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EQUIVALENCE UP TO A RANK ONE PERTURBATION

ALEXEI G. POLTORATSKI

We prove that any two unitary operators with simple sin-
gular spectrum which contains the whole circle are unitarily
equivalent up to a rank one operator.

Introduction.

This note is devoted to the spectral analysis of rank one perturbations of
unitary and self-adjoint operators. We study the following question: given
two cyclic (i.e., having simple spectrum) operators A and B, when is A
equivalent to B up to a rank one perturbation? More precisely, when does
there exist a unitary operator U such that rank (UAU* — B) = 1?7 As usual,
we are looking for an answer in terms of the spectra of A and B.

An analogous question for compact perturbations is answered by the
Weyl-von Neumann Theorem [K]. It says that A is equivalent to B + K for
some compact K iff the essential spectra gess(A) and oess(B) coincide.

A necessary and sufficient condition for A and B to be equivalent up
to a trace class operator, which was found by Carey and Pincus [CP], is
more delicate and involves additional spectral invariants. In addition to the
essential spectra, the isolated eigenvalues of A and B must now obey certain
rules.

In this paper we make the last step down the ladder and study the case
when A and B are equivalent up to a rank one perturbation. A general
necessary and sufficient condition in these settings seems out of reach: It is
impossible to formulate in any reasonable terms. However, it is still possible
to achieve a good assessment of the situation by fully describing the most
important particular case.

It is quite well understood how isolated eigenvalues of an operator be-
have under rank one perturbations. On the other hand, by the Weyl-von
Neumann Theorem, if A is equivalent to B up to a rank one perturbation,
then oess(A) = 0ess(B). In particular, rank one perturbations do not affect
absolutely continuous spectrum. Hence, it seems reasonable to restrict our
attention to the case when A and B have singular spectrum and

U(A) = UeSS(A) = U(B) = Uess(B)
(where o(A) and o(B) denote the spectra of A and B respectively). Under

this restriction we are able to give a complete answer to our question.
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Denote T = {|z| = 1}. We will say that operators U and V' are completely
non-equivalent if there are no non-trivial closed invariant subspaces H; and
Hj of U and V respectively such that the restriction of U on Hj is unitarily
equivalent to the restriction of V on Hs. Our main result is:

Theorem 1. Let U and V' be completely non-equivalent singular unitary
cyclic operators such that o(U) = o(V) =T. Then U and V are equivalent
up to a rank one perturbation. Ile., there exist a unitary operator U and a
rank one operator V such that

Uou* =v +v.

We will prove this result in the next section. One can easily adapt the
proof to replace unitary U and V with self-adjoint ones, and T with R.
An analogous result for the case of pure point operators follows from a
function theoretic construction suggested by Aleksandrov [A] (see also [P]).
However, the general case requires a different approach. Our main tool in the
next section is the spectral shift function, which was originally introduced
by Lifshits for finite rank perturbations and later studied by Krein in the
trace class situation (see [BY] for the history of this notion and further
references).

The following question naturally arises: Under which conditions on a
closed set K C T, can we replace T in the statement of Theorem 1 with
K? Such necessary and sufficient conditions were formulated in [P] for the
discrete self-adjoint case. They now can be proved to be valid for the general
self-adjoint (unitary) case. We discuss this matter in the remark at the end
of the next section.

Note, that if two unitary (self-adjoint) operators A and B satisfy

0(A) = 0ess(A) = 0(B) = 0ess(B) = K

then, by the Weyl-von Neumann Theorem, they are equivalent up to a com-
pact operator. Theorems 1 and 8 (below) refine this statement showing that,
when K is sufficiently “good”, the operators are much closer related.

To conclude the introduction, we would like to point out some function
theoretical consequences of Theorem 1. Let Ky and Pu denote the Cauchy
and Poisson integrals of the measure p on T in the unit disk D:

Ki() = [ Teoan)

and
Pu = RK u / 2, Lu(e).
p=RKp(z
€ — 2 |2
The results of [P] imply that Theorem 1 is equivalent to the following state-
ment. For any two positive singular measures ¢ and v on T such that u 1L v
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and supp u = suppv = T, there exist f € L'(u),||f|| =1, f > 0 p-a.e. and

g € L*(v),|lg|| = 1,9 > 0 v-a.e. such that
1-6 1
= - =
Kfn= 1y =Eygr)

for some inner function #. From this statement one can obtain the following
Corollary.

