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SPECIALIZATION OF POLYNOMIAL COVERS OF PRIME
DEGREE

LEONARDO ZAPPONI

Let K be a complete discrete valued field of unequal charac-
teristic (0,p). The aim of this paper is to describe the semi-
stable models for covers P}, — P}, of degree p, unramified
outside r < p points and totally ramified above one of them,
under the assumtion that the ramification locus has a partic-
ular reduction type (which always occurs if r < 4). We are
principally concerned with the minimal semi-stable models
which separate the ramified fibers.

1. Introduction.

The study of the stable models for covers between algebraic curves defined
over a complete discrete valuation ring is a subject which has been inten-
sively developed during these last years. Roughly speaking, the problem can
be summarized as follows: Starting from a ramified cover § : C' — D be-
tween nonsingular projective curves defined over a complete discrete valued
field (K,v) of unequal characteristic, one would like to construct a semi-
stable model C — D of this cover over its valuation ring R. The general
theory, and in particular the Semi-Stable Reduction Theorem, asserts that
such a model always exists, up to a finite extension of the base field (cf. [1]
and [4]). Its uniqueness is not ensured. If we require that the model sep-
arates the ramified locus R (that is, the ramification points specialize to
pairwise distinct points) and that the curve C'— R is hyperbolic, then there
exists a minimal semi-stable model for the cover, which is unique, up to
isomorphism. Moreover, this model behaves well under (finite) base change,
so that it can be considered as an important birational invariant attached
to the cover. In particular, there is a well-defined notion of reduction type:
The number of irreducible components of the special fiber, their intersection
graph and the thicknesses of the singular points (cf. Section 2).
Historically, the investigation started with the study of prime to p covers
i.e., covers such that the residual characteristic p of R does not divide the
order of their monodromy group G. Even if this is the simplest situation,
there are no complete results. For example, there are no general criteria
which can decide whether or not the cover has good reduction. The current
research trend is concerned with the case where p divides some ramification
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indices. M. Raynaud [5] treats the case where G has a p-Sylow subgroup of
order p and the cover is unramified outside three points. These results are
sharpened by S. Wewers in [7]. Finally, C. Lehr [2] and M. Saidi [6], study
the semi-stable model for a p-cyclic cover in full generality. In order to have
a more complete reference on the subject, see also the results of B. Green,
M. Matignon and Y. Henrio.

In this paper, we concentrate on covers P! — P! of prime degree p. The
only restrictions we make are the following: There is at least one totally
ramified point (wild ramification) and the branch locus has a particular
reduction type (cf. Section 6). Note that these covers need not to be Galois.
It turns out that the semi-stable models essentially depend only on the
ramification data and on the wv-adic distance between the branch points.
There are four cases: If the branch locus has good reduction, we essentially
recover Wewers’ results. The real interesting case is where the branch points
have bad reduction. We choose two branch points P and @ and consider
the semi-stable model C — D of the cover which separates these points.
There are three cases: P and () are v-adically far from each other, P and
@ have medium distance from each other (the critical case) and P and @
are v-adically close to each other. In the first case, the specializations of
P and @ belong to two different irreducible components D1 and Dy of the
special fiber of D and there is a unique irreducible component lying above
each D;. In the second case, P and @ specialize in the same irreducible
component and there is one component above it. In the last case, P and
Q) specialize again in the same component but many irreducible component
can lie over it. This last case is more delicate and the knowledge of the
ramification data and of the p-adic distances between the branch points is
not sufficient to completely determine the semi-stable model. Nevertheless,
all the possible cases occurring are classified.

The strategy is to start with a natural model for the cover P! — P!
over R and then to blow it up several times until the ramification points
are separated. This construction can be carried out explicitly because the
covering curve is the projective line. This technique can be extended to the
case where the degree of the cover is composite and even to the case where
the curve C has (potentially) good reduction, but we do not do it in this
paper (see [8] for more details).

2. Some notation and basic facts.

Throughout this paper, (K,v) denotes a complete valued field of unequal
characteristic (0,p). Its valuation ring R is a complete discrete valuation
ring with maximal ideal p and residue field & = Ok /p. The valuation
v : K* — Q is normalized by the condition v(p) = 1, so that it extends
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the usual p-adic valuation. In particular v(K*) = e~1Z, where the positive
integer e is the absolute ramification index of K, that is pR = p°.

Let C' be a projective, geometrically irreducible, nonsingular curve of
genus g defined over K and consider a finite subset S of C'(K) of cardinality
n > 0 (for n = 0, we simply set S = ()). The pair (C,S) is called a
pointed curve of type (g,n). We say that (C,.S) is hyperbolic if the inequality
29 —2+n > 0 holds. A semi-stable model for (C,S) over R is a proper and
flat scheme C/R satisfying the following conditions:

(1) The generic fiber Cx = C ®p K is isomorphic to C.
(2) The special fiber C,, = C ®p k is reduced and has only ordinary double
points as singularities.
(3) The elements of S specialize to pairwise distinct nonsingular points of
Ck.
If S = () then this last condition must be ignored. We say that C is stable
if, for any irreducible component X of Cj, we have the relation 2g(X) —
2+ n(X) + s(X) > 0, where g(X) denotes the genus of X, n(X) is the
cardinality of the subset of S specializing in X and s(X) is the number of
singular points of X. Semi-stable models behave well under base change,
i.e., if L/K is a finite extension and C/R is a semi-stable model of (C,S)
over R then C @ R’ is a semi-stable model for (C,S) over R/, where R’ is
the ring of integers of L.

