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ORBIFOLD HODGE NUMBERS OF CALABI-YAU
HYPERSURFACES

MAINAK PODDAR

We identify the twisted sectors of a compact simplicial toric
variety. We do the same for a generic nondegenerate Calabi-
Yau hypersurface of an n-dimensional simplicial Fano toric
variety and then explicitly compute htl);t and hggjz’l for the

hypersurface. We give applications to the orbifold string the-
ory conjecture and orbifold mirror symmetry.

1. Introduction.

The K-Orbifold string theory conjecture states that there is a natural iso-
morphism between the Orbifold K-theory of a Gorenstein orbifold and the
ordinary K-theory of its crepant resolution (see [AR], [Ru]). To construct
a natural isomorphism as the conjecture demands, is a very hard problem.
But weaker versions of the conjecture that compare Euler numbers, Hodge
numbers, etc. have been studied extensively in the literature in the case
of orbifolds that are global-quotients. Batyrev [B2], and Batyrev and Dais
[BD] proved, in particular, the equality of orbifold Hodge numbers and the
Hodge numbers of smooth crepant resolutions for Gorenstein global-quotient
orbifolds. But there were no results for nonglobal-quotient orbifolds.

In this paper, we show that the orbifold Hodge numbers of a generic
Calabi-Yau hypersurface in a complex 4-dimensional simplicial Fano toric
variety coincide with the Hodge numbers of its smooth crepant resolution.
Besides being the first nonglobal-quotient example, this is also an important
example in mirror symmetry. An immediate corollary of this is the pairing
of orbifold Hodge numbers of Calabi-Yau 3-folds and their Batyrev mirrors.

While this paper was being refereed, extensive generalisations and related
results were reported in [BoM], [P] and [Y]. [BoM] and [P] use the charac-
terisation of twisted sectors presented here. [Y] uses the theory of algebraic
stacks and achieves a deep result. The survey article [Re] nicely explains
the heart of the matter.

Now we briefly describe how this article is organised. In Sections 2 and
3 we review relevant facts from orbifold cohomology and toric geometry re-
spectively. In Section 4 we find characterisations for the twisted sectors of
complete simplicial toric varieties and nondegenerate Calabi-Yau hypersur-
faces of simplicial Fano toric varieties. In Section 5 we compute formulas for

151


http://www.pacjmath.org/2003/
http://www.pacjmath.org/2003/v208-1.htm
http://www.pacjmath.org/

152 M. PODDAR

some orbifold Hodge numbers of these hypersurfaces, state some corollaries
and then give an example.

2. Orbifolds.

2.1. Orbifold structure. Let U be a connected topological space, V' a con-
nected n-dimensional smooth manifold and G a finite group acting smoothly
on V. Then an n-dimensional uniformising system of U is a triple (V, G, ),
where 7 : V' — U is a continuous map inducing a homeomorphism between
the quotient space V/G and U. Two uniformising systems (V;, Gi, m;),i =
1,2, are isomorphic if there is a diffeomorphism ¢ : Vi — V5 and an isomor-
phism A : G1 — G5 such that ¢ is A-equivariant, and m 0 ¢ = 7.

If (¢, \) is an automorphism of (V, G, ), then there is a g € G such that
#(x) = g.x and A(a) = gag™!, for any x € V and a € G.

Let i : U' — U be a connected open subset of U. An uniformising
system (V/,G',7") of U’ is said to be induced from (V,G, ) if there is a
monomorphism A : G’ — G and a A-equivariant open embedding ¢ : V' —
V such that i o7’ = 7w o ¢. The pair (¢,\) : (VG ,7') — (V,G,7) is
called an injection. Two uniformising systems (V1, Gy, m) and (Va, Ga, m2)
of neighbourhoods U; and Us of a point p are equivalent at p if they induce
isomorphic uniformising systems for a neighbourhood Us of p.

Let X be a Hausdorff, second countable topological space. An n-dimen-
sional orbifold structure on X is given by the following data: For every point
p € X, there is an assigned neighbourhood U, of p and an n-dimensional
uniformising system (V,, Gp, m,) of U,. The assignment satisfies the condi-
tion that for any point ¢ € U, (Vp, Gp,mp) and (V,, G4, m,) are equivalent
at gq.

Two orbifold structures {(V}, Gy, m) : p € X} and {(V,, G}, m,) :p € X}
are equivalent if for any p € X, (Vj, Gy, m,) and (V,, G}, m,) are equivalent
at p. With a given equivalence class of orbifold structures on it, X is called
an orbifold.

We call each U, a uniformised neighbourhood of p, and (V,, Gy, 7,) a chart
at p. In fact we choose U, to be small enough that G, has the minimum
possible order; that is, every element of G, fixes the preimage of p in V.
In what follows, this choice is assumed. Then a point p is called smooth if
Gy is trivial; otherwise, it is called singular. X is called a global-quotient
orbifold if X itself is an uniformised open set.

An orbifold X is called reduced if G), acts effectively on V,,. Furthermore
if a group element acts nontrivially, we require the fixed-point set to be of at
least (real) codimension two, so that the complement is locally connected.
We will deal with reduced orbifolds only. Note that even a reduced non-
smooth orbifold can have a smooth underlying variety because of examples
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with complex reflections. Gorenstein orbifolds do not present this problem
as they do not admit such complex reflections.

