PACIFIC JOURNAL OF MATHEMATICS
Vol. 209, No. 2, 2003

THE DISCRIMINANT OF A SYMPLECTIC INVOLUTION
GREGORY BERHUY, MARINA MONSURRO AND JEAN-PIERRE TIGNOL

An invariant for symplectic involutions on central simple
algebras of degree divisible by 4 over fields of characteristic
different from 2 is defined on the basis of Rost’s cohomological
invariant of degree 3 for torsors under symplectic groups. We
relate this invariant to trace forms and show how its triviality
yields a decomposability criterion for algebras of degree 8 with
symplectic involution.

1. Introduction and statement of results.

In contrast with orthogonal involutions, for which invariants corresponding
to the discriminant and Clifford algebras of quadratic forms are defined, no
“classical” invariant is known for symplectic involutions on central simple
algebras, besides the signature (see [6, (11.10)]). Using the cohomological
invariant of degree 3 defined by Rost for torsors under simply connected
absolutely simple linear algebraic groups, we introduce an invariant of sym-
plectic involutions on central simple algebras of degree a multiple of 4 with
values in the third Galois cohomology group of the center with coefficients
{#1} and give an alternative description in terms of trace forms. We call
this invariant the discriminant since it is the first nontrivial invariant, and
because it is directly linked to the discriminant of Hermitian forms, see Ex-
ample 2. Even though its definition is elementary, Rost’s computation of
the invariants of torsors under symplectic groups is needed to prove that
there is no other cohomological invariant of degree 3 and to establish the
relationship with trace forms. In the final section, we prove that symplectic
involutions with trivial discriminant on central simple algebras of degree 8
and index 4 afford a special type of decomposition. In a sequel to this paper,
the discriminant is used to give examples of non R-trivial adjoint symplectic
groups of even index.

1.1. Definition of the discriminant. Throughout this paper, F' denotes
a field of characteristic different from 2. Let A be a finite-dimensional central
simple F-algebra, and §: A — A be an anti-automorphism of order 2. We
recall that 0 is called a symplectic involution on A if, after scalar extension
to a splitting field, € is adjoint to an alternating form, see [6, (2.5)]. From
now on, we suppose the involution @ is of this type. In this case, the degree
deg A is necessarily an even integer n = 2m.
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The symplectic group Sp(A4, 0) is the group scheme over F' defined by
Sp(A,0)(E)={x € A®p E|0(z)r =1}

for any commutative F-algebra F.
Let Sym(A, @) be the F-vector space of elements in A fixed by 6,

Sym(A,0) ={z € A|b(z) =z}.
We denote by Sym(A, #)* the set of units in Sym(A,0),
Sym(A, )" = Sym(A,0) N A*.

We recall that the pfaffian reduced norm is the homogeneous polynomial
function of degree m

Nrpg: Sym(A4,6) — F
uniquely determined by the following conditions:
Nrpg(1) =1 and Nrpy(z)? = Nrd4(x) for x € Sym(A,¥6),

see [6, p. 19].
The cohomology set H'! (F . Sp(A, 9)) can be represented as
(1) H'(F,Sp(A,0)) ~ Sym(A,0)* /~

where ~ is the equivalence relation defined by = ~ y if and only if there
exists u € A* such that y = uzf(u), see [6, (29.24)].
Let Gy, be the multiplicative group. The Kummer exact sequence

1—>M2—>GmiGm—>1
allows us to identify the cohomology sets H'(F, us) and H?(F, ) respec-
tively with the quotient F*/F*2? and with the 2-torsion subgroup of the
Brauer group. For all x € F*, we denote by (z)y € H(F, ju2) the cohomol-

ogy class associated to xF*2. Similarly, we denote by [A] € H2(F, uz) the
cohomology class associated to the Brauer class of A. We define

Ag: Sym(A> H)X - H3(F7 ,UQ)
as the map given by the cup-product
Ag(s) = (Nrpy(s)), U [A].

It follows from the properties of Nrp, (see the proof of Proposition 1
below) that Ay is well-defined on the set of equivalence classes under the
relation ~. The induced map on the quotient can be interpreted under the
bijection (1) as the Rost invariant of H'(F,Sp(A4,0)), see [6, p. 440].

Since Nrp, is homogeneous of degree m, we obtain, for o € F* and
s € Sym(A,0)*, the following relation:

Ap(s) if m is even,

(2) Ag(as) = (am Nrpe(s))2 U[4] = {Ag(s) + ()2 U[A] if m is odd.
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Therefore, if m is even one can define a relative invariant for symplectic
involutions on A as follows:

Definition. Let A be a central simple algebra over F' of degree n = 2m =
0 mod 4. Let € and o be symplectic involutions on A. There exists (see [6,
(2.7)]) s € Sym(A4, 8)* such that

o =Int(s) o6
where Int(s) denotes the inner automorphism associated with s,
Int(s)(z) = sxs™ ! for z € A.

