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SMALL CONTRACTIONS OF SMOOTH VARIETIES

GIANLUCA OCCHETTA

Let ¢ : X — W be a proper surjective map from a smooth
complex projective variety X to a normal variety W if ¢ has
connected fibers and — K x is p-ample, ¢ is called a Fano-Mori
contraction; if ¢ is an isomorphism in codimension 2, then ¢
is called a small contraction.

In this paper we study Fano-Mori contractions with fibers
covered by large families of rational curves. After some gen-
eral results we specialize to the case of small contractions,
giving a complete description of small contractions of five-
folds with smooth fibers and relatively spanned anticanonical
bundle.

1. Introduction.

A contraction ¢ : X — W is a proper surjective map of normal varieties
with connected fibers; if X is a smooth complex projective n-dimensional
variety, as we will assume throughout the paper, the contraction ¢ is called
Fano-Mori, or extremal if the anticanonical divisor —Kx is p-ample (for
terminology and general properties of these maps see Section 2). Fano-Mori
contractions of smooth varieties are defined by linear systems |m(Kx +rL)|,
with L a ¢-ample line bundle, m > 0 and r a positive integer; Kx + rL is
called a good supporting divisor of the contraction.

An important property of a Fano-Mori contraction is the existence of
rational curves in its fibers, as proved by Mori [Mo1], [Mo2] for contractions
of smooth varieties, and by Kawamata [Kal], who extended the result to the
log-terminal case. Studying families of rational curves with good properties
(the so called unsplit families) on the fibers Ionescu and Winiewski proved
the fiber locus inequality (Proposition 2.3.6), an inequality which involves
the dimensions of the fibers, of the exceptional locus and of the ambient
variety and the minimum anticanonical degree of the contracted curves. In
particular, if Kx + rL is a good supporting divisor of the contraction and
S’ is an irreducible component of a fiber of ¢, we have

dim S” > r + codim(E(p)) — 1.
The border case has been studied in [ABW2, 1.1], where the authors proved

that the normalization of S’ is a projective space; we will deal with the next
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case, giving a description of S’ when dim S’ = r + codim(FE(¢p)); this is the
content of Theorem 4.1.

This theorem is the starting point of the study of small contractions which
we develop in the rest of the paper; our main result is Theorem 5.1, which
gives a complete description of small contractions supported by Kx+(n—4)L
with smooth fibers and such that —Kx is p-spanned.

In particular we give a complete description of smooth fibers of small
contractions of fivefolds with —Kx ¢-spanned:

F Np/x
]P)3 OP3(_1) EBO]P?}(_].)

Ops(—2) @ Ops(—1)
Q3 OQs(*l) ©® OQ:a( 1)
P2 Op2 & OPQ(—l)@Q

Finally let us mention that, as a preparatory step for the Proof of The-
orem 4.1, we prove that smooth fibers of any Fano-Mori contraction are
rationally connected (see Corollary 3.6).

2. Background material.

2.1. Fano-Mori contractions. Let X be a smooth complex projective
variety; let Ny (X) = 1224t g g N1(x) = o) o R and NE(X) =
{effective 1-cycles}; the last is a closed cone in Nj(X); we also set p(X) =
dimg N1(X).

Suppose that Kx is not nef, that is there exists an effective curve C' such
that Kx.C' < 0; by the Kawamata-Shokurov Contraction Theorem there
exist a normal projective variety Y and a surjective morphism ¢ : X — Y
with connected fibers which contracts curves whose numerical class lies in a
face in the negative part of the cone NE(X) and such that —Kx is p-ample.

Definition 2.1.1 ([AWZ2, (1.0)]). The map ¢ is called a Fano-Mori con-
traction (or an extremal contraction); the set F' is an extremal face, while a
nef Cartier divisor H s.t. F = H-NNE(X) is a good supporting divisor for
the map ¢ (or the face F'). The contraction is of fiber type if dimY < dim X,
otherwise it is birational; a birational contraction which is an isomorphism
in codimension 2 is called a small contraction. If dimg /' = 1 the face F' is
called an extremal ray, while ¢ is called an elementary contraction.

Definition 2.1.2. Let ¢ : X — W be a small elementary contraction; the
flip of ¢ is a commutative diagram
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where T : XT — W is a birational morphism from a normal projective
variety with only terminal singularities such that the canonical divisor is
¢T-ample and X is isomorphic to X in codimension 1 via tr,.

Remark 2.1.3. We have also (see [Mo2]) that if X has an extremal ray R
then there exists a rational curve C' on X such that 0 < —Kx -C <n+1
and R = Ry[C] := {D € NE(X) : D = X\C,\ € RT}. A rational curve
in R whose intersection number with the anticanonical bundle is minimal is
called an extremal curve.

2.2. Apollonius method. In the study of Fano-Mori contractions it is
often very useful to apply a kind of inductive method, called Apollonius
method, slicing the fibers.

Local setup. We assume that ¢ : Y — W is a Fano-Mori contraction of
a smooth variety Y onto a normal variety W; we choose a fiber F' and an
open affine subset Z C W such that ¢(F) € Z. Let X = ¢~ }(Z); we will
call o : X — Z a local contraction around F'.

If L is a p-ample line bundle and r a rational number such that Kx +rL
is trivial on the fibers of ¢, then Kx + rL is a good supporting divisor for
the local contraction .

The idea of the Apollonius method is to slice X in order to obtain a new
variety X’ with a contraction ¢ : X' — Z’ with smaller fibers, which is
easier to study, and then “ascend” the properties of X’ to X. The first step
is given by the following two lemmata:

Lemma 2.2.1 ([AW1, Lemma 2.6]; (horizontal slicing)). Suppose that ¢ :
X — W s a local contraction supported by Kx +rL, and let X' be a general
divisor in the linear system |L|. Then, outside of the base locus of |L|, the
singularities of X' are not worse than those of X and any section of L on
X' extends to X .

Moreover, if we set @' := ¢|x» and L' = Lx+, then Kx: + (r — 1)L" is
O -trivial. If r > 1+ ¢(dim X — dim Z) then ¢’ is a contraction, i.e., has
connected fibers.