2.2. Orbifold (Chen-Ruan) cohomology. First we will describe the so-
called twisted sectors. Consider the set of pairs:

X ={(p,(9)c,) | p€ X,g € Gy},

where (g)g, denotes the conjugacy class of g in Gj,. Then Kawasaki showed
(see [CR]) that X has a natural orbifold structure. We will describe the
connected components of X. Recall that each point p has a local chart
(Vp, Gp, mp) which gives a local uniformised neighbourhood U, = m,(V}).
If ¢ € Uy, up to conjugation, there is an injective homomorphism G, —
Gp. For g € Gy, the conjugacy class (g)g, is well-defined. We define an
equivalence relation (g9)c, = (9)g,. Let T' denote the set of equivalence
classes. By an abuse of notation, we use (g) to denote the equivalence class
to which (g)¢g, belongs. X is decomposed as a disjoint union of connected
components
X= ] X
(9)eT
where

X =1, (9")a,) | 9 € Gp,(9)a, € (9)}-

Definition 1. X, is called a twisted sector if g # 1. We call X(;) = X the
nontwisted sector.

Assume that X is an almost complex orbifold with an almost complex
structure J (see [CR]). Then for a singular point p, J gives rise to an
effective representation p, : G, — GL(n,C). For any g € G, we write p,(g),

.Mn,g

: : . o 2mi T ag 2mi
up to conjugation, as a diagonal matrix diag(e™  ™s ,...,;e  ™s |, where

myg is the order of g in G, and 0 < m; 4 < my. Define a function ¢ : X — Q
by

n

(p. (9)c,) = Y 9,

m
i=1 9

This function ¢ : X — Q is locally constant. Denote its value on X,y by
L(g)- Ug) is called the degree shifting number of X(4). It has the following
properties:

(1) ¢(g) is integral iff p,(g) € SL(n,C).

(2) t(g) + g1y = rank (pp(g) — Id) = n — dim(Xy)).

Definition 2. An almost complex orbifold is called Gorenstein if ¢(y) is
integral for all (g).
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Remark. An almost complex, complex or Kahler structure on X induces
a corresponding similar structure on each X .

Definition 3. Let F be any field containing Q as a subfield. We define the
orbifold chomology groups of X with coefficients in F by

ngb (X’ F) = 69(g)ET}Id_QL(g) (X(g) ; F)

Definition 4. Let X be a closed complex orbifold. We define, for 0 < p,q <
dimc X, orbifold Dolbeault cohomology groups

HE (X5 C) = @ HY 01710 (X ()5 C).

Remark. When X is a closed Kéhler orbifold (so is each X, ), these Dol-
beault groups are related to the singular cohomology groups of X and X,
as in the manifold case, and the Hodge decomposition theorem holds for
these cohomology groups.

Definition 5. We define orbifold Hodge numbers by
hPY (X) = dim H?! (X;C).

orb

3. Facts from toric geometry.

3.1. Orbits, divisors and polytopes. A complex n-dimensional toric va-
riety Xz is constructed from an n-dimensional lattice N and a fan = in
Ng = N ®7 R. We will write X for Xz when there is no confusion. Let
M = Hom (N, Z) denote the dual lattice, with dual pairing denoted by (,).
If 0 is a cone in N, the dual cone & in My determines a finitely generated
commutative semigroup R, = dNM. C[R,] is the C-algebra with generators
x™ for each m € R, and relations mem/ = Xm+m/. It gives an open affine
subset U, := spec(C[R,]) of X. A face 7 of o gives an inclusion U; — U,.

E(d) denotes the set of d-dimensional cones of Z. We reserve the letter 7
to denote elements of Z(1). For each 7, let v, denote the unique generator of
the semigroup nNN. The v, € o are the generators of o. If r = |=(1)] is the
number of 1-dimensional cones, we sometimes write the v,’s as v1,...,v,.

X is nonsingular iff for every cone in Z, its generators are part of a Z-basis
of N. Such a fan is called smooth. X is an orbifold iff the generators for
every cone in = are linearly independent over R; and we say X and = are
simplicial.

The action of the torus Tn = Uygy = N ® C on X has exactly one
orbit O, corresponding to each cone 7 € =. Each 07 is an irreducible Tn-
invariant Weil divisor denoted D,,. If X is complete, these generate the Chow
group A,_1(X). Two Ty-invariant Weil divisors are linearly equivalent iff
they differ by div (x™) = >_, (m,v,)Dy for some m € M. A Weil divisor
D = Zn anD, is Cartier iff for each o € E, there is m, € M such that
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(Mg, vy) = —ay, whenever n C 0. A Cartier divisor D is ample iff (mg,v,;) >
—a, whenever 7 is not in o and o is n-dimensional.

If X is complete and D = }, a,D; is Cartier, then Ap = {m € Mg :
(m,vy) > —a,Vn} is a polytope. A polytope is called integral if its ver-
tices are integral. Ap is integral if D is ample. Conversely, given any
n-dimensional integral polytope A one can canonically associate a projec-
tive toric variety Pa to it. See [CK], Section 3.2.2 for details. It comes with
a specific choice of ample divisor Da such that Ap, = A. The Ty orbit
closures of PA are in one-to-one correspondence with the nonempty faces F
of A. There is a natural inclusion of toric varieties Pr < Pa.