The element s is uniquely determined up to multiplication by an element of
F*. By (2), it follows that Ay(s) € H3(F, us) only depends on o, since m
is even. We call this element the discriminant of ¢ with respect to 6 and
denote it by Ap(o). Thus,

Ag(0) = (Nrpy(s)), U[A] € H(F, o).

In the case m = 2, an analogue of this invariant has been studied in [6,
§16.B], where it is denoted by jg(c). Theorem (16.19) of [6] shows that this
invariant classifies, up to conjugation, symplectic involutions on a central
simple algebra of degree 4.

In Section 2 we establish the following elementary result:

Proposition 1.
(a) The discriminant Ag(o) only depends on the conjugacy classes of 0
and o, namely, if u, v € A* and
6 = Int(u) o6 o Int(u) ™}, o’ =Int(v) o o o Int(v) 71,
then
Agr(0') = Ag(0).

In particular, if o and 6 are conjugate, then Ag(o) = 0.
(b) Let p, o and 6 be symplectic involutions on A; then

Ay(o) = A,(0) + Ag(0) and Ag(o) = As(0).

If the Schur index ind A divides  deg 4, i.e., if A ~ My(Ap) for some cen-
tral simple F-algebra Ag, then A carries hyperbolic symplectic involutions,
such as v ® 6y, where 7 is the (unique) symplectic involution on My (F)
and 6y is an arbitrary orthogonal involution on Ag. Since all hyperbolic
involutions are pairwise conjugate, we may set A = Ay for any hyperbolic
symplectic involution 6.

Example 2. Consider the algebra A = Endg V, where @ is a quaternion
division F-algebra and V is an m-dimensional Q)-vector space. Symplectic
involutions on A are then adjoint to Hermitian forms on V' with respect to
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the conjugation involution on (). Suppose that m is even and let o be the
involution adjoint to a fixed Hermitian form A on V. Let

h={ay,...,am)

be the diagonalization of h relative to some orthogonal basis e of V' (ay, ... ,
am € F*), then

Alo) = ((=1)™ay...am), U[Q].

Indeed, let 0 be the hyperbolic involution adjoint to the Hermitian form with
diagonalization (1,—1,...,1,—1) relative to the basis e. Then, identifying
A with M,,(Q) by e, we get

o = Int diag(aq, —ag, ..., Qm—1, —Qy) 0 0,
and we can compute A(c) = Ag(o) by Lemma 9(e) below.

Note that if Vjy C V is the F-subspace spanned by e, then A = (Endp V()®
@, and we obtain a decomposition ¢ = ¢ ® v where o is the involution
adjoint to the bilinear form on V) with diagonalization (ayq, ..., ay,) relative
to e, and + is the canonical (conjugation) involution on Q.

This example can be slightly generalized:

Example 3. Consider the algebra A = Ay ® @ where @) is a quaternion
F-algebra and Ag is a central simple F-algebra. Let o9 be an orthogonal
involution on Ag, v the canonical involution on (), and

o=00®".
Suppose that ind Ay divides % deg Ag. Then
(3) A(o) = (discag)2 U [Q),

where discog € F*/F*2 is the discriminant of the orthogonal involution
oo (see [6, §7]). Indeed, let 6y be a hyperbolic orthogonal involution on Ag
and let zp € Sym(Ag, 0p)* be such that oy = Int(zg) o y. The involution
0 = 6y ® v is hyperbolic, and we have 0 = Int(zp ® 1) o 4, so that

Ao) = (Nrpe(xo ® 1))2 U [4].

Now, by Lemma 9(d), Nrpy(zo ® 1) = Nrda,(zo). Equation (3) follows,
since disc og is represented by Nrd, (o), and (Nrda, (:L‘O))2 U [Ag] = 0.

1.2. Trace forms. Let A be an arbitrary central simple F-algebra. For
every involution o : A — A, the associated trace form T,: A — F'is defined
as follows:

To(z) = Trda(o(z)z)
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where Trd4 denotes the reduced trace. Denote by T, the restriction of T,
to Sym(A, 0); this form can also be seen as the restriction to Sym(A, o) of
the form T4: A — F defined by

Ta(x) = Trda(z?).

As is the case with involutions of the other types (see [6, §11]), the dis-
criminant of symplectic involutions can be expressed in terms of trace forms;
indeed we have the following result:

Theorem 4. Let A be a central simple algebra over F' and let 0 and o be
symplectic involutions on A. The class in the Witt ring W F' of the difference
T — T9+ lies in the third power of the fundamental ideal, namely

T} - T, € I°F.
Moreover, if es: I3F — H3(F, ug) denotes the Arason invariant, we obtain
A if deg A =0 d4
es(tyf — 1) = 4 000 Foes =0 ot
0 ifdegA=2 mod 4.

