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THE DOMAIN ALGEBRA OF A CP-SEMIGROUP

WILLIAM ARVESON

A CP-semigroup (or quantum dynamical semigroup) is a semi-
group ¢ = {¢+ : t > 0} of normal completely positive linear
maps on B(H), H being a separable Hilbert space, which sat-
isfies ¢+(1) = 1 for all ¢ > 0 and is continuous in the time
parameter t the natural sense.

Let D be the natural domain of the generator L of ¢, ¢y =
exptL,t > 0. Since the maps ¢; need not be multiplicative D
is typically an operator space, but not an algebra. However,
in this note we show that the set of operators

A={A€eD: A*"Ae€D,AA" € D}

is a *-subalgebra of B(H), indeed A is the largest self-adjoint
algebra contained in D. Examples are described for which the
domain algebra A is, and is not, strongly dense in B(H).

1. Basic properties of A.

Let ¢ = {¢; : t > 0} be a C'P-semigroup as defined in the abstract. We first
recall four characterizations of the domain of the generator of ¢.

Lemma 1. Let A € B(H). The following are equivalent.
(i) The limit

L(A) = Jim (6,(4) - 4)

exists relative to the strong-x topology of B(H).
(ii) The limit

) = Jig,

(¢e(A) — A)
exists relative to the weak operator topology of B(H).
(iii)
1
sup — || (A) — A|| < M < oc.
>0 1

(iv) There is a sequence t, — 0+ for which

1
sup —[l6r, (4) — All < M < oo.
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Proof. The implications (i) = (ii) and (iii) = (iv) are trivial, and (ii)
= (iii) is a straightforward consequence of the Banach-Steinhaus theorem.

Proof of (iv) = (i). Since the unit ball of B(H) is weakly sequentially
compact, the hypothesis (iv) implies that there is a sequence t,, — 0+ such
that

1
(0, (4) — 4) — T € B(H)
in the weak operator topology. We claim: for every s > 0,
(1.1) | or@rix=o.(a) - 4.
0

The integral on the left is interpreted as a weak integral; that is, for £,n7 € H,

/0 T OAT)E ) AN = (Du(A)E, 1) — (AE)

To see that, fix A > 0. Since ¢, is weakly continuous on bounded sets in
B(H) we have

1

E(rie,(4) — 3(A)) = 1 (;wtn (4) - A>) (D)

in the weak operator topology, as n — oo. By the bounded convergence
theorem, we find that for fixed £&,n € H,

i - ([Mosn@en - [Togn o) = [omen o

n—oo t,,

Writing

s s S+tn tn
/O FON+ ta) dA —/0 FON) dA :/S FOVAA— [ FO)dN,

0

the left side of the preceding formula becomes

1 s+in 1 in
in (£ [ @@en o= L [T o@en o)
n—oo \ tn Jq tn Jo
which, because of continuity of ¢ in the time parameter, is (¢s(A)E,n) —
(A&, m), as asserted in (1.1).

To prove the strong-* convergence asserted in (i), fix £ € H and use (1.1)
to write

- a0 - 1e| =1 | [onmear- [“rea|

I 1 (¢ 1/2
= s/o [6x(T)¢ — T¢] A < (s/o |!¢>A(T)£—T§||2d>\> .
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The integrand of the last term expands as follows
oA (T)E = TEI” = (OA(T)* OA(T)E, €) — 2R (on(T)E, TE) + || T¢I

< (OA(T'T)E, ) — 2R (DA (T)E, T€) + || TE|?,

the last inequality by the Schwarz inequality for unital CP maps. Since
OA(T*T) (resp. ox(T)) tends weakly to T*T" (resp. T') as A — 0+, it follows
that

lim sup ~ / |6a(T)E — TE|P AN < (T°TE,€) — 2 (TE, TE) + |T¢|)” =
s—0+ S Jo

and we conclude that 1(¢s(A) — A) tends strongly to T' as s — 0+.
Similarly, 1(¢s(A) — A)* = 1(¢s(A*) — A*) tends strongly to T*. O

Definition. Let D be the set of all operators A € B(H) for which the four
conditions of Lemma 1 are satisfied. L : D — B(H) denotes the generator

of ¢,

L(4) = Jim +((A) = 4),  A€D.

It is obvious that D is a self-adjoint linear subspace of B(H), that L(A*) =
L(A)* for A € D, and a standard argument shows that D is dense in B(H)
in the o-strong operator topology.