Choose a basis for M. This corresponds to picking coordinates t1,...,t,
for the torus T. Then, if m € M is written m = (aq,...,a,), we have
X™ =TI, t7%, so we can write t" instead of x™. For any k > 0, we have
the space of Laurent polynomials L(kA) = {f: f = > cianm Amt™ Am €
C}. Each f € L(kA) gives the affine hypersurface Zy C Ty defined by
f = 0. There is a Ty-equivariant map H°(X, O(D)) ~ Dneapnm CX™- So
L(kA) ~ HY(Pa, Op, (kDa)). Under this isomorphism, f corresponds to an
effective divisor Z7 C Pa. Z7 is a hypersurface. It is a compactification of
Z for generic f.

We will use the following notation:

(a) l(kA) = [kAN M| =dim(L(kA)),

(b) I*(kA) = |{m € kAN M : m is not in any facet of kA N M}|.

3.2. Homogeneous coordinate ring. We introduce a variable x,, for each
n € Z(1) and consider the polynomial ring S = Clz, : n € Z(1)]. A
monomial in S is written 2P = I1, zy,", where D = >y ayDy is an ef-
fective torus-invariant divisor on X. We say that z” has degree deg(z”) =
[D] € Ap—1(X). Thus, S is graded by A,—1(X). Given a divisor class
a € Ap—1(X), S, denotes the graded piece of S of degree . We often write
the variables as z1,...,z,, where z; corresponds to the cone generator v;
and r = |E(1)|. The ring S, together with the grading defined above is
called the homogeneous coordinate ring of X. See [CK]|, Chapter 3.2 for
more details.

If 7 is any cone of = then the orbit closure O, is given by the ideal (x; : v;
is a generator of 7) of S. Also the graded pieces of S have nice cohomolog-
ical interpretation. We noted that L(A) ~ H°(P,Op(Da)). Now the map

sending the Laurent monomial ¢ to Hn a:ﬁim’vnHa" induces an isomorphism

H°(X,0x(D)) ~ Sa, where a = [D] € A,_1(X).
3.3. Fano toric varieties. For any toric variety X, the anticanonical di-
visor —Kx = Zn D,,. A complete toric variety X is called Fano if —Kx is
Cartier and ample.

The anticanonical divisor of a Fano toric variety X detemines a reflexive
polytope A. An integral polytope is called reflexive if:
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(a) All facets I' of A are supported by an affine hyperplane of the form
{m € Mg : (m,vr) = —1} for some vpr € N.
(b) Int(A) N M = {0}.

The polar polytope A° of the reflexive polytope A is obtained by A° =
{v e Ng:(m,v) > —1forallm e A} C Ng. The fan E of X can be retrieved
by coning over the proper faces of A°. This fan is called the normal fan of
A and X = Pa. A° is also reflexive and (A°)° = A. The Fano toric variety
constructed from the normal fan of A° is denoted by Pao.

We shall use F' and F° to denote a face of A and A° respectively. There
exists an inclusion reversing duality between the faces of A and A°. For
instance, the face of A dual to the face F° of A° is defined as F° := {m €
A (n,m) = —1Vn € F°}. If 7 is the cone in the normal fan of A associated
to the face F°, then the orbit closure O, = Pr.

Generic anticanonical hypersurfaces V in Pa and V° in Pao constitute
two families of Calabi-Yau varieties, which are conjectured to be mirror
families in the sense of Conformal Field Theory and called Batyrev mirrors
in the literature. These varieties are orbifolds if the corresponding ambient
toric variety is simplicial. Let V and V° denote the MPCP resolutions (see
[B1] or [CK]) of V and V° respectively. These are again Calabi-Yau. These
are smooth if n = 4.

Remark. A simplicial Fano toric variety or its Calabi-Yau hypersurfaces
are Gorenstein orbifolds, the orbifold structures arising naturally from the
algebraic structures. In particular, all the degree shifting numbers are inte-
gers and the singular locus is of at least complex codimension two.

4. Twisted sectors.

We claim that the twisted sectors of a toric variety or a Calabi-Yau hyper-
surface, up to reduction of orbifold structure, can be identified with subva-
rieties. Note that in general a twisted sector could be a multiple cover of
the corresponding singular locus even if the group actions are all Abelian.

4.1. Twisted sectors in simplicial toric variety. Let = be any complete
simplicial fan. Then the orbifold structure of the toric variety X= can be
described as follows. Let o be any n-dimensional cone of =Z. Let vy,...,v,
be the generators of 0. These are linearly independent in Ng. Let N, be the
sublattice of N generated by vi,...,v,. Let G, := N/N, be the quotient
group. G, is finite and abelian.

Let o be the cone o regarded in N,. Let o’ be the dual cone of ¢’ in M,,
the dual lattice of N,. U, =spec(C[o’ N M,]). Note that ¢’ is a smooth
cone in N,. So U, = C".

There is a canonical dual pairing M,/M x N/N, — Q/Z — C*, the first
map by the pairing (,) and the second by ¢ — exp(27iq). Now G, acts on
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C[My] , the group ring of M,, by v(x") = exp(2mi({u,v))x", for v € N and
u € M,. Note that

(4.1.1) (C[M,])% = C[M].