The Semi-Stable Reduction Theorem asserts that any pointed curve (C, S)
over K admits a semi-stable model over the valuation ring R’ of a finite
extension L of K. Moreover, if (C, S) is hyperbolic then there exists a stable
model C/R’ which is unique up to R’-isomoprhism. The same kind of result
holds for covers: More precisely, given a finite cover 3 : C' — D between
projective, nonsingular curves over K and a finite subset S of D(K), there
exist a finite extension L of K, two proper and flat schemes C,D/R’ and a
finite morphism C — D such that the following conditions hold:

(1) C (resp. D) is a semi-stable model for the pointed curve (C,371(S))
(resp. for the pointed curve (D, S)) over R'.

(2) The generic morphism C;, — Dy, is isomorphic to 3 : C — D.

(3) The morphism C; — D; maps smooth (resp. singular) points to smooth
(resp. singular) points (here, [ denotes the residue field of L).

Remark 2.1. In the literature, the existence of a model satisfying the above
properties is ensured only in the Galois case. Since in this paper we are
working with covers which are almost never Galois, we now briefly sketch
how to extend this result to the general case: Suppose that we have a cover
B : C — D. We can consider its Galois closure C — D. Denote by G its
Galois group. Then there exists a subgroup H of G such that C/H = C.
Take a semi-stable model C of C such that the elements of C with nontrivial
stabilizer (the ramified points) specialize to pairwise distinct smooth points
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of 5k Up to some blow-ups, we can assume that the action of G on C
extends to C and that G acts with no invertions (cf. [5]). The key result is
Proposition 5 in [3] which asserts that the quotient of a semi-stable curve
under the action of a ﬁnitAe group is again semi-stable. In this case, the
curves C = C/H and D = C/G are semi-stable and the morphism C — D is
the model we are looking for.

In particular, there exists a minimal semi-stable model satisfying the
above properties, which is unique up to R’-isomorphism. Since the behaviour
of its special fiber is stable under finite base change, it can be considered
as an important birational invariant of the cover. In this paper, we are not
concerned with rationality questions, that’s why we always assume that the
semi-stable model is already defined over R.

We close this section by introducing an important invariant attached to
a semi-stable model C/R: The completion of the local ring of C at a sin-
gular point P of its special fiber is isomorphic to the power series ring
R[X,Y]/(XY — Z), with Z € p. The thickness of P is the valuation of Z,
which only depends on P. Moreover, our normalization for the valuation
v: K* — Q implies that the thickness of a singular point does not change
after a finite base change. Finally, if 8 : C — D is a semi-stable model for
a cover and P is a singular point of the special fiber Cy of C of thickness v,
then Q = [(P) is a singular point of the special fiber Dy of D, of thickness
epv, where ep a positive integer. We refer to it as the ramification index at
P of the cover C;, — D;..

The book [1] is a complete introduction to the theory of semi-stable curves
and their application to the study of algebraic covers of curves. Two funda-
mental papers on the subject are [4] and [5].

3. Polynomial covers. Normalized models.

The main purpose of this paper is to construct semi-stable models for poly-
nomial covers of prime degree p over K (i.e., covers 3 : P}( — P}( of degree
p and totally ramified above one point) under certain assumptions on the
reduction of the branch locus. We are principally concerned with the mini-
mal model X — ) which separates the ramification locus. Two such covers
(1 and (s are isomorphic, or equivalent (over K) if there exist two elements
0,7 € PGLy(K) such that o o 51 = B2 o 7. In this case, we easily see that
the special fibers of the stable models of the covers 31 and 35 have the same
behaviour. We start by constructing a “good” model of the cover over K.
Let’s first of all reduce to the affine case: Since 3 : P}( — P}( is totally
ramified above one point, we obtain a finite morphism

Al = Spec (K[X]) 2> AL = Spec (K[TY).
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In terms of affine algebras, it corresponds to an injection 5* : K[T| —
K[X], which is uniquely determined by the image 3(X) of T, which is a
polynomial (that’s why we are speaking about polynomial covers). From
now on, by eventually enlarging K, we assume that the ramification locus
of 3 is contained in P'(K). For any A € K, we have a unique factorization
(in K)

BX)=A=c [[ X -a)=

z€B™I(N)

where ¢ € K does not depend on A and e, is the multiplicity of X — z in
the factorization of 5(X) — A. We clearly have

Z ex = P.

z€BH(N)

Furthermore, the Riemann-Hurwitz formula gives

ZnA:(T—Q)p—{—l

AesS

where r is the cardinality of the branch locus B = S U {oo} of the cover
and n, is the cardinality of the fiber 5~!(\). Up to equivalence, and after
a finite extension of K, we can reduce to the following case:

(1) The finite branch locus S = {A1,..., \,—1} =0 ({zx € K | §/'(x) =0})
is contained in R and {0,1} C S.
(2) The polynomial 3(X) is monic (i.e., ¢ =1) and ((0) = 0.

A polynomial 8(X) € K[X] satisfying the above conditions is a normalized
model for the cover. One easily checks that there exist finitely many normal-
ized models associated to the same polynomial cover. More generally, we
say that 3(X) is a semi-normalized model if it satisfies Condition (2) above
and the following property (which is weaker than Condition (1)):

(1’) The finite branch locus S is contained in R and there exists A\ € R*
such that {0,A\} C S.

