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NEW WEIGHTED INTEGRAL INEQUALITIES FOR
DIFFERENTIAL FORMS IN SOME DOMAINS

SHUSEN DING

We first prove local weighted integral inequalities for dif-
ferential forms. Then, as applications of our local results,
we prove global weighted integral inequalities for differential
forms in L*(u)-averaging domains and John domains, respec-
tively, which can be considered as generalizations of the clas-
sical Poincaré-type inequality.

1. Introduction.

Differential forms are interesting and important generalizations of real func-
tions and distributions. Many interesting results and applications of differ-
ential forms have recently been found in some fields, such as tensor analysis,
potential theory, partial differential equations and quasiregular mappings,
see [B], [C], [D1], [HKM], [I], [IL] and [IM]. In many cases, we need to
know the integrability of differential forms and estimate the integrals for
differential forms. In this paper we prove local weighted Poincaré-type in-
equalities for differential forms in any kind of domains and global weighted
Poincaré-type inequalities for differential forms in John domains and L*(u)-
averaging domains, where p is a measure defined by dy = w(z)dr and
w E A;\. These integral inequalities can be used to study the integrability
of differential forms and estimate the integrals for differential forms. As
we know, A-harmonic tensors are the special differential forms which are
solutions to the A-harmonic equation for differential forms: d*A(x, du) = 0,
where A : Q x A(R™) — A/(R") is an operator satisfying some conditions,
see [I], [IL] and [N]. So that all of the results about differential forms in
this paper remain true for A-harmonic tensors. Therefore, our new results
concerning differential forms are of interest in some fields, such as those
mentioned above.

Throughout this paper, we always assume 2 is a connected open subset

of R™. Let e1,es,...,e, denote the standard unit basis of R". For [ =
0,1,...,n, the linear space of [-vectors, spanned by the exterior products
er = ej; Nej, A+ - - €, corresponding to all ordered I-tuples I = (i1, 42,... , 1),

1 <iy <ig < --- < i <n, is denoted by A' = A(R"). The Grassman
algebra A = @A! is a graded algebra with respect to the exterior products.
For a = Y ale; € Aand B =3 Bles € A, the inner product in A is given
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by (a, ) = > ! B! with summation over all I-tuples I = (i1, ia, ... ,4;) and
all integers [ = 0,1,... ,n. We define the Hodge star operator x: A — A
by the rule x1 =e; Aea A--- Ae, and a A x = B A xa = (o, §)(*1) for all
«, 3 € A. Hence the norm of a € A is given by the formula |a|? = (o, a) =
x(aA*xa) € AY = R. The Hodge star is an isometric isomorphism on A with
x: Ab—= AP Land % (—=1)M=D 0 AL S AL Let 0 < p < oo, we denote the
weighted LP-norm of a measurable function f over E by

Il = [ 1560) |Pw<x>da:)l/p.

As we know, a differential [-form w on € is a Schwartz distribution on
Q with values in A/(R™). In particular, for I = 0, w is a real function or a
distribution. We denote the space of differential I-forms by D’(Q, Al). We
write LP(Q, Al) for the I-forms w(z) = >, wi(z)dr; = Y wiyiy.i; (¥)dxi, A
dzi, A+ - - Adz;, with wy € LP(Q, R) for all ordered [-tuples I. Thus LP(Q, Al)
is a Banach space with norm

||w||p,9:( /Q |w<m>|ﬁdx)1/p= /Q (Z rw1<x>|2>p/2dx

1

1/p

Similarly, Wpl(Q, A) are those differential I-forms on € whose coefficients
are in W) (€, R). The notations W} (Q,R) and W (Q,AD) are self-

p,loc p,loc
explanatory. We denote the exterior derivative by d : D'(Q, Al) —D’ (9, A1)
for 1 =0,1,...,n. Its formal adjoint operator d* : D'(Q, At*1) — D'(Q, A}
is given by d* = (—=1)"*! xdx on D'(Q, A1), 1 =0,1,... ,n.

We write R = R!. Balls are denoted by B and oB is the ball with the
same center as B and with diam (0B) = odiam (B). The n-dimensional
Lebesgue measure of a set E C R" is denoted by |E|. We call w a weight if
w € L%OC(R") and w > 0 a.e. Also in general dy = wdz where w is a weight.
The following result appears in [IL]: Let @ C R"™ be a cube or a ball. To each
y € @Q there corresponds a linear operator K, : C®(Q, Al) — C>®(Q, Al™1)

defined by

(Kyw)(z;&1,...,&) = /01 tlolte +y —ty;z —y, 6, & 1)dt
and the decomposition
w=d(Kyw)+ Ky(dw).
We define another linear operator Ty : C®(Q,AY) — C=(Q, A1) by

averaging K, over all points y in @

Tow = /Q o(y) Kywdy,
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where ¢ € C§°(Q) is normalized by fQ o(y)dy = 1. We define the [-form
wqQ € D/(Q,/\l> by

wQ = Ql_l/ w(y)dy, 1=0, and wg=d(Tyw), [ =1,2,...,n,
Q
for all w € LP(Q, A!), 1 < p < 0.