A proof of this result is given in Section 3 below. For the trace forms T,
we have the following result:

Corollary 5. Keeping the notation of the previous theorem, we have T, —
Ty € I*F and
—1)2UA if deg A=0 d4
64(T0— _ TQ) — ( )2 9(0-) Zf eg B mo 9
0 if deg A=2 mod 4,
where eq: I*F — H*(F, ug) denotes the degree 4 invariant.

Proof. Let T be the restriction of T,, (or of —T4) to the space of skew-
symmetric elements in A. We have

T,=T54+T;, and Tu=TF -1,
so that T, = 27,7 — T4. Similarly, Ty = 2T, — T4, so that
T, — Ty = 2T, ~ Ty),
hence the corollary is a direct consequence of the previous theorem:. O
In the special case where @ is hyperbolic we get:

Proposition 6. Suppose A = Ms(Ag) for some central simple F-algebra
Ag, and let 8 be a hyperbolic symplectic involution on A. Then T(;r 1s Witt-
equivalent to (2) - Ta,, and Ty is hyperbolic. If deg A = 2 mod 4, then A
is split, hence every symplectic involution on A is hyperbolic. If deg A =
0 mod 4, then, for any symplectic involution o on A, we have Ty, € I*F and

es(Ty) = (—1)2 U A(o).
The proof is at the end of Section 3.
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1.3. Decomposability of symplectic involutions. Section 4 below will
be devoted to the relations between the discriminant and the decompos-
ability of symplectic involutions as tensor products of involutions defined
on subalgebras. Our main result is concerned with degree 8 algebras with
index dividing 4. Such algebras can be written in the form A = Ms(Ay),
where Ay is a central simple algebra of degree 4, hence they carry hyperbolic
symplectic involutions. The case ind A = 1 is trivial, since every symplectic
involution on a split algebra is hyperbolic, and is omitted in the following
theorem:

Theorem 7. Let A be a central simple F-algebra of degree 8 having index
2 or 4. For any symplectic involution o on A, there is a decomposition

(A,0) = (Q,v) ®F (Ao, 00)

where @Q is a quaternion subalgebra, Ay is its centralizer (which is a central
simple F-subalgebra of degree 4 in A), v is the conjugation involution on Q
and oq s an orthogonal involution on Ag.

When ind A = 2, this theorem is easily proved and can be readily general-
ized to any degree, see Example 2 or [1, Proposition 3.4]. The case ind A = 4
is treated in Section 4.

Theorem 7 shows that the discriminant of a symplectic involution ¢ on a
central simple F-algebra of degree 8 and index 2 or 4 can be computed as
in Example 3 above. The following theorem gives a necessary and sufficient
condition for the discriminant to be trivial.

Theorem 8. Let A be a central simple F-algebra of degree 8 with index
dividing 4. For any symplectic involution o on A, A(c) = 0 if and only
there is a decomposition

(A,0) = (A1,01) ®F (Az,02) ®F (A3,73)

where Ay, As, As are quaternion subalgebras of A, o1, o9 are orthogonal
involutions on Ay and Ao respectively, 3 is the conjugation involution on
As, and A1 is split,

Al ~ MQ(F)

A proof is given in Section 4.

2. Discriminants and Pfaffian norms.

The goal of this section is to prove Proposition 1. Throughout the section,
A denotes a central simple F-algebra of degree n = 2m.

Lemma 9. Let o and 0 be symplectic involutions on A and let s be an
element in Sym(A, 0)* such that o = Int(s) o 8. Then:
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(a) For every x € Sym(A, o) N Sym(A4,¥6),
Nep, (2) = Nepy(a).
(b) For every x € Sym(A,0), the product sz lies in Sym(A, o) and
Nrp,(sx) = Nrpy(s) Nrpy().
(c) For every x € Sym(A,0)*,

Nrpg(2~') = Nrpy(z) "
(d) Suppose A= A1 ®p Ag for some central simple F-algebras Ay, A C A
of degree n1 = 2m1 and ny = 2mo respectively; if x1 € A1 and xo € Ao
are such that x1 ® xg € Sym(A, §), then

Nrpg(z1 ® x2) = Nrda, (z1)™? Nrd 4, (z2)™*.

(e) Suppose A = M,(Ap) and 0((aij)1§i7]~§r) = (Go(aij))igi,jgr for some
symplectic involution 6y on the central simple F-algebra Ag. For the
diagonal matriz x = diag(zy,...,x,) with x; € Sym(Ag,0y) for i =
1,...,r, we have

Nrpy(x) = Nrpy, (1) . .. Nrpg, (27).
Proof. (a) Let t be an indeterminate over F. Define
Prp, . (t) = Nrp,(t —x) € F[t], ~ Prpy,(t) = Nrpy(t — x) € F[t].