Note that there exist infinitely many semi-normalized models associated
to the same cover.

4. Construction of the fundamental model.

We now start the construction of the semi-stable model associated to a
polynomial cover of degree p. For any polynomial h(X) € R[X], we de-
note by h(X) its canonical image in k[X]. The importance of the (semi-)
normalized models introduced in the previous paragraph is related to the
following lemma:
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Lemma 4.1. Let h(X) € K[X] be a monic polynomial of degree p such that
h(0) = 0. If the associated cover h : Ak, — AL is unramified outside a finite
set S C R, then h(X) € R[X] and h(X) = XP.

Proof. The case h(X) = X? is immediate. If h(X) # XP then its Newton
polygon is not reduced to a vertical line. Suppose that the last segment
has positive slope, i.e., that there exists a root = of h(X) with (minimal)
negative valuation. The degree of h(X) is equal to p and h(0) = 0, so that its
Newton polygon coincides with the Newton polygon associated to Xh/(X),
exept for the last segment (see the following picture).

In particular, we see that there is a root y of h/(X) (a ramified point)
such that its valuation is strictly less than the valuation of x (and thus,
of any root of h(X)). We obtain v(h(y)) = pv(y) < 0, which is absurd
since h(y) € S € R. We then have h(X) € R[X]| and since the (finite)
branch points belong to R, we see that all the roots of h'(X) belong to R.
The leading coefficient of h'(X) is equal to p, so that h'(X) = pg(X), with
g(X) € R[X]. This gives EI(X) = 0, which leads to h(X) = XP, since h(X)
is monic, of degree p and satisfies h(0) = 0. O

If B(X) € K[X] is a (semi-)normalized model associated to a polynomial
cover of degree p then it satisfies the hypothesis of Lemma 4.1 so that it
belongs to R[X] and we have the identity 8(X) = XP. This is our starting
point for the construction of the semi-stable model associated to the cover.
Let D = P}% be the projective line over R, viewed as the union of the affine
schemes Uy = Spec(R[T]) and Us = Spec(R[T~!]). Denote by C the integral
closure of D in the function field K(X) via the injection K(T') — K(X)
which sends T" to 5(X). By construction, we obtain a finite morphism

c -2 p.
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We have to show that C is a semi-stable curve. In fact, we will now prove that
it is a smooth R-curve. We just have to desribe the process of normalization
on the two patches Uy and Us. The schemes V; = 371(U;) are affine (since
B is finite). We have V; = Spec(A), where A is the integral closure of R[T]
in K(X). We then find A = R[X] and the map R[T] — R[X] sends T to
B(X). Indeed, R[X] is integral over R[T| (because 3(X) is monic) and its
field of fractions if K (X). Similarly, we have Vo = Spec(B), where B is the
integral closure of R[T~'] in K(X). Let v(X) € R[X] be the polynomial
defined by the relation v(X) = XP3(X~!). From a practical point of view,
we have

vX)= J[ a-=x)-

z€B~1(0)

where e, = e, () is the multiplicity of X — z in the factorization of 3(X).
The relation 3(0) = 0 implies that the degree of v(X) is strictly less than p.
Moreover, we have (0) = 1 and 7(X) = 1. With this notation, the element

T-1 € K(T) is sent to B(X)~! = % € K(X). In particular, the ring
B = RIT, X1/(X P — A(X )T

is a finite extension of R[T~!]. One easily checks that B’, considered as a
subring of K (X), coincides with R[X ~!,v(X~!)~!]. We then obtain B’ = B
since B’ is integrally closed and has K(X) as field of fractions. This shows
that C is smooth and thus isomorphic to P}%.

The morphism C — D is a semi-stable model for the cover over R (since its
generic fiber is isomorphic to 3 over K') and we refer to it as the fundamental
model associated to 8. Lemma 4.1 implies that its specialization is purely
inseparable. In particular, for a given A € D(K), the elements of 371())
all have the same specialization in the special fiber C; of C, so that this
morphism never separates the ramified fibers. A model X — ) for 8 which
separates the ramified fibers is obtained from C — D after a finite number
of blow-ups. In order to get a minimal one, we may need to blow-down the
original irreducible component Cj, (and Dy of the special fiber of )). This
last possibility never occurs. Indeed, this would mean that all the finite
branch points have the same specialization in D, which is impossible, since
we are assuming {0,1} € S.

5. Some complements on semi-stable models of genus zero.

Before continuing, let’s make some general remarks. First of all, suppose
that X/R is any semi-stable model of a genus zero (pointed) curve and
denote by A} its special fiber. We classically define the intersection graph
I'(X)) as the abstract graph whose vertices (resp. edges) correspond to the
irreducible components of X}, (resp. the singular points of A%).
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In this special case, I'(Xy) is a tree endowed with a metric, obtained by
associating to any edge the thickness of the corresponding singular point. If
C4 and Cy are two irreducible components of X}, we can consider the seg-
ment [C7, Ca], which is the minimal subtree of I'(X}) containing the vertices
corresponding to C7 and Cy. In particular, the distance d(C7,Cs) between
C1 and (Y is defined as the sum of the lengths of the edges belonging to
[Cy,C5]. From a practical point of view, consider the model X’ of the pro-
jective line over R obtained by blowing down all the irreducible components
of X}, different from C; and Cy. Then the special fiber of X’ is the union
of the curves C] and C5, meeting at a unique singular point of thickness
d(C1,C9).