2. Local weighted integral inequalities.

Definition 2.1. We say the weight w(x) > 0 satisfies the A}-condition,
r>1and A > 0, and write w € A, if

1 1 amn, )Y
sup / wdx) </ w /T daz) < 00
B (B| B 1Bl JB

for any ball B C R".
The following generalized Holder’s inequality will be used repeatedly.

Lemma 2.2. Let 0 < a < 00, 0< <00 and s~ ' =a L + 7L If f and
g are measurable functions on R™, then

1f9lls. < [fllae - lgllse
for any Q C R".
We also need the following lemma [G].

Lemma 2.3. If w € AL, r > 1, then there exist constants 3 > 1 and C,

T
independent of w, such that

lwllse < ClRIM P |lwllq
for any cube or any ball Q C R™.
The following version of the Poincaré inequality appears in [N].

Lemma 2.4. Let u € D'(Q,A) and du € LP(Q,N'TY). Then u — ug is in
Wpl(Q,/\l) with 1 < p < 0o and

p@ < Cln,p)|QY"|dullpq
for @ a cube or a ball in R™, 1 =0,1,... ,n.

lu = ug

Different versions of the classical Poincaré inequality have been estab-
lished in the study of the Sobolev space and differential forms, see [C], [S]
and [IL]. Susan G. Staples proves the Poincaré inequality in L*-averaging
domains in [S]. Tadeusz Iwaniec and Adam Lutoborski prove the following
local Poincaré-type inequality in [IL] which plays a crucial rule in general-
izing the theory of Sobolev functions to differential forms.
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Lemma 2.5. Let u € D'(Q,A) and du € LP(Q, N'TY). Then u — ug is in
L/(n=p)(Q, A\ and

(n—p)/np 1/p
(/ lu — uQ\”p/(”_p)dac) < Cp(n) (/ \du]pdx>
Q Q

for @Q a cube or a ball in R™, 1 =0,1,... ,nand 1 <p <n.

We now prove the following version of the local weighted Poincaré-type
inequality for differential forms.

Theorem 2.6. Let u € D'(B,A!) and du € LP(B,A*1), 1 = 0,1,... ,n.
Assume that 1 < s < p < oco. Then exists a constant 3 > 1 such that if
we Al ﬂA;ﬁ for some r > 1 and k with s5/(8 —1) < k < p, we have

1 1/s i (1 ) 1/p
2.7 / u—u 8wdw> <C|B "(/ du wda:)
@0 (g [l B (g [ lal

for all balls B C R™. Here C is a constant independent of u and du.

Proof. Since w € Al for some r > 1, by Lemma 2.3, there exist constants
B> 1 and C; > 0, such that

(2.8) lwllg,z < C1 B w1 5

for any cube or any ball B C R™. Choose t = s3/(3—1), then 1 < s < t and
B=t/(t—s). Since 1/s =1/t + (t — s)/st, by Holder’s inequality, Lemma
2.4 and (2.8), we have

s 1/s
(2.9) [lu — uplls,p0 = </ (Ju = uplw') dx)
B
1/t st/(t—s (t—s)/st

< </ \u—uB]tdx> (/ <w1/5> / )dm>

B B

(t—s)/st
—|lu— uplles </ wt/(t—S)dx)
B

< Co|B|AVBS w5, - u — uplles
< G| B|YD/5 |||} 5, - Cs B | dull, 5
= C4| B |B|=9/55|lw|| /5, - | dulle,5.

Now t =s8/(—1) <pand 1/t =1/p+ (p —t)/pt, by Holder’s inequality
again we obtain

1/t
(2.10)  |ldulles = </ \duytdm>
B
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. 1/t
= (/ <\du!w1/pw*1/p> dx)
B
1/p Y-ty O\ PO/
(o) (1)
B B \W

1/p Hp
= Hl/wHt/ (r—1), </B du|pwdx> .
Combining (2.9) and (2.10) yields

(211)  Jlu —uplls,Bw

1/s 1 /e
< Col B DN5 a5 1w 42 ( / |du\pwdw) .
B

t/(p—t),
Note t = s3/(8 — 1) < k, then p/k < p/t. By Theorem 2.4 in [D2], we find
that w € A:% - A‘;éf Therefore, we have

1/s 1/
(2.12) flwllys - I /wllff ) 5

() (L))
(L () "))

_ (\ Byl+s(p—t)/pt>1/ :

1 J 1 1 1/(p/t71)d (/D) (p/t—1)\ V/*
’ ’m/Bw X ]E/B " .

< (75‘13|1/s4—1/t——1/p.

