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EMBEDDINGS OF REDUCED FREE PRODUCTS OF
OPERATOR ALGEBRAS

ETIENNE F. BLANCHARD AND KENNETH J. DYKEMA

Given reduced amalgamated free products of C*-algebras
(A, 0) = LéI(AIA(f)L) and (D,v) = LéI(DuU’L)a an embedding
A — D is shown to exist assuming there are conditional—
expectation—preserving embeddings A, — D,. This result is
extended to show the existence of the reduced amalgamated
free product of certain classes of unital completely positive
maps. Finally, analogues of the above mentioned results are
proved for amagamated free products of von Neumann alge-
bras.

Introduction.

The reduced free product construction, and more generally the reduced
amalgamated free product construction for C*-algebras, introduced inde-
pendently by Voiculescu [21] and (somewhat less generally) Avitzour [1],
has received much recent attention.

It is natural to ask: To what extent does the reduced free product con-
struction satisfy a universal property, analogous to those for the free product
of groups or the full free product of C*-algebras? Since the reduced free prod-
uct of C*-algebras frequently gives rise to simple C*-algebras, (see [1], [15],
[10], [11] and [8]), it is clear that any universal property for the reduced
free product should be quite a bit more restrictive in character than for the
full free product; however, at first glance the following question still seems
reasonable.

Question 1. If
(A7 ¢) = Lg](AL, ¢L)

is a reduced free product of C*-algebras, where the ¢, are states on the unital
C*-algebras A, having faithful GNS representations, and if D is a unital C*-
algebra with a state ¢ and with unital x-homomorphisms «, : A, — D such
that

(i) Y ok, = ¢, for every v € I,

(ii) the family (I{',L(AL))LGI is free with respect to 1,
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does it follow that there is a x-homomorphism s : A — D such that, denoting
by o, : A, — A the injective *-homomorphisms arising from the free product
construction, ko a, = K, for every « € I? (Note that x would necessarily be
injective.)

Note that the homomorphism « exists if and only if the GNS representa-
tion my : D — L(L?(D, 1)) of ¢ is faithful when restricted to the subalgebra
of D generated by (J,c; k.(A,). As observed in [16, 1.3], the answer to Ques-
tion 1 is “yes” if the state ) on D is assumed to be faithful, (and a similar
result holds in the amalgamated case). However, in general the answer is
“no”, as was shown by the elementary example [16, 1.4], (see also the erra-
tum to [16]).

The main result of this paper is an embedding result (Theorem 1.3) im-
plying that the *-homomorphism 7 in Question 1 does exist provided that
the free subalgebras m,(4,) lie in free subalgebras of D that taken together
generate D. Namely, we have the following property.

Property 2. Let I be a set and for every ¢« € I let A, C D, be a unital
inclusion of unital C*-algebras. Suppose ¢, is a state on D, such that the
GNS representations of ¢, and of the restriction ¢,[ 4, are faithful. Consider
the reduced free products of C*-algebras,

(D>¢) = LzI(DLaqu)
(A71/)) = LzI(AMQbL rAL)'

Then there is a *-homomorphism 7 : A — D such that for every ¢ € I the
diagram

D, — D

U T

A, — A

commutes, where the horizontal arrows are the inclusions arising from the
free product construction.

This property was previously known under the additional assumption that
every ¢, is faithful, which by [9] implies that 1 is faithful on D; as noted after
Question 1, this in turn implies the existence of m. Theorem 1.3 actually
proves more generally a version of Property 2 for reduced amalgamated free
products of C*-algebras. Such an embedding result is frequently useful for
understanding reduced free product C*-algebras; it has been used in [13]
and several times in [12].

We should point out that M. Choda has in [7] stated a theorem about
reduced free products of completely positive maps which is more general
than Property 2. However, her proof is incomplete, as it implicitly uses the
full generality of Property 2 without justifying its validity.
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In §1, the main theorem about embeddings of reduced amalgamated free
products of C*-algebras is proved. In §2, Choda’s argument proving the exis-
tence of reduced free products of state—preserving completely positive maps
is generalized to prove existence of reduced amalgamated free products of
certain sorts of completely positive maps. In §3, we consider the reduced free
product with amalgamation of von Neumann algebras and prove analogues
of the results in §1 and §2 for von Neumann algebras.
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1. Embeddings.

In this section we prove the main embedding result. We use the same nota-
tion as in [12] for the reduced amalgamated free product construction.

In the following lemma, with the reduced amalgamated free product of
C*-algebras (A4,¢) = & (A, @) we view each A, as a C*-subalgebra of A

via the canonical embedding arising from the free product construction.

