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TOTAL DETERMINATION OF MATERIAL PARAMETERS
FROM ELECTROMAGNETIC BOUNDARY INFORMATION

MARK S. JOSHI AND STEPHEN R. McDowALL

In this paper we complete the proof that the material pa-
rameters can be obtained for a chiral electromagnetic body
from the boundary admittance map. We prove that from the
admittance map, the parameters are uniquely determined to
infinite order at the boundary. This removes the assumption
of such knowledge in the result of the second author regarding
interior determination for chiral media.

Introduction.

In this paper we complete the proof that the material parameters can be
obtained for a chiral electromagnetic body from the boundary admittance
map. We achieve this by improving the boundary determination result of
[7]. This enables the removal of the assumption in the interior determination
result of [8] in which it is assumed that the material parameters are known
to infinite order at the boundary.

The behavior of electromagnetic fields in a body is described by Maxwell’s
equations. The electric displacement and the magnetic induction of the
body are related to the fields by the constituent equations which are defined
in terms of a number of material parameters. The parameters typically
considered are the conductivity, the electric permittivity and the magnetic
permeability. A fourth, often neglected, characteristic of an electromagnetic
body is its chirality. Chirality is an asymmetry in the molecular structure:
A molecule is chiral if it cannot be superimposed onto its mirror image, and
the presence of chirality results in a rotation of electromagnetic fields (see
5)).

In [11], Somersalo et. al. presented the boundary admittance map for
time-harmonic fields at a fixed frequency for non-chiral bodies, and posed
the inverse problem of whether or not the material parameters of a body
could be determined from knowledge of this boundary map. In [9] it was
shown that this is in fact the case assuming knowledge of the parameters
near the boundary. In [8], the second author showed that the admittance
map is well defined also in the case of a chiral body, and that knowledge
of this map determines the material parameters of the body, including the
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chirality, throughout the body, assuming that the parameters are known to
agree to infinite order at the boundary.

It is therefore pertinent to ask whether or not the admittance map in each
case determines the material parameters at the boundary of the body. In
[7] the second author showed that the admittance map does determine the
parameters and their first normal derivatives and it was conjectured that
the same should be true for all higher order derivatives. It was infeasible,
however, to carry out the computations arrived at in the proof in [7] to prove
determination of the higher order derivatives. In the present paper we prove
that the admittance map does indeed determine the parameters to infinite
order at the boundary in both the chiral and non-chiral cases, thus removing
the aforementioned assumptions in the interior determination results. We
work exclusively with time-harmonic fields at fixed frequency. In order to
pose the problem precisely we shall need the following function spaces: If
Q is a smoothly bounded open set in R?, H*(Q)* consists of k-dimensional
vector fields whose components are in the usual L?-based Sobolev space H®.
Let Div denote the surface divergence on the boundary of €2, and v(x) be
the outward unit normal vector at x € OS2, and define the following space
of tangential fields:

THE,(09) = {F € H3(0Q) | v+ F =0, and DivF € H(00) |,

1
If F e TH, (09), let (E,H) € D'(2)* x D'(2)* be the unique solution to
Maxwell’s equations with boundary condition v A E|sq = F. For Maxwell’s
equations, see Section 1.1 in the non-chiral case, and Section 2.1 in the chiral
case. Solvability of the boundary value problem is given in [11] and [8] for
non-chiral and chiral bodies respectively. The boundary admittance map

1 1
A:THJ, (092) — THp, (0N) is then defined by
(0,1) AF = I//\H|aQ.

We use A to denote the non-chiral admittance map, and II to denote the
chiral admittance map.