Blow-down C L+bL+l+l+l G,

O——— 0

Suppose now that X — ) is any semi-stable model over R for a poly-
nomial cover, obtained from its fundamental model C — D (cf. §4) after a
finite number of blow-ups. Denote by C' (resp. by D) the irreducible com-
ponent of X}, (resp. of Vj) corresponding to the special fiber of C (resp. of
D). Let Cy # C be a tail of Cy, (i.e., an irreducible component having only
one singular point) and denote by D; # D its image in Dy. Let Co be
the irreducible component of X} containing the specialization of the totally
ramified point co. We suppose that the segments [C, (4] and [C, C] have
no common edges. Consider a point P € X(K) = P!(K) specializing to a
nonsingular point of Cy. Since X(K) = C(K), the point P defines a well-
defined element x of C(K) = C(R). Moreover, the above assumption on the
relative positions of C, Cy and Cy, implies that = belongs to Co(R) = A'(R)
(cf. the end of §4) and thus, it can be viewed as an element of R. Similarly
the image of P in ) defines an element A of Dy(R) = R. Let m and 7’ be
two elements of p such that v(r) = d(C,C4) and v(7") = d(D, D1). We then
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have a unique factorization
(1) B(rX + ) — X =7"Bo(X)y0(X)

where 3(X) € R[X] is the normalized model from which the cover C — D
was constructed, Gp(X) € R[X]is monic and 7o (X) € R[X] satisfies 7,(X) €
k*, ie., 7(X) € R* + pR[X]. Moreover, the finite morphism A} — A}
obtained from C1 — D; by removing the singular points is (isomorphic to
the one) induced by the inclusion k[T] — k[X] which maps T to By(X).
In particular, C; is the only irreducible component of X} lying above Dy if
and only if 79(X) has degree 0. In this case, we get the relation d(D, D) =
pd(C 5 Cl)

6. Simple reduction of the branch locus.

We now put some conditions on the reduction type of the branch locus
B = S U {0} of a polynomial cover over K. The curve D of the funda-
mental model associated to it (cf. §4) is a model of the projective line over
R such that no point of S specialize to co and at least two points have
distinct specializations. These two conditions uniquely determine D, up to
R-isomorphism. The stable model B (over R) for the pointed curve (P, B)
is obtained from D after a finite number of blow-ups.

Definition 6.1. Consider the stable (separating) model B associated to a
pointed curve (P}, B), where B = S U {co}. Denote by D the irreducible
component of its special fiber containing the specialization of the point co.
An element A € S is ordinary if it specializes in D. If B has bad reduction,
an irreducible component of By is simple if it only meets D and if there
are exactly two elements of S specializing in it. We say that B has simple
reduction if any tail of By (if there are any) is simple (see the following
picture).

® Ay o A

‘ ‘

Note that if the pointed curve (P, B) has simple reduction then any
irreducible component of its stable (separating) model different from D is
automatically a tail. Moreover, if the cardinality of B is less than or equal
to four then the reduction is always simple.
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7. Semi-stable model separating the fiber above an ordinary
branch point.

We now describe the stable model for a polynomial cover of degree p domi-
nating its fundamental model C — D and separating the ramified fiber above
an ordinary branch point.

Theorem 7.1. Let 3 : P}{ — P}( be a polynomial cover of degree p. Denote
by B = SU{oo} its branch locus and suppose that A\ € S is ordinary. Then
the minimal semi-stable model X — Y of the cover which dominates the
fundamental model C — D and separates the fiber above X has the following
description:

(1) The special fiber of X is the union of two projective lines C' and C’
meeting at a unique singular point of thickness (ny — 1)~ where ny, is
the cardinality of the fiber 371(\).

(2) The special fiber of Y is the union of two projective lines D and D’
meeting at a unique singular point of thickness p(ny — 1)1,

(3) The morphism C — D is purely inseparable, while C' — D’ is generi-
cally étale, unramified outside two points, wildly ramified above one of
them and tamely ramified above the other.

C D’

C ‘ (n, -7 D ‘p(nk 1)t

Proof. Without any loss of generality, we can assume that A\ = 0 and 5(0) =
0. Let v be the rational number defined by

v = Min{v(z) | z € 57(0)}

and consider the curve C’ obtained from C after a blow-up at the origin, of
thickness v. Let m be an element of p such that v(7) = v. By construction,
we have the expression

B(rX) =nP H (X — 7 '2)* € R[X]
z€f~1(0)

with 7712 € R for any z € 371(0). Following the notation introduced at
the end of §5, we obtain [y(X) = 7 PB(wX) and vy(X) = 1. In particular,
we have a model C’ — D’ of the cover 3, where D’ is the curve obtained
from D after a blow-up at the origin, of thickness pr. We just have to
prove that it separates the fiber above 0. From a practical point of view,
we must show that two distinct roots of the polynomial 5y(X) have distinct
specializations. First of all, if 4 € S — {0} then 8~ !(yu) C R*. Indeed, we
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already have 3~!(u) C R. If there were x € 871 (u) with positive valuation,
we would obtain 7 = ((z) = 2P = 0, which is impossible since we are
assuming that 0 € S is ordinary. We have the following expression for the
derivative of B(X):

F=p [ (x-a=

zeB~1(S)