— W is a local contraction supported by Kx + rL and let X" C X

a nontrivial divisor defined by a global function h € HY(X,Kx + rL)
H°(X,Ox); then, for a general choice of h, X" has singularities not worse
than those of X and any section of L on X' extends to X.

Lemma 2.2.2 ([AW1, Lemma 2.5|; (vertical slicing)). Assume that ¢ : X
be
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We will be interested in the study of normal bundles, so it is very im-
portant to know how to ascend their properties. The following construction
was developed in [AW2]:

Let ¢ : X — Z be a Fano-Mori or crepant contraction of a smooth variety,
L an ample line bundle on X, F = ¢~ 1(2) a fiber of ¢ which is locally
complete intersection and X’ € |L| a normal divisor which does not contain
any component of F. Considering the embeddings I/ = FN X' C F C X
and F' C X’ C X we obtain

(223) NF’/X:NF’/X’EBLF’:(NF/X)|F’®LF

and therefore Np//x+ = (Np/x)p; this fact will be used together with the
following:

Lemma 2.2.4 ([AW2, 5.7.2]). If the bundle N*,/X, is spanned by functions
of T(X',Ox) at a point x € F’, then the bundle N}';/X is spanned at x by
functions of T'(X,Ox). If N*,/X, is spanned by functions from T'(X', Ox)
everywhere on F', then NI’;/X is nef.

2.3. Unsplit families of rational curves. Throughout this section our
main reference is [Ko], with which our notation is coherent.

Let X be a smooth variety, and x € X a point; consider the schemes
Hom (P!, X), parametrizing morphisms from P! to X, and Hom(P!, X;0 —
x), parametrizing morphisms sending 0 € P! to x € X.

Let V C Hom(P!, X) be a closed irreducible subvariety; we will call V a
family of morphisms or, by abuse, a family of rational curves on X.

The image of V via the restriction of the evaluation morphism F : P! x
Hom(P!, X) — X will be denoted by Locus(V) and called locus of the family;
finally we will denote by Locus(V, 0 — x) the locus of VNHom (P!, X; 0 — x),
i.e., the locus of the curves in the family which pass through x, and by
deg_x (V) the anticanonical degree of a general curve in the family.

Definition 2.3.1. A family of rational curves is called unsplit if the image
of V in Chow(X) is closed.

Remark 2.3.2 ([Ko, IV.2.2]). Let W C Chow(X) be the image of V' and
[Cy] be the cycle corresponding to the generic point of W; the points in
WA\W correspond to degenerations of [C,] into reducible cycles.

Example 2.3.3. The family of deformations of an extremal rational curve
C is an unsplit family: If C' degenerates into a reducible cycle, the compo-
nents must belong to the ray R generated by C, since R is extremal; but in
R the curve C' has the minimal intersection with the anticanonical bundle,
hence this is impossible.
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Now we recall some results which give useful properties of unsplit families
that we will use in the rest of the paper.

Lemma 2.3.4 (see [Wil, Appendix]). Let X be a smooth variety, V an
unsplit family of rational curves on X and fix x € Locus(V); every morphism
h : Locus(V,0 — x) — Z is either finite-to-one or takes Locus(V,0 — x) to
a point.

Proposition 2.3.5 ([Ko, IV.2.6]). Let X be a smooth and proper variety
and V' an unsplit family of rational curves. Then, for x € Locus(V):
1) dim X +deg_g (V) < dim Locus(V)+dim Locus(V,0 — x)+1 =dim 'V
2) dim X + deg_k (V) < 2dim Locus(V) + 1
3) deg_k(V) < dimLocus(V,0 — x) + 1.

This last proposition, in case of the unsplit family of deformations of an
extremal rational curve, gives the fiber locus inequality:

Proposition 2.3.6 ([Io], [Wi2]). Let ¢ be a Fano-Mori contraction of X
and let E = E(g) be the exceptional locus of ¢ (if ¢ is of fiber type then
E :=X); let S be an irreducible component of a (nontrivial) fiber F. Then

dimS+dimFE >dimX +1-1
where
| =min{—-Kx -C:C is a rational curve in S}.
If ¢ is the contraction of a ray R, then | is called the length of the ray.

The projective space can be characterized as a variety covered by a large
unsplit family of low degree rational curves:

Theorem 2.3.7 ([ABW2, 1.1]). Let X be a normal projective variety, L €
Pic(X) and V' an unsplit family of rational curves on X such that, for a
general x € X, we have Locus(V,0 — x) = X and L.C =1 for a curve C
of V; then (X, L) ~ (P, Op(1)).

Theorem 2.3.8 ([Ke, Theorem 3.6]). Let X be a normal projective vari-

ety, L € Pic(X) and V' an unsplit family of rational curves on X such that,

for a general x € X, we have Locus(V,0 — x) = X and L.C' = 2 for a curve
C of V; then (X, L) ~ (P, Op(2)).

3. Finding transverse rational curves.

In this section we will prove the following:

Proposition 3.1. Let ¢ : X — W be a Fano-Mori contraction of a smooth
variety, and let F be a fiber of ¢. Let m : U — Z be a surjective proper
morphism from an open dense subset of F' onto a quasi projective variety
Z of positive dimension. Then for any point z € Z there exists a rational
curve on F which meets 7~ 1(2) but is not contracted by .
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This result grew out of reading [KoMiMo] via the following:

Remark 3.2. Let ¢ : X — W be a Fano-Mori contraction of a smooth
variety, and let F' be a fiber of . The numerical class of any curve in F
is contained in the extremal face contracted by ¢, and the same happens
for the deformations of such curves. In particular, the deformations of a
curve in the fiber are contained in the exceptional locus, and the pointed
deformations of a curve in the fiber are contained in the fiber itself.