For a non-chiral body, ¢ is a complex parameter with real part the electric
permittivity and imaginary part 1/w times the conductivity of the body,
and p is the real-valued magnetic permeability of the body. We assume that
le] > eo > 0 and p > po > 0. Suppose that we have two electromagnetic
bodies (e, 1) and (;¢', 1) with the same boundary 9. Let A and A’
be the associated admittance maps. By the statement A = A’ we mean

the following: For every F € THZ. (9%), if (E,H) and (E’, H') are the
solutions to the boundary value problem above for the bodies (£2;¢, 1) and
(Q; e'1) respectively, then

AF =vAH|po=vAH|go =ANF.
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We give the analogous meaning to IT = IT'.
We may now state the results. In Section 1 we prove:

Theorem A. Let (2;e,u) and (€', 1) be bounded electromagnetic bodies
in R3 with electromagnetic parameters (g,p), (¢', ') € C®(R3), and with
smooth boundary 0. Let A and A’ be the associated admittance maps, and
assume that A = A’. Then on 0

e=¢, and w=pu
and the same is true of all derivatives at the boundary.

In Section 2 we handle the case of a chiral body. The method of proof is
essentially the same as in the non-chiral case, however the underlying ideas
become somewhat obscured by the more complicated setting, and for this
reason we have presented the two proofs separately, the first illustrating the
ideas more accessibly. The reason for the difference between the proofs is
that the non-chiral Maxwell’s equations decouple in a way that the chiral
equations do not. The parameters describing the electromagnetic properties
of a chiral body used here are (as in [8]) a change of variables from the
ones in the Born-Federov formulation (see [5]). The parameters ¢ and p
satisfy the same conditions as for the non-chiral case above, and (3 describes
the chirality, and is a purely imaginary smooth function. We assume that
ep+3? # 0 which amounts to assuming that the fields never become parallel.

The result of Section 2 is:

Theorem B. Let (Q;e,u,5) and (€', 1/, 3") be two bounded electromag-
netic bodies in R® with chirality described by B and 3’ respectively. Suppose
that (e, 1, B3), (¢4, 8") are in C°(R3) and 9 is smooth. If the associated
admittance maps are equal, 11 = II', then on O}

/

e=¢, pu=y, and B=p

and the same is true of all derivatives at the boundary.

It was shown in [7], although not stated explicitly, that the admittance
maps are pseudo-differential operators of order one. Our approach is an
inductive one. We will assume that the Taylor series of the parameters
are known to agree to some order at the boundary, and then compute the
principal symbol of the difference of the two associated admittance maps.
We show that this principal symbol then determines the next term in the
Taylor series of the parameters. This approach has already been exploited
in various inverse scattering problems, [1], [2], [3] and [4]. Computing the
principal symbol turns out to be computationally much simpler than trying
to compute the lower order terms of the symbol of a single admittance map
as we are able to work invariantly and solely with principal symbols. This is
facilitated by the study of families of classical pseudo-differential operators
P, € WDOY} parameterized by normal distance from the boundary. These
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have the property that the total symbol is of lower order when restricted to
the boundary. We are then able to define an invariant vector of principal
symbols for this family by taking the principal symbols of %%lpth:o. We
study and utilize the properties of this vector under composition with normal
differentiation at the boundary and with pseudo-differential operators.

In [8] it was shown that for a chiral body the admittance map uniquely
determines the material parameters throughout the body under the assump-
tion that they are known to infinite order at the boundary. We thus have
the following corollary:

Corollary C. With (Q;e,u,3) and (Q; &', 1/, 3") as in Theorem B, if Il =
IT' then
e=¢, =, and B=/p
throughout 2.
We thus conclude that, in principle, the material parameters of a chiral

electromagnetic body are recoverable from information obtained only at the
boundary of the body, namely knowledge of the boundary admittance map.

1. The Non-Chiral Case.

1.1. The equations. We assume that we are working in a compact convex
body, 2, in R? and that we have picked geodesic normal coordinates local
to a point on the boundary so that 02 is 3 = 0 and the Euclidean metric
becomes

dzi + Z gij(z)dx;dx;.
1,7<3
For the moment, we make no constraints on g;; but shall do so later.
As we have a metric, there is a natural pairing and therefore an iso-
morphism between one-forms and vector fields - we shall work exclusively

with one-forms. For time-harmonic fields at fixed frequency w, Maxwell’s
equations then take the form

(L.1) xdH = .—iweE
*dE = wpH
and
d(eE) =0, o(pH) = 0.