We then obtain 3)(X) = 7!7P3'(7X), which leads to

Bo(X)=pr'm I (X = la)=! [T Gx-—a=!
z€B-1(0) ref~1(S-{0})

where ng is the cardinality of the fiber 371(0). We have 3)(X) € R[X],
which directly implies the inequality (ng — 1)v < 1. A strict inequality
would give Fy(X) = 0 and thus By(X) = XP (recall that Go(X) is monic, of
degree p and satisfies §y(0) = 0). This is impossible since, by construction,
there exists a root of Gy(X) belonging to R*. We then have v = nolil.
Suppose now that the elements z1,...,zs € ﬁo_l(O) specialize to the same
point ¢ of C’ and denote by ey, ...,es their ramification indices. We have
s < ng, since there are at least two distinct roots of 33(X). The monomial
X —t appears with multiplicity e = e; 4+ -+ - + e5 < p in the factorization of
Bo(X). In particular, the element ¢ will be a root of B:) (X) of multiplicity
e — 1. But the above expression of §((X) implies that this multiplicity is
equal to e — s, and so we have s = 1, i.e., the model C’ — D’ separates the
fiber above 0. U

Corollary 7.2. The notation and hypothesis being as in Theorem 7.1, there
exists a smooth model of the cover (over R) which separates the fibers above
oo and X. In other words, the pointed curve (P}, 371({c0,A})) has good
reduction.

Proof. The desired smooth model is obtained from C’ — D’ by blowing down
the irreducible components C' and D. (]

Corollary 7.3. With the above assumptions, suppose that the branch locus
B = {00, A1,...,A\r_1} of the cover B has good reduction and that r > 3.
Then, the minimal stable model X — Y separating the ramified fibers has
the following description:
(1) Xg (resp. Vk) is the union of r projective lines C,C1,...,Cr_1 (resp.
D,Di,...,Dy_1).
(2) For any i€ {1,...,r — 1}, the point \; specializes in D;.
(3) The irreducible component C; (resp. D;) only meets C (resp. D). The
corresponding singular point has thickness (n;—1)~1 (resp. p(n;—1)~1),
where n; denotes the cardinality of the fiber above A;.
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(4) The morphism C' — D is purely inseparable and, for anyi € {1,... ,r—
1}, the cover C; — D; is generically étale, unramified outside two
points, wildly ramified above one of them (the singular point) and
tamely ramified above the other (the specialization of \;).

C; Cr D, D4

7\1 7‘r1

© ©

c  lTont Tow -n? D lpy 0" ety -1

Proof. Tt suffices to repeat the construction in the proof of Theorem 7.1 for
all the elements of S. ([

8. Semi-stable model separating the fibers above a simple tail.

We now study the case of simple reduction of the branch locus B = SU{co}
of the cover 3. Let r be the cardinality of B. We assume that r > 3,
since for r < 3 the pointed curve (P!, B) always has good reduction. If
A € S is an ordinary branch point, then the construction in the proof of
Theorem 7.1 leads to a stable model which separates the fiber above A.
Suppose that A, A’ € S belong to a simple tail of the minimal stable model
B of B. In other words, viewing S as a subset of R = Cy(R) (cf. §4), we
have v(A = X) > 0 and v(A = X') =v(N = N’) =0 for any N\ € S —{\, N}
The positive rational number € = v(A — )') is the thickness of the singular
point connecting the simple tail with the rest of B. Since the reduction of
the model C — D is purely inseparable, all the elements of 3~({\, \'}) have
the same specialization.

8.1. The first separating blow-up. We start the construction of the sta-
ble model separating the fibers above A\ and ) by considering the minimal
model C’ dominating C such that all the elements of 371({\, \'}) specialize
in the (smooth locus of the) same irreducible component and at least two
of them have distinct specializations. In order to obtain a more explicit de-
scription, we can first of all reduce to the case X' = 0 and 3(0) = 0. Consider
the rational number v defined by

v=Min{v(z—y) | z,y€ B ({0,A}}.

We have v > 0, since A = 0 and B(X) = XP. Moreover, v(A\) > pv. The
curve C’ is obtained from C after a blow-up at the origin, of thickness v. Let
7 be an element of p such that v(w) = v. The relation (1) at the end of §5
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becomes B(rX) = 7 Fy(X)y0(X), with v(X) = 1 and
Bo(X)=rPBrX)= [ X-rlo)==rrr+ [[ X-7'a)~.
zeB-1(0) z€B=1(N)

We then get a model C" — D’ for 3, where D’ is the curve obtained from D
after a blow-up at the origin, of thickness pv (see the following picture).

The derivative of (y(X) can be expressed as
) =prtiem [ (x—rtet [ (X —a)et
z€B~1({0,A}) z€B~H(S—{0,A})

where, for any A € S, n is the cardinality of the fiber 371()). In particular,
since 8,(X) € R[X] and 7'z € R for any x € 871({0,\}), we obtain the
relation

(2) v < S

ng+ny—p—1
8.2. First case: “Far” points. Let’s start by supposing that the inequal-
ity (2) is strict. This directly implies that 3,(X) = XP. Now, by construc-
tion, the polynomial h(X) = Go(X)(Bo(X) — #~PA) has at least two roots
having distinct specializations, so that we obtain

v(A) = pr.

Indeed, the relation v(\) > pr would give h(X) = X%, which has only one
root. In particular, this first blow-up separates the branch points 0 and A
but does not separate the corresponding fibers.