1/s

Substituting (2.12) in (2.11) implies

1/p
(2.13) [u — wplls,pw < Co|B|M/m /74P < / du|pwd:z:> .
B

We can write (2.13) as

| Vs . U
<‘B‘/ |u—u3\sw(x)dﬂc> < BV <‘B’/ |du\pwd3:) .
B B

This ends the proof of Theorem 2.6. O

We now prove other versions of the local weighted Poincaré-type inequal-
ity for differential forms.
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Theorem 2.14. Let u € D'(B,A!) and du € L"(B,AN"*Y), 1 =0,1,... ,n.
Then there exists a constant 3 > 1 such that if w € AiﬂAZ//Z, where s = n/f3
and r > 1, we have

1 1/s y 1 1/n
2.15 / U — U Swd:v) < C|B|"™ </ du "wdaz)
219) (i [ o= ua B (o [l

for all balls B C R™. Here C is a constant independent of u and du.

Note that we can write (2.15) as

/ 1 , 1/s . 1/n
(2.15) ] B|u—uB| du <C B]du| dp ,

where dy = w(zx)dx.

Proof. Since w € AL, r > 1, by Lemma 2.3, there exist constants 3 > 1 and
C4 > 0, such that

(2.16) lwllg,s < C1IBIY D7 |lwll1,p

for any cube or any ball B C R". Let s = n/3. Then 8 = n/s. Since
1/s =1/n+ (n —s)/ns, by Holder’s inequality, Lemma 2.5 and (2.16), we
have

1/s
(2.17) (/ lu — uB|swdx>
B
n 1/n (n—s)/ns
(L) (e
B B
1/n
= Csol|dul|s,B </ w"/sdar:>
B

1
= Oylldulls.5 - [wll}3
< O3] BP0 w3 - || dulls. 5.

Using Holder’s inequality again, we have

s 1/s
(2.18) ||dulls.5 = (/ (|du\w1/”w—1/") d:c>
B

< (/B <|duw1/”)ndx> v (/B (i}) s/(n—s) dx> (n—s)/ns
([ ) " oo

ns/(n—s),B '
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Combining (2.17) and (2.18) yields

(2.19) ( /B yu—uB\swdx> v

—3)/s 1/s n
< Cy| B0 5 || /)

1/n
: (/ |du|”wdx> .
ns/(n—s),B B

Since w € As/” then

n/s’

(2.20)

1

loll s - | ey

ns/(n—s),B

1/s 1\ 5/ (n=9) (n—s)/ns
= (/ wdz) /() dz
B B \W
1\ Y/®/s=D) (s/m)(n/s—1)\ /¢
= (/ wda:) /( ) dz
B B \W

1 1 1\ Y (/s=1) (s/n)(n/s—1)\ /¢
= | |Be/me/s—1 </wdm> 7/ ( > .

< C4|B|2/S_1/n.

Substituting (2.20) in (2.19) and using n = s, we obtain

1/s 1/n
(/ |u—uB|5wd:U) < C5|B|Y* (/ |du|”wdm> ,
B B
that is
(i [t watrwar) <o (2 [ )™
— u — ug|*wdx < B "(/ w|"w J:) .
Bl Jp ’ Bl Jp

We have completed the proof of Theorem 2.14. O

Theorem 2.21. Let u € D'(B,AY) and du € L™"(B,AN""1), 1 =0,1,... ,n.
Ifl<s<nandwe A711/s’ then there exists a constant C', independent of
u and du, such that

1 1/s 1/n
(2.22) (,m/ lu — uB|SwS/”daj> <C </ du|”wdx>
B B

for any ball or any cube B C R™.

The proof of Theorem 2.21 is similar to that of Theorem 2.14. For com-
pletion of the paper, we prove Theorem 2.21 as follows.
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Proof. Since 1/s = 1/n+ (n—s)/ns, by Holder’s inequality and Lemma 2.5,
we have

1/s
(2.23) (/ lu — uBISwS/"da:)
B
n 1/n (n—s)/ns
o) o)
B B

= [w!/"|n,5 - Cildulls,5.