Here * is the Hodge star operator, d is exterior differentiation and & = *dx
is its adjoint. We have

*xd (1 * dE> = w?cE
7
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and thus
1
pxd () A *dE + xd % dE = w*peE.
1

Or
— x d(log p) A *dE + d x dE = w?pekE.
Now on one-forms on a three-manifold, A = — xd * d + d * dx so
—AE+dxd* E — x(dlog up A *dE) — w?ueE = 0.
We also know
(E)=—FE-dloge.

(Here we are taking the inner product on one-forms induced by the metric
- this is an invariant statement and holds in the flat coordinates.) So

—AE —d(E - dloge) — x(dlog u A *dE) — w?peFE = 0.
This is of the form
ME = |D2.1— A, I—M(z,Dy)—iP(2)Dy, — R(z)| E =0,
where as in [7] M consists of all terms involving first order differentiation in
x1 and xa, P is the coefficient matrix of 9/0,,, R consists of all zero order
terms and A;: is the Laplacian in x1, z9 for the value of x3.

3

1.2. Factorization.

Proposition 1.1. There exists B(x, Dy) € WDOY with principal symbol
—|&| depending smoothly on x3 such that

M = (Dg I —iP(x) —iB)(Dy,I +iB)
up to smoothing and B is unique up to smoothing.
Proof. As in [7]

A’ +i[Dy,, Bl + M + PB+ B*+ R = 0.

The principal symbol of B is therefore +[¢'| 5 we take —|¢'|,. Now suppose
we have chosen B; € UDO' 7 such that

Gn=Bo+ By +--+ By
satisfies
A" +i[Dyy,GN] + M + PGy +G3 + R= Ey € UDO'™V,
Then we must have
i[Dyy, Bn41) + PBys1 + By + Gy By + ByiiGy — Ex € WDO™V.
The principal symbol of this is just
—2|¢'|e0-N(Bn11) — 01-N(EN).
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So picking the symbol of By 1 appropriately this is zero away from £ = 0
and we can construct all the By; we let B be the asymptotic sum. By
construction, B is unique modulo a smoothing operator. [l

1.3. A class of pseudo-differential operators. Let Y be a smooth man-
ifold. We study families of operators on Y smoothly varying with a param-
eter t. (We will take Y to be 02 and ¢ the normal distance.)

Definition 1.2. We shall say P € WDO™P(Y;R,) if it is a family of
pseudo-differential operators of order m on Y, varying smoothly up to ¢ = 0,
and such that

p
P=> tip
=0

with P; a smooth family of operators on Y of order m — j. We will allow
operators on bundles also.

Definition 1.3. If P € YDO™P(Y;R,) then the symbol of P at t = 0 is
the vector

(Umfj(Pj))é):o
evaluated at ¢ = 0. This makes invariant sense as a vector of functions on
the cotangent bundle of Y.

The following is immediate.

Proposition 1.4. If B is a smooth family of operators on'Y of order k and
P € YDO™P(Y;Ry) then BP,PB € WDO™*?(Y;R,) and the symbols of
PB,BP att =0 are just the product of the symbols. We also have that

[Dy, P] € WDO™P~!

and that the principal symbol at the boundary is —i((p — j)am,j(Pj))i;é.
1.4. The symbol of the difference. Now suppose we have two different
sets of parameters, (¢, 1) and (¢/, '), with associated admittance maps A and
A’; let B and B’ be the associated factorization operators from Proposition
1.1. We shall consistently use ’ to denote operators associated to &', .

Suppose that A = A’; from [7] we know that on 9Q ¢ = &', u = p and the
same is true of the first normal derivatives. We shall prove inductively that
if e and ¢’ are known to agree to order [ > 2 at the boundary, and similarly
for p and g/, then the fact that A = A’ implies that the parameters agree to
order [ + 1. To this end we write

(1.2) e/e’ =1+ zhe., p/i =1+ 2ke,,

with e., e, smooth up to the boundary. We will calculate e. and e, at the
boundary from the principal symbol of the difference A’ — A which we write
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in terms of the difference B’ — B. We fix a point p on the boundary and work
in coordinates which are geodesic normal coordinates at p in the boundary
and extended normally off the boundary.

