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HOMOTOPICALLY PERIODIC MAPS OF
MODEL ASPHERICAL MANIFOLDS

Wim Malfait

For a closed orientable surface S, any map f : S →S whose
n-th power is homotopic to the identity, is homotopic to a
homeomorphism g of S of order n. This famous theorem of
Nielsen is known to fail in general for aspherical manifolds. In
this paper, for model aspherical manifolds M associated to a
finitely extendable set of data, we, however, present a weaker
version of Nielsen’s result. We show that any homotopically
periodic self-map f of M is homotopic to a fiber preserving
homeomorphism g of M of finite order (but the order of g is
not necessarily equal to the homotopy period of f).

1. Introduction.

In this paper, we extend and complement the results of [9] on the validity of
Nielsen’s theorem for manifolds M which arise from a (generalized) Seifert
fiber space construction (the so-called model aspherical manifolds). The
study of these manifolds is of major importance since, at this moment, there
are no aspherical manifolds known which can not be constructed in this way.
Let us recall the main theorem of [9]: Under some additional conditions on

the model aspherical manifold M , a finite abstract kernel G → Out(π1(M))
can be realized as an (effective) action of G onM via fiber preserving homeo-
morphisms if and only if there is an (admissible) group extension compatible
with ψ. We reformulate this result here (Theorem 3.5) in a more compre-
hensible way.
In other words, the obstruction for finite abstract kernels ψ : G →

Out(π1(M)) to admit a geometric realization by a group of fiber preserving
homeomorphisms of M , is the failure of the existence of an extension real-
izing ψ. This can indeed happen when the center of π1(M) is not trivial
(explicit examples are given in [2], [7], [10], [11]).
In the sequel, we show, for an interesting subclass of model aspheri-

cal manifolds M , that for any (faithful) finite abstract kernel ψ : G →
Out(π1(M)), there is an epimorphism H → G of a finite group H such that

H → G
ψ→ Out(π1(M)) admits an (effective) geometric realization by a

group of fiber preserving homeomorphisms of M (Theorem 3.6).
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Although this observation is already interesting in itself, it is the key
result which allows to prove that each homotopically periodic self-map f
of M is homotopic to a fiber preserving homeomorphism g of M of finite
order (Theorem 3.7). As we will show and illustrate, the order of g, say l,
can be strictly greater than the homotopy period k of f but, if n denotes
the rank of the center of π1(M), then l always divides kn+1. This seems to
be the best possible way to generalize Nielsen’s theorem towards (model)
aspherical manifolds.
It is important to note that the results presented here hold for all model

aspherical manifolds already described in the literature (flat Riemannian
manifolds, infra-nilmanifolds, infra-solvmanifolds of type (R)).

2. Model aspherical manifolds.

An aspherical manifold M is a closed connected manifold whose universal
covering is contractible. An aspherical manifold is a K(E, 1)-space: All
higher homotopy groups are trivial but the fundamental group π1(M) is
isomorphic to E. An interesting class of aspherical manifolds are those
arising from a Seifert fiber space construction and are referred to as model
aspherical manifolds. Let us briefly review the main ideas of this set-up.
For more details and background, we refer to [9] and the references there.
Let L be a connected, simply connected Lie group, N is a lattice of L (i.e.,

a discrete subgroup of L such that L/N is compact) and each automor-
phism of N extends uniquely to an automorphism of L (we say (N,L) has
UAEP). Assume W is a connected, simply connected topological space such
that L ×W is a manifold. Write H(W ) for the group of homeomorphisms
of W and M(W,L∗) for the group of continuous mappings W → L with
multiplication: (λ1 ∗ λ2)(w) = λ2(w) · λ1(w). Then Aut(L) × H(W ) acts
on M(W,L∗) and defines a semi-direct product Hf (L×W )=M(W,L∗) �

(Aut(L) ×H(W )). This is a transformation group of L ×W and each ele-
ment of Hf (L×W ) preserves the fibers of L→L×W→W . The Lie group
L embeds into M(W,L∗)� Inn(L) via l : L → Hf (L×W ) : x �→ (x, µ(x), 1)
and acts on L ×W as (left) translations in the L-factor. One verifies that
Hf (L ×W ) normalizes l(L) and therefore Hf (L ×W ) is referred to as the
group of fiber preserving homeomorphisms of L ×W compatible with left
translations.
We say that a properly discontinuous action ρ : F → H(W ) of a group F

on W has the L-Seifert property if and only if for every extension 1 → L →
E → F → 1 (inducing an abstract kernel ψ : F → Out(L)), there exists a
homomorphism Ψ̂ making the following diagram commutative