Those polynomials, called pfaffian characteristic polynomials in [6, p. 19],
are monic and satisfy

Prpiz = Perdy, = Prpzw7

where Perda () = Nrd 4 (t — 2) is the reduced characteristic polynomial
of x. Therefore, Prp, ,(t) = Prpy,(t), and evaluation at t = 0 yields
Nrp, (z) = Nrpy(a).

(b) Straightforward calculations show that o(sx) = sz if §(x) = x. Let
us consider the two sides of the equality we aim to prove as polynomial
functions of x. The squares of the two sides are equal since the reduced
norm is multiplicative, hence they are equal up to sign. Moreover, they are
equal and nonzero for x = 1 in view of Part (a). Hence, they are equal for
all x.

(c) We apply (b) with # = s~! and use the relation Nrp, (1) = 1.

(d) By taking the square root on both sides of the equation

PcrdA7$1®$2 = (PcrdAhxl)nz (PcrdAQ,m)nla
we obtain
Prp&,m@zg = (PcrdALim)mz (PcrdAQ’m)ml.

The property follows by considering the constant terms.
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(e) As in the preceding case, the property follows by extracting the monic
square root of each side of the equation
Perdg, = Perdag 4, - .- Perdag g, -
O

Proposition 1 easily follows from the lemma above. Indeed, if o = Int(s)o
0, so that Ag(c) = (Nrpy(s)), U [A], then § = Int(s™!) o o and hence
Ay (0) = (Nrp(,(s_l))2 U [A4]. Now Lemma 9 shows that
Nrp,(s™") = Nrpy(s) ™",

hence (Nrp,(s7')), = (Nrpy(s)),, and so Ay(0) = Ag(o). If p is another
symplectic involution, and if ¢ € Sym(A4, p) is such that § = Int(¢) o p, then
o = Int(st) o p. Part (b) of Lemma 9 yields

Nrp, (st) = Nrpy(s) Nrpg(t).

Moreover, Part (a) shows that Nrp,(st) = Nrp,(st) and Nrpy(t) = Nrp, ().
Therefore, the preceding equality can be written as

Nrp,(st) = Nrpy(s) Nrp,, ().
It follows that
Ap(0) = (Nrp,(st)), U [A]
= (Nrpg(s)), U [A] + (Nrp, (1)), U [A] = Ag(0) + A, (6),

which completes the proof of Part (b) of Proposition 1.
Now let v € A* and ¢’ = Int(v) oo olnt(v)™!, so that o’ = Int(vsf(v)) 0.
Then,

Ag(0') = (Nrpy(vsb(v))), U [A].

By [6, (2.13)], Nrpg(vs6(v))= Nrda(v) Nrpy(s). Since (Nrda(v)),U[A] =0,
it follows that

Ag(0') = Dg(0).

Similarly, if 6’ is a symplectic involution conjugate to €, then A,/ (6') =
A,/ (0). Now, Part (b) of Proposition 9 shows that Ay (0') = A,/ (6') and
Ay(0’) = Ay (0). Therefore,

Ay (a') = Ag(o').
We already observed that Ag(c’) = Ag(o), hence
AQI(U/) == AQ(U)

and the proof of Proposition 1 is complete.
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3. Discriminant and trace form.

In this section we prove Theorem 4 and Proposition 6.
Let Fieldsp be the category of fields containing F' and let G be any alge-
braic group over F. We consider the functor

HY(G): Fieldsp — Sets*
where Sets* denotes the category of pointed sets, associating to every L €
Fieldsp the Galois cohomology set H*(L, Q).

For any integer d > 0, we let Q/Z(d — 1) = @pg(d_l), where p, is
the group of n-th roots of unity in a separable closure of F'. We may then
consider the functor

HY(Q/Z(d —1)): Fieldsy — Sets*

which carries L € Fieldsy to the Galois cohomology group H¢ (L, Q/ Z(d—l))
(and forgets the group structure). The natural transformations H'(G) —
HY(Q/Z(d — 1)) are called cohomological invariants of dimension (or de-
gree) d in [6, §31.B]. Since H¥(L,Q/Z(d — 1)) is a group for L € Fieldsp,
these invariants form a group. In reference to Rost’s “cohomological cy-
cle module” M = @ o H%(e,Q/Z(d — 1)) (see [8]), we denote it simply
by Inv?(H(G), M). (This group is denoted by Inv? (G,Q/Z(d — 1)) in [6,
§31.B].)