Thus G, acts on U,s. Let 7, be the quotient map. Then U, = U,/ /G,. So
U, is uniformised by (U,s, G4, 7). For any 7 < o, the orbifold structure on
U is same as the one induced from the uniformising system on U,. Then in
the absence of complex reflections, toric gluing implies that {(U,/, G4, 75) :
o € Z(n)} defines a reduced orbifold structure on X. We show this in the
general case.

Let B be the nonsingular matrix with generators vy, ..., v, of ¢ as rows.
Then ¢ is generated in M, by the the column vectors v, ..., v"™ of the matrix
Bt So x*',...,x"" are the coordinates of U,.. For any x = (ki,...,ky) €
N, the corresponding coset [k] € G, acts on U, in these coordinates as a
diagonal matrix: diag(e? 1, ..., e* ) where ¢; = (k,v'). Such a matrix
is uniquely represented by an n-tuple a = (ai,...,a,) where a; € [0,1)
and ¢; = a; + b;,b; € Z. In matrix notation, kB! = a+b < &k =
aB + bB. We denote the integral vector aBB in N by k, and the diagonal
matrix corresponding to a by g,. kq < g4 gives a one to one correspondence
between the elements of G, and the integral vectors in N that are linear
combinations of the generators of o with coefficients in [0, 1).

Now let us examine the orbifold chart induced by (U,/, Gy, 7,) at any
point x € U,. By the orbit decomposition of U,, there is a unique face
7 of o such that x € O,. Without loss of generality assume that 7 is
generated by vi,...,v;,7 < n. Then any preimage of x with respect to 7,
has coordinates x*" = 0iff i < j. Let 2 = (0,...,0,zj41,..., 2,) be one such
preimage. Let G := {g, € G, : a; =0if j+1 < ¢ < n}. We can find a
small neighbourhood W C (C*)"~7 of (2j41, ..., 2y) such that the inclusions
C/ x W < Uy and G, — G, induces an injection of uniformising systems
(CV x W, Gy, 7) — (Uyr,Gy,7y) on some small open neighbourhood U, of
z. So we have G, = G, and an orbifold chart (C/ x W, G, ). Note that
G can be constructed from the set {kq = > 7_; av; : ko € N,a; € [0,1)}
which is completely determined by 7 and hence is independent of o.

Now we determine the twisted sectors. Take any x € X. =z belongs to
a unique O,. Assume the generators of 7 are vy,...,v;. Consider any n-
dimensional ¢ > 7. Assume vq,...,v, generate o. First suppose there is
a gq in G, such that a; # 0,Vi < j i.e., K, lies in the interior of 7. We
want to find the twisted sector X(,,). Consider g, as an element of G,. It
is clear that g, fixes z € U,s iff 29 = --- = z;414 = 0, for some s > 0. Hence
7s(2) € O or m(2) € Os for some § > 7. So X4,y N Uy = O, NU,. Since
a twisted sector is connected, X (9) = O.. If g, € G, is such that (without
loss of generality) only aq,...,ar # 0,k < j, then g, € G5 where ¢ is the
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cone generated by v1,..., v, and by the above argument X, ) = Os. Thus
we have proved the following theorem:

Theorem 1. A twisted sector of any complete simplicial toric variety X=
is isomorphic to a subvariety O, of Xz for some cone T € Z. Moreover,
there is a one-to-one correspondence between the set of twisted sectors of the
type O, and the set of integral vectors in the interior of T which are linear
combinations of the 1-dimensional generators of T with coeffients in (0,1).

Note that the degree shifting number ¢,y = > a;. Now if Xz is Fano,
i.e., 2 is obtained by coning over the faces of a reflexive polytope A°, then
the twisted sectors with + = 1 are in one to one correspondence with the
integral interior points of faces of A°.

4.2. Twisted sectors of a hypersurface of a Fano variety. We identify
the twisted sectors of a generic nondegenerate anticanonical (Calabi-Yau)
hypersurface V' of a simplicial Fano toric variety X = Pa. Nondegenerate
means that VNO; is either empty or a smooth subvariety of codimension one
in O, for each torus orbit O, in X. Then V turns out to be a suborbifold of
X. Also nondegeneracy is a generic condition. We show that V = Z7 , for a
generic f € L(A), is nondegenerate and a suborbifold of X. For a different
treatment of this, see [BC].

Consider any n-dimensional cone o with generators v1,...,v,. For nota-
tional simplicity set x*" = z;. Then 2, ..., 2, are the coordinates of U,.
Let Y be the preimage of V N U, in U, with respect to m,. Then Y is
defined by the equation Y, . aras Am [[1g 2™ ¥+ = 0. This is because,
tn =T, 2% &= m=>Yqv' =B"l¢ & qg=mB < ¢ = (m,v).
The one is added to ensure that V' is anticanonical. Note that by definition
of A, (m,v;) +1 > 0. If \,, # 0 then Y does not pass through the ori-
gin. It can be checked from this description using Bertini’s theorem that for
generic values of the coefficients A,,,, Y is a smooth submanifold of U, that
intersects the coordinate planes z;, = --- = z;; = 0 transversely.