The above inequality now reads as

p
A) < .
v() ng+ny—p—1
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In order to obtain a model separating the fiber above 0, let 1 be the positive
integer defined by

vo = Min {v(z) | = € ﬁal(O)}.

We clearly have v 4+ vy = Min {v(z) | z € 871(0)}. Consider the curve C”
obtained from C’ after a blow-up at the origin of the irreducible component
C', of thickness vy. If C” denotes the new irreducible component of Cy,
then we have d(C”,C) = v+ vy. Let my € p such that v(my) = vy and set
m1 = 7w (as in the previous paragraph, 7 has valuation v). We then obtain
the expression 3(mX) = 7P By(m0X) = 7} 41 (X )1 (X), with 71(X) =1 and

Bi(X) =m "B(mX) =7 Pfo(moX)
— H (X—Wflm)ezz H (X—ﬂ()_lx)e”.

zeB~1(0) z€By 1 (0)

By construction, at least two roots of 31(X) have distinct specializations.
If D" is the curve obtained from D’ after a blow-up at the origin of D’,
of thickness pry, we then have a model C” — D” of the cover 3. Setting
u=mng+ny—p—1, u =ng—1and 6 = 1 — uv — ugry, we have the
expression

B1(X) = prtmy© H (X — 7 to)e=t H (moX — 7 lg)e=1
z€B~1(0) z€BL(N)

H (mX — )%=t

z€B~1(S—{0,A})

which implies that § = 0 (otherwise, we would obtain 3;(X) = X? and all
the roots of (1(X) would have the same specialization). Since v(\) = pv,
we obtain
p—(no+ny—p—1v\) 1

p(no — 1) ng—1
Proceeding exactly as in the end of the proof of Theorem 7.1, we finally
check that this model separates the fiber above 0, i.e., that any two distinct
roots of (1(X) have distinct specializations. The same procedure leads to
a stable model separating the fiber above A. Summarizing, we have just
proved the following result:

vy =

Theorem 8.1. Suppose that the branch locus B = S U {oc} of the polyno-
mial cover 3 has bad reduction and that D' is a simple tail of the special
fiber of the stable model B associated to the pointed curve (P', B). Denote
by A1, A2 € S the two branch points specializing in D' and let € = v(\1 — A2)
be the thickness of the corresponding singular point of Bx. For any A € S,
denote by ny the cardinality of the fiber 3~ *(\). If the inequality
p
ny, +ny, —p—1

€<
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holds, then the minimal semi-stable model X — Y of 8 dominating C — D
and separating the fibers above A1 and Ao has the following description:

(1) The curve Xy (resp. Vi) is the union of four projective lines C,C’, Cy
and Cy (resp. D, D', D1 and Ds).

(2) The specializations of the points 0o, \1 and A2 belong respectively to
D, D1 and D2.

(3) The irreducible component C (resp. D) only meets C' (resp. D'), at a
singular point of thickness < (resp. of thickness €).

(4) For any i € {1,2}, the irreducible component C; (resp. D;) only meets

p—(nx; +nx, —p—1)e
p(ny; —1)

C’ (resp. D'), at a singular point of thickness v; =

p—(nx; +nr, —p—1)e
nx; -1

(resp. of thickness pv; =

(5) The morphisms C — D and C' — D' are purely inseparable, while the
covers Cy — Dy and Cy — Do are generically étale, unramified outside
two points, wildly ramified above one of them and tamely ramified above

the other.
C D .
V1 C1 pv1 D1
B Ao
2 > 2
\Z) pv2
[ee] oo
£ €
p

Corollary 8.2. The notation and hypothesis being as above, if
p
ny +ny —p—1

then, for any i € {1,2}, the pointed curve (P, 37 ({oo, \;})) has good re-
duction.

€<

Proof. Tt suffices to take the smooth R-curve obtained from X" by blowing
down the irreducible components C, C' and Co_; of Cj. O

8.3. Second case: The critical distance. Keeping the above notation
and hypothesis, suppose now that the inequality (2) at the end of §8.1 is in
m, so that BE)(X) # 0. In particular,
the morphism C” — D’ is generically étale. We already know that v(\) > pv.
In this paragraph, we assume that this last inequality is an equality. As
before, the cover C' — D’ separates the branch points 0 and \. Moreover,
proceeding as at the end of the proof of Theorem 7.1, we can easily show that
this model also separates the fibers above these two points. In particular,
we have the following result:

fact an equality, i.e., that v =
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Theorem 8.3. The notation and hypothesis being as in Theorem 8.1, sup-
pose that
p
ny +my, —p— 1

Then, the minimal semi-stable model X — Y of 3 dominating C — D and
separating the fibers above A1 and Ao has the following description:

(1) The curve Xy, (resp. Vi) is the union of two projective lines C' and C'

(resp. D and D') meeting at a singular point of thickness ; (resp. of

thickness €).

(2) The specializations of the points \1 and Az belong D' and oo specializes
m D.

(3) The morphism C — D is purely inseparable while the cover C' — D’ is
generically étale, unramified outside three points, wildly ramified above
one of them and tamely ramified above the others.

c D’

Corollary 8.4. The notation and hypothesis being as above, if
_ p
ny +ny, —p—1

then the pointed curve (P, 371 ({oo, A1, A2})) has good reduction.