Now let A be a central simple F-algebra of degree n = 2m and let 6
be a symplectic involution on A. We take for G the group GSp(A4,0) of
symplectic similitudes; this is the algebraic group scheme defined by

GSp(A4,0)(E)={g9€ A®r E |0(g)g € E*}

for any commutative F-algebra E. The set H' (L, GSp(A,H)) is in one-
to-one correspondence with the set of conjugacy classes of symplectic in-
volutions defined on A, = A ®p L, the class of 6 being the distinguished
one (see [6, (29.23)]). The following proposition shows that for symplectic
involutions there is no (nontrivial) cohomological invariant of degree 1 or 2.
Proposition 10. If the algebra A is split, we have H* (L, GSp(A,H)) =1
for every L € Fieldsp, so that

Inv? (H'(GSp(4,0)),M) =0  for all d.
If A is not split, we have
Inv'(H'(GSp(A,6)),M) =0  ford=1,2
and

0 ifdegA=2 mod 4,

I (H* (GSp(A, 0))’ M) - {Z/QZ ifdegA=0 mod 4.
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Proof. Every symplectic involution on a split algebra is hyperbolic. There-
fore, when A is split, H* (L, GSp(A4,0)) = 1 for all L € Fieldsp.
For the rest of the proof, we may thus assume that A is not split. Let
w: GSp(4,0) — G
be the homomorphism which associates to each similitude g its multiplier
1(g) = 6(g)g. The cohomology sequence induced by the exact sequence
1 — Sp(4,0) — GSp(4,0) & G — 1
yields for every L € Fieldsp the exact sequence
L* — H'(L,Sp(A,0)) — H'(L,GSp(4,0)) — 1
since H'(L, Gy,) = 1 by Hilbert’s Theorem 90. Therefore, for every d, we
have an exact sequence

0 — Inv*(H'(GSp(4,0)), M) — Inv?(H'(Sp(A,0)), M) — Inv* (G, M).

For d = 1 or 2, we obtain, by [6, (31.15)], Invd(H1 (Sp(A,@)),M) =0 and
hence

Inv?(H'(GSp(4,0)), M) = 0.

The group Inv? (Hl (Sp(A, 9)) , M) is of order 2, the nontrivial element being
the Rost invariant Ag defined in the introduction. Equation (2) shows that
this invariant is zero in Inv®(Gm, M) if and only if deg A = 2 mod 4. O

When deg A = 0 mod 4, the unique nontrivial invariant of degree 3 is the
discriminant. Our next goal is to give an explicit description of this invariant
in terms of trace forms.

Let T,": Sym(A,0) — F be the quadratic form

T, (z) = Trda(0(z)x) = Trda(2?).

This forms only depends, up to isometry, on the conjugacy class of @ since,
if ¢ = Int(v) o § o Int(v)~! for some v € AX, then Int(v) defines an isom-
etry between T(;r and TQT . Consider L € Fieldsp. The map sending every
symplectic involution o: A; — Ay to the discriminant

dise(T;} — T,7) € L*/L** = HY(L, o)

defines a cohomological invariant H'(GSp(4,60)) — H'(u2). By Proposi-
tion 10, this invariant is trivial, hence T,” — T,” € I>L. Similarly, the map
sending every symplectic involution o to the Witt (-Clifford) invariant

es(Tf —Tf) € HA(L, 1)
defines a cohomological invariant of degree 2. Again, by Proposition 10,

we get ea(T,” — T,7) = 0, and hence T,” — 1,7 € I*L using Merkurjev’s
theorem. This proves the first part of Theorem 4. Note that the equality
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ea(TH — T9+ ) = 0 can also be derived from Quéguiner’s explicit calculation
of the Hasse invariant of trace forms in [7, p. 307].

Consider the map associating to every symplectic involution o: Ay — Ap
the Arason invariant

es(T)f —T;7) € H*(L, o).
Using Proposition 10, we see that this invariant is trivial if deg A = 2 mod 4
or if A is split. We claim that it coincides with the discriminant Agy(co)
if A is nonsplit and deg A = 0 mod 4. To prove this, it suffices to show
that it is nontrivial because, by Proposition 10, there is a unique nontrivial
invariant in Inv® (H 1 (GSp(A, 9)),M ) Therefore, our goal is to find a field
L € Fieldsp and two symplectic involutions o1, o3 on Ay, such that 63(T;—1 —
T.}) # 0. If 6 is any involution on A, the equality

es(Ty, — T)") = es(T,} = T5) + es(T,, — T)

shows that at least one of the terms e3(T,, —T,") and e (T}, —T,") is nonzero,
hence the invariant o — e(T,” — T,) is nontrivial.

After scalar extension to the function field of a suitable generalized Severi-
Brauer variety (see [2]), we may assume that ind A = 2 i.e., that A is Brauer-
equivalent to a quaternion division algebra ) over F. Then, denoting by V'
an F-vector space of dimension m, we obtain

A~QQrEndrpV.