Proposition 1.5. Suppose (¢, 1) and (', ') are equal to order ! > 2 at the
boundary. Writing B' = B+ F we have F € WDO%~1 and if (f)j=0,—@-1)
is the principal symbol of F' at the boundary, then in our chosen local bound-
ary normal coordinates

. 00 i€ €. 0 it
(1.3) f—(l—l)zm e |0 0 & | +eu| O [ & + 7/,
z 00 [¢, 0 0 0

where r' vanishes to second order at x1,x9 = 0.
Proof. With B’ = B + F we have
A" +i[Dy,,B|+ M + PB+ B>+ R=0, and
A +i[Dy,, B+ F]+ M + P (B+F)+ (B+F)?+R =0.
Subtracting yields,

(1.4)
i[Dgy, F] + PPF+F*+ FB+BF = (M' — M)+ (R' — R) + (P' — P)B.

So if we can construct F satisfying (1.4), then B’ = B + F as we know B’
is unique (modulo smoothing).

The terms on the right hand side of (1.4) result from —w?euF,
d(E - dloge) and *(dlog u A *dE) (see Section 1.1). Specifically, the terms
involving differentiation in the tangential variables make up (M’ — M), and
those involving no differentiation make up (R’ — R); the coefficients of differ-
entiation with respect to the normal variable x3 are what comprise (P’ — P),
which then multiplies the first order pseudo-differential operator B. We com-
pute the contribution of these terms to the right hand side of (1.4) modulo
¥DOM. Now

wrep —wie' ) = WPy (wh(es +e,) + 2dlece,) € WDOO.
We also have,
d(E - dloge) — d(E - dloge) = —d (E -dlog (g))
= —d(E - dlog(1 + zke.)),
and

lzh e drs zhde
dllog(1 + zhe.)] = —32—= 3
[ g( 3 e)l 1+xé€g 1+xé€g
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Thus

lxé_lesEg xéE - de,
1+ xéeg 1+ xéea ’

E -dlog(1 + zke.) =

and so

-2 I-1

d[E - dlog(1 + ahe.)] = u 11_i)_$;ée:€E3 des + jmj xffi des

L e lag ' (E - de — v '} F3)

1+ zhe. (14 zee)?

B 2 (lzyte. B3+ F - des)de i xié
(11 ahe.)? T 14 ahee

=T+ T+ T3+Tu+Ts+Ts,  say.

+ dEs +

dl‘g

d(E - de.)

We compute the contribution of d(E - dlog(1+ x4e.)) to the right hand side
of (1.4) modulo WDOM: this means we can ignore operators not involving
D, if they are in ¥DOU' and so we can drop the terms Ty, Ty, T5. The
coefficients of operators in D, are what make up P’ — P which, in the right
hand side of (1.4), is multiplied by B. The resulting operator (P’ — P)B is
in WDOU if the coefficients vanish to order /. Thus we may drop 7.

We are left with

1

l _
d(E . dlog(l + 37365)) = Tlnéea

(l(l - 1)méﬁ2e€E3dx3 + lxéfleEdEg + T)

where the contribution of 7 in (1.1) results in operators in DO . The
dEs will have two parts - the coefficient of D, is absorbed into P/ — P and
then multiplied by B. Thus modulo WDO the symbolic contribution of
—d(E - dlog(1 + zke.)) to the right hand side is

IR -2 0 00 -1 0 0 &
I 1)l:v3 (o 0 ol - Lot le€ 00 it
1"‘1’365 0 O 1 1+$3€€ O 0 _|§/|x

This leaves the term *(dlog(u) A *dE). When we take the difference we get
— x (dlog(1 + z%e,) A *dE). The only term from this which does not result
in something in the right hand side of (1.1) absorbable into W DO is

- -1

xgile# * (dxg N\ *dE).