Corollary 2. For any two singular measures p and v on T such that p L
v and suppp = suppv = T, there exists an inner function 6 such that
0(&) =1 p-a.e. and 0(§) = —1 v-a.e. Moreover, for some positive functions

feLY(u) and g € L' (v)
{0 =1} = {d(fp)/dm = oo}

and
{0 = -1} = {d(gv)/dm = oo},

where m is the normalized Lebesgue measure on T.

With some additional effort one can deduce from the last statement the
following:

Corollary 3. For any singular measure u on T and any ¢ € L*(u) there
exists 1 € H* such that (&) = ¢(§) for p-a.e. & and |[||geo = [|B]]Loo(y)-
The Krein-Lifshits spectral shift for a unitary pair.

We first define the Krein-Lifshits spectral shift for the rank one perturbation
problem of unitary operators. This definition is very similar to the one given
in [S] or [P] for the self-adjoint case.

Let U; be a unitary cyclic operator, v, ||v|| = 1 its cyclic vector. Then
we can consider the family of unitary rank one perturbations of Uy:
(1) Uy = U + (o — 1) (-, U o) aecT.

Denote by pu, the spectral measure of v for U,
fa(B) = (v, Ep(Ua)v)

for any Borel B € T, where E(U,) is the spectral projection of U,. Note,
that since ||v|| = 1, all u,’s are probability measures.
Since

Ko = ((Ua + 2)(Ua = 2)"'v,0)
for z € D, after simple computations one can obtain
a—1)+ (a+ 1)K
) D
(a+1)+ (a—1)Km
(e.g., [Ar]).
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If @« € T then (14 «)/(1 — «) is imaginary, i.e., is equal to ic for some
real ¢. Define the spectral shift function u € L*(T) for the perturbation
problem (U; — U,) as

(3) u=m/2+arg(Ku —ic)

where arg stands for the principal branch of the argument taking values in
[0;27). All analytic functions in this paper are naturally defined a.e. on T
by their non-tangential boundary values.

Next, we discuss some elementary properties of the spectral shift. Since
such properties are well known (see for instance [MP], [S] or [P]), we do
not supply all the proofs here.

The first important property (which follows from (2)) is that (3) can be
extended to

(4) u = g +arg(Kp —ic) = g — arg(K po + ic).

Formula (4) shows connections between the spectral shift v and the spectral
measures 1 and p,. Since in this paper we will mostly operate with spectral
measures, we will often call u satisfying (4) the spectral shift of the pair of
measures (u1; o) and u satisfying (3) (for some real ¢) a spectral shift of
M.

For a pair of probability measures pp and p, there exists at most one
real ¢ and function u satisfying (4). If a pair of measures (u1; o) possesses
a spectral shift, i.e., there exist u (and ¢) to satisfy (4), then there exist
unitary operators U; and U, satisfying (1) such, that p; and p, are their
spectral measures.

Since p; is a singular positive measure (U; is a singular operator), the
function u takes only two values — 0 and m — on T. For each non-constant
non-negative L*°(T)-function u, ||u||sc < 7 there exist unique ¢ € R and a
pair of probability measures (v;) for which w is the spectral shift. If u
takes only values 0 and 7, then v and ~ are singular.

Suppose we have a sequence of functions ug > 0, ||ug|lcc < 7 which
converge in measure to the function ug as k — oo. For each ug, k& > 0
there exist pairs of measures (py; V) and constants ¢y satisfying (4). Then
e — Lo, Ve — Vg in *-weak topology and ¢ — cg as k — o0.

We will say that two measures p and v are equivalent (u ~ v) if there
exists a positive p-a.e. function f € L'(u) such that v = fu. We will denote
by w|r the restriction of y on the set I.