Lemma 1.1. Let B be a unital C*-algebra, let I be a set and for every 1 € 1
let A, be a unital C*-algebra containing a copy of B as a unital C*-subalgebra
and having a conditional expectation ¢, : A, — B whose GNS representation
is faithful. Let
(Aa ¢) = LéI(A” ¢L)

be the reduced amalgamated free product. Then for every vy € I there is
a conditional expectation ®,, : A — A, such that ®,,[,, = ¢, for every
v € I\{w} and @, (araz---an) = 0 whenever n > 2 and a; € A,; Nker ¢,
With t1 # 12, ... yln_1 7 Ln.

Proof. We let E, = L2(A,,$,), & = 14 € E,, E, = £, B & E°. Then A acts
(by definition) on the Hilbert B-module

E=¢Bo &y E° ®pE> ®p -+ ®@p E? .
n>1
Llyeee tn €1
L1FL2,L2F L35 sln—1Fln

Identify the submodule {B @ E; of E with the Hilbert B-module F,, and
let Q,, : E — E,, be the projection. Then ®,,(z) = Q,,xQ,, has the desired
properties. ([

Explication 1.2. Consider the GNS representation (o, L?(A,®,),n) =
GNS(4, ®,,) associated with the conditional expectation ®,, : A — A,
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found in Lemma 1.1. Since A is the closed linear span of B and the set of
reduced words of the form ajas - - - a, where a; € AL]. Nker ¢,; and ¢; # Liy1,
we see that the Hilbert A,,-module in the GNS representation is

(1) L2(Aa D) = A, & @ Efl ®p - OB ELOn ®B Ay
n>1
Llyeee s bn €1
U120 ln—1Fln
nF#Lo

Moreover, the action o of A on L?(A,®,,) is determined by its restrictions
ol a,, which are easily described.

Let p: A,, — £(V) be a unital *-homomorphism, for some Hilbert space
V. Then 0 ®1 : A — L(L*(A,®,) ®, V) is a *-homomorphism; it is
the representation induced, in the sense of Rieffel [19], from p up to A,
with respect to the conditional expectation ®,,, and we will denote this
induced representation by p |4, We have the following explicit description
of p|4, obtained by tensoring (1) with ®,V on the right. Writing H =
L*(A,®,,) ®,V we have

(2) H=V P E2 ®p-®p E° @,V.
n>1
L1 yeee bn €1
L17£L27~~~:Ln717£Ln

tnF#Lo
Moreover, the x-homomorphism ¢ ® 1 is determined by its restrictions

o, Y ()], A — L(30),

given as follows. Consider the Hilbert spaces

(nBoy,V)e @ B, @ 0pE @,V ifi#

n>1
Ulyee bn €1
L1725 s ln—1Fln
tnFLo, L1 FL
H(e) =
P Eep--@pE®,V if L = 10,
n>1
L1,... tn €1

L1025 7Ln717£’4n
L tn#to, L1700

where 7, B is just the Hilbert B-module B with identity element denoted by
n. If v € I\{eo} let

(3) W,:E ®pH(1) — K
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be the unitary defined, using the symbol ® to denote the tensor product
in (3), by

W,: 60, ev)—uv
(® (N ®v) = (®v
ERO® 8GOV~ (18 ®(®u

(R(® QGO ~(ROQ Qv
whenever v € V, ¢ € Ep, (; GEZ’], and L £ 11, 11 12, -+ 5 bn—1 F Ln, bn 7 L0-
Then for every ¢ € I\{¢o} and a € A,, we have

o.(a) = Wi(a @ lae,)) W,
Similarly, define the unitary
W, : V@ (B, ®p H(w)) — H

by
Wey:v®0—0v
00 (L@ (O ®GAY) QO QG AV
00 (CR(U® - ®AV) ~ (OO & Ov.
Then

a10(a) = Wiy (p(a) ® (a @ Lye(iy))) Wi
Note that the above description is related to the construction of the condi-
tionally free product, due to Bozejko and Speicher [5], (see also [4]).

Theorem 1.3. Let B C B be a (not necessarily unital) inclusion of unital
C*-algebras. Let I be a set and for each v € I suppose

11& € B - EL
@] U
1y, e B C A

are inclusions of C*-algebras. Suppose that b, A, - B is a conditional
expectation such that ¢,(A,) C B and assume that ¢, and the restriction
®.1 4, have faithful GNS representations, for all v € I. Let

(/'L Qg) = LE](AVL, ng)
(A7 ¢) = L;I(A“ &L rAL)

be the reduced amalgamated free products of C*-algebras. Then there is a
unique x-homomorphism k : A — A such that for every ¢ € I the diagram

A — A
(4) U Tk
A, — A
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commutes, where the horizontal arrows are the inclusions arising from the
free product construction. Moreover, Kk is necessarily injective.