For the convenience of the reader, we recall some definitions and results
from [KoMiMo]:

Definition 3.3. Let X, Y and Z be irreducible schemes. Let U C X be an
open dense subset, 7 : U — Z a morphism, f:Y — X with f(Y) meeting
U. By a relative deformation of f over Z, parametrized by a connected
punctured scheme (S, 0) with a base subscheme B C Y, we mean a morphism

F={f}:YxS—>X

which satisfies the following conditions:

1) fo=f
2) F|B><S = (fopTY)\BXS
3) mfs =mf for every s € S.

If we are considering Y to be a curve of positive genus, we can replace

our original morphism with a new one which has no relative deformations
over Z.

Proposition 3.4 ([KoMiMo, 2.4]). Assume that there is an open subset
U C X such that my is a proper morphism over an open subset of Z. Let
f:Y — X be a morphism of a curve of positive genus. If Z is not a single
point, then there exists a morphism f' : Y — X such that the following hold:
1) nff =nf
2) Homy (Y, Z; 1", B) is a zero-dimensional scheme, when B is nonempty.
We are going to apply this result to fibers of Fano-Mori contractions using
the following:

Lemma 3.5 ([KoMiMo, Lemma 2.5]). Let 7 : X — Z be a dominant ra-
tional map between projective varieties. Let H and D be ample divisors on
X and Z, respectively. Then there exists a constant o which depends only
onm:X — Z, H and D such that

degf*H > adeg(mf)*D
for any smooth projective curve Y and any morphism f :'Y — X whose
image meets the domain U on which 7 is defined.

Proof of Proposition 3.1. The proof follows the line of proof of [KoMiMo,
Theorem 2.1], using the fact that, in view of Remark 3.2:
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e We can bound the dimension of the deformation space of a curve C' in
F using —Kx.C instead of —Kp.C.
e —Kx | is ample.

Step 1. Char K > 0.

The divisor —Kx p is ample on F; fix an ample divisor D on Z and let «
be the constant such that

degf"(—Kx|r) > adeg(rf)"D

whose existence is assured by Lemma 3.5. Choose a point z € Z and a

smooth curve Y C F which intersects 7~ 1(2); fix a point Py in YN ~!(z) and

choose a Frobenius morphism f :Y — Y C F such that deg 7f > 2g(Y).
By Proposition 3.4 we can replace f by f':Y — X such that

degr f' = degrf > gg(Y)

and f’ has no relative deformations over Z with base point P = f~1(F).
By the first condition we have

XY, Zp,f*Tx) = deg f*(—Kx) — g(Y)dim X > 0

so there exist absolute deformations of Y; and hence a rational curve through
Py; since f’' has no relative deformations over Z, its deformations induce
nontrivial deformations of wf’ on Z, so there exists a rational curve on F
through Py which is mapped to a rational curve on Z; then, deforming this
curve, we can split it into a union of rational curves of degree < dim X + 1,
one of which meets 771(z2).

Step II.  Lifting to characteristic zero.

This is a standard construction, since the rational curve we found has
bounded degree with respect to the ample divisor —Kx p. O

The existence of transverse rational curves was proved in [KoMiMo] as
a step in the proof of rational connectedness of smooth Fano varieties; an
analogous result holds for smooth fibers of Fano-Mori contractions, while it
fails if we consider singular fibers.

Corollary 3.6. Let ¢ : X — W be a Fano-Mori contraction of a smooth
variety and F' a smooth fiber of . Then F is rationally connected.

Proof. Consider the maximal rationally chain connected fibration F' - -» Z
(see [Ko, Theorem 5.2]); if Z is not a point there exists a rational curve
passing through a point of a very general fiber of p which is not contracted by
p and this is a contradiction, by the maximality of p (see [Ko, 5.2.1]). Thus
Z is a point and F’ is rationally chain connected, but, in characteristic zero,
rational chain connectedness is equivalent to rational connectedness. O
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Corollary 3.7. Let ¢ : X — W be a Fano-Mori contraction of a smooth
variety and F' a smooth fiber of p. Then

HY(F,0p)=0  fori>1.

Example 3.8. A singular fiber of a Fano-Mori contraction which is not
rationally connected (suggested by Jaroslaw Wisniewski).

Let W be the projectivization of the linear system |Ops(3)]|, X C P3 x W
the incidence variety and p the projection onto W; it is easy to check that
— K x is p-ample (it restricts to O(1) on the fibers of p), so that p is a Fano-
Mori contraction; among its fibers there is the cubic singular surface given
by the cone over an elliptic curve, which is not rationally connected.

4. Deformations of curves and fibers of Fano-Mori contractions.

In this section we will prove the following;:

Theorem 4.1. Let ¢ : X — W be a Fano-Mori contraction of a smooth
variety, supported by Kx +rL, Let S" be any component of a nontrivial fiber
F = o Yw), let S be its normalization and denote again by L the pullback
of L to S. If

dim S = r + codim (E(yp)),

then either the Fujita A-genus of (S, L) is zero or S is singular and has a
desingularization which is a P*~1-bundle over a smooth curve.

Moreover, if S" has rational singularities then only the first possibility can
occur.

Proof. Let C C S be an extremal rational curve, V' the unsplit family of
deformations of C' and x a general point in Locus(V); we have

n+r=dimE(p) + dim S
> dim Locus(V) + dim Locus(V,0 — x) > n+r — 1,

whence Locus(V) = E(¢) and dim Locus(V,0 — x) =s,s — 1.

Let S be the normalization of S’; normalizing also the family and its
graph we obtain a new unsplit family V on S.

If deg_ (V) = r then the curves in this family are lines with respect to
L, otherwise we have r = 1 and deg_y (V) = 2; in this last case, applying
Theorem 2.3.8 we get (S, L) ~ (P*, Op(2)).

Let 0 : M — S be a desingularization of S, Lj; = 0*L, and m the inverse
image of a smooth point e of S. The curves of V passing through e, since
they are not entirely contained in the singular locus of .S, can be lifted to
curves on M passing through the point m.

We claim that there is a family Vs of these lifted up curves which has
degree one with respect to Ljs, and covers a dense subset of M.
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Indeed we know that a neighbourhood of m is covered by these curves, so,
if such a family did not exist, the neighbourhood would be contained in a
countable sum of nowhere dense subsets of M, obtained by deforming each
of the lifted up curves, a contradiction.