If E C R we will write that

p. v. /d,u(x) < oo (> —o00)
E
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lim inf / dp(zr) < oo (limsup > —o0).

e—0
E\(—e€se)

Let u; and uy be the phase shifts of the pairs of measures (p1,v1) and
(p2, 2) respectively. Then, as follows from the definition,

()

exp (zK <u1 - g) + dl) =Ku —icy = (Kvp + icl)_1

for some real ¢; and d; and

(6)

exp (iK <u2 — g) + dz) = Kug —ico = (Kvy + 7;62)71

for some real ¢y and ds.
If I is an open subset of T and u; = ug on I then, pi|; ~ p2|r and
vi|r ~ va|r. More generally we have the following lemma.

Lemma 4 ([P]). Let spectral shift functions ui,ug satisfy (5) and (6) for
some singular measures (12,112 and real constants c12,d12. Let K C T be
a measurable set. Put ¢ = exp(dy — da). Then

(i)

p. V. / (ul (ei(tﬂ”)) — Us (ei(tﬂ”))) % < 00

[—msm]
for pi-a.e. point €@ € K iff the restriction of uj on K is absolutely
continuous with respect to us;

p. v. / (u1 (ei(t'””)) — U (ei(t'm))) % > —00

[—m;7]

for vi-a.e. point € € K iff the restriction of v{ on K is absolutely
continuous with respect to vo;
if p3-a.e. x € K is a Lebesque point of u; — uz and

p. . / (ul (ei(Hz)) — Ug (ei(Hz))) % = f(z) <

[—msm]
for ps-a.e. €® € K then the restriction of u$ on K is equal to the
restriction of cef,u,g on K; if v5-a.e. x € K is a Lebesgue point of
UL — ug and

p. v. / (ul (ei(t+r)) — Uy (ei(t"'z))) % = f(z) > —o0

[—mim]

for vi-a.e. € € K then the restriction of vj on K is equal to the
restriction of ce”/v§ on K.
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When one of the measures (11 2 is a point mass, Lemma 4 gives (see [P]):

Lemma 5 ([MP]). Let u be the spectral shift of a pair of measures (p;v).
The measure | has a point mass at e'* iff

z+1

i i dy
(7) / (WX{e”:tE(:p;erl)}(e y) - 'LL(@ y)) H < 0.
z—1
The measure v has a point mass at x iff
z+1
1y dy
(8) (WX{e“:tE(x—l;x)}(e ) - u(y)) T —y < 0.
z—1

We will also need the following important example.

Example 6. Let £ C T be a closed set, |[E| = 0. Denote E = T\ UI,, where
I,, are disjoint open arcs. Suppose i > 0 be a measure such that supp p = FE
and

dp

dm >
at every point of . Let u be a spectral shift of u. Then there exist a
measure v and real constants ¢ and d such that:

7

9) exp (ZK (u—§)+d> = Kp—ic= (Kv+ic)™ b

We claim that v is a pure point measure with at most one point mass at
each I,,.

Indeed, since the derivative of y with respect to the Lebesgue measure is
infinite on E, RK u tends to oo non-tangentially at every point of E. This
together with (9) implies that Kv tends to —ic non-tangentially at every
point of E. Since v is a singular measure, |Kv/| tends to oo v-a.e. Therefore
v(E) = 0. Since, by (9), v is concentrated at those points where Ku — ic
tends to 0 and Kp is analytic on T outside of E, v is pure point. Since p
is positive, 3Ky is monotonic on every I, and therefore v has at most one
point mass at each of them.

Our main tool in the proof of Theorem 1 is the following lemma.

Lemma 7. Let u, v be singular measures on'T, I C T be an open arc, E C I
be a closed set, |E| = 0. Suppose that I C supp p and I C supp v.
Then for any € > 0 there exist closed subsets F' and G of I, and measures
w1 and V' satisfying the following conditions:
(1) |F|=|G| =0, u(G)=v(F)=0and E CF,
(2) ¢ ~ plp and V' ~v|q,
(3) the pair (1, V') possesses a phase shift u,
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(4) u=monT\I and
[ uenamie) <

I

Remark. In the statement of Lemma 7, (4) can be replaced with:
(4)Yu=00nT\I and

[ u©ame) <

I

If x,y € T,x # y, we will denote by (z;y) the open arc going from x to y
counterclockwise.