Lemma 2. For every operator A € D we have
1
IL(A)]| = sup —[l¢¢(A) — Al
>0

Proof. The inequality < is clear from the fact that L(A) is the weak limit
of operators 1(¢;(A) — A) near t = 0+, i.e.,

. 1 1
ILCAN < lim sup Zign(4) = All < sup 2¢¢(4) — All
For >, set T'= L(A). Usmg (1.1), we can write for every ¢ > 0

Ho a1 | [an o <7 [1amna<iz

since ||gx|| < 1 for every A > 0. O

Theorem A. A= {A € D: A*A € D,AA* € D} is a *-subalgebra of
B(H).

Proof. A is obviously a self-adjoint set of operators. We have to show that
A is a vector space satisfying A- A C A.
Fix t > 0. By Stinespring’s theorem we can write

(1.2) o(X) = Vim(X)Vi, X € B(H)
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where V; is an isometry from H into some other Hilbert space H; and where
7y : B(H) — B(Hy) is a normal *-homomorphism of von Neumann algebras.
P, = ViV is a self-ajoint projection in B(H;).

For t > 0 we will consider the seminorms py, ¢; defined on B(H) as follows

pe(X) =t Moo (X) — X,
@(X) =tV Pmy(X) — m(X) P, X e B(H).

Lemma 3. For every operator X € B(H) we have the following character-
1zations.

(i) X € D iff

sup pg(X) < oo,
t>0

and in that case ||L(X)|| = sup;~q pe(X).
(ii) X € A iff both sup,qp:(X) and supysoq:(X) are finite, and in that
case

max(|lo, (dX* dX)|'/?, |lop (dX dX7)[V?) < litmgip (X)),

where or,(dX*dX) and or,(dX dX*) are the operators in B(H) defined
by
op(dX*dX)=L(X*X) - X*L(X) — L(X")X,
op(dX dX*)=L(XX") - XL(X") - L(X)X".
Remark. The second assertion of Lemma 3 requires clarification. By defi-
nition, an operator X belongs to A iff all four operators X, X* X*X X X*
belong to the domain of the generator L of ¢ = {¢; : ¢ > 0}. In that case

both operators o7, (dX*dX) and o7, (dX dX*) are well-defined by the above
formulas. The “symbol” map oy, is discussed more fully in [2].

Proof of Lemma 3. The assertion (i) follows from Lemmas 1 and 2 above.
In order to prove (ii) we require the following more concrete expression for
the seminorm ¢,

1/2

9

(13) (X) = max (Hi(@(X*X) XY (X))

Hi(qﬁt(XX*) — 0e(X) (X))

1/2)

To prove (1.3) we decompose the commutator m:(X)P; — Py (X) into a
sum

Wt(X)Pt — Ptﬂ't(X) == (1 — F’t)ﬂ't(X)F)t — Pt’/Tt(X)(]_ - Pt)
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Since the first term (1 — P;)m(X)P; has initial space in P,H; and final space
in (1 — P;)H;, and the second term has the opposite property, it follows that

|7 (X) P — Py (X) || = max([|(1 — P)m(X) B, | e (X) (1 = P)).
We have
11 = P)mi(X) Pi* = [V me(X*) (1 = P)me(X) Vi
= [[Vi'm (X" X))V, = Vim( X))V Vi m(X)Va|
= Héf)t(X*X) - @bt(X)*d)t(X)H'
Similarly,
| Pie(X) (1 = By)|1? = [[Vme(X) (1 = P)me (X ) V|
= |p¢(XX™) — (X)) e (X7) ],

and formula (1.3) follows from these two expressions.
Now if X € A then all four operators X, X* X*X, X X* belong to D,
hence all four limits

: 1 * * _ *
Jim S (6(X7X) = X*X) = L(X"X),

lim %(@(XX*) _X'X) = L(XXY),

t—0+
1
Jim 1 (6(X) = X) = L(X),
1
Jim (6(X7) — X*) = L(X")

exist relative to the strong operator topology. Writing

(1-4) ¢t(X*X) - ¢t(X)*¢t(X) =
(Ge(X"X)=X"X) = X" (¢t (X) = X) — (¢(XT) — X7)p(X)

and using strong continuity of multiplication on bounded sets, we find that
the limit

Jim (30X X) — 6(X")gu(X)) = L(XX) = X*L(X) — L(X*)X
= op(dX*dX)

exists relative to the strong operator topology.
In the same way we deduce the existence of the strong limit

Jim 2(G(XX%) — Gu(X)ou(X")) = L(XX") ~ XL(X*) ~ L(X)X"

= o (dX dX*).
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It follows that for every X € A the seminorms ¢;(X) are bounded for ¢ > 0,
and for such X we have

max([lo, (dX* dX)|['V2, |lop (dX dX7)|V?) < litmglip t(X).