By construction, for the family Vy; we have
dim Locus(Vy) = s

dim Locus(V\,0 - m) > s — 1.

Let ev : Vi x P! — M be the evaluation map and let f : P! — M be a
general member of the family; we have (cf. [Ko, I1.3])

T(ev)
Tipp(Var x PY) TymM
[ [
T,
1O, ey < Tpt I ey,
and
T(ev)
Tipp((Var,0 = m) x PY) Ty M
[ I
T,
HO®, fTM @ 1) x T, 2120 (g

In both cases we have rk(7T'(ev)) = rk(ev,) so, by the information on the
dimensions of the loci, we deduce

[ (TM) ~ ®O0pi(a;)
witha; >2, a;>1 for 1=2,...s—1, as >0, implying
(Ky +tLy).C <0 if t<s.

So, since the family covers a dense subset of M, we have the following
vanishing results:

(4.2) h*(M, —tLy) = hO(M, Ky +tLy) =0 for t<s—1
(4.3) h{(M,Op) = hO(M,NTM*) =0 for i > 2.
Case 1. hY(M,Oy) = 0.

By the Kawamata-Viehweg vanishing theorem we have
(4.4) Y (M, —tLy) =0 for i <s, t>0.

Combining (4.2), (4.3) and (4.4) we see that the Hilbert polynomial of Ly,
x(t) = x(M,tLyy), vanishes for t = —1,—-2,...,—s+ 1, and x(M,Op) = 1,
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so we can write the polynomial in the form
d (o s
(M. tLar) = 5 <kl:[1(t + k:)) (t + &) .

This implies that h°(M,Ly;) = x(1) = s + d and then, computing the
A-genus of the quasi-polarized variety (M, Lys),

A(M, Lyy) = dim M + deg Ly — h°(M, Lyy) = s +d — (s +d) = 0.

Using [Fu, Theorem 1.1] we get a commutative diagram

M

>
e

0
M F

where M is a smooth variety and L4y is a very ample line bundle on M such
that (M, Ly7) has A-genus zero, so this is the case also for (S, Lg).

Case 2. h'(M,Oy) #0.

Suppose that H'(M,Oy;) does not vanish and consider the Albanese
map of M, o : M — Alb(M); since we know that Locus(Vy) = M and
that dim Locus(V\;,0 — x) > s — 1, the image of the Albanese map of M,
a(M) C Alb(M) must be a nonsingular curve B.

Let GG be the generic fiber of a; G is a quasi polarized variety of dimension
s — 1 covered by a family of rational curves whose dimension at the generic
point is s — 1. We have

RSNG, —tLg) = h°(f, Kg +tLg) =0  for t <s—1.

So, since G is a desingularization of G, the normalization of 0(G), by [Fu,
Theorem 2.2] we have that G is a projective space P51

Consider the map © : M — S x B induced by 6, and the image O(M)
of M, with the maps p; : O(M) — S and p2 : O(M) — B induced by the
projections of S x B on the factors:

s > .p

p1 D2
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Let M be the normalization of ©(M); we have the following commutative
diagram:

0
S M—% . B
N © -
yan D2
M.

The generic fiber of py, which is a normal variety, is P*~! since G is so:
The line bundle L; = piL is ample on the fibers of ps, so, up to replace
it with L/JT/[J = Lg; +p2"H where H is ample on B, we can assume it is

ample; then we argue as in [BS, Proposition 3.2.1] to obtain that (]\7, Ls7)
is a P*~-bundle over B; note that we can disregard the assumptions on the
singularities of M since po is flat.

The last assertion follows from the fact that, in case of rational singu-
larities, we can consider the Albanese map of S’ itself and obtain that, in
Case 2 of the Proof, S’ is a P*~!-bundle over asmooth curve B, which has
to be rational by Corollary 3.7. O

Remark 4.5. In the case of elementary divisorial contractions it is possible
to replace the assumption dim S = r + codim (E(y)) with dim S = I(p) +
codim (E(¢p)), avoiding any assumption on L; in fact one can prove that
Kx —rE(p) is a good supporting divisor for ¢ (see [AO1]).

5. Small contractions.

In the second part of the paper, keeping Theorem 4.1 as a starting point,
we will deal with small contractions. It is well-known that (locally) the only
small contraction of smooth varieties of dimension four is the Kawamata
small contraction [Ka2], i.e., the contraction of a projective plane with
normal bundle Op2 (—1)®2; this contraction is supported by Ky + L, and one
natural generalization of this situation is the study of contractions supported
by Kx + (n — 3)L on a smooth n-fold; this was done in [ABW2].

The next step is the study of small contractions of smooth varieties of
dimension five; this contractions can be supported either by Kx + 2L, and
this situation falls in the case treated in [ABWZ2], or by Kx + L; this
(or more generally the case of small contractions of n-folds supported by
Kx + (n—4)L) will be the object of our study. Our results are summarized
in the following:

Theorem 5.1. Let Kx + (n — 4)L be a good supporting divisor of an el-
ementary small contraction ¢ : X — Z, let F' be a smooth fiber of v and
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N = Np/x its normal bundle. If L is @-spanned then one of the following
possibilities occurs:

n F Nr/x

5P | Ops(—1) & Ops(—1)
>5 | P2 | Op(—2) ® Op(—1)
>5| Q" | Og(—1) ® Og(-1)
>5 (P3| Op @ Op(—1)%2

Moreover, the formal neighborhood of F' in X is determined uniquely and
it is the same as the formal neighborhood of the zero section of the total
space of the bundle N;/X, and the flip of ¢ exists.

The rest of the section is devoted to the proof of this theorem. We will
proceed in several steps.
5.1. Geometric fiber. First of all we present another deformation argu-
ment which will help us to refine the description of the fibers given in The-
orem 4.1 in the case of small contractions:

Proposition 5.1.1. Let ¢ : X — Z be a Fano-Mori elementary small con-
traction of a smooth variety supported by Kx + (n — 4)L, and let F be a
fiber of ¢. Then F cannot be a P-bundle over a rational curve.