Proof. Denote Fy = E. WLOG

o) ) _

everywhere on Fy = E (if this is not true, we can always choose an equivalent
measure with this property). Put puo = p|g,.

Step 1.
Chose ¢ € R so that
(11) {SKup>cpClI
and
(12) HSK g > c}| < €/2.
There exist a spectral shift function up and a measure v satisfying
(13) exp (zK (uo — g) + do) = Kpg —icog = (Kvg +ico) ™"

for some real ¢y and dy. Suppose Fy = I\UI? where I0 = (22;49) are disjoint
open arcs. Condition (10), in the same way as in Example 6, implies that
Vo=, (yg&zg where z,g € I, for some sequence 7y,.

Now we will replace point masses z,g with “pieces” of the measure v.

For each k let V) C ng be a neighborhood of z{) such that

(14) |UVP| < e/4
and
1
(15) / dr < 1/2
{z:etreuV} ‘w - y’

for any y € Fp.

Choose a closed set Hy,|H1| = 0 so that v(H; N V) > 0 for any k.
Consider the measure v ~ v|g, chosen so that dy;/dm = oo at any point
of Hl.
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Let v1 be a phase shift function of the measure +;. In each neighborhood
V2 choose points af) and b) so that z? € (a?;5?) and

(16) /{ v(e®)dz = o0,

0
argal <z<argad+1} L — arga,

/ (m — v1(e™))dx
{arg b —1<z<argb?} arg b% -z

(17) =
and v has no point masses at ag, bg. Note that it is always possible to choose
a) and b) satisfying (16) and (17) because y; has non-zero mass on V0.

Put Gy = Hi N U(ag; bg). Define the function u; to be equal to —v; on
each interval (a2;b?) and to ug outside of U(a2;b?). Then u; is the phase
shift of a pair of measures (u1;v1) such that p1 = fiplg + > oz,lC(S — z,i and
v1 = g1v|q, for some positive functions f1 € L*(u|g,), g1 € L*(v|g,) and for
some sequence of points {z1} C UV \ Gy.

Indeed, on Fy = E we have p9 ~ pp by (15) and Lemma 4. On R\
(Fop U U[a?;8Y]) the measures p1 and vy are not supported because u is
locally constant there. Also, u; and v; do not have point masses at points
a?, b because by (16) and (17) conditions (7) and (8) are not satisfied there.
Since u; = —v; on each (a;bY), v1 ~ vy on U(al;bY). Since dvy/dm = oo
on GG1, we have that u|U(a%b2) is a discrete measure with point masses in
U(ag: o)) \ G1.

Step n, n is even.

After step n — 1 we obtained a shift function u,_; of a pair of mea-
sures (fin—1,Vn—1) such that pp—1 = fo_1p|lr,_, + Zaz_lézgq and v, =
gn—1V|a,_,, where |F,_o| = 0, F,_o D E, |Gp—1] = 0 and {zg_l} C
Uanfl \ Gp—1. Note that the pair (u,—1,v,—1) “almost” satisfies the con-
ditions of the lemma, except for the discrete part > 0‘2_154*1 of tn—1. We
must, therefore, replace those point masses with “pieces” of u.

We will do it in the same way as in Step 1. First we choose neighborhoods
V' of points 2} such that

(18) UV cuvr
(19) UV < e/2m !
and

(20) /{ @ o

z:etTeUVr} ’l’ - y|
at each point y € Fj,_o U G,—1. After that inside UV}" we choose a closed
set Hy, such that p(V}* N H,) > 0 for any k. Also let H,, satisfy

(21) w(UpViP\ Hy,) < 1/n.
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We choose a measure v, ~ p|g, so that dvy,/dm = oo at each point of H,.
Denote by v, a shift function of 7,. Inside each neighborhood V}* choose
points a? and b} so that 20 € (a;b9) and

vpdx
(22) / T _
{arga<z<argap+1} L — argay

23 /{ (r—v)de _

n
arg b —1<z<argbj} arg bk -

and p has no point masses at ay, by.