Conversely, suppose we are given an operator X € D for which the semi-
norms ¢ (X) are bounded for ¢ > 0. We have to show that X*X and X X*
belong to D; since D is self-adjoint and the seminorms ¢; are symmetric in
that ¢(X*) = ¢(X), it is enough to show that X*X belong to D. (1.4)
implies that for fixed ¢ > 0,

(L5)  ¢u(X7X) = X*X = (¢(X*X) — ¢ (X7) (X))

+ X (Pe(X) — X) + (de(XT) — X7) e (X).
Because of (1.3), the first term on the right of (1.5) is bounded in norm by
M -t where M, is a positive constant. Similarly, since X and X* belong

to D the second and third terms are bounded in norm by terms of the form
My -t and M3 - t respectively, hence

loe(X*X) — X*X|| < (My + My + Ms) - t.
By Lemma 1, X*X must belong to D. O

Turning now to the proof of Theorem A, (or more properly, to the proof
that A is an algebra), Lemma 3 tells us that A consists of all operators
X € B(H) for which

suppe(X) < oo, and supq(X) < oco.
>0 t>0
Since p; and ¢; are both seminorms, it follows that A is a complex vector
space which is obviously closed under the x-operation.
To see that A is closed under multiplication, pick X,Y € A. According
to Lemma 3, it is enough to show

(1.6) sup ¢:(XY) < oo
t>0

and

(1.7) suppt(XY) < o0.
>0

To prove (1.6) we claim that

(1.8) 4(XY) < q(X)Y [ + | X]lg: (Y)-

Indeed, writing [A, B] for the commutator AB — BA we have
[P, m(XY)] = [P, m(X)]m (V) + 7o (X) [Py, me (V)]
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and hence
G(XY) =t |[P, m(XY)|
< V2P m O - eI+ e (KON - ¢ 2 [Py e (V)]
from which (1.8) is evident.
Finally, consider Condition (1.7). By definition of A, A € A implies
A*A € D. Since A is now known to be a linear space we can assert that

if XY € A then for every k = 0,1,2,3 we have Y + i*X € A, hence
(Y +i*X)*(Y +i*X) € D and by the polarization formula

3
1
XY = Y+ XY +iFX),
k=0
X*Y must also belong to D. Since A* = A, we can replace X* with X to
conclude that XY € D. (1.7) now follows from Lemma 3 (i). O

Corollary. Let D be the domain of the generator of a CP-semigroup acting
on B(H) and let A be a self-adjoint operator such that A € D and A? € D,
Then p(A) € D for every polynomial p(x) = ag + a1z + - - + a,x™.

2. Examples, Remarks.

We describe two classes of examples which are in a sense at opposite ex-
tremes. In the first class of examples of C'P-semigroups ¢ = {¢; : t > 0},
each ¢, leaves the C*-algebra K of all compact operators invariant, ¢,(K) C
K, its domain algebra A is strongly dense in B(H), and its generator re-
stricts to a second order differential operator on A in the sense of [2]. In
the second class of examples, the individual maps satisfy ¢,(K) N K = {0}
for t > 0, A is not strongly dense in B(H), and its generator is degenerate
in the sense that it restricts to a derivation on A.

We first recall the C'P-semigroups of [1], including the heat flow of the
CCR algebra. While for simplicity we confine the discussion to the case
of one degree of freedom, the reader will note that everything carries over
verbatim to the case of n degrees of freedom, n =1,2,....