For the rest of this section, we fix an isomorphism identifying A with
Q ® EndpV. Let b be a symmetric nondegenerate bilinear form on V.
The symmetric square S?V and the exterior square /\2 V' are endowed with
symmetric bilinear forms b5* and b2 respectively, defined by

b5 (w1 - 22,91 - y2) = b(x1,91)b(2, Y2) + b(71, Y2)b(22, Y1)
and
bAQ(wl A2, y1 Ay2) = b(x1, y1)b(w2, y2) — b(21, y2)b(w2, y1).

Lemma 11. Let Q = (o, 8)p. On A = Q ®p Endp V', consider the sym-
plectic involution o = v ® ady, where v is the quaternion conjugation on
and ady, is the (orthogonal) involution adjoint to b. Then, the bilinear form
B} (z,y) = Trda(zy) on Sym(A, o) (which is the polar form of the quadratic
form T;S) decomposes as an orthogonal sum

Bf =65 1 (—a, —B,a) - b2,

Proof. Let Skew(Endg V,ad;) be the F-vector space of endomorphisms f of
V such that ad,(f) = —f, and let Q° be the F-vector space of pure quater-
nions in ). A straightforward calculation shows that the decomposition

Sym(A,0) = (F ® Sym(Endr V,ady)) @ (Q° ® Skew(Endp V, ady))
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is orthogonal with respect to the form BZ. Let B;’ and B, be the restric-
tions of the bilinear trace form B(f,g) = tr(fg) to Sym(Endr V,ad) and
Skew (Endg V, ady) respectively. The decomposition above yields

BY = (2)- B} 1 (2a,28,—2af3) - B, .

The lemma follows, since, by [6, (11.4)] B; ~ %bSQ and B, ~ —ip"2. O

If b= (ai,...,an) is a diagonalization of b, it is easily verified that

bS5 ~ m(2) L (LK]- (aiaj>) and b2~ Licj (a;a;)
(cf [6, p. 135]). The formula of the preceding lemma can then be written as
Bf ~m(2) L (1,—a,—f,a83) - "%
hence, in terms of quadratic forms,
T =m(2) +nq-¢"

where ng denotes the norm form of @) and ¢"? is the quadratic form defined
by ¢"\?(x) := v"?(x, z).

Let b1 and b2 be two nonsingular symmetric bilinear forms on V', and let

o1 =7 ® ady,, o2 =77 ® ady,

be the symplectic involutions on A = Q ® Endg V' constructed as in the
preceding lemma. Observe that T} — T, = ng - (¢1'? — ¢5?), hence

(4) e3(T,, — T, = [Q) U disc(g7? — ¢5?).
Explicit calculation shows that
(5) disc(q]? — ¢5%) = det by'? - det by? = (det by - det by)™ L.

Adjoining an indeterminate to F' if necessary, we may assume that there ex-
ists an element ¢ € F'* not belonging to Nrd(Q). By a theorem of Merkurjev,
this element satisfies [Q] U (t)2 # 0. It is easy to find two bilinear forms b;
and by on V such that det by - det by = tF*2. Since m is even, it follows from
(4) and (5) that the corresponding involutions o1 and o9 satisfy

es(T,, = T,),) #0.
This completes the proof of Theorem 4.

We now turn to Proposition 6 and assume A = M (F') ®p Ap. Since all
hyperbolic involutions are conjugate, we may assume moreover 8 = v ® 6
for some orthogonal involution 6y on Ay, where v is the unique symplectic
involution on Mjy(F') (which is hyperbolic). As in Lemma 11, we have an
orthogonal decomposition

Sym(A, §) = (F @ Sym(Ag, 69)) & (Skew(Ma(F),~) @ Skew (Ao, 6p))
which yields
TF=(2)- Ty 1(2,-2,-2)-T, .

[
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Therefore, T, is Witt-equivalent to (2) - (T(;g —T,,) = (2) - Ta,. Since the
adjoint involution to Ty is 6®#€, by [6, (11.1)], it is clear that Ty is hyperbolic
when 6 is hyperbolic. If deg A = 2 mod 4, then deg Ag is odd, hence Ag is
split. Therefore, A is also split. The other statements in Proposition 6
follow from Corollary 5.

4. Discriminant and decomposability of involutions.

Our first goal in this section is to give a proof of Theorem 7. As observed
in Section 1.3, the theorem is easy if ind A = 2. Therefore, we assume
ind A = 4. We may then represent A as

A=EndpV

where D is a division algebra of degree 4 and V is a 2-dimensional D-vector
space. Let 6y be an arbitrary symplectic involution on D. The involution
o is adjoint to a Hermitian form h on V (with respect to 6p). Using an
orthogonal basis of V relative to h, we may identify

A= Ms(D) and o = Int diag(u,uz) o 6o

for some uq, us € Sym(D,0y)*, where
A t
90((aij)1§i,j§2) = (eﬂ(aij))lgi,jgw

e,y =t®60on A= M(F)®p D. Substituting Int(u;) o 8y for 6y, we
may assume u; = 1. By [6, (16.16)], we may find a decomposition of D into
a tensor product of quaternion subalgebras stable under 6,

D=Qi®rQ, bOy=0®~y
where 6] is an orthogonal involution on )1 and + is the canonical involution
on ). Moreover, we may assume us € Q1. Then
o =Intdiag(1,us) o (t ® 61 @) =09 @~y

with o9 = Intdiag(l,uz2) ot ® 61 on M(F) ® Q1. Theorem 7 is thus
proved. Note that the quaternion algebra () is not uniquely determined
by [6, (16.16)].