Put F, = F,—2 U [U(a};b}) N Hy]. Define the spectral shift function
un to be equal to v, on U(a};b}) and to u,—1 elsewhere. Then in the
same way as in Step 1 we can show that u, is the shift function of the
pair (i, vn), where p, = fop|p, for some positive function f, € L'(u|r, ),
and vy, = gnvlG, , + D apd.p for some positive function g,, € L'(vlg,_,),
positive constants a}} and points z}' from UV} \ F,,. The closed sets F}, and
Gy, satisty |G| = |F| =0, F, D E.

Step n, n is odd.

Our construction is similar to the one we used for the even n. Essentially,
we only have to replace p with v and v with p.

Le., after step n — 1 we obtained a shift function u,_1 of a pair of mea-
sures (fn—1,Vn—1) such that p,—1 = fo_1p|lr,_, and vy—1 = gn—1v|G,_, +
Zazil(szg—l, where |Fj,_1| = 0, F,_1 D E, |Gyp_2| = 0, and {27} C
Uanfl \ F,—1. First we choose neighborhoods V}* of points z]:f*l satisfying
(17), (18) and (19) for each y € F,,_1 U Gp—2. After that inside UV} we
choose a closed set H,, satisfying (21) and such that v(V; N H) > 0 for any
k. We choose a measure 7, ~ v|g, so that dvy,/dm = oo at each point
of Hy. Denote by v, a shift function of ~,. Inside each neighborhood V}’*
choose points aj} <z and b > 27’ so that

T — Updx
(24) / T edt o,
{argap<az<argap+1} T — argag

(25) /{ Wl _

n
arg b —1<z<arg by } arg bk -

and v has no point masses at ay,b;. Put G, = G,,—2 UU(a};b}). Define
the spectral shift function u, to be equal to v, on U(a};b}) and to u,—1
elsewhere. Then in the same way as before we can show that w, is the
shift function of the pair (un,vn), where v, = g,v|qg, for some closed set
Gy, |G| = 0 and positive g, € L' (v|a,), and pin = fuplr,_, + > ajd.n for
some set Fy,_1, |F,_1| =0, ,F,_1 D E, positive function f, € L'(u|r,_,),
positive constants o and points 2! from UV,* \ Gy,.
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Conclusion of proof.
After step n of our construction we obtain the spectral shift function u,,
of a pair of measures (i, vy). Let u, and (py,;vy,) satisty
T

exp (ZK (un — 5) + dn> = Kuyp —icp, = (Kv, + icn)_1

for some real ¢y, dy,. Note that {u, # u,—1} C UV}* and therefore by (19)
the sequence u,, converges in measure to a function u. Let u be the spectral

shift of a pair of measures (¢/, 1), i.e.,
exp (ZK (u — g) +d’> =Ky —id = (Kv +id)™?

for some real ¢/,d’. We claim that (y/,2') satisfies the conditions of the
lemma with F' = Clos U Fy, and G = Clos U Gap41.
Indeed, |F'| = 0 because

F = Clos [UFy,] = UFy, U F’
where
(26) F' C[Np Up VP \ UpHy, C 0y Uy VI
Since | Uy V}*| tends to 0 as n — oo by (19), |F| = 0.
Also, (26) and (21) imply that p(F’) = 0. Therefore
(27) plF = plup,,

and u(G) = 0. Hence we have to show that u' ~ u|ug,,

Since u, — wu in measure, u, — ' in *weak topology, ¢, — ¢ and
d, — d'. Consider the sequence {us2,}. Each measure pg, is equivalent to
| E,,, where oy, C Foypio. Inequality (20) and Lemma 4 imply that

1 dpton+2
< <

at any point y of Fy, for sufficiently big n (note that exp(d,—1 — d,) — 1).
Since