Y is G,-stable by (4.1.1). When Y is smooth, all singularities of V N U,
are quotient singularities induced by action of G, on Y. Since there are only
finitely many n-dimensional cones, V is nondegenerate and a suborbifold of
X. (Y,Gy,ms) is an uniformising system for V' N U,. Let 7 be the face of
o obtained by coning over the face F° of A°. Without loss of generality
let v1,...,v; : j > 2 be the generators of 7. (We remarked in Section 3.3
that there is no codimension one singularity.) We want to find a chart for
any point x € V N O7. By our earlier remark that Y misses the origin of
Uy, VN O, is empty. So we need only consider proper faces 7 of 0. First
assume that F° has codimension 2. This means that O, has dimension 1.
Then the corollary on page 112 of [F] implies that the number of points in

V N O, is the normalised volume of F°, which equals l*(}/?\o) + 1 since F°
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has dimension 1. Since the only other points in O; in this case are O, for
n-dimensional cones o > 7, all the intersection points actually lie in O,. If
codimension F° is bigger than 2, then V N O; is irreducible by Bertini.
Following the same notation as before, x has a small neighbourhood U,NY
such that ((C7 x W)NY,G,, ) is a chart for V at . C/ x W is , as before,
a suitable neighbourhood of some preimage z of x in U,. The tangent
space T, is a G.-stable subspace of TC?. Any g, € G, acts trivially on
TW, =span{0/0z;,i = j + 1,...,n}. By transversality, we can choose basis
{&,...,&n} of TC? such that & € TY, Vi <n—1and &, € TW,. g, acts

trivially on §,. This implies that the degree shifting number of Ja|Ty, s still
=1 G-

From the description of the charts, it is clear that twisted sectors of V
are isomorphic to V'N O, where 2 < dim(7) < n — 1. Recall that O; = P
where F° is the face of A dual to F°. In particular we have the following
theorem:

Theorem 2. Let V be a generic nondegenerate anticanonical hypersurface
of an n-dimensional simplicial Fano toric variety Pa. Then the twisted
sectors of V' are isomorphic to V N Pg for some face F° of A° such that
1 < dim (F°) < n—2. There is exactly one twisted sector of this type having
v =1, corresponding to each integral interior point of F° if dim (F°) < n—2.
If dim (F°) = n — 2, then there are exactly l*(ﬁ\o) + 1 twisted sectors of this
type having L = 1, corresponding to each integral interior point of F°.

5. Orbifold Hodge numbers.

5.1. hiﬁ) (V). Let V(,) denote a twisted sector of the hypersurface V' and
L(g) its degree shifting number. hcl);t (V)= hl’l(V)+ZL<g):1 hP0(V(y)). Since

hO’O(V(g)) = 1 for each twisted sector, by Theorem 2 we obtain

S W= Y rE) Y E(F)

Lg=1 1<dim(F°)<n—2 dim(F°)=n—2
=AY —r—1— Y F(F)+ > P(FEO)(EFEC).
dim(F°)=n—1 dim(F°)=n—2

To compute h!'! (V) we invoke the following Lefschetz hyperplane theorem
([BC, Proposition 10.8]):

Lemma 1. Let V be a nondegenerate ample hypersurface of an n-dimen-
stonal complete simplicial toric variety X. Then the natural map induced
by inclusion j* : H{(X) — HY(V), is an isomorphism for i <n —1 and an
injection for i =n — 1.
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In our case V is anticanonical, and since the anticanonical divisor of
a Fano variety is ample, V is ample. Also it is well-known ([F, Section
5.1]) that for any simplicial toric variety X, H*(X,R) = HL(X,R) =
Ap_1(X)®R. So for n >4, hH1(V) = hbY(PA) = rankA,,_1(Pa) = 7 — n.
Thus we have the following theorem:

Theorem 3. For any generic nondegenerate anticanonical hypersurface V.
of an n-dimensional simplicial Fano toric variety Pa, n > 4,

hop (V) =1A%) —n—1— Y FF)+ Y (F)N(F).

dim(F°)=n—1 dim(F°)=n—2

5.2. h"~21(V). Next we compute h"~>1(V) for n > 4. For this we use

the homogeneous coordinate ring S of X = Pa. Let vq,...,v, be the one-
dimensional cones of the normal fan of A. Let x1,...,z, be the correspond-
ing homogeneous coordinates. Let 3y = [-Kx] = > Di] € An—1(X).

Then S, ~ L(A). And the divisor f € L(A) corresponding to V' can be
written in the homogeneous coordinates as f=>" - 1/a Am [ 1= 2 {m,vi)+1

For notational simplicity, we will denote []i_; 2; (M) by x™ for any

m € M. Define the Jacobian ideal of f to be J(f) = (0f/0x1,...,0f/0x,).
First we quote the following theorem ([BC, Theorem 10.13]):

Lemma 2. Let X be an d-dimensional complete simplicial toric variety and
V C X be a quasi-smooth (i.e., suborbifold) ample hypersurface defined by
f € 8Sg. Then for k # (d/2) + 1, there exists a canonical isomorphism

(S/T(f)kp—po = PHIFEL(V),

Remark. The primitive cohomolgy PHY=1(V) := H*1(V)/(im H¥(X)).
This coincides with the usual cohomology if d is even.