Proof. By Proposition 2.3.6 the dimension of F' is n — 2 or n — 3; in the
latter case the normalization of F' is a projective space by [ABW2, 1.1], so
we have to deal only with the case dim F' =n — 2.

Suppose that F is a P"3-bundle over a rational curve:

F =Ppi(E) =Pp1(Oa1) ® O(az) -+~ ® O(an—2))
with a1 <ag <--- < ap_9.

Consider the section C' C F' corresponding to the surjection &€ — Opi(a1);
since L.Cy = 1, the restriction of L to F'is a twist of £ and so the intersec-
tion number d = L.C' is minimal among horizontal sections; in N1(X), since
the contraction is elementary, we have C' = dCj.

Consider the family C of deformations of C inside X; by Remark 3.2 these
deformations are contained in F', and so they cannot break: Suppose, by
contradiction, that a deformation C of C is reducible; let C' = Zlf C; and

let f be a fiber of the bundle projection p. Since C. f = 1 exactly one of the
C; must be horizontal, and the others contained in the fibers, but, by the
minimality of L.C' among horizontal sections, this is impossible, hence the
family C is an unsplit family. By Proposition 2.3.5

dim Locus(C,0 — ¢) > dim X — dim Locus(C) 4+ deg_x(C) — 1
>2+4+dn—4)—1>n-3
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then, using Lemma 2.3.4 and Serre’s inequality

dim(Locus(C,0 — ¢) N f) > dim Locus(C,0 — ¢) + dimf — dim F
>2(n—3)—(n—2)=n-—4,

a contradiction, since n > 5. O

We can thus give a complete (and effective) description of smooth fibers:

Proposition 5.1.2. Let ¢ : X — Z be a small elementary contraction of a
smooth variety, supported by Kx + (n —4)L, and let F' be a smooth fiber of
@. Then F is either P2, Q"2 or P"3.

Proof. Let E be an irreducible component of the exceptional locus of ¢
containing F'; the fiber locus inequality (Proposition 2.3.6) combined with
our hypothesis gives

2n—4>dmE+dmF >n+(n—4) — 1.

If dim F' = n—2 then F = F'; the hypothesis of Theorem 4.1 are satisfied, the
case of the P-bundle over a rational curve is ruled out by Proposition 5.1.1.
If dim F = n — 3 then F ~ P"~3 by [ABW2, 1.1]. O

From now on we will restrict our study to the case n = 5; the general case
will then follow by horizontal slicing (see 5.6).

5.2. Scheme theoretic fiber. Let ¢ : Y — W be a small contraction of
a smooth fivefold; we choose a smooth fiber F' = ¢~!(w) and consider a
local contraction ¢ : X — Z around F; by Proposition 5.1.2 we know the
geometric structure of F, i.e., the set theoretic pre-image ¢ ~!(w) equipped
with the reduced scheme structure, which is one of the following: P3, Q2 or
P?2. The next step in understanding the map is the study of the conormal
bundle of F in X, defined as the quotient Zp/Z%, where Zr is the ideal
of F' with the reduced structure. We first establish some cohomological
conditions which the normal bundle has to satisfy.

Lemma 5.2.1 ([AW2, 1.2.2]). Let ¢ : X — Z be a Fano-Mori or crepant
birational contraction, z € Z, F = ¢~ '(z), and F' any subscheme whose
support is contained in F'. Then

H(F',Op)=0 for r>dimF.

Corollary 5.2.2. Let F' be a s-dimensional fiber of a Fano-Mori or crepant
contraction such that s > 1 and H*"Y(F,Op) = 0 and let N* be its conormal
bundle. Then

H*(F,N*) = 0.
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Proof. Let J be the ideal of F' in X and consider the exact sequence
0—J/J*=N"— Ox/J*> — Ox/J — 0.
Our claim follows by the long exact sequence
...— H"YF,0Op) — H*(F,N*) — H*(F,O0x/J% — ...

and Lemma 5.2.1. O

Another cohomological condition holds for normal bundles of fibers of
dimension three.

Lemma 5.2.3. Let F' be a 3-dimensional smooth fiber of a small contraction
of a smooth variety of dimension five, and let N := Np;x be its normal
bundle. Then h°(N) — h'(N) < 0.

Proof. By Proposition 2.3.6 in this case F' coincides with the irreducible
component of the exceptional locus in which it is contained, and so F' cannot
move in X; since the dimension of its deformation space is greater or equal
than h°(N) — h1(IV), the lemma follows. O

As a last preparatory step we compute the first chern class of the conormal
bundles.

Lemma 5.2.4. Let ¢ : X — Z be a local small contraction of a smooth
variety of dimension five around a smooth fiber F', and let N* := N;/X be
its conormal bundle; the possibilities for the first chern class of N* are given
in the following table, where () denotes the length of p:

F ooy c1(N7)
P3 1 3
2 2
Q? 1 2
P? 1 2

Proof. The result follows from Proposition 5.1.2 observing that, by Propo-
sition 2.3.6,

6 >2dimFE >5+1(p) — 1.

We have (@) < 2, and equality holds if [(¢) = 2; in this case by [ABW2,
Lemma 1.1] we have F' ~ P3. Then we apply the adjunction formula. U
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5.3. Nefness of the conormal bundle.

Definition 5.3.1. Let ¢ : X — Z be a local contraction of a smooth variety
around a smooth fiber F' and let L be a p-ample line bundle; we say that L
is ¢-spanned if the evaluation morphism ¢*p,L — L is surjective at every
point of F.

We will now prove that the relative spannedness of the anticanonical

bundle is a sufficient condition for the nefness of N; /X

Proposition 5.3.2. Let ¢ : X — Z be a local small contraction of a smooth
variety of dimension five around a smooth fiber F; if —Kx is p-spanned then
N;/X s nef.

Proof. We divide our proof into four cases, according to the possibilities
given by Lemma 5.2.4.

Case 1. F ~P3 and ¢;(N*) = 3.