1+ z35e,
Now the Hodge star operator in these coordinates is equal to the flat star
operator, *7, in these coordinates plus an error. We now assume that we
have chosen coordinates normal about some point in the boundary and then
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extended normally away from the boundary. Then

(1.5) x= |1+ x3D+ Z z;xj * Dij | *g,
1,7<3

with D, D;; smooth homomorphisms of the form bundles. The x3D will give
us an element of WDOM which is therefore ignorable. We first compute in
flat coordinates the value of *¢(dx3 A *dE); this is equal to

0F; 0F3 0F> 0F3

——d —=dr1 — —=d ——dxo.

8.233 T1F 6$1 1 81‘3 T2+ 833‘2 2
As before the differentiation in x3 becomes part of P/ — P and we therefore
have to drop the &3 in the symbol and replace it by the principal symbol of
B which is —[¢'|, so we conclude that the contribution to the forcing on the
right hand side is

ey 00 i& 100
—3E 10 0 i& |+ |0 1 0] | +0(G1)+0(Ga).
L+azen \\o 0 o0 00 0

Here G1 S \I/DOl’l and G2 = Z acl-achij with Gij € \I/Dol’lfl.
7,3<3

So we have that i[Dy,, F]+P'F+F?+FB+BF = G with G € ¥DOM~!
from (1.4). We first show that this means F' € WDO%~! and then compute
the symbol of F' at our chosen point.

We know F is a pseudo-differential operator of order zero as B, B’ have
the same principal symbol. The principal symbol of the left hand side is
—2|¢'|zo0(F) and so we pick Fy to have principal symbol —1/(2[¢'|;)o1(G)
which vanishes to order I — 1 at z3 = 0, so we can certainly take Fj €
DO~ Putting F; = F — Fy we then obtain a similar equation but
with right hand side in ¥ DO 2 and thus solve to get F; € ¥ DO~ Li=2,
Repeating we get Fy + Fy + - + F_; € WDO%~! solving up to an error
in WDO~!. This can then be removed in the same way B was originally
constructed so we conclude that ' = B — B’ can be constructed to be in
U DOY% =1 and therefore by uniqueness is actually in W DO% 1,

Now recall that the principal symbol of F' at 3 = 0 is a well-defined
object and is a vector of matrices. Let (fj)j—o,——1) be this vector. Then
FB + BF has symbol (—2|¢'|.f;) and i[D,,, F] € ¥DO% =2 has symbol

(1= 1+ 3)£7)7 . So from (1.4), we obtain that

_2|§/|xf02
0 0 i& 1 00 0 0 &
—ley [ |0 0 & |+ (0 1 O ) —lec{0O O & |+r
00 0 000 0 0 —[¢,
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where r vanishes to second order at x1,zo = 0. We also have
20 ef 1+ (=) fo=—1(l—1)e. [0 0 0],
0 0 1

and

=2/¢'of—j + (1 =) frj = 0.
We can thus iteratively determine f_(_1), the principal symbol of F' re-
stricted to x3 = 0, which is what we want to know. Explicitly,

I 0 0 & 1. 0 &
fa-1) = W e [0 0 i& | +e, | O [ i& + 7,
z 0 0 | 0 0 0
where r’ vanishes to second order at x1, 9 = 0. O

1.5. Recovering the coefficients. In [7] it was shown that the param-
eters and their first derivatives are determined on the boundary from the
admittance map. As in the previous section we assume that (e, ) and
(¢/, 1) are known to agree to order [ > 2 on the boundary. In this section
we show that the difference of the admittance maps, A’ — A, determines e,
and e, (see (1.2)). We fix a point p in the boundary of the domain, take
normal coordinates in the boundary about it and then extend these off the
boundary normally.
Before proceeding to the proof, we present a useful lemma.

Lemma 1.6. Suppose that P and P» are pseudo-differential operators of
the form

Pj = Aj + f(]:’)Rj

where Aj, R; are mW-order pseudo-differential operators, j = 1,2, and
f(p) = 0. Then we can recover the principal symbol of A1 — Ay at p (even
if it is of lower order than Py — P3).

This follows from the fact that in any coordinate system the total left
symbol of f(z')(R1 — Rz2) will vanish at p. The usefulness lies in our ability
to discard terms in otherwise complicated computations.