For our application of Lemma 2, set d =n, k =2 and § = §y. Withn > 4
these choices imply that k # (d/2)+1 in the lemma. Also, H"~>1(X) = 0 if
n>4,so that PH"21(V)=H""21(V). Thus h"~2Y(V)=rank (S/J(f))g,-

Lemma 3. z;0f/0x; € J(f)g,,t =1,...,7, and the space of complex linear
relations among these has dimension r — (n + 1).

Proof.

of m
i, = 2 (s + D

Zcz@% = Z)\m <<m, Zcivi> + Zcz> x™".

For a generic f we can assume that \,, # 0 for each m € AN M. Hence
> cixidf [0z, =0 <= (m,)y ,cvi) +> ;¢ =0YVme AN M.
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In particular, taking m = 0 we get >, ¢; = 0. Therefore (m,),; c;v;) =0
Vm € AN M and since A is n-dimensional we have ), ¢;v; = 0.

Thus ), ¢;jz;0f/0x; =0 <= ), civy=0and ) ,¢; =0.

Now let v; = (v;,1) € R*H c C"H = R @ C.

Since the v;’s are vertices of A°, the v;’s are generators of the (n + 1)-
dimensional cone {g € R"" : gt € A° x {1} for some t € R5p}. So the
0;’s span R™™! over R, and hence they span R"*! ® C over C. Note that
(3" cvi, > ¢i) = > ¢iv;. Hence the lemma follows. O

Without loss of generality assume that the zx0f/0zk, k= 1,...,n+ 1,
are linearly independent. In other words vx, k = 1,...,n + 1 are linearly
independent. We will consider monomials || i Tj"7 that have same degree
in S as z;. So we want m* € M such that (m*,v;) =p; > 0> —1if j #1
and (m*,v;) = —1. Such m* is given by interior lattice points of F;, the
(n — 1)-dimensional face of A that is dual to the 0-dimensional face {v;}
of A°. Then for each m* €Int(F;) N M, H#i :L‘j<m*’”j>8f/0:ni belongs to
J(f)g,- Together with the x;0f/0x;, these generate J(f)s, as we vary over
all 7.

In the following computation, we denote the characteristic function of a
set by I(-). For instance, I(m’ € A) is 1 when m’ € A and 0 otherwise.
Also, recall that f =" c1na A X

[z | of/ox;
i

= H l‘j(m*’vj> xﬂf/@a:z
j=1

= Z A ((m0;) + 1)Xm1+m*
m'eANM

= ) A u) + DI(m! € A)x™ ™
m/+m*eANM

= Z Am—mx((m —m* v;) + 1)I(m — m* € A)x™.
meANM

To justify the fourth line in the above calculation, note that given m’ €
ANM, either m’+m* € ANM or (m’,v;)+1 = 0. Then setting m = m’+m*
leads to the last line.

Let IHt(FZ') NM= {mm-s 1< s <ttt > 0}.

Then J(f)g, = span{zdf/dxy, [[j—, xjmis i) g, 0f J0x; 11 <k <n+1,1<
is <tj,i=1,...,r}. We want to find the dimension of this complex vector
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space. So we study the space of linear relations:

Z ckxkaf/aa:k + Z dm’s ﬁ xj<mis’“j>a:i8f/6a:i =0
k

iis j=1
s

3 { S e ({0, m) + 1)
m k

+ Z di7i5)\m_mi7isl(m —mi, € A)((m —my,,,vi) + 1)})::m =0

1,0s

—
> aAm (ke m) + 1)+ dii Ammg, I(m —mii, € A)(m,v) =0
k

for each m € AN M, [note: (my;,,v;) = —1].

This is a system of [(A) number of linear equations in v = n 4+ 1 +
>oi i U*(F;) variables namely ¢y, d;;,. Note that [(A) > ~. We shall find a
nonsingular subsystem of rank ~.

To do so pick n linearly independent vertices myq,...,m, of A and let
Mmp4+1 = 0, the origin. Then from the above system we pick the equations
corresponding to m = mq,..., My and m =m;;, 11 =1,...,70 < i5 <

t;. Denote this v x v system by (xx). It can be written as:

s al(i)=(5)

where
Amy ((ma,01) +1) o0 Ay (1, vpg) + 1)
p_| el e
A (M, v1) +1) oo Ay, ((Mny Ung1) + 1)
)\O “ e )\O
Amy g —my  LC) ((mai—maa,v0)+1) o Ay —myy I() ((Ma1—mr gy, vr)+1)
Q={(... ..
)‘mr,tr —my 1 I() ((mr,tr —mai,i, U1>+1) o Amr,tr_mr,tr I() ((mr,tr Mty UT>+1)

Observe that all the diagonal entries of Q are Ag, and none of its off-
diagonal entries has \g. Also any entry of A is of the form Ay, —m,,; I(.)
and hence does not involve A\g. Similarly an entry of B is of the form
Amiq. ((Mig,, vk) + 1) and so does not have Ao.

A
B Q
nomial in the A’s. Then the term of this determinant having the highest
power of Ag is (Ao)2 " F)det P. We will show below that det P = nonzero

Consider the determinant of the coefficient matrix } as a poly-
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constant times Ay, ... A, Ao. Thus the determinant of the coeffcient ma-
trix of the system (**) is a nontrivial polynomial in the \’s and is therefore
nonzero for generic choice of the A’s. Hence J(f)g, has rank v as a complex
vector space, for a generic f € L(A). Since Sg, ~ L(A), so (S/J(f))s, has
rank {(A) — ~, for a generic f.