Since (—Kx)ps =~ Ops(1) and —Kx is ¢-spanned, —Ky is also ¢-very
ample; this implies that, for [ a line in F, Nl*/X(l) is spanned by global
sections ([AW2, Lemma 1.3.5]).

Moreover we can find two sections Hy, Ho € | — Kx| such that [ = F N
H, N Hj, so that by formula (2.2.3)

(Np/x)i @ (KX)fl92 = Njx;
allowing for N}, /x the following splitting types on lines: (4,—1),(3,0) and
(2,1).
If the general splitting of N;;/X were (4,—1), then N;/X ~ Ops(4) ®
Ops(—1), but, in this case we would have hO(NF/X) - hl(NF/X) > 0 and

this is impossible by Lemma 5.2.3.
The restriction of Ny, /X to the generic line is thus nef, hence spanned;

applying Lemma 2.2.4 twice we have that Ny, /X is generically spanned on
F', hence nef.

Case 2. F ~P3and ¢;(N*) = 2.
In this case we have (—Kx)r =~ Ops(2).

Claim. Either there exists a line bundle £ on X such that Lr ~ Ops(1),
or N* = Ops(1)®2.

Proof of the claim. Let A be a very ample divisor on Z and H = p*A; for
m large enough the linear system |mH + Kx| is nonempty, so there exists
an effective divisor D’ such that D’.l < 0 for [ a line in F'; in particular there
exists an irreducible reduced divisor D s.t. D.l < 0.

If D.l is odd, then a combination of D and —Kx gives us a line bundle
L such that Lp ~ Ops(1).
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So suppose that D.l = —2t and consider j : X — X, the blow up X

along F' with exceptional divisor F' = P(N, ) ) and the strict transform of
D, D = 3*D — 2tE.
_ Let [ be a line in P3: an easy computation shows that the restriction of
D to Py(Ny. / ) =~ F¢ has a component corresponding to t¢-times the fun-
damental section (which has to be contained in D since has negative in-
tersection with it); hence there exist divisors D1, Dg in | — tE + p*Ops(a)|,
| —tE 4 p*Ops(b)|, with a + b = —2 (we can possibly have D; = D»).

Another straightforward computation on the ruled surfaces P;(Nj. /X)

shows that we have e = b — a for every line. It follows that the split-
ting type of N* is constant on lines, hence N* is decomposable and so, by
Lemma 5.2.3 the only possibility is N* = Ops(1)®2. O

So we can suppose that there exists a line bundle £ on X such that
Lr =~ Op3(1); up to twist £ with ¢*A with A very ample on Z we can
assume that £ is ample. Let X’ be a generic divisor in |£| and F' = FN X/,
by Lemma 2.2.1 X’ is smooth and K x:+ Lx is a good supporting divisor of
a small contraction of a smooth fourfold. By [Ka2] F' ~ P? and Ny x/ ~

®20p2(—1); since by formula (2.2.3)

(Np/x)pr = Nprjxo
we have that Np, x ~ ®20ps(—1).
Case 3. E~Q3.

Let X’ be a general divisor in |- K x|, F' = FNX' ~ Q?and N := Npryxr.
By [AW2, Lemma 2.10.1], if the generic splitting type of N on conics is not
(—2,—2) then there exist a zero dimensional subscheme T' C F’ and an exact
sequence:

0— OQz(al,CLg) — N —Ir® OQQ(bl,bQ) — 0.
Twisting our sequence by Og2(—2) we have:
0 — Og2(a1 — 2,a2 — 2) — N(—2) — I7 ® Og2(b1 — 2,b2 — 2) — 0.
By Serre duality and Lemma 5.2.1 we have
H(Q* N(-2)) = H*(Q* Kgz ® N) = H*(Q* N*) = 0;

since H°(Q?, N(—2)) = 0, by the long cohomology exact sequence, we have
H°(Q?,0(a; — 2,a9 — 2)) = 0, yielding a1,as < 1 (and by, by > —3).

Observe that, since —Ky is y-spanned and —Kx | =~ Ogz(1), either
—Kx is ¢-very ample or the image of the vector space H°(X’, —Kx|x) in
the space H%(Q?, Ogz(1)) corresponds to a double cover 7 : Q* — P2.

In both cases it is possible to find a section X" € |(=Kx) x| such that
F" = X' N X" is a smooth conic passing through two points of T’; the
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splitting type of N on such a conic would then be (b —4,a +4) and X"
would contain an exceptional curve with normal bundle (b — 4,a + 4); by
[Na] this implies that either (a,b) = (—1,—3),(—2,—2) or T consists of a
single point, but in this case we would have h’(N) — h'(N) > 0, and this is
impossible by Lemma 5.2.3.

It follows that on the generic conic N has splitting type (—1,—3) or
(—=2,—2), hence N* is spanned on the generic conic and we can apply
Lemma 2.2.4.

Case 4. FE ~ P2

Let X' € | — Kx| be any divisor, and | = F N X’; the first cohomology
group of the conormal bundle of I in X’ vanishes [AW2, Proposition 5.6.1],
so, since by formula (2.2.3)

(Ne/x )= Niyxo

the possible splitting types of N* are (1,—3),(2,0), and (1, 1); if the general
splitting type is different from (1, —3) then by Lemma 2.2.4 N* is nef and we
are done. If the general splitting of N* is (1, —3) then N* ~ O(1) & O(-3),
but this is impossible by Lemma 5.2.3. O

Remark 5.3.3. By results of Mella [Me] we know that, for the contractions
that we are studying, the anticanonical bundle has finite base locus on F
we believe that, in the set up of Proposition 5.3.2 it should be true that the
anticanonical bundle is always p-spanned.