(28) 1— 1+

2n—1

l2ns2ll = [lpanll = llplm, || = 1,
(28) implies that for large n
1

|[H2nt2 — pron|] < n—2"
Therefore g, — p' in norm. Since po, ~ plm,, W ~ wlur, = plrF.
Similarly, |G| =0, v(F) =0 and v/ ~ v|g. O

Proof of Theorem 1. Since U and V are completely non-equivalent, the spec-
tral measures of U and V are mutually singular. Thus, for any pair of sin-
gular probability measures (u; ) on T such that p L v we have to show that
there exists an equivalent pair (uo; ) possessing a phase shift ug. We will
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do it by constructing ug. The main part of our construction will consist of
recursive applications of Lemma 7.

Let M and N be disjoint subsets of T such that |M| = |N| =0, u(M) =
Lu(T\M)=0and v(N)=1,v(T\N)=0.

Step 1.
Let F; be a closed subset of M such that

(29) w(M\ E) < 1.

By Lemma 7 there exist closed sets F; and G; such that |Fi| = |G1| =
0,u(G1) =v(F1) =0, By C Fy and (fi1u|F; 91v|G,) possesses a phase shift,
for some positive summable f; and g;.

Step n, n is even.

After step n — 1 we obtained closed sets F,,_1 and G, _1 of zero measure
such that pu(Gp—1) = v(Fn—1) =0 and (fn—1|F,_1; gn—1V|G,_,) POssesses a
phase shift u,_1, for some positive summable functions f,, and g,. Denote
T\ (Fr—1 U Gp_1) = Upl}! where I}’ are disjoint open arks.

Choose a closed subset E,, of N so that F, C Upl;' and

(30) V(N \ (Gt UE)) < 1/n.

Note that such a choice of F,, is possible because v(F,,_1) = 0. Since E,
is closed, there exist open arcs J;' such that ClosJj! C I} (k =1,2,...),
E, C UJ} C UI} and

(31) diSt(UkJ,?, F,_1U Gn—l) =9, > 0.

By Lemma 7, for each k there exist closed sets F}',G} C J;' such that
Gy D EnNJy and (fipulFp; gpvicy) possesses a spectral shift uj. We choose
uy to satisfy condition 4) from the statement of Lemma 7 for I = J}' and

(32) €=l =5, /2" "k

if up—1 = 7 on I} and choose u} to satisfy condition 4') if u,_; = 0 on I}
(note that u,_; is constant on each I}).

Define u,, to be equal to uy on each I;’. We claim that then u, is a phase
shift of a pair of measures (fnu|r,; gnV|q,) where f, and g, are positive
summable functions, F;, = Fj,_1 UClos Uy F}! and G,, = G,—1UClos Uy, G}.
Indeed, let u, be the phase shift of a pair (u,;vy). Recall that on each
Ji}, where u,—1 was equal to 7, the functions u} satisfy condition 4) from
Lemma 7, and on those JJ!, where u,_1 was equal to 0, the functions u}
satisfy condition 4'), with € satisfying (32). Therefore

(33) [ty # un_1}| < 0,/2" < 1/277 L.
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Also by (32) and (33)

(34) / up (/7)) — un_l(ei“ﬂ))fff <Y ek/s, <1/2"
k

for any point € € F,,_1UG,_1. Hence, by Lemma 4, |, _, ~ pu|F,_, and
UnlF,_, ~ V|F,_,. Also, on each JJ, since u, is equal to u}}, we have that
,Um|I;§ ~ M|F,§‘ and V”‘Iz? ~ V|GZ‘ Therefore pi, = foplr, and v, = gnv|g,, for
some positive summable f, and g,. By construction G, D E,. Also, since
w(Gn-1) = v(Fr-1) = 0, u(G}) = v(F}') = 0 (by condition (1) of Lemma
7), Clos UF! \UF}} C (Fj,—1UGp—1) and ClosUG} \ UG} C (F,—1 UGp_1),
we have u(G,) = v(F,) =0.