Proof. Since A is generated by J,c; A,, it is clear that x will be unique if
it exists. Let 1 denote the identity element of B and let p be the identity
element of B. If p # 1 then we may replace B by B+ C(1 — p) and each A,
by A, + C(1 — p); hence we may without loss of generality assume that B is
a unital C*-subalgebra of B and thus each A, is a unital C*-subalgebra of
A,. Let

(%Lv Ewgb) = GNS<AL7 ¢L)7
(7ru Emgb) = GNS<AL7 ¢L)

and
(B.6) = ,(E.E).
(B.€) = *,(E.6).

The inclusion A, — ZL gives an inner—product—preserving isometry of Ba-
nach spaces F, — E’L sending &, to §~L, and we identify F, with this subspace
of E, and thereby E? with the subspace of Ef This allows canonical iden-
tification of the tensor product module

L
L

E) ®p---®pE,_ ®p Efp ®p- - ®fp B

with a closed subspace of ELOI ®p - ®g Efn Hence, we may and do identify
FE with the subspace

(B a E° ®p- - ®pE,
n>1
L1 yeee tn €1
L1725 sln—1Fn

of E. Let 2 = (*B).erA, be the universal algebraic free product with amal-

gamation over B. Let o : % — L(FE), respectively o : A — L(E), be the
homomorphism extending the homomorphisms 7, : A, — L(FE), respectively

04, + A, — L(E), (v € I). In particular, we have o(2) = A. In order to
show that k exists, it will suffice to show that

veed  o(x)] < llo(@)]

Note that the subspace E of E is invariant under o(2) and that the restric-
tion of o(-) to E gives . This implies

veed o) = o),
which will in turn imply that ~ is injective, once it is known to exist. Let 7
be a faithful representation of B on a Hilbert space W. Consider the Hilbert
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space E®;W and let X : L (E) — L(E ®,W) be the *-homomorphism given
by A(z) = x ® 1yy. Then A is faithful, and hence it will suffice to show that

() Ve [Xod(@)| < llo(z)-

Our strategy will be to show that Xo& decomposes as a direct sum of
subrepresentations, each of which is of the form (v LA) oo, where v |4 is the
x-representation of A induced from a representation v of some A,.

Given n > 1 and ¢1,... ,t, With ¢t1 # to,... ;tn_1 # tn, and given p €
{1,2,...,n}, consider the Hilbert space

E?I®B"‘®BEO ®BKLP®§EO ®§...®§E’Z’n®TW:

lp—1 lp+1
dﬁf Ezjl ®B T ®B E?p—l ®B E?p ®§ E?p+1 ®E e ®§ E?n ®T W
© E)®p--®pE)  ®pE) QpE) Q5 QzE @ W/

Heuristically, K, takes the place of EL © FE,, even when the latter does not
make sense. Then

E@,W=(E®,;,W) o

e P  E,op---©sE)_ 95
n>1

710 710
Llyeee ytn €1 ®B K[,p ®§ ELPJrl ®§ e ®§ ELn ®T W.
L1720 s ln—1Fln
pe{1,2,... ,n}

As mentioned earlier, ¢(A)E C Fand 6(-)[ g = o(-), s0 EQ;j, W is invariant
under X o 5(2), and

VeeA  [[]Aod(z)lpg,wl = llo(@)
Since 7,(A,)E, C E,, it is not difficult to check that for every n > 1 and for
every L1,... ,ln € I with t1 # to,... ,tn—1 # tp,
W1, .- sin)
def T

= Xod(A)(K,, ©p B ©p - @5 E2 @, W)
(K05 B 05 85 B 0,W) 0
@ @ E; ®p---QpE; @p K, Op B, ®p - Q5 B @ W.

q>1
e €1
L/175L/2,...,L;_175L;
tgFi
Thus
E®:W=(E®;,W)® EB W(t1y. .. ytn);
n>1
Llyeee tn €1

L1702, s ln—1Fln
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hence in order to prove the theorem it will suffice to show that for every
choice of ¢1, ...y,

(6) Ve Rod@)lng, .l < lo@)l.

But letting V = K,, ®5 EL‘; ®p O E’f’n ®7 W, letting v : A,, — L(V) be
the *-homomorphism v(a) = (7, (a) ® 1E?2®B“'®BE?n . w) [v, and appealing
to Explication 1.2, it is straightforward to check that

Aoa(+) TW(Ll,...,Ln) = (1/ LA) o0,

where v |? is the representation of A induced from v with respect to the
conditional expectation ®,, : A — A,, found in Lemma 1.1; this in turn
implies (6). O

Remark 1.4. Let us consider for a moment Theorem 1.3 when the sub-
algebra B over which we amalgamate is the scalars, C. When taking the

reduced free product (A, ¢) = e I(A“ ¢,) of C*-algebras, one usually requires

the states ¢, to have faithful GNS representation. However, one could ex-
tend the construction to the case of completely general states ¢,; one then
obtains

(AL b)) = (A kerm,), ¢,),

where 7, is the GNS representation of ¢, and where ¢, is the state induced on
the quotient A,/ ker m, by ¢,. Thus the canonical x-homomorphism A, — A
has the same kernel as 7,.