Lemma 4. The (n+ 1) x (n+ 1) matric P = (( P;j = A, ((mi,v5) +1)))
is nonsingular for generic chioce of \’s.

Proof. Let E be the (n+1) x (n+ 1) matrix (( E; j = ((mj,vj) +1))). Then
detP = Ay ... Apy,det E. We claim that E is nonsingular. Otherwise

there exists a nontrivial vector (c1, ..., ¢cyv1) such that S701 ep((my, vg) +
1)=0foralli=1,...,n+1. In particular, for i = n+1 we get ZZI% c, = 0.
This implies Z};”ill ck(mi,vgy = 0 for all @ = 1,...,n. Since my,...,my,

are linearly independent, this would imply that 22211 ck(m,vg) = 0 for all
m € A. Therefore ZZLl cxvi, = 0. this combined with > ¢ = 0 implies that

ZZI% cpUr = 0 which contradicts the linear independence of v1,...,0n11.
Thus the lemma holds. ([

So we have the following theorem:

Theorem 4. For any generic nondegenerate anticanonical hypersurface V.
of an n-dimensional simplicial Fano toric variety Pa, and n > 4,

hn—2,1(v) :l(A)—n—l— Z l*(F)

dim(F)=n—1

5.3. Cohomology of the twisted sectors of V. We now want to com-
pute h”_3’0(V(g)) for any twisted sector V(j) & V NPz. This is obviously
zero if dim (F°) > 1, since dim (P ) = n — 1—-dim(F°). So we will only
consider the case dim(F°) = 1. Let 7 be the 2-dimensional cone obtained
by coning over F°. As noted earlier O, = P. The restriction of V' to O~
gives a quasi-smooth ample hypersurface of O,, which we shall identify with
V(g)- So we are again in a situation where we can invoke Lemma 2.

For this we need to understand the homogeneous coordinate ring S’ of
O;. According to Fulton [F], Section 3.1, a fan for O, can be constucted
from the fan = of X as follows.

Let N; be the sublattice of N generated by the primitive one dimensional
generators of 7. Let N(7) = N/N;. The dual lattice of N(7) is given by
M (1) = 7+ N M. The star of a cone 7 can be defined abstractly as the set
of cones ¢ in = that contain 7 as a face. Such cones o are determined by
their images in N(7) i.e., by & = (6 + (N:)r)/(N7)r C Nr/(N;7)r = N(7)r.

These cones {7 : 7 < o} form a fan Star(r) in N(7). O, is the toric
variety corresponding to this fan. Without loss of generality, let vy, vo be

the generators of 7. The corresponding Weil divisors in X are D; and Ds.
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Assume that v;,j = 3,...,1 are the 1-dimensional cones of = such that
{v1,v2,v;} generate a 3-dimensional cone of Z. In other words, v;,j =
3,...,0 are the 1-dimensional cones of Star(7). Let DNJ := D1DyDj for
j =3,...,r. Note that DN] = 0 if § > [. The divisor of O, corresponding
to v; is ,DZ for 5 = 3,...,1. So the homogeneous coordinate ring S’ is
generated by variables y; corresponding to /DZ for j = 3,...,1. Denote by
o the anticanonical class 2;23 E in 5.

On the other hand the divisor V restricts to —KxD1Dy = (D1 + -+ +
D,)D\Dy = 33 D; + (D1 + D) D1 Dy. To see what (Dy + D2)Dy Dy is in
terms of the lA?;s , we can pick a point m € FoNM and let b; := (m,v;),1 <
17 < r. Then 22:1 b; D; is linearly equivalent to zero. Note that by = by = —1.
Hence we have Dy + Dy = Y7o b;D;. So, (D14 Do)D1Dy = Y\, b;D;. Let
a be the class in S’ representing the effective ample divisor —K x D1Ds. Let
f’ be the associated homogeneous polynomial in the y;s. Now we can apply
Lemma 2 to the (n — 2)-dimensional variety O, and the ample hypersurface
V(g)- Choose k =1 in the lemma to get

(/T (f"))a—ao = PH"30(Vig)) = H">0(V{g))

since H"3%(0,) = 0.

Now a — ap = [a- 2223 D;]. A typical generator df'/0y; € J(f)
has degree [a — Di]i. There are no nonconstant regular functions on the
projective variety O-. So any nontrivial effective divisor, and in particular
Di, > s 1z Djand 32,5 ) Djarenot linearly equivalent to zero. This
implies that J(f")q—a, = 0. Hence we obtain that

(S/)a—ao = an?»,ﬂ(v(g)).

Now a — ap = [2223 bj@}. We want to identify the effective divisors
in this class. So we want m, € M(7) such that 22:3(@- + <m*,17j>)5/j
is effective. This is if and only if (b; + (m.,v;)) > 0 for all j = 3,...,1
= ((m+my,v;)) >0>—1for j=3,...,1 <= m+m, EInt(I/?\'O)ﬂM.
To justify the last step note that (m + my,v;) = —1 for i =1, 2.