Let us now prove Theorem 8, starting with the following general remark:

Lemma 12. Fori=1, 2, let A; be a central simple F-algebra with involu-
tions o, 0;. Assume:

(a) deg Ay =2 mod 4 and o1, 01 orthogonal, and
(b) deg A2 = 0 mod 4 and o4, 2 symplectic.
Then Ag,g9,(01 @ 02) = 0.

Proof. Consider u; € Sym(Aj,61)* and ugy € Sym(As, 2)* such that

o1 = Int(ul) ot and o9 = Int(UQ) 0 6o,
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hence
01 ® o9 = Int(u; ® ug) o (01 ® 62).

Then Ag,ga, (01 ® 02) = (Nrpg, gp, (1 @ up)), U [A1 ® Ag], and Lemma 9(d)
yields

(6) Nrpy, g, (U1 ® uz) = Nrd g, (u1)% deg A2 Nrd 4, (ug)% deg A1

Since deg As = 0 mod 4, the first factor is a square. Moreover, since o9 and
0, are of symplectic type,

Nrd, (u2) = Nrpy, (us)?.
Therefore, Equation (6) shows that Nrpy, g, (u1 ® ug) € F*?, so that
Ay, 20,(01 ® 02) = 0.
([

Even in the case deg A = 8, there may be symplectic involutions 6, ¢ on A
which do not decompose as in Lemma 12, even though Ay(o) = 0. Indeed,
there are examples of algebras with involution which do not contain any
invariant quaternion subalgebra on which the restriction of the involution
is of orthogonal type. Suppose 6 is a symplectic involution on a central
simple algebra A of degree 8, and A; C A is a quaternion subalgebra on
which 6 restricts to an orthogonal involution #;. The restriction of 8 to the
centralizer of A; is then symplectic, hence [6, (16.16)] yields a decomposition

(A4,0) = (A1,01) @ (A2,02) ® (A3,73),

where Ay, As and Az are quaternion algebras, 61 and 65 are orthogonal
involutions on A; and As respectively, and 3 is the canonical involution
on As. This implies, in particular, that the signature of # with respect to
every ordering of the field F' is either 0 or 8. For example, if ' = R is the
field of real numbers and 6 is the involution adjoint to the Hermitian form
(1,1,1,—1) on the usual quaternion algebra H, then sgnf = 4, and so A =
M (H) has no quaternion subalgebras on which 6 restricts to an orthogonal
involution. Therefore, even though Ay(6) = 0, there is no decomposition as
in Lemma 12. (See Example 13 for a subtler example.)

Returning to the proof of Theorem 8, we suppose until the end of this
section that A is a central simple F-algebra of degree 8, with index dividing
4. Let o be a symplectic involution on A, and suppose A; ~ My(F) is an
invariant subalgebra on which the restriction of ¢ is an orthogonal involution.
In this situation, we have a decomposition A = A; ® A}, where A} denotes
the centralizer of Ay, and o = 01 ® o}, where o7 and o} are the restrictions
of o to A and A) respectively. As Ay ~ Ms(F), we can find a hyperbolic
orthogonal involution #; on A; and set

9:91®U/1.
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The involution 6 is hyperbolic of symplectic type and, by Lemma 12, we
have

A(o) = Ag(o) =0.

Conversely, let o be a symplectic involution on A such that A(o) = 0.
To prove that o leaves invariant a subalgebra of A isomorphic to My (F') on
which it restricts to an orthogonal involution, we consider separately various
cases, depending on the index of A. If A is split, every symplectic involution
is hyperbolic and the property is a consequence of [1, Theorem 2.2]. If
ind A = 2, we can always represent A in the form

A=EndgqV

where @) is a quaternion algebra and V is a 4-dimensional vector space over
Q. The involution o is then adjoint to a Hermitian form h on V (with
respect to the canonical involution v on @). Let e be an orthogonal basis
for h. Since h is determined by ¢ up to a factor in F'*, we may assume that
the diagonalization of h with respect to the basis e is (1, aq, s, ag) with
a1, ag, ag € F*. Let Vj C V be the F-subspace with basis e. We have
V=Vy®r @ and

A:(EndFVb)@FQ, =007y

where oy is the orthogonal involution on Endg V) adjoint to the bilinear
symmetric form (1, a1, @z, a3). As in Example 2, A(0) = (a1azas)e U [Q].
Therefore, the condition A(c) = 0 implies, by a theorem of Merkurjev, that
ajagas € Nrdg(Q™). Changing basis if necessary, we may assume that
a3 = ajas. Then

(1,01, a0, a3) = (1, 1) ® (1, a9).