As a caveat, we would like to point out that with this relaxed definition of
reduced free product, (allowing ¢, with nonfaithful GNS representation), the
statement of Theorem 1.3 does not in general hold. Indeed, if for some ¢ €
A, = C® C with ¢, non-faithful, if A, = M5(C) with a unital embedding
A, — /TL and if qEL is a state on Ms(C) such that gZ;[AL = ¢,, then 4, — A
is not injective, while A, — g is injective. This shows that there can be no
s-homomorphism « : A — A making the diagram (4) commute. However,
there is no problem allowing the ¢, to have nonfaithful GNS representations,
as long as the restrictions ¢, are taken with faithful GNS representations.

2. Completely positive maps.

M. Choda [7] gave an argument which, when combined with an embedding
result like Property 2, proves that if 6, : A, — D, is a unital completely
positive map between unital C*-algebras for every ¢ € I, if ¢, and 1, are
states on A, and respectively D,, each having faithful GNS representation,
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and if ¢, 0 8, = ¢, then letting
(A7 (15) = L:I(A['7 d)b)
(D7 w) = Lgl(Dw %)

be the reduced free products of C*-algebras, there is a unital completely
positive map 6 : A — D such that 6], = 0, for every ¢ € I, and such that
O(araz---an) = 0(a1)0(az)---0(a,) whenever a; € A, Nkere,; for some
tj € I with o1 #t2,... ,tn_1 % tn.

In this section, we generalize this argument of Choda’s to the case of
reduced amalgamated free products of C*-algebras. The generalization con-
sists of, in essence, replacing Stinespring’s dilation theorem for completely
positive maps into bounded operators on a Hilbert space by Kasparov’s gen-
eralization [17] to the case of completely positive maps into the algebra of
bounded adjointable operators on a Hilbert B-module (see alternatively the
book [18]). We would like to point out that Theorem 2.2 is quite similar in
appearance to analogous results of F. Boca [2], [3] about completely posi-
tive maps on universal amalgamated free products of C*-algebras. However,
the universal and reduced free products of C*-algebras are quite different in
character, and we do not believe that Boca’s results can be used directly to
prove Theorem 2.2.

Lemma 2.1. Let A and B be C*-algebras, let B andjzj be Hilbert A-fnodules,
let F' and I be Hilbert B-modules and let v € L(E,E), we L(F,F). Sup-

pose m: A — L(F) and ™ : A — L(F) are x-homomorphisms and suppose
that

(7) Vae A VEeF w(m(a)é) = 7(a)w(§).

Let E ®,; F and E R F be the interior tensor products. Then there is an
element v @ w € L(E @, F, E ®z F) such that

YCEE YEeF (vaw)((®E) = (v)® (w).

If, moreover, (v(¢),v(¢)) = (¢, () for every ¢ € E and (w(), w(§)) = (&, €)
for every & € F then (v ®@ w(n),v @ w(n)) = (n,n) for everyn € E @, F.

Proof. That v®w is bounded is a standard argument (compare p. 42 of [18]).
Then one sees (v ® w)* = v* @ w*. The final statement follows using the
polarization identity. (]

Theorem 2.2. Let B be a unital C*-algebra, let I be a set and for every
t €1 let A, and D, be unital C*-algebras containing copies of B as unital
C*-subalgebras and having conditional expectations ¢, : A, — B, respectively
Y, 1 D, — B, whose GNS representations are faithful. Suppose that for each
t € I there is a unital completely positive map 0, : A, — D, that is also a
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B-B bimodule map and satisfies ¥, 00, = ¢,. Let

(A, (Z)) = L:I(A” d)L)

(D, (;5) = LéI(D“ 17Z}L)
be the reduced amalgamated free products of C*-algebras. Then there is a
unital completely positive map 0 : A — D such that for all © € I the diagram
(8) A —0——D,

\<¢>L wb/
N/

commutes, where the vertical inclusions are those arising from the free prod-
uct construction, and satisfying

(9) O(aras - - ay) = 0(a1)f(az) -+ 0(ay)
whenever a; € A,; Nker ¢,; and 11 # 12, L2 # L3, -+, ln—1 F Ln-

Proof. Note first that the assumptions imply that each 6, is the identity map
on B. Let

(7TL7EL>§L) = GNS(DMQ/)L)’ (E,{) = Lékl(Eugb)'

(We will usually write simply d(¢ instead of 7,(d)(, when d € D, and ¢ € E,.)
Recall that then E, = B @ E?, that the action m,[5 leaves E; globally
invariant, and that

E=¢(Bo B E es--0sE.
n>1
Llyeee stn €1
L1725 s ln—1Fln

Consider the Hilbert B-module F, = A, ®r,09, £, and the specified element
n, = 1®¢& € F,. Since 60, restricts to the identity map on B, in F, we
have b® ¢ = 1 ® (b() for every b € B and ¢ € E. Consider the unital
s-homomorphism o, : A, — L(F),) given by
Va',a € A, V(€ E, o.(d)(a® () = (da)®C,