Step n, n is odd.

The construction here is essentially the same as in the previous case.

After step n — 1 we obtained closed sets F,,_1 and G,_1 of zero measure
such that ©(Gn-1) = v(Fn—1) = 0 and (fn—1p|F,_,; gn—17|c,_,) POSSESSES &
phase shift u,_1, for some positive summable functions f,, and g,. Let us
again denote T \ (Fr,—1 U Gp—1) = U}

Choose a closed subset E, of M so that E, C Uil and

(35) p(M\ (Foo1 U Ep)) < 1/n.

After that in the same way as above we construct the phase shift function
uy, of a pair (in;vn) = (faltlF,; gnvla,, ). The function u,, satisfies (33) and
(34). The sets F,, and G, are zero-measure closed sets such that F,, D E,
and p(Gp) = v(F,) =0.

Conclusion of proof.

This part is similar to the corresponding part in the proof of Lemma 7.

By (33) u,, tend in measure to a function ug. Let ug be the shift function
of a pair (po; 0). Then p, and v, weakly converge to pg and vy respectively.
Since u,, — ug, condition (34) and Lemma 4 imply that
(36) 1—1/2" < cnL <1+1/2"H

fn+1

fn-a.e. for some ¢, — 1. Since all our measures have norm 1, (36) implies
that p, — po in norm. Since py, ~ p|f,, o < p. Since (by (36)) p(Fy,) >
1—1/2"! and

In
(37) Un = Nn+1|Fna
fn+1

where functions f,, and f, 41 satisfy (36), 4 < po. Hence pu ~ pp. Similarly
vV~ 1. O
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Remark. A closed set K can replace T in the statement of Theorem 1
iff it is not very “porous”. More precisely, the following generalization of
Theorem 1 can be proved. We will state it in self-adjoint settings.

Definition. We will say that two disjoint sets of real numbers A and B
are well-mixed if they satisfy the following conditions:

(1) For any two points x,y € A each of the sets (z;y) and R\ [z; y] contains
at least one point from B.

(2) For any two points z,y € B each of the sets (z;y) and R\ [x; y] contains
at least one point from A.

We will denote by o, (A) the set of eigenvalues of the operator A.

Theorem 8. Let K C R be a closed set with no isolated points. Denote by
I, I, ... the disjoint open intervals Iy, = (xg;yx) such that K = R\ |JI,.
Denote 01 = {x1,y1, 2,2, ... }-

Then the following two conditions are equivalent:

(i) Any two completely non-equivalent cyclic self-adjoint operators A and
B such that the sets

(Opp.(A)\ 0pp.(B)) NOI
and
(0pp.(B)\ 0pp.(A)) NOI

are well-mized and o(A) = o(B) = K are unitarily equivalent up to a
rank one perturbation.

(ii)) Ify € K\ {x1,y1,%2,92,...} then

/ dx
< 005
ly — |

(y—Ly+D\K

if y =xp ory =1yi for some k € N then

/ dx
< 0.
ly — z|

(y—Liy+D\(KUI)

In particular if the spectrum of A and B is an interval [a;b] such that

{a,b} & (opp.(A) \ 0pp.(B)) and {a,b} & (0pp.(B) \ 0pp.(A)),

then A is equivalent to B up to a rank one perturbation.

Theorem 8 was proved in [P] for pure point operators. One can easily
combine the proof with the methods of the present paper to prove the general
case. Here is another (simpler) way to generalize Theorem 1. We prohibit
our operators to have eigenvalues at the endpoints of the complementary
intervals.
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Theorem 9. Let K C R be a closed set. Denote by Iy = (x1;y1),12 =
(x2;Y2),... disjoint open intervals such that K = R\ JI,. Let A and
B be two completely non-equivalent self-adjoint cyclic operators. Suppose
that 0(A) = o(B) = K and opp (A) N {z1,y1,22,92,...} = 0pp.(B) N
{z1,y1,22,92,...} = 0. Then A and B are equivalent up to a rank one
perturbation.

This theorem was also proved in [P] in the pure point case.
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