1 → L → E → F → 1
↓ � ↓ Ψ̂ ↓ ψ × ρ

1 → M(W,L∗) � Inn(L) → Hf (L×W ) → Out(L)×H(W ) → 1
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A quadruple (N,E, ρ,W ) is an L-set of data if and only if N is a lattice
in L such that (N,L) has UAEP and N is a normal subgroup of E such
that ρ : F =E/N → H(W ) is a properly discontinuous action of F on W
having the L-Seifert property. Well-known examples are:

1) If L is nilpotent and N is a lattice of L, then for each extension 1 →
N → E → F → 1 and properly discontinuous action ρ of F on W ,
(N,E, ρ,W ) is an L-set of data ([3]).

2) If L is solvable with connected center and N is a lattice in L such that
(N,L) has UAEP, then for every extension 1 → N → E → F → 1 and
properly discontinuous action ρ of F on W , (N,E, ρ,W ) is an L-set of
data ([8]).

Given an L-set of data (N,E, ρ,W ), there always exists a homomorphism
Ψ : E → Hf (L×W ) making the following diagram commutative:

1 → N → E → F → 1
↓ � ↓ Ψ ↓ψ × ρ

1 → M(W,L∗)�Inn(L) → Hf (L×W ) → Out(L)×H(W ) → 1

(ψ : F → Out(L) is induced by 1 → N → E → F → 1 and the UAEP
of (N,L)). We refer to Ψ : E → Hf (L × W ) as a Seifert construction
for the set of data (N,E, ρ,W ). This concept has, besides existence, also
uniqueness and rigidity as important properties but, as those are not of
primary importance here, we refer the reader to [9].
The action of E on L × W , via this Ψ : E → Hf (L × W ) is properly

discontinuous. Moreover, if we suppose that E is torsion–free, then E acts
freely and effectively on L ×W (via Ψ). Additionally, if we assume W , L
contractible and F\W compact, then such a set of data defines a K(E, 1)-
manifold M = E\(L×W ). We refer to M as the model aspherical manifold
associated to (or modelled on) the L-set of data (N,E, ρ,W ).
Many families of aspherical manifolds studied in literature before, arise

in this way. We refer to:

1) [6] for flat Riemannian manifolds: L = R
k (k ∈ N0), N = Z

k is of
finite index in E (E is a Bieberbach group), W is a point and ρ is the
trivial action;

2) [3] for infra-nilmanifolds: L is nilpotent, N is of finite index in E (E is
an almost-Bieberbach group), W is a point and ρ is the trivial action;

3) [5] for infra-solvmanifolds of type (R): L is solvable of type (R), N is
of finite index in E, W is a point and ρ is the trivial action.

3. Realizing a finite abstract kernel.

For an aspherical manifold M , there are two possible approaches to the
realization-problem of a finite abstract kernel ψ : G → Out(π1(M)). Firstly,
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there is the (well known) algebraic concept of realizing ψ by a group exten-
sion and secondly, there is the geometric question if ψ admits a realization
by a group of homeomorphisms of M . We discuss both concepts and study
how they are related to each other.

3.1. Algebraic approach. A group extension 1 → E → E′ → G → 1 in-
duces, by choosing a normalized section and via conjugation in E′, a homo-
morphism ψ : G → Out(E) = Aut(E)/Inn(E) which is called an abstract
kernel. We say that 1 → E → E′ → G → 1 realizes, or is compatible
with, ψ. Obviously, the kernel of ψ is exactly CE′(E)/Z(E). An extension
1 → E → E′ → G → 1 is admissible if and only if the centralizer CE′E
of E in E′ is torsion–free. So, an abstract kernel ψ : G → Out(E) can be
(admissibly) algebraically realized if and only if there exists an (admissible)
extension 1 → E → E′ → G → 1 compatible with ψ.
This realization-problem is well-known in the literature and is concep-

tually well-understood: There exists a group extension compatible with
ψ : G → Out(E) if and only if a well-determined cohomology class in
H3(G,Z(E)) vanishes. In general, this so-called obstruction, measuring
the failure to realize ψ, is unfortunately extremely hard to compute. For
finite cyclic groups however, there is the following nice criterion (which will
be referred to in the sequel):

Lemma 3.1. Let E be a group. Assume σ ∈ Aut(E) and, for some k ∈ N0,
σk ∈ Inn(E). Then the induced abstract kernel ψ : Zk → Out(E) can be
realized by a group extension if and only if there exists an element x ∈ E
such that σk = µ(x) and σ(x) = x.