(cf. page 48 of [18]). Consider the map p, : L(F,) — B given by p,(z) =
(n,,xn,). if x € L(F,) and if by, b € B then p, (m(bl):ﬂab(bg)) = bip,(x)by. If
we use o, to identify B with o,(B) C L(F,) then we have that p, : L(F,) —
B is a conditional expectation. Clearly L%(L(F,),p,) = F, and the GNS
representation of p, is faithful on L(F,). We have that p, o o, = ¢, since

(10) P © Ub(a’) = <]- ®&,a® €L> = <€L79L(a)§l,> =1, 0 HL(CL) = ¢L(a‘)'
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Let
(Mu P) = Lé[(L(FL)‘) IOL)
be the reduced amalgamated free product of C*-algebras. Note that M C
L(F) where
(Fyn) = LgI(FuUL)-
By Theorem 1.3 there is a *-homomorphism ¢ : A — M such that o[,, = o,,
(Lel).

Consider the operator v, : £, — F, given by ( — 1 ® {, and note that
(v,¢,v,€) = (¢, () for every ¢ € E,, hence v,(E?) C F?. A calculation using
e.g. Lemma 5.4 of [18] shows that there is a bounded operator F, — E,
sending a®( to 6,(a)(, which is then the adjoint of v,. Hence v, € L(E,, F,),
and clearly v;v, = 1. Since 6, is a left B-module map, we have for every
b€ B and ¢ € E, that v,(b¢) = 1 ® (b{) = b ® ¢ = b(v,(¢)). Therefore,
taking direct sums of operators v,, ® --- ® v,,, given by Lemma 2.1, we get
v € L(E, F) such that (v,v¢) = ((, () for every ¢ € E, v{ = n and

V(A ®QO @)= (0,0) @ (V,0) @+ @ (v,(n)
whenever ¢; € E}, t1,... ,tn € I and ¢ # tj11. Let 6 : A — L(E) be the
unital completely positive map 6(z) = v*o(x)v.

We will show that the diagram (8) commutes and and that (9) holds,
which will furthermore imply that §(A) C D. In order to show (8) commutes,
letw, : F — E,®@pFE(t)and y, : F — F,®p F(¢) be the unitaries used in the
free product constructions to define the inclusions A, <— A and, respectively,
L(F,) < M. Note that v,(E(:)) € F(:) and that y,v = (v, ® v]g())w,.
Furthermore, observe that for a € A, and ¢ € F,,

(UZFUL(Q)UL)C =, (a® () = 0.(a)C.
Hence for a € A,,
0(a) = v¥o(a)v = v*o,(a)v = v*y (0.(a) @ 1p))yv =
=w; (UTUL(G)UL ® (v rE(L))*UrE(L))wL =w; (0.(a) ® 1) )w, = b.(a),

and thus (8) commutes. Now to show that (9) holds, consider a; € A,; N
ker ¢,; for some ¢; € I (1 < j <n) with ¢; # ¢j,1. It is easy to see that

—

(11) 0, (a1)---0,,(an)§ =0, (a1) ®--- ®0,,(an)
= v*((a1 ®E&,) R ® (ay ®§Ln)) =0(ay - ap)k.
Now consider an element (1 ® --- ® (, € E, where (; € E,‘;j for some k; € 1
with ]{2]' 75 k‘j+1.
Let Py : E — £B be the projection and for £ € N let
P EF— @ ELO1®...®EL[

L1y sty €1
L1702, 5L 17Lg
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be the projection. Taking adjoints and using (11), we see that
Pob,,(a1) -0, (an)(C1 ® - ® Cp) = PRb(ar--a,)((1®--- @ Cp)~

Now letting ¢ € N we will use standard techniques (see, for example, [14]
and [12]) to show that

(12) P29L1<a1) o ‘eLn(an)(Cl (SRR Cp) - P£9<a1 . "an)(<1 & .- ®Cp>

If £ >n+por ¢ < |n—p|then it is clear that both sides of (12) are zero.
If £ = n + p then both sides of (12) are zero unless ¢, # k1, in which case
a calculation similar to (11) shows that (12) holds. Let Q9 : E, — E? and
RY : F, — F? be the projections, and note that R)v, = v,Q)?. Consider
when n 4+ p — ¢ = 1. Then both sides of (12) are zero unless ¢, = ki, in
which case

PéeLl (Gl) ce 0Ln (an)(Cl K- & Cp)

0L1 (al) R R an—l(an—l) ® Q?n (an (an)Q) X CQ R ® Cp

=0/ (a1 ®&,) @ ® (a1 ®&,_,) @R (a, @ (1)
R1RG)® @ (1))