Since m is fixed, the required effective divisors are in one-to-one correspon-
dence with the interior lattice points of F°. Hence h30(Vigy) = l*(f\‘o)
Since there are [*(F°) twisted sectors isomorphic to V' NPz we have the
following;:

hn72,1(v)

orb

:hn72,1(v)_‘_ Z hn73,0(‘/(g))
ug)=1



CALABI-YAU HYPERSURFACES 165

— A —n—1— 3 rE+ Y FEN(F)

dim(F)=n—1 dim(F°)=1
=lUA)—n—1-— Y IE)+ Y (F)(F).
dim(F)=n—1 dim(F)=n—2

For the last step we used the one-to-one correspondence between faces of
A and A°.

5.4. Main results. Combining the above formula with Theorem 4 we have
the following theorem:

Theorem 5. For any generic nondegenerate anticanonical hypersurface V
of an n-dimensional simplicial Fano toric variety Pa, n > 4,

W (V) =1A)—n—1— Y IE)+ Y (F)EF).

dim(F)=n—1 dim(F)=n—2

Corollary 1. If V is an MPCP desingularisation of any generic nonde-
generate anticanonical hypersurface V' of an n-dimensional simplicial Fano
toric variety Pa, n > 4, then hgja (V)=hPt(V) forp=1andp=mn—2.

Proof. The formulas for h?* (V) for p = 1,n—2 computed in [B1] by Batyrev
match the orbifold Hodge numbers for V' obtained in Theorem 3 and Theo-
rem 5. (]

~

Corollary 2. In the case n =4, h2{ (V) = h?»9(V) for any p and q.

Proof. We need only consider p,q < 3. Also hg ;?D = hP0 by definition since ¢
is nonnegative. So, by Serre duality for ordinary and orbifold cohomologies,
it is enough to consider just the cases p =1, =1 and p =2,¢q = 1. These
are addressed by Corollary 1. (We should remark here that in this case 1%
is actually smooth.) O

Corollary 3. If Pao is also simplicial, and V° is a generic nondegener-
ate anticanonical hypersurface of Pao, then h(l);t (V) = hgrf’l(Vo) and vice
Versa.

Proof. Follows from interchanging the roles of A and A° in the formulas. [

Remark. In particular, for the n = 4 case, we have h% (V) = h> P4(V°).

This is an example of ‘mirror symmetry’ of orbifold hodge numbers.

5.5. An example. This example first appeared in the Greene-Plesser mir-
ror construction [GP] and was also studied in [COFKM] in the context of
mirror symmetry.

Consider the complex 4-dimensional weighted projective space X = P(1,1,

—_

2,2,2). Tt is a simplicial Fano toric variety. Its fan Z has the following
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I-dimensional cones in N = Z*: v, = (-1,-2,-2,-2), vo = (1,0,0,0),
vs = (0,1,0,0), v4 = (0,0,1,0), vs = (0,0,0,1). = has five 4-dimensional
cones, obtained by dropping one of the v;’s at a time and taking the cone
generated by the remaining four.

Let D; denote the torus-invariant divisor given by the orbit closure O,,.
It is easy to check that in A3(X), [D2] = [D1] and [D;] = 2[D4] for i > 3.
Construct the homogeneous coordinate ring of X by introducing variables
x; corresponding to v;. Then deg(x1)= deg(x2) =1 (= [D1]) and deg(x;)=2
for ¢ > 3.

This leads to the more familiar description of P(1,1,2,2,2) as (C—{0})/C*.
The action of any o € C* on C° — {0} is as follows:

a.xy i mo a3y 5] = [axy axg a’rs oy a2x5].

In this description, D; corresponds to the hyperplane {z; = 0} and the 4-
dimensional cones of = correspond to the open sets {z; # 0}. It is also easily
seen that the singular locus of X is precisely the surface {x; = z2 = 0}. In
fact, this represents the only twisted sector of X. The v;’s are the vertices
of a reflexive polytope A°. The faces of A° have only one interior lattice
point: (0,—1,—1,—1) = (v1 + v2). This lattice point corresponds to the
twisted sector and the local isotropy group is Zo.

The dual reflexive polytope A in Mg has the following vertices:

wy = (_17_]—7_17_1)3 Wz = (77_1a_17_1)7 w3z = (_173,_17_1)7

wy = (—1,-1,3,-1), ws=(-1,-1,-1,3).

A is the polytope corresponding to the anticanonical divisor —Kx =
Z?:l D; of X, and X = Pa. If V is a generic nondegenerate Calabi-Yau
(anticanonical) hypersurface of X, then V has just one twisted sector namely
C =V n{xy = z2 = 0}. One can directly compute the genus of this curve
C by using the Riemann-Hurwitz formula. It turns out to be 3. V has the
Hodge numbers: h'0 = p29 =0, p3° =1, B! =1, h?! = 83. Since the

degree shifting number of the twisted sector C' is 1, we compute hi}t (V)=

RELH (V) 4+h00(C) = 141 = 2, and b2y (V) = h2H(V)+h10(C) = 83+3 = 86.

The dual Fano veriety Pao is also simplicial. This is easily checked since
its fan is is obtained by coning over the faces of A. In fact, Pao = Pa/Z3.
This is also shown easily. First, observe that w; = —wy — 2ws — 2w4 — 2ws.
Secondly, if M is the sublattice of M generated by ws, w3, w4, ws, then M /M

= 73.
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