Inspired by this result (due to B. Zimmermann), in [10] we presented sim-
ilar, also pure algebraic, criteria to decide if a given finite abstract kernel ψ
admits an extension compatible with ψ.
A way to overcome possible lack of existence of an algebraic realization

is given by another result of Zimmermann:

Proposition 3.2 ([12]). Let ψ : G → Out(E) be a finite abstract kernel
and suppose Z(E) ∼= Z

n, for some n ∈ N. Assume that the obstruction
corresponding to ψ is of order k in H3(G,Z(E)). Then there is a finite

group H, fitting into an extension 1 → (Zk)n → H
j→ G → 1, such that the

abstract kernel ψ ◦ j : H → Out(E) can be algebraically realized.

Since H is finite, it is always possible to reduce to a minimal inflation j :
H → G (terminology also due to Zimmermann). This means that ψ◦j : H →
Out(E) can be algebraically realized and there is no non-trivial subgroup T
of H with j(T ) = {1} such that ψ ◦ j : H/T → Out(E) can be realized by
an extension.
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Obviously, in case ψ : G → Out(E) is a faithful, finite abstract kernel and
if the center Z(E) of E is torsion–free, then each extension compatible with
ψ is admissible. We generalize this natural observation as follows:

Lemma 3.3. Let ψ : G → Out(E) be a faithful, finite abstract kernel and
suppose Z(E) ∼= Z

n, for some n ∈ N. If j : H → G is a minimal inflation,
then each extension realizing ψ ◦ j : H → Out(E) is admissible.

Proof. Assume 1 → E → E′ → H → 1 realizes ψ◦j : H → Out(E). Since E
is a normal subgroup of finite index in E′, the set T of all torsion elements of
CE′E, is a subgroup of E′ ([1]). Since Z(E) is torsion–free, T ∩Z(E) = {1}
and hence, T can be considered as a subgroup of H. Moreover, (ψ ◦ j)(T ) =
{1} and, since ψ is injective, j(T ) = {1}. The minimality of H now implies
that T = {1} or 1 → E → E′ → H → 1 is admissible. �

3.2. Geometric approach. Let E(M) denote the space of self-homotopy
equivalences of an aspherical manifold M . It is well-known that π0(E(M))
is isomorphic to Out(π1(M)). We write Φ for the natural homomorphism
Φ : H(M) → Out(π1(M)).
Assume from now on that M is a model aspherical manifold associated

to an L-set of data (N,E, ρ,W ). Write Hf (M) for the group of homeomor-
phisms ofM whose liftings to the universal cover L×W belong toHf (L×W ).
Elements of Hf (M) are called the fiber preserving homeomorphisms of M .
We say that an abstract kernel ψ : G → Out(E) can be (effectively)

geometrically realized by a group of fiber preserving homeomorphisms of M
if and only if there exists an (injective) homomorphism ϕ : G → Hf (M)
such that Φ ◦ ϕ = ψ.
It is known that a finite abstract kernel ψ : G → Out(E) can be (admissi-

bly) algebraically realized if there exists an (effective) geometric realization
of ψ ([6]). While studying if the converse also holds, the following notion
(terminology initially due to F. Raymond) turned out to be crucial:

Definition 3.4. An L-set of data (N,E, ρ,W ) is finitely extendable if and
only if for each extension 1 → E → E′ → G → 1 of E by some finite
group G, N is normal in E′ and ρ : E/N → H(W ) lifts to an action
ρ′ : E′/N → H(W ) such that (N,E′, ρ′,W ) is an L-set of data.

For example, if N is characteristic in E, W is a point, ρ is the triv-
ial action and, for any finite group F ′, ρ′ : F ′ → H(W ) has the L-Seifert
property, then each L-set of data (N,E, ρ, {·}) is automatically finitely ex-
tendable. In other words, flat Riemannian manifolds, infra-nilmanifolds and
infra-solvmanifolds of type (R) are modelled on a finitely extendable set of
data. In this perspective, the following theorem nicely generalizes similar re-
sults, for these subclasses of model aspherical manifolds, which were already
presented before in the literature (respectively in [6], [3] and [5]).
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Theorem 3.5. Let M be a model aspherical manifold associated to a finitely
extendable L-set of data (N,E, ρ,W ). Then, for each finite abstract kernel
ψ : G → Out(E), ψ can be (admissibly) algebraically realized if and only if
ψ can be (effectively) geometrically realized.