5.4. Description of the conormal bundle. The nefness of the conormal
bundles implies that they are Fano bundles; this fact allows us to give a
description of them:

Proposition 5.4.1. Let ¢ : X — Z be a small contraction of a smooth

variety of dimension 5 such that —Kx is p-spanned, and F a smooth fiber

of p. Then (F, Np/x) is one of the following:

F Np/x

P3| Ops(—1) @ Ops(—1)
Op3(—2) @ Ops(—1)

Q3 Ogs(—1) ® Ogs(—1)

P2 Op2 @ Op2(—1)®2

Proof. The anticanonical bundle of the projectivization P(N*) is given by
the formula

—Kpy+) = —p*(Kp + c1(N7)) + 2En+,
where p : P(N*) — F is the bundle projection; so it is ample, being the sum
of two nef divisors, the first of which vanishes only on the fibers of p, where
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the second is positive. It follows that N* is a Fano bundle over P2, Q3 or
P? i.e., its projectivization is a Fano manifold. In the rest of the proof we
will use the following:

Lemma 5.4.2 ([AW2, 5.3 and 5.3.1]). Let ¢ : X —Z be a good or crepant
contraction of a smooth variety and let I be a smooth ﬁbej’ of p. Consider
the blow-up of X along F, 8 : X — X and denote by F the exceptional
divisor. A

If the conormal bundle Ny, is nef then the line bundle OX/X(l) =—Fis
p o B-nef, some positive multiple OX/X(k> = —kF is p o B-spanned and it
defines a good contraction ¢ over W. The restriction of ¢ to F is induced

by the evaluation map @ H°(S¥(N*)) — @ S¥(N*).

Corollary 5.4.3. Suppose that N is a nonample Fano-bundle, that ¢ has
one dimensional fibers and that either ¢ is birational or has length > 2;
then ¢ cannot be small.

Proof. The restriction of ¢ to F'is an extremal contraction of F' and we have
I(p) > l(flﬁ)' Proposition 2.3.6 yields

dim E(¢) > n+1(¢) - 2,
so that E(¢) = X if f‘F has length > 2, and E() is a divisor if ¢ is bira-

tional; both the situations are impossible since, outside ', the exceptional
loci of ¢ and ¢ coincide. O

Now we resume the proof of the proposition, starting with the case of a
3-dimensional fiber; by the classification of Fano bundles [SW1] we have
the following possibilities:

P3,c1(N*) =3 P3,c1(N*) =2 Q3,c1(N*) =2
Op3(2) @ Ops(1) | Ops(1) @ Ops(1) OQa(l) @ OQa(l)
N(1)

where A is a null correlation bundle over P? (see [SW1, Section 2]) and
7 : Q3 — P3 is a double cover.

The bundles with a trivial summand have the property that h°(N) —
h*(N) > 0, so they have to be excluded by Lemma 5.2.3, while the null
correlation bundle over P? and its pullback to Q3 are ruled out by Corol-
lary 5.4.3.

Now we can study the case in which F' is two-dimensional; the classifica-
tion of Fano bundles on P? [SW2] gives us the following possibilities:



SMALL CONTRACTIONS 143

Description of the bundle ¢>‘ 7 dim fibers g@l B
o1)e01)® 0 Small 2
02)e0a0 Divisorial 2
TP?*(-1) ® O(1) Divisorial 1
O @ Ey with & in Divisorial 1

0—-0—&(-1)—J,—0

0— O(-1)%2 - 03 - £ — 0| Divisorial
0—-0— & — & Divisorial 1

0— O(=2) - 09 — & — 0 | Fiber type 1

All the bundles with ¢ divisorial with one-dimensional fibers are ruled out
by Corollary 5.4.3; the bundle O(2) @ O%2 has also to be excluded, because
for this bundle h°(N) — h'(N) > 2 and F would move too much.

The last bundle is excluded observing that H'(N*) = 0 and H(S*N*) =
S*HO(N*), so that by [AW2, Proposition 2.4] the contraction of F' should
be to a smooth 4-dimensional point. O

Note that in every case the conormal bundle N /X is spanned by global
sections; using [AW2, Proposition 5.4] we can conclude that the scheme-
theoretic structure of F, i.e., the closed subscheme defined by the ideal
7z l;go_l(mz)@ x, coincides with the geometric structure of F.

Moreover, the formal neighbourhood of F in X is determined uniquely
and it is the same as the formal neighbourhood of the zero section of the
total space of the bundle N*, as follows from a criterion of Mori [Mo2, 3.33]:

Proposition 5.4.4. Suppose that F' is a smooth fiber of a Fano- Mori or
crepant contraction ¢ : X — Z, and assume that the conormal bundle N F/X
is nef. If HY(F,Tr ® S'(N*)) = HY(F,N ® S*(N*)) =0 for i > 1 then the
formal neighbourhood of F' in X 1is determined uniquely and it is the same as

the formal neighbourhood of the zero section in the total space of the bundle
N*.

5.5. Description of the flip. In the case of a three dimensional fiber
consider again [ : X — X, the blow up of X along F', and denote by
F' the exceptional divisor; since in our case N7 is ample, the line bundle —
on X is (p o ) ample and hence —K ¢ is (¢ o ) ample.

Since p(X/Z) = 2 there is a Fano-Mori contraction ¢ : X — X% over
Z, different from ¢; easy computations show that the line bundle K¢ —
(I(p) + 1)]3’ is ¢ o B nef and is a good supporting divisor for the contraction
¢: X — XT;if Niis O(1) @ O(1) then ¢ is a divisorial contraction with
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fibers isomorphic to P3 and Q3 respectively, and the flip is given by the
following diagram:

¥
Z.
Otherwise, if (F, Nj) ~ (P3,0p(2) ® Op(1)) then ¢ is a small contraction
of a P? with normal bundle Op(—1) © Op(—1), which falls in the previous
case, so that the flip is given by the following diagram:

where @ is the contraction of a P* with normal bundle Op(—2) to a point.