Ifp+n—0=2r+1forre{l,2,...,min(p,n) — 2} then both sides of (12)

are zero unless t, = k1, tn—1 = k2, ... ,tn—ys1 = kr, in which case
Pégbl (al) e '9Ln (an)(CI - Q& Cp)

=0,(a1)®--®0,,_,_ (an—r_1) ®
® Q) (aLn—r(an—r)<fa O i (@n—rt1) -0, (an)(1 @ - @ Cr)Cr-i-l) ®

ln—r
QR CGr2®@ -

—

= HLl (al) @ 9Ln7r71(a‘n—7'—1) ®
© Qi (aLnfT(an_rxeL" (@p) @ ® 00n—r+1(a:fr+1)) G® - ® Cr><r+1)

ln—r

QCr2®@ - ®Gp

=" <((L1 ® §L1) D ® (anfrfl b2y an_r_l) ®
@R, (0, (an-r) -
(@) Our (@), (1 £ & (1961 @ ) @

@18 G2) 8 (186))
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=" ((al ® gbl) @ (anfrfl & &n,r,l) ®

QR . (anfr (an—r) -

(0 G A1)+ 0, (@) (1B ) @ © (1O G))1 8 Gra)) @
D186 @@ (186))

= P(ar---an)(C1® - ®(p).

A similar calculation shows that (12) holds also when n+p—¢ = 2 min(p, n)—
1.

If n+p—+¢=2riseven for r € {1,2,... ,min(p,n) — 1} then both sides
of (12) are zero unless v, = k1, tn—1 = ko, ... ,tn—rt1 = ky and tp—p # kpi1,
in which case

P€9L1 (al) o 9Ln (an)(<1 Q- Q Cp)

—_—

=0,(a1)®@---®0,,_ (an—r) ®
® (& Oy (@nri1) 00, (an) G ® - ® G)Grp1 ®
®C’I‘+2®"‘®Cp

—_

=0,(a1)® - ®60,,_ (an—r)®
@ (0, (03) @+ @00 (@) QO DG @
®CG2® - ® ¢

— v (@1 ©&,) @ 8 (anr 8 &) @
© (1 Tup—pir (@n—r1) 00, (0) (1@ Q) ® - © (10 G)) )1 © Gr1) ©
D102 00 (18¢))

= Pg@(dl . "an)(CI Q- Q Cp)

Similar calculations show that (12) holds also when p +n — ¢ = 2min(p, n).
This finishes the proof of (9), and of the theorem. O

3. Amalgamated free products of von Neumann algebras.

This section contains results for amalgamated free products of von Neumann
algebras that are analogous to those for C*-algebras found in §1 and §2.
The free product of von Neumann algebras with respect to given normal
states was defined by Voiculescu in [21] and has been much studied. See
also Ching’s paper [6], where the free product of von Neumann algebras
with respect to normal faithful tracial states from a certain class was first
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defined. We begin this section by describing the “folklore” construction
of amalgamated free products of von Neumann algebras (with respect to
normal conditional expectations onto a von Neumann subalgebra). We are
grateful to the referee for pointing out this simplification of the construction
we originally gave.

Construction 3.1. Let B be a von Neumann algebra contained as a unital
von Neumann subalgebra of von Neumann algebras A, (¢ € I). Suppose
there are normal conditional expectations ¢, : A, — B. The amalgamated
free product of von Neumann algebras, which we will denote

(Av ¢) = L’ekI(ALa d%)?
is constructed as follows. Let
(./l, 90) = LgI(A“ ¢L)

be the C*-algebra reduced amalgamated free product. Let ¢ be a normal
state on B with faithful GNS representation and consider the state ¥ o ¢
on A. Let myo, be the GNS representation of A associated to v o ¢, let
A = myop(A)” C L(L*(A, 9 0 ¢)) and thereby regard A as a weakly dense
subalgebra of A. The Hilbert space projection L?(A, o) — L?(B, 1) gives
rise to a normal conditional expectation ¢ : A — B whose restriction to A
is . It remains to see that the pair (A, ¢) is independent of the choice of
1. If ¢’ is any normal state on B then the state ¢’ o ¢ of A extends to the
normal state ¢’ o ¢ of A. Hence yro,(A)" = Tyrop(A) is a quotient of A.
Thus (A, ¢) is independent of the choice of 1.

Remark 3.2. In the above construction, we have A C L(F) for the Hilbert
B, B-bimodule E = L?(A, ). The GNS Hilbert space L?(A, 10 ) is canon-
ically isomorphic to the internal tensor product E ®r, L?(B,v), where
Ty B — L(L?(B,%)) is the GNS representation of 1, and the representa-
tion 7y, i given by myop(a) = a® 1 € L(E @, L?(B,1)). We will later
use this picture in proofs.