For the proof of the theorem, we refer to [9]. We also note that it is
still an open question if the above property holds for all (model) aspherical
manifolds.

3.3. Main results. Although a finite abstract kernel ψ : G → Out(π1(M))
may not admit an extension of π1(M) by G, it is possible to “enlarge” G to
another finite group H whose resulting abstract kernel H → Out(π1(M))
admits a geometric realization:

Theorem 3.6. Let M be a model aspherical manifold associated to a finitely
extendable set of data (N,E, ρ,W ). Assume Z(E) is finitely generated.
Then, for each (faithful ) finite abstract kernel ψ : G → Out(E), there is
a finite group H and an epimorphism j : H → G such that the abstract
kernel ψ ◦ j : H → Out(E) can be (effectively) geometrically realized.

Proof. One part of the proof is a straightforward consequence of Proposi-
tion 3.2 and Theorem 3.5. If moreover ψ : G → Out(E) is faithful, then one
can reduce to a minimal inflation j : H → G and because of Lemma 3.3 and
Theorem 3.5, ψ ◦ j can be effectively geometrically realized. �
This theorem also generalizes analogous results for flat Riemannian mani-

folds ([6], [12]) and infra-nilmanifolds ([2]). In fact, in [6], it was conjectured
that this theorem might hold for all aspherical manifolds. In this perspec-
tive, it is important to note that Theorem 3.6 provides a positive answer to
this conjecture in already a quite general set-up.
The reader should also remark that the assumption in Theorem 3.6 of fi-

nite generation of the center of π1(M), is needed in the proof but, to the best
of our knowledge, at this moment no examples of aspherical manifolds M
are known where Z(π1(M)) is not finitely generated.
Anyhow, Theorem 3.6 is the key observation to prove the following result,

which seems to be the most natural way of solving the failure of Nielsen’s
theorem.

Theorem 3.7. Let M be model aspherical manifold associated to a finitely
extendable set (N,E, ρ,W ) and assume that Z(E) is finitely generated. Then
each homotopically periodic continous self-map f of M is homotopic to a
fiber preserving homeomorphism g of M of finite order.

In particular, if the homotopy period of f is k, the order of g is l and if
the rank of Z(E) is n, then k ≤ l and l divides kn+1.

Proof. Let f : M → M be homotopically periodic or, for some k ∈ N0,
fk is homotopic to the identity. Assume that for each k′ < k, fk

′
is not
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homotopic to the identity (or k is the homotopy period of f). Because f
and fk−1 are homotopy inverses of each other, it follows that f is a self-
homotopy equivalence or f ∈ E(M). So, f induces a faithful abstract kernel
ψ : Zk → π0(E(M)) ∼= Out(E).
Because of Theorem 3.6, there exists a finite groupH and an epimorphism

j : H → Zk such that ψ ◦ j : H → Out(E) can be effectively geometrically
realized, say via ϕ : H → Hf (M). Choose h ∈ H such that ψ(j(h)) =
Φ(ϕ(h)) is the homotopy class of f . In other words, g = ϕ(h) ∈ Hf (M) and
f induce the same outer automorphism of E or g and f are homotopic. And
because H is finite, g is of finite order, say l. Obviously, k ≤ l. Moreover,
the order of the obstruction corresponding to ψ : Zk → Out(E) divides k
and hence the order of H divides kn+1 (Proposition 3.2). �
Observe that if π1(M) is centerless (or n = 0), then Nielsen’s theorem

does hold for this manifold M .
For model aspherical manifolds modelled on an L-set of data (N,E, ρ, {·})

(with ρ the trivial action), the Seifert construction can be done smoothly.
In this case, the group of fiber preserving diffeomorphisms of L compatible
with left translations is L∗

� Aut(L), which is isomorphic to the classical
affine group Aff(L) = L � Aut(L) of L (via L∗

� Aut(L) → Aff(L) sending
(l, g) �→ (l, µ(l−1) g)). The group of diffeomorphisms of M whose liftings to
the universal cover L belong to Aff(L) is referred to as Aff(M), the group
of affine diffeomorphisms of M onto itself. Hence:

Corollary 3.8. If M is a flat Riemannian manifold, an infra-nilmanifold
or an infra-solvmanifold of type (R), then each homotopically periodic self-
map of M is homotopic to an affine diffeomorphism of M of finite order.