Using Holder’s inequality again, we have

s 1/s
(2.24) | dulls.5 = (/ (|du\w1/"w*1/n) dx)
B

< (/B (|duw1/")ndx> v (/B (;) s/(n—s) dx> (n—s)/ns
= (f parwae) "t

Combining (2.23) and (2.24) yields

1/s
(2.25) (/ lu — uB|5w8/"dac>
B

< Callw s - || 2/w) "

ns/(n—s),B '

1/n
: </ ]du|"wd:c> .
ns/(n—s),B B

Since w € A%L/S, then

(2:26) !/ 5+ |(1/w)""

ns/(n—s),B

(e (L))
_ (Bn/s <|;‘/dew> (Ifl?!/g (i})l/(n/sl) dx>n/81) :

< Co|B|Y®.

Substituting (2.26) in (2.25), we obtain

1/s 1/n
</ lu — uB|sws/”dm> < C3|B|Y/* </ ]du|“wd:c> :
B B
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1 1/s 1/n
<B/ lu — uB]sws/"dx> < Cs </ ]du|"wd:c> .
1Bl JB B

We have completed the proof of Theorem 2.21. O

that is

3. Global weighted integral inequalities.

Susan G. Staples introduces the following L®-averaging domains [S]: A
proper subdomain @ C R" is called an L®-averaging domain, s > 1, if
there exists a constant C such that

1 1/s 1 1/s
— U — UQ Sdm) < C sup </ U — up Sdm)
<|Q| /Q’ | Bca \|B| B| |

for all w € Lj (). Here | is the n-dimensional Lebesgue measure of (.
Susan G. Staples proves the Poincaré inequality in L®-averaging domains
in [S]. In [DN], we introduce L®(u)-averaging domains. We call a proper
subdomain © C R™ an L®(u)-averaging domain, s > 1, if u(2) < oo and

there exists a constant C such that

1 1/s 1 1/s
—_ u — up,|°d < (C su / u—u sd)
<M(Bo) /Q | B 'u) 2Bch <M(B) B | sl dp

for some ball By C Q and all u € Lj (2 A!). Here the measure u is
defined by du = w(z)dz, where w(x) is a weight and w(x) > 0 a.e., and
the supremum is over all balls 2B C (2.

Now we prove the following global weighted Poincaré-type inequality in

L*(u)-averaging domains.

Theorem 3.1. Let u € D'(Q A and du € LP(Q,ATY), 1 = 0,1,... ,n.
Assume that s > 1 and p > max{s,n}. Then exists a constant 3 > 1 such
that ifweA,{ﬁA;%, where r > 1, sB/(f—1) <k <pandw >n >0, we
have

(3.2) (u(lm/ﬂlu_“Bolswdmy/s < Cuate (M(lm/Q’dWPde)l/p

for any L*(u)-averaging domain 2 and some ball By with 2By C Q. Here
the measure p is defined by dp = w(x)dx and C is a constant independent
of u and du.

Proof. Note
w(B) —/ wdx > / ndx = n|B|,
B B
then

(3.3) |B| < Ciu(B),
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where C; = 1/n. Since p > n, then 1/n —1/p > 0 and from (3.3) we have
(3.4) W(B)~V3 | BIYsHUn=1p < (B (O p(B)) /st /n e

= Cyu(B)V/"=1/P

< Cop(Q)M/ =1/,

By Theorem 2.6, the definition of L®(u)-averaging domains and (3.4), we
have

(3.5) (u(lﬂ) /Q fu— uBO\Sdu) v
Gt

1 1/s
< C35 sup / \u—uglsdu>
QBCQ

’B| 1/5 1/s
= C5 sup /\u—uB]sdu>
2BCQ ’B| B
< (Cs su Bl / dupwd:r)
s (mB cul” (g o
1/p
< Cs sup | p(B)~Ys|B|Y/sH/n=1/p (/ ]du|pwdx>
2BCQ
1/p
< Cs sup | Cou(Q2 1/" 1/p (/ ]du|pwd:c>
2BCQ

1/p
< Cg sup <M(Q)1/"_1/p </ ]du|pwd:c> )
2BCQ Q

1/p
= Cep(Q)Y/m=1/r (/Q ]du\pwdx>

— Cop()V/m (u(lﬂ) /Q |du|pwd1:> "

Hence, we obtain

(u(lgz) /Q fu uBO\Sw(x)d:c> " 2 oy (M(lQ) /Q du]pwdx> "

This completes the proof of Theorem 3.1. ([l

Definition 3.6. We call ), a proper subdomain of R"™, é-John domain,
d > 0, if there exists a point zg € 2 which can be joined with any other
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point x € € by a continuous curve v C {2 so that
d(§,09Q) > é|z — ¢
for each & € . Here d(§, 092) is the Euclidean distance between & and 0f2.