Following Rieffel [20, 1.5], if A and B are von Neumann algebras, if
E is a Hilbert B-module and if § : A — L(F) is a completely positive
map, we say that 6 is normal if for every (1,(s € E, the map A 3 a —
(€1,0(a)(2) € Bisnormal. This coincides with the usual notion of normality
when B = C (in which case E is a Hilbert space). It is clear that if B is
a von Neumann subalgebra of a von Neumann algebra A having a normal
conditional expectation ¢ : A — B then the GNS representation of A as
bounded adjointable operators on the Hilbert B-module L?(A, ¢) is normal.

Part (i) of the following straightforward lemma was proved in the case of
a *-homomorphism by Rieffel as part of [20, 5.2].
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Lemma 3.3. Let A and B be von Neumann algebras, let E be a Hilbert
B-module and suppose that 6 : A — L(F) is completely positive map. Let H
be a Hilbert space and let 7 : B — L(H) be a normal x-representation. Let
0 ® 1 denote the completely positive map A3 a+— 7(a)®1 € L(E ®; H) of
A into bounded operators on the Hilbert space E ®, H. We have:

(i) if 0 is normal then 0 ® 1 is normal;
(ii) of 0 ® 1 is normal and if T is faithful then 0 is normal.

Proof. If (1,(s € E and vy, vy € H then

(13) (C1@wv1, (0@ 1)(2)(C @ wa)) = (v1,7((C1, 0(x)C2) ) va).

If 6 is normal then (13) shows that § ® 1 is continuous from the (A, A,)
topology on A to the weak—operator topology on L(FE ®; H), which implies
6 ® 1 is normal and proves (i).

If # ® 1 is normal then (13) shows that = — 7(((1,6(z)(2)) is normal.
Assuming also 7 is faithful, it follows that € is normal. O

The following application of Lemma 3.3(i) is in [20, 5.2].

Lemma 3.4. Let B be a unital von Neumann subalgebra of a von Neumann
algebra A with a normal conditional expectation ® : A — B. Let 7 be
a normal x-representation of B on a Hilbert space H. Then the induced
representation, T LA, of T to A with respect to the conditional expectation ®
s normal.

Proof. By definition, and in the notation of Lemma 3.3, 7 |  =7®1: A —
L(L?(A, ®)®, H), where 7 is the GNS representation of A on L?(A,®). O

Lemma 3.5. Let A, By and By be von Neumann algebras and let E; be a
Hilbert Bj-module (j = 1,2). If 0 : A — L(E1) and 0 : By — L(E2) are
normal completely positive maps, then the completely positive map 0 @ 1 :
A — L(E) ®4 E2) is normal.

Proof. Let 7 : By — L(H) be a faithful normal *-representation of Bs on
a Hilbert space H. Applying Lemma 3.3 in succession we find that o ® 1 :
By — L(FEy®; H) isnormal, 0@ 1®1: A — L(E) ®, Es ®; H) is normal,
and thus § ® 1 : A — L(E] ®, E2) is normal. O

Lemma 3.6. Let B be a unital von Neumann algebra, let I be a set and
for every v € I let A, be a unital von Neumann algebra containing a copy
of B as a unital von Neumann subalgebra and having a normal conditional
expectation ¢, : A, — B whose GNS representation is faithful. Let

(Aa ¢) = (Am CZ)L)

be the reduced amalgamated free product of von Neumann algebras. Then for
every vg € I, there is a normal conditional expectation ®,, : A — A,, such

*
el
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that @4, = ¢, for every v € I\{wo} and ®,(araz---a,) = 0 whenever
n>2anda; € AL]. Nker ¢,; with 1y #10,. .. ln—1 F Ln-

Proof. Let 1 be a normal faithful state on B and let 7 = 1y, : B — L(H) be
the associated GNS representation. The construction of A can be realized
on the Hilbert space E @, H. The projection @,, : E — E,, from the proof
of Lemma 1.1 gives rise to the projection Q,, ® 13 : E ®, H — E,, ®; K,
compression with which provides a normal positive linear map ©,, : A —
L(E, @ H). Let A\, : A, — L(E,, ® H) be the GNS representation
A,, — L(E,,) followed by the inclusion L(E,,) 3 x — 2® 15 € L(E,, @+ KH).
Then ©,, maps a weakly dense *-subalgebra of A into the image of A,
hence maps all of A there. Let ®,, = )\L_Ol 0 0,,. The desired properties of
®,, are easily verified. g

Here is an embedding result, analogous to Theorem 1.3, for amalgamated
free products of von Neumann algebras.