To be complete, we have to mention that this result, more specifically for
infra-nilmanifolds, is implicitly present in [4].

4. Example

In the following example, we use an infra-nilmanifold M with
Z(π1(M)) �= {1} and illustrate our weaker version of Nielsen’s theorem
(Theorem 3.7).

Example 4.1. Consider the Heisenberg group

L =







1 y z
0 1 x
0 0 1




∣∣∣∣x, y, z ∈ R




which is a connected, simply connected, 2-step nilpotent Lie group. Take

A =




1 0 0
0 1 1
0 0 1


, B =




1 1 0
0 1 0
0 0 1


, C =




1 0 1
0 1 0
0 0 1



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such that L = {AxByCz ‖ x, y, z ∈ R}. Observe that [B,A] = C, [C,A] = 1
and [C,B] = 1.
Take the lattice N in L generated by a = A, b = B and c = C

1
k (for some

k ∈ Z0). As a presentation for N , we have

N : 〈a, b, c ‖ [b, a] = ck, [c, a] = [c, b] = 1〉.
Let F ∼= Z2, given as {1, α}, act on L via ϕ : F → Aut(L) such that α sends
A �→ A−1, B �→ B−1 and C �→ C. Let E be presented by

E : 〈a, b, c, α ‖ [b, a] = ck [c, a] = 1 [c, b] = 1
αa = a−1α αb = b−1α αc = cα α2 = c 〉.

Clearly, E fits into an extension 1 → N → E → Z2 → 1 and Z(E) ∼= Z,
the subgroup generated by c. A Seifert construction Ψ : E → Aff(L) =
L�Aut(L) for this set of data is given by a �→ (A, 1), b �→ (B, 1), c �→ (C

1
k , 1)

and α �→ (C
1
2k , ϕ(α)). If we from now on assume that k is even, then (and

only then) E is torsion–free and the corresponding model aspherical manifold
M = E\L is a 3-dimensional infra-nilmanifold.
Take f̃ = (

√
A
√
B, ν) ∈ Aff(L) where ν ∈ Aut(L) sends A �→A, B �→B−1

and C �→C−1. Obviously, ν and ϕ(α) commute and the conjugation µ(f̃)
in Aff(L) sends Ψ(a) �→ Ψ(ac

k
2 ), Ψ(b) �→ Ψ(b−1c

k
2 ), Ψ(c) �→ Ψ(c−1) and

Ψ(α) �→Ψ(abc
k
2
−1α). Hence f̃ defines an affine diffeomorphism f of M and

an automorphism f∗ of E sending a �→ ac
k
2 , b �→ b−1c

k
2 , c �→ c−1 and α �→

abc
k
2
−1α. The reader verifies that the corresponding outer automorphism

Φ(f) is of order 2 in Out(E) since f2∗ = µ(a). We conclude that f :M → M
is of homotopy period 2.
Because of Lemma 3.1, the faithful abstract kernel ψ : Z2 → Out(E) in-

duced by f can be algebraically realized (and hence effectively geometrically)
if and only if k ≡ 0 mod 4: f2∗ = µ(x) if and only if x = acz, for some inte-
ger z, and f∗(x)(= ac

k
2
−z) = x if and only z = k

4 . In case k �≡ 0 mod 4, then
the “enlarged” abstract kernel H ∼= Z4 → Out(E), sending 1 �→ f∗Inn(E)
(which is not injective), can be algebraically realized (again use Lemma 3.1):
f4∗ = µ(x) and f∗(x) = x if we take x = a2c

k
2 . Obviously, H is minimal or

this abstract kernel Z4 → Out(E) can be effectively geometrically realized
(Theorem 3.6). We conclude that f is homotopic to an affine diffeomorphism
of M of order 2 if k ≡ 0 mod 4 and if k �≡ 0 mod 4 then f is homotopic to
an affine diffeomorphism of order 4 (which illustrates Theorem 3.7).
And indeed, observe that f : M → M sends the orbit of an element

AxByCz of L to the point of M represented by

f̃(AxByCz) =
√
A
√
B ν(AxByCz) = A

1
2
+xB

1
2
−yC

x
2
−z.

Hence, f2 sends the point of M represented by AxByCz to the orbit of
Ax+1ByCz+ 1

4 , which is also represented by AxByCz+ 1
4 . Therefore, f ∈
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Aff(M) is of order 2 if and only if k ≡ 0 mod 4 and if k �≡ 0 mod 4, then f
is only of order 4.
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