As we know, John domains are bounded. Bounded quasiballs and bounded
uniform domains are John domains. Also we know that a §-John domain
has the following properties [N].

Lemma 3.7. Let Q C R"™ be a §-John domain. Then there exists a covering
V of Q) consisting of open cubes such that:

(1) 2gev Xo@(z) < Nxa(z), o>1andzeR"

(ii) There is a distinguished cube Qo € V (called the central cube) which can
be connected with every cube Q € V by a chain of cubes Qo, Q1, ... ,Qk
=@ from V such that for each i =0,1,...  k—1,

Q C NQ;.
There is a cube R; C R™ (this cube does not need to be a member of V) such
that
R, CQiNQit1, and Q;UQiy1 C NR;.

We also know that if w € AL, then the measure u defined by dy = w(x)dz
is a doubling measure, that is,

n(2B) < Cu(B)

for all balls B in R", see [HKM, p. 299]. Since the doubling property
implies u(B) =~ u(Q) whenever @ is an open cube with B C Q C /nB, we
may use cubes in place of balls whenever it is convenient to us.

Now we prove the following weighted global result in John domains.

Theorem 3.8. Let u € D'(Q,AY) and du € L"(Q, A1), 1=0,1,... ,n. If
l<s<nandwée A}L/S, then there exists a constant C', independent of u
and du, such that

1 1/s 1/n
(’Q|/ lu — uQ|SwS/”dx> <C (/ \du|nwdm>
Q Q

for any d-John domain Q2 C R™. Here Q is any cube in the covering V of €2
appearing in Lemma 3.7.

Proof. We can write (2.22) as

s/n
(3.9) / i — ugl*w/mdz < C1)Q) </ |du|”wda:> ,
Q Q
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where Q C R" is any cube. Suppose o > 1, by (3.9) and the condition i) in
Lemma 3.7, we have

/]u—uQ]s sIndy < Z/ lu — ug|*w*/"dx

QeV
s/n
<Gy Q| (/ |du]”wd:c)
QeV
s/n
<aQ Y (/ |du\”wdx>

Qev

s/n
< C1|1Q|N </ \du|”wd:n>
Q

s/n
= (9|9 (/ |du\”wdm> .
Q
Thus, we have

1 o s/m 1/s . 1/n
o - < C3

lu — ug|*w* " dx < C |du|"wdx
2 Jo Q

We have completed the proof of Theorem 3.8. O

Applying Theorem 2.14 and using the same method that we used in the
proof of Theorem 3.1, we have the following global result.

Theorem 3.10. Let u € D'(Q,AY) and du € L"(Q,AH1), 1 =0,1,...,n
Then there exists a constant 3 > 1 such that if w € Al N AZ//Zf where
s=n/B,r>1and w>n >0, we have

1/s 1/n
(3.11) ( /\u up,|® wd:c) < Cu(Q) 1/"< /\du!"wdm)

for any L*(u)-averaging domain @ and some ball By with 2By C €. Here

the measure p is defined by dp = w(x)dx and C is a constant independent
of u and du.

Note that (3.11) is equivalent to

(3.11)" <u(19) /Q fu— uBO\Sd,u) e (/Q \du!”du> "

Proof. Since

u(B) = [ wds> [ ndo=nB)
B B
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then
|B]
3.12 —— < (1,
(312 #(B)
where C1 = 1/n. By Theorem 2.14, the definition of L*(u)-averaging do-
mains and (3.12), we have

1 1/s
— u— upg,|°d
(G vl
_ 1 g 1/s
= /L(BO)/Q‘U_UBO M
s 1 y 1/s
<o g (o [, oot
‘B’ )1/s< 1 / >1/s
=y su —_ — u— ugl®d
2QBCPQ<<M(B) |B| B| sl dp
‘B’ 1/s 1/n
<C —_ C du|d
<cgm () O (] ooran)
1/n
< Cy sup </ |du\"du>
2BCQ Q

1/n
—ci( [ i) "
Q

Thus, we have

1 1/s 1/n
- _ S < n .
(um) o= d“) =C </Q i d“)

We have completed the proof of Theorem 3.10. (]

Remark. Since L®(u)-averaging domains reduce to L*-averaging domains
if w=1 (so du = w(z)dr = dz), then Theorem 3.1 and Theorem 3.10 also
hold if 2 C R™ is an L®-averaging domain.
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