Let {W, : z € R?} be an irreducible Weyl system acting on a Hilbert
space H. Thus, z € R? — W, is a strongly continuous mapping from R?
into the unitary operators on H which satisfies the canonical commutation
relations in Weyl’s form

; 2
W, W, = “Cr2 W, . 2 2 € R,

w denoting the symplectic form on R? given by

1

wi(@,y), (2',y) = 5"y —zy).
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Let {y; : t > 0} be a one-parameter family of probability measures on R?
which is a semigroup under the natural convolution of measures

perlS)= [ xs(+ w)dntz) dvlo),

which satisfies 10 = d(0,0), and which is measurable in ¢ in the natural sense.
It is convenient to define the Fourier transform of a measure p in terms of
the symplectic form w as follows,

i(z) = / GO du(), 2 e R
]R2

Given such a semigroup of probability measures {p; : ¢ > 0} there is a
unique C'P semigroup ¢ = {¢; : t > 0} acting on B(H) which satisfies

¢t(Wz) = [j’t(z)W27 S RQy t>0
see [1], Proposition 1.7. Two cases of particular interest are
(CCR heat flow) p(W.) =e W, t>0

12 and

where |(z,y)| denotes the Euclidean norm (22 + y?)
(Cauchy flow) o (W) = e Flw, t>0.

For both of these examples a straightforward estimate shows that for fixed
z € R? there is a constant M > 0 such that

[0¢(W2) = Wel| = |fu(z) =1 < M-t, >0

and hence W, € D. Since W, is unitary, 1 = W;W, = W, W} belongs to
D , and hence W, belongs to the domain algebra A of ¢ for every z € R2.
We conclude that for these examples, the domain algebra is strongly dense
in B(H).

Indeed, it can be seen that A contains a x-algebra of compact operators
that is norm-dense in the algebra K of all compact operators. Unlike the
examples to follow, these flows leave K invariant in the sense that ¢;(K) C K
for all t > 0, and can therefore be considered as C'P-semigroups which act
on the separable C*-algebra I, rather than than as C'P-semigroups acting
on B(H).

We now describe a class of examples of C'P semigroups whose domain
algebras are not strongly dense in B(H). The referee has kindly pointed out
that there are previously known examples of singular Markov semigroups in
the literature which exhibit a similar phenomenon ([15]). Consequently, we
have omitted proofs of the results below. The examples we describe here
are inspired by a class of C'P semigroups that have emerged in recent work
of Robert Powers, to whom we are indebted for useful discussions.

Let H = L?(0,00) and let U = {U, : t > 0} be the semigroup of isometries
U(z) = &(x —t) for x > t, Upé(x) = 0 for 0 < z < t. Fix a real number
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a > 0, and let f be the unit vector in L?(0,00) obtained by normalizing
the exponential function u(z) = e™** & > 0. One has U f = e ®'f for
every t > 0, hence the vector state w(A) = (Af, f) satisfies w(U,AU}) =
e 29y(A), Ac B(H).

We consider the family of unit-preserving normal completely positive
maps ¢ = {¢y : t > 0} defined on B(H) by

¢1(A) = w(A)Ey + U AU}, t >0,

where E; = 1 — U,U} is the projection on the subspace L?(0,t) C L?(0, o).
Since
w(E) =w(1) —w(UU}) =1 — e 20t

it follows that w(¢i(A)) = w(A) for every A. A routine computation now
shows that ¢ satisfies the semigroup property ¢s o ¢y = @54y, hence ¢ is a
C'P semigroup.

Let D be the domain of the generator of ¢ and let A be the domain
algebra

A={AecD:A"AecD,AA* € D}.

Theorem A implies that A is a unital x-algebra, and its strong closure is
described as follows.

Proposition. The strong closure of A consists of all operators B € B(H)
such that B commutes with the rank-one projection f ® f.

Thus the strong closure A~ of A has the form B(Hy) ® C where Hy C H
is a subspace of codimension one in H. The following consequence is easily
deduced from the Proposition; it implies that these examples are “almost”
Ep-semigroups in the sense that there is an Ep-semigroup o = {ay : t > 0}
acting on B(Hp) such that ¢; acts as follows on A,

(BB N) = au(B) @ A, B € B(Hy), XMeC.

Corollary. Let A be the strong closure of A. Then ¢(A) C A for every t >
0 and ¢ restricts to a semigroup of *-endomorphisms of this von Neumann
algebra.

The Corollary implies that the semigroup ¢ is degenerate in the sense that
its generator is essentially a derivation, not a true “second order” noncom-
mutative differential operator. Whether or not this degeneracy is related to
the non-density of the domain algebra A is an interesting question about
which we as yet have very little information.

In particular, we do not know how small the domain algebra can be. For
example, does there exist a C'P semigroup whose domain algebra is just the
scalars C - 17
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