taking into account Lemma 6, Claim 5 and the interior
maximum principle we have the proof of Assertion 1. Moreover, in this case
the interior maximum principle also gives us that X (M™) N {(z1, 22, 73) €
R3 | 21 =0,—¢ < 29 < 0} = 0, and so, taking into account the symmetry
Sy, we deduce that

(22)  pa(X(M)) N{(x1,22,23) €R® |21 = 0,— < x5 <0} = 0.
In case d > 0 the above reasoning implies
(23) X(M) c S\ {(z1,22,23) €R® | £ =0, 2o > 0}.

Next, we prove Assertion 1 for d > 0 and Assertion 2. In what follows we
denote o = p3(A(X (M1))). We also introduce the following notation:

(A) If d = 0, Wy will denote the bounded connected component of R? \
a, whereas W) will denote the unbounded connected component which is
disjoint from p3(E(Tgq)).

(B) If d > 0, observe that « is a connected simple curve. In this case we
denote Wy as the connected component of R? \ o containing the point (0, 0)
and W7 the other one.
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In both cases p3(M1) C Wy U W7 Ua. Since p3(X(0(M1))) = o and p3 o X
is proper on M; (see Lemma 8), then p3 o X(M; \ 0(M;)) N Wy is closed
in Woy. Furthermore, g(M; \ d(My)) N S' = 0 and so (p3 0 X)|an\o(ar,) is
a local diffeomorphism. In particular, p3 o X(M; \ O(M;)) N Wy is an open
set of Wy. Hence we deduce that either ps o X (M; \ 9(M7)) N Wy = 0 or
p3o X (M \ 0(My)) N Wy = Wy. According to (22) and (23) we have that
p3o X (M1 \O(Mq))NWy = 0. A similar argument yields ps(X (M;))NW; =
Wi, ie., p3(X(M;)) = Wi U a. Hence, using the symmetry S, and the
interior maximum principle we conclude the proof of Assertion 1.

From the above reasoning we have that p3o X : My \ (67 Ud; ) — WiUa
is a proper local diffeomorphism and so p3 o X is a covering map. Since
(ps o X)‘ﬁ is one-to-one we obtain that X (M; \ (6; Uédy)) is a graph on
the plane {z3 = 0}.

Using that (X (M1)) C {(z1,22,23) € R? | 0 < 3 < 1} and Lemma 2.1
in [12] we infer that

1
(24) X(Ml)C{(xl,xg,x3)€R3’0§x3§2}.

Then, taking into account the symmetry Sy, we obtain Assertion 2.
Finally, Assertion 2 and (24) give us Assertion 3. O

The Main Theorem is a consequence of the following results: Proposi-
tions 1, 5, and 6, Lemmas 7, 8, and 9, Remark 2, Theorem 4 in [10] and
Theorem 3.32 in [9].
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