Proof. 1t suffices to take the smooth R-curve obtained from & by blowing
down the irreducible component C' of its special fiber. O

8.4. Third case: “Near” points. We now have to study the most critical
case, that is, when v = m and v(A) > pr. This situation occurs if
and only if the model ' — D’ introduced at the beginning of this section
does not separate the elements 0 and A of the branch locus B of the cover.
As in the previous paragraph, the derivative of 8,(X) does not identically
vanish, so that the cover C' — D’ which is (isomorphic to the one) induced
by the polynomial 3y(X) € k[X], is generically étale, unramified outside
two points, wildly ramified above one of them (the intersection with D) and
tamely ramified above the other. There exist at least two roots of Gy(X)
having distinct specializations. Indeed, the contrary would give B,(X) =
XP, so that the cover C — D’ would be purely inseparable, which is a
contradiction. The points 0 and A are the only elements of B specializing in
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C" and their fibers with respect to § can be assimilated to the fibers 3 1(O)
and ﬁal()\o), where \g = 7P\ € p. Set
S

Bo(X) = (X —wi)™

i=1
with s > 1, dy +--- +ds = p and w; # w; for any ¢ # j. We then obtain
two partitions ﬁo_l(O) = S10U---USs0 and ﬁo_l()\o) = S12 U USs 2,
where we have set, for a fixed t € p,

S@t = {l‘ S Bal(t) | T = ’LUZ}
For any ¢ € {1,...,s} we then have the identity

di: Zem

mESLt

where e, is the multiplicity of the root z of the polynomial Gy(X) —¢. Since
the cover C' — D’ is generically étale and unramified outside the set {0, 00},

we have
S

—/ P
Bo(X) = e[ [(X = wy)®
i=1
with ¢ € k*. On the other hand, the expression of the derivative of Gy(X)
given previously leads to

S
Bo(X) = e JJ(X — wy)?dimso=ma
i=1
where n; o (resp. n; ») denotes the cardinality of S;o (resp. of S; y,). Com-
bining these two expressions we finally obtain the identity

nio+n;y=d;+1

which holds for any i € {1,...,s}. In order to completely separate the rami-
fied fibers, we need to blow-up some projective lines at the points wy, ..., ws
belonging to the irreducible component C’ of C’. In other words, we have to
separate the elements of S;o U S; )y, for any i € {1,...,s}. Let’s start with
i =1: Since 0 € S is a branch point and p(0) = 3(0) = 0, we can assume,
without any loss of generality, w; = 0. Set

vi =Min{v(z —y) | z,y € S10US1 5, T #y} >0

and consider the R-curve C”, obtained from C’ by blowing-up a projective
line C; at wy, of thickness vq. Let mg € p such that v(me) = 1. We then
have the identity

B(rmaX) = 7P Bo(12X) = 715 B1(X )M (X)
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where
fux) = ] (X =m0y
x€S1,0
and
nX) = I (rX-2)

z€fy 1 (0)=S10

Since we are assuming that w; = 0, an element = € 3;'(0) belongs to S
if and only if v(xz) > 0. In particular, 7,(X) = ¢ € k*. We then obtain
a R-morphism C"” — D" (which is not finite), where D" is the R-curve
obtained from D’ by blowing-up a projective line Dy at the origin of D', of
thickness e; = dyvq. For any x € S, ),, we have v(z) > vq, from which we
easily deduce the inequality v(\g) > €1, i.e., v(A) > €9 + €1, with g = pv.
The specialized morphism C; — D; has degree d; and is (isomorphic to the
cover P} — P}) induced by the polynomial 3;(X). The integer d; being
strictly less than p, the derivative B’l (X)) does not identically vanish. More
explicitely, using once again the expression of the derivative of Gy(X), we

obtain o
E;(X):u H (X—7T2_1$> :

IGSZ"() USi,AO

with u € k*. The strict inequality v(A) > €y + €1 would imply that the cover
P} — P} induced by (,(X) is tame, of degree d; and unramified outside 0
and oo, and thus §;(X) = uX%. In particular, all the elements of S1,0 and
S1, would specialize to the same element of (1. This is impossible, since
C" is the minimal model dominating C’ and separating at least two elements
of S1,0U S1,5,- We then have the identity

b
no+mny—p-—1

?)()\) =€)+ €1 = + dig

which implies that the model D” separates the branch points 0 and A. Then,
using the above expression for the derivative of 3;(X) and the same argu-
ments at the end of the proof of Theorem 7.1, one easily shows that C”
separates the whole 51U S} ),. Note that the above equality implies that
the thickness €; = djv; does not depend on the point w; but only on the
ramification data of the cover and on the valuation of A. Iterating this con-
struction for all the roots of 3,(X), we obtain a semi-stable model X — )
(this time the morphism is finite) which dominates C — D and separates
the fiber above 0 and A\. Summarizing, we have proved the following result:

Theorem 8.5. The notation and hypothesis being as in Theorem 8.1, sup-

pose that
p

n>\1+n,\2—p—1'

€ >
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Then, the special fiber of the minimal stable model X — Y of the cover
B dominating C — D and separating the fibers above A1 and Ay has the
following description:

(1) The curve Yy is the union of three projective lines D, D' and D;.
(2) The curve D (resp. D1) meets D' at a singular point of thickness ey =

____p ____pr
nx, +tnx, —p—1 nx,tnx,—p—1)"

(3) The specializations of the points A1 and Ay belong to D1 and oo spe-
ctalizes in D.

(4) There exists an integer s > 2 such that the curve Xy has s+2 irreducible
components C,C",C4,...,Cs.