This implies g = 01®02 on Endp Vj ~ My(F)® My (F), where o1 and o9 are
the involutions adjoint to the bilinear forms (1, 1) and (1, as), respectively.
This proves the theorem in this case.

Finally, suppose ind A = 4. As in the proof of Theorem 7 given at the
beginning of this section, we may then represent A as A = Endp V where D
is a division algebra of degree 4 and V is a 2-dimensional D-vector space. For
the rest of the proof, we use the same notation as in the proof of Theorem 7.
We may thus assume A = My (D) = My (F)®@p D and o = Int diag(1, ug) o by
for some symplectic involution #y on D and éo = t ® 6. The involution
6 = Intdiag(1l,—1) o 0o is hyperbolic, and ¢ = Int diag(1, —ug2) o 6. By
Lemma 9(e), we have

Nrpy (diag(l, —UQ)) = Nrpeo(—UQ) = Nrpy, (ug),
hence

A(o) = Ag(o) = (Nrp90 (u2))2 U [D].
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Therefore, the condition A(o) = 0 implies by [6, (16.19)] that the involution
Int(ug) 0 0y on D is conjugate to fy. We may then find v € D* such that

Int(us) o 6y = Int(v) o fy o Int(v) " = Int(vhy(v)) o b,
hence uz = v0y(v)A for some A\ € F*. The involution o is conjugate to

Int diag(1,v) ™! o o o Int diag(1,v) = Int diag(1, \) o 6y,
which restricts to Int diag(1,\) ot on My(F') C Ma(D). Therefore, o leaves
the subalgebra A; = diag(1,v)My(F)diag(1,v~!) invariant and restricts to
an orthogonal involution o; on that subalgebra. We thus have a decompo-
sition

(Av U) = (Alagl) ® ( ,110/1)

where A} is the centralizer of A; and o] is the restriction of o to A]. The
involution of is symplectic, hence, by [6, (16.16)], there is a decomposition

(Allv Ui) - (A2702) ® (A37'Y3)'
The proof of Theorem 8 is thus complete.
Example 13. The following is another example where the discriminant

vanishes even though there is no decomposition as in Lemma 12. Consider
three quadratic extensions K1, Ko, K3 of a field k,

K; = k(\/a;) for some a; € k,

such that K; ® Ko @y K3 is a field, and let F' = k(x1, z2, z3) be the field of
rational fractions in three indeterminates over k. For ¢ = 1, 2, 3, consider
K; as a subfield of the quaternion algebra A; = (a;,x;)r. On the tensor
product

A=A QF Ay ®F As,
consider the symplectic involution
0 =01 ®0z® 73,
where 73 is the conjugation involution on As and 6, (resp. 62) is an orthog-
onal involution on A; (resp. Ag) which is the identity on K (resp. K2).
Let A € Ny, /i(K{) N Ngy/i(K5'). By a well-known property of bi-
quadratic extensions (see for instance [4, 2.13]), we may find u € K; ®j Ko
and v € k* such that
A= U2NK1®kK2/k(U).
Viewing u = u ® 1 as an element of A, we let
o = Int(u) o 6.
By Lemma 9(d), we have Nrpy(u) = Nrda,gz4,(v) = Nk, @, k,/k(u), hence
Ag(o) = (M) U[A].
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Since A is a norm from K7 and K5, hence a reduced norm from A; and As,
it follows that

Ag(o) = (A) U [43].

Hence, Ag(o) = 0 if and only if X € Ny, /(K1) N Ny /i (K5) N N, 1o (K5).

Now, suppose o = Int(w) o o’ o Int(w)~! for some involution ¢’ leaving
A; invariant. Then o’ = Int(w ™ uf(w)™!) 0 6, and the proof of Lemma 12
shows that Nrpy(w™'uf(w)~!) € F*2. Since

Nrpg(w™'ub(w) ™) = Nrpy(u) Nrda(w) ™ = M~ Nrda(w) ™,
it follows that
A€ F*2 . Nrda(A%).
By Proposition 9 of [3], we then have
AER? Nyp(M*)  with M = K ®, K2 @ K.

Therefore, examples of triquadratic extensions M = K; @, K2 ®j, K3/k such
that

Nie, i (KT N Nigy 1 (K5 N Nigy ji (K3 ) # k™2 - Ny (M)

yield examples of involutions o for which Ay(c) = 0 even though o is not
conjugate to an involution leaving A; invariant. Triquadratic extensions of
this type were constructed in [9] (see also [5, Proposition 3]).
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