Theorem 3.7. Let B C B be a (not necessarily unital) inclusion of von
Neumann algebras. Let I be a set and for each v € I suppose

11& € B - EL
U U
lg, e B C A,

are inclusions of von Neumann algebras. Suppose that ¢~)L : AL — B is a
normal conditional expectation such that ¢,(A,) C B and assume that ¢,

and the restriction ¢, l4, have faithful GNS representations, for all v € I.
Let

(—’Za <f~>) = 1 (EM(ZNSL)
(A7¢)_ *( L7¢>Lr )

be the amalgamated free products of von Neumann algebras. Then there is
a unique normal *-homomorphism k : A — A such that for every v € I the
diagram

Zb — A
(14) U Tk
A, — A

commutes, where the horizontal arrows are the inclusions arising from the
free product construction. Moreover, K is necessarily injective.

Proof. This is very much like the proof of Theorem 1.3, to which we refer
in detail. Assume without loss of generality that B is a unital subalgebra of
B. We now insist that 7 be a normal faithful representation of B we must
show that the algebra homomorphism NoG: A — L(E ®; W) extends to a
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normal representation of the von Neumann algebra A. But E ®; W is the
direct sum of E ®,, W and the various W(t1, ... ,t,). The homomorphism

X o G restricted to E ®@r, W extends to the defining representation of A.
Let n > 1 and let ¢1,... ,1, € I be such that ¢; # ¢;11; we have the normal
*-representation, u, of A,, on the Hilbert space K,, @3 F,, @5 Q@ E,, ®-
W, obtained from the normal representation of A, in L(ELl); let |4 be
the representation of the von Neumann algebra A on W(Ll, ..+, Lp) induced
from p with respect to the normal conditional expectation ®,, : A — A,,
found in Lemma 3.6; then X o G restricted to W(Al, ..., lp) extends to the
s-homomorphism p |4 : 4 — L(\/N\?(Ll,... ,tn)), which by Lemma 3.4 is
normal. ([

Here is the construction, analogous to Theorem 2.2, of free products of
certain completely positive maps in the von Neumann algebra setting.

Theorem 3.8. Let B be a von Neumann algebra, let I be a set and for
everyt € I let A, and D, be von Neumann algebras containing copies of B as
unital von Neumann subalgebras and having normal conditional expectations
o, : A, — B, respectively ¢, : D, — B, whose GNS representations are
faithful. Suppose that for each ¢ € I there is a normal unital completely
positive map 0, : A, — D, that is also a B-B bimodule map and satisfies

P, 00, =¢,. Let

(15) (A7 ¢) = LEI(A“ ¢L)
(D7 (b) = LEI(D“ 1/%)

be the reduced amalgamated free products of von Neumann algebras. Then
there is a normal unital completely positive map 0 : A — D satisfying

(16) Veel 014, =0,

and

(17) O(arag---ay) = 0(a1)f(az) - - 0(ay)
whenever a; € A,; Nker ¢,; and 11 # 12, L2 # L3, -+, ln—1 F Ln-
Proof. Let

(‘Aa QO) = LgI(A“ ¢L>
(gap) = LéI(DMM

be the C*-algebra reduced amalgamated free products. Thus A and D are
the closures in strong—operator topology of A and respectively D in the ap-
propriate representations. We need only show that the unital completely
positive map 6 : A — D found in Theorem 2.2 extends to a normal com-
pletely positive map 0 : A — D.
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Consider, from the proof of Theorem 2.2, the Hilbert B-modules (F, &) =

E (B &), and (Fin) = */(F.,n,), the x-homomorphism ¢ : A — L(F) and

the bounded operator v € L(FE, F'); denote by i, the GNS representation
of A on L%(A, ). Recall that o is a free product of embeddings o, : A, —
L(F,). From the proof of Theorem 1.3, and letting 7 = 7, : B — L(V) be
the GNS representation of a normal faithful state u of B, we see that the
representation o ® 1 of A on F ®,V given by a — o(a) ® 1 splits as a direct
sum, 0 ® 1 = @, (0 ®1)[yy,, where each summand (o ® 1)[,y, is either a
copy of ig®1 : A — L(L*(A,¢)®,V) or is the induced representation v |* of
a representation v of some A, on a Hilbert space, where v is the restriction
to an invariant subspace of the representation o, ®1: A, — L(F,®,;V). The
representation i4 ® 1 extends to a normal *-representation of A as seen in
Construction 3.1. Using Lemma 3.3 we see that o, ® 1 is normal; hence v
is normal and by Lemma 3.4, v |** extends to a normal *-representation of
A. Hence 0 ® 1 extends to a normal *-representation of A, which we will
denote by 7: A — L(F ®; V).

The isometry v € L(E, F') gives rise to an isometry v®1 : E®,V — F®,V.
Letting ip : D — L(E) be the defining representation, by Remark 3.2 the
weak closure of the image of ip ® 1 : D — L(E ®; V) is the von Neumann
algebra D. Consider the normal unital completely positive map 6 : A —
L(E ®,; V) given by 0(z) = (v® 1)*a(z)(v ® 1). If a € A then 0(a) =
ip(6(a)) ® 1. So # extends the map 6 : A — D; hence §(A) C D. O
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