(5) The curve C meets C' at a singular point of thickness %’ .

<7"esp. of thickness €1 = v(\) —

(6) There exist two partitions
BHM)=S11U--USs1 and B7'(A2) =S12U---USso
satisfying the identities
Z €r = Z ez =d; and n;1+nio=d;+1

IESiyl xESLQ

where e, denotes the ramification index of 3 at a point x € P*(K)and,
for any i e {1,...,s} and any j € {1,2}, n;; is the cardinality of the

set S; ;.
(7) Foranyi € {1,...,s}, the curve C; meets C' at a unique singular point,
of thickness Z—li and the elements of S;1 U S;2 specialize to pairwise

distinct points of C;.

(8) The morphism C — D is purely inseparable and the cover C' — D' is
generically €étale, unramified outside two points, wildly ramified above
one of them (the intersection with D) and tamely ramified above the
other (the intersection with Dy). For any i € {1,...,s}, the cover
C; — Dy is generically étale, of degree d;, unramified outside three
points (the specializations of \1 and Ay and the intersection with C")
over which the ramification is tame.

C D’

MoA
: Cs o te g,
dy . B &
o — Cs ®
ds ® — D
) c 0

Theorems 7.1, 8.1, 8.3 and 8.5 allow us to completely classify the reduc-
tion type of the minimal semi-stable model X — Y (separating the ramified
fibers) for a polynomial cover 3 over K of degree p, under the assumption
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of simple reduction of its branch locus B. More precisely, the above results
show that the behaviour of this model essentially depends only on the ram-
ification data of the cover and on the thicknesses of the singular points of
the special fiber of the stable (separating) model B associated to the pointed
curve (P1, B).

9. An example.

We end this paper with an explicit example. Let K be a 5-adic field, i.e., a
finite extension of the field Q5. We want to describe the semi-stable model
for a polynomial cover ( : P}( — P}( of degree 5 having the following
ramification data:

(1) The cover is unramified outside the set {o0, 0, A1, Ao} with A1, Ag € K*
and /\1 75 )\2.

(2) There is only one point above co.

(3) There are three points above 0, one of them, denoted by Py has rami-
fication index 3, while the others are unramified.

(4) There are four points above A; (resp. above \2), one of them, denoted
by P; (resp. P») has ramification index 2 while the other three are
unramified.

Up to equivalence (cf. §3), and since the behaviour of the ramification above
A1 and Xy is the same, we can reduce to the case \y = 1 and \g = X\ €
R —{0,1}. The results of this paper allow us to describe the semi-stable
model for § without any direct computation. More precisely, if the branch
locus has good reduction, i.e., if v(A\) = v(A — 1) = 0 then we can apply
Theorem 7.1, which leads to the following model:

‘ 12 ‘ 13 ‘ 13 ‘ 51 ‘5/3 ‘5/3

The branch locus of the cover # has bad reduction if either v(\) > 0 or
v(A —1) > 0. In the first case, there are three possibilities, leading to four
different semi-stable models: If € = v(\) < 5, we can apply Theorem 8.1
and obtain the following model:

s-ey10| Py s-o2| O

G-ey1s| Py P——> o5 A 1

o o)

€/5 ‘ 173 € 5/3
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As it is shown in the following picture, and applying Theorem 8.3, the
simplest case occurs for € = 5.

‘ 1 ‘1/3 ‘ 5 ‘5/3

Finally, for € > 5 we find two possibilities, depending on the partitions of
the ramification indices (1,1,3) and (1,1, 1,2) of the fibers above 0 and A
(cf. Theorem 8.5). The first partition is given by Sy = {{1,3},{1}} and
S1 ={{1,1,2},{1}}, which leads to the following semi-stable model:

-5

B 5| 0 A
s Po P P———> il B AT |

= e}

1 ‘ 1/3 5 ‘5/3

If we consider the second partition Sy = {{3},{1,1}} and S; = {{1,1,1},
{2}}, we then obtain the following model:

e P
B e-5 0 A
(e-5)3 P, Pb—m —1
[ee] o0
1 ‘1/3 5 ‘5/3

In order to completely classify the possible semi-stable models for 3, we
have to study the last case of bad reduction of the branch locus, i.e., when
e = v(A—1) > 0. As before, there are three different cases, depending on
€, leading to four different situations. First of all, for ¢ < % we obtain the
following semi-stable model (cf. Theorem 8.1):

5-2ey15| Py 5-2¢y3| 1

5-2ey15| B Pp———> (5203 A 0

e} oo

e/5 ‘ 172 € ‘ 52

The next picture describes the case e = 3 (cf. Theorem 8.3):
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P, B 1
Pp—— A 0
) & o
‘ 172 ‘ 172 ‘ 512 ‘5/2

For € > %, according to Theorem 8.5, there are two possible partitions of

the ramification indices above 1 and A. The first is given by S1 = S) =
{{1,2},{1},{1}} and leads to the following semi-stable model:

(2e-5)2
(2e-5)2 B eesr| 1 A
Py 0
eesy6| P, P
© o
12 ‘1/2 52 ‘5/2

Finally, the next picture describes the semi-stable model associated to the
second partition S; = Sy = {{2},{1,1},{1} }:

Ge91)
(2e-5)/4 P, P, B eesr| 1 A 0
(2e-5)/4| F'2
© 0
12 ‘ 12 52 52
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