In the case of 2-dimensional fibers we blow up X along E(p); the excep-
tional divisor of the blow up is a fiber product of a P? and a P'-bundle over
B; we can contract X to a smooth variety by contracting the exceptional
divisor to the P'-bundle over B (see [ABW1]). O

5.6. The case n > 5. Take n — 5 generic sections Hy,...H,_5 in |L| and
consider the variety X’ = X N (N7 °H;); by Lemma 2.2.1 X’ is smooth and
K’ 4+ Lx is a good supporting divisor of a small contraction of X'; since
F is a projective space or a three dimensional quadric and Ly ~ O(1), we
have that F' = F'N (N?"°H;) is smooth and is again a projective space or
a quadric. Its conormal bundle is the restriction of the conormal bundle of
F; moreover by Lemma 2.2.4 the bundle N;‘,/X is nef. Note that, if n > 5
then I(p) = n — 4, so we cannot obtain the pair (IP3, Ops(1) @ Ops(1)) as
(F, N;‘,,/X,); the flip of ¢ is constructed exactly as in the case n = 5.

6. Examples.

Example 6.1 (small contractions with fibers ~ P3 Q3). Let (F',&) be a
pair consisting of a smooth Fano variety F’ and a numerically effective vector
bundle £ such that —K g — det€ is ample.
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Consider the projectivization X := P(€ @ O) and the section of the pro-
jective bundle 7 : X — F’ determined by the surjection EH O — O — 0;
denote this section by F; it is easy to check that N}';/X =¢.

Let & denote the tautological line bundle over X; since £ is nef and
§ — Kpgo) is ample, by the Contraction theorem it follows that the lin-
ear system |m¢| is base point free for m >> 0 and defines a Fano-Mori
contraction ¢ : X — W with W = P(®,,50H°(S™(€ @ O))).

If £ is ample the map ¢ is just the contraction of F' to a point; considering
as (F’, &) the pairs

F’ &

P3| Opa(1) @ Ops(1)
Ops(2) @ Ops (1)
Q® | Ogs(1) ® Ogs (1)

we construct examples of small contractions with smooth fibers of dimension
three.

Example 6.2 (a small contraction with fibers ~ P?). Let I’ = P? and £ =
Op2(1) @ Op2(1); the construction of the previous example gives us a small
contraction of a smooth fourfold f : X’ — W' which contracts a projective
plane to a point.

Let B be a smooth curve; the map o := f x1g : X' x B — W/ x B is
a Fano-Mori contraction of a smooth variety of dimension five with fibers
~ P2,

Example 6.3 (small contractions with singular quadrics as fibers). (The
following construction was inspired by [AW 3], Section 4, and [Ka2].)

Let S C C% be the hypersurface defined by the equation

z%%—z%—i—zg—l—zf—l—zg’:o,
C C S the curve z1 = 29 = --- = z5 = 0, and Z C S the threefold
S22 =25 =2 =0.

Consider the blow-up of S along C, 3 :Y — S; every fiber of 3 is a three
dimensional cone with a singular point.

The strict transform Z of Z is smooth and meets Fy = 571(0,0,0,0,0,0)
along a smooth two-dimensional quadric; consider now ¢ : X — Y, the
blow up of Y along Z. The variety X obtained in this way is smooth, its
anticanonical divisor —Kx is (oo 3)-ample, and p(X/S) = 2, so there exists
an extremal ray on X not contracted by o; this ray is spanned by the class of
a line in F', the strict transform of Fjy; the contraction of this ray contracts
F to a point and it is a small contraction.

In the same way we can construct a small contraction with a fiber isomor-
phic to a singular three dimensional quadric with dim Sing(Q) = 1, taking
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the hypersurface
Z%+Z%+Z§+Z$+Z§+2226+Z§ZG:0

as S, the curve z; = 29 = --- = 25 = 0 as C and the threefold 27 + 23 + 23 +
3

2y =25 =26 =0as Z.

Example 6.4 (a double covering). Consider a small contraction ¢ : ¥ —
Z of a smooth fivefold which contracts a P? with normal bundle Ops (—1)®2
to a point (cf. Example 6.1); we have seen that such a contraction is sup-
ported by Kx + 2L, with L a i-ample line bundle; in this example we can
take L = 7m*Ops(1).

Take a smooth divisor B € |2L| and construct a double covering p : X —
Y branched along B; the variety X is smooth and —Kx is (¢ o m)-ample.
Let ¢ : X — W be the connected part of the Stein factorization of (¢ o 7);
then ¢ is a Fano-Mori contraction which fits in a commutative diagram

¥

X 1474
P P
y ¥ .5

where p' : W — Z is a double covering branched along v (B).
The contraction ¢ is a small contraction which contracts a smooth-three
dimensional quadric to a point.

Example 6.5 (toric examples).

1) Let N be a lattice of rank five and A’ the cone generated by a base
v1, V2, V3, w1, ws of N and by vg = w1 + we — v1 — vo — v3; consider the
subdivision A of A’ obtained considering the four cones

<Ul,. . .,f)i,. . .,114,w1,w2>.

The induced toric morphism ¢ : X(A) — X(A’) is the contraction of
V ((wy,ws)) ~ P with normal bundle Ops(—1)%? to a point. The flip
of ¢ is given by the following diagram:
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where A is the subdivision of A obtained introducing the vector u =
w1 + we and the cones (v1,...0;,...,v4,w;), and A% is the subdivi-
sion of A’ obtained considering the two cones (v, v, vs,v4,w1) and
(v1,v2, V3, Vg, Wa).

Again let N be a lattice of rank five and A’ the cone generated by a
base v1, v9, v3, w1, we of N and by vy = w1+ 2wy — v —v2 —v3; consider
the subdivision A of A’ obtained considering the four cones

<Ul, .. ,f)i, . .,04,w1,w2>.
The induced toric morphism ¢ : X (A) — X (A') is the contraction of
V (w1, ws)) ~ P3, with normal bundle Ops(—1) ® Ops(—2) to a point,
and the flip is given by the following diagram:

tr
X(a) 7% x(a%)
N/
¥ N
X(A)
where AT is the subdivision of A’ obtained considering the two cones
(v1,v9,v3,v4,w1) and (v1, vy, v3, V4, ws) (see [Re, Theorem 3.4]).
Note that, introducing in A the vectors u = w; + wy and v =

wy 4+ 2wy and the appropriate cones, we can recover from the toric
point of view the construction in 5.5.
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