From the definition of A (0.1), Maxwell’s equations (1.1), and the expan-
sion for the Hodge star operator (1.5), the admittance map at the point p

1 (33E1 - (91E3>

1S
E,
—Er iwp \O3E — 02 E3

plus terms which have coefficients vanishing at ©1 = x2 = 0; we shall be
considering the difference A’ — A and so from the above lemma, the symbol
of A’ — A at p does not involve these terms.

x3=0 x3=0
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We wish to express the right hand side in terms of £7 and Fy and operators
solely on the boundary. We know that §(¢ E') = 0 and hence that dx(¢E) = 0.
As above,

x = [ Id +I3D+ZCCZ'SL‘]'DU *f
1]
with D, D;; variable matrices (all sums are taken over i, j < 2). So we have
that

de A Id+z3D + inl'jDij *f FE
(4]

+ed Id+x3D + inijij * g E | =0.
]
Evaluating at 3 = 0 this becomes,
(1.6) de A (xfE) + Z zixjde N (Dij x5 E) +e(d 5 E)
tj
+ E(d.%'g A (D *f E)) + EZ d(xiijij *f E) =0.
]

Proposition 1.7. If (U,z) is a local geodesic normal coordinate patch to
the boundary of ) near p, then

OF;
L= "ByE, j=12.3

where Bj; are the components of the matrixz of operators B.

The proof of this is as in [7] Proposition 2, and [6] Proposition 1.2. So
dividing by € and rearranging, we conclude that,

(1.7) Id + inijij (B33 + 0sloge)Es + | D+ Z $Z’xj83Dij E5
i?j

(2]
=— | Id+ inijij [(81 log 6)E1 + (82 log 6)E2

iJ
+ 01F1 + 02Fy + B3 By + B32E2]

— 81 Z xiijij E1 - 82 Z .’EiﬂS‘jDij Eg = T, say.
6] ,J
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Let J be the coefficient of E3, and let K be a parametrix for J which is
certainly elliptic at x1,xo = 0. We also have that the principal symbol of K
is just —|¢/|; 1 1d.

So F3 = KT and

03B — 01E3 = B11 By + BiaEy + (Big — 01)KT.
Extracting the components acting on Fo, we have

w1

= By — (Blg — al)K Id—l—ZSUiijij (82 logs + 0y + ng)
1,7

+09 Z l’lmjDij
,J

plus terms vanishing at z1 = zo = 0.
Now J, and hence K, depends on the derivatives of € and p. However,
the dependence in J — J’ comes only from B33z — Bj4 for

£
J—J =[Id+ inijij [ng — Bég + 03 log (g)}
Z’J

and as we are working at x3 = 0, € = ¢/. Furthermore, at 3 = 0, B33 and
Bj4 can differ by an operator of order at most —(I — 1). If two first order
operators are equal up to order —(I — 1) then using

at—bl=atb—0a)?

we conclude that their parametrices agree to order —(I + 1). So we have
that K’ — K is of order —(I + 1), where K’ is the analogue of K for &, p/,
and its principal symbol at p will be —]§’|;20_(l_1)(F33).

And so

iwp(Nyy — A11) = (B2 + Fio)

— (Bis+ Fi3— 0K || 1ld+ Zﬂfﬂg‘Dij (02 loge’ + 0y + Bsa + Fs2)

]

+02 | > wiw;Dyj | | — Bu
1,3

+ (B13 — 81)K Id + Zmiijij (82 loge + (92 + B32)
i?j
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—|—62 E xiijij
i,

= F12 — (B13 — 81)K’ Id+23«"z$gng F32 — (313 — (91)(K/ — K)

1,

Id + Z zix;Dij | (02 + Bsa) + 02 Z ;x5 Dy
i,j i,J

—F13K/ Id—l—Zl’ix]’Dij (82 10g€/+32+332 -I-Fgg)
,J
+09 inijij
,J

— (Biz — 01) (K, —K) | Id+ Zl‘iijij O loga’
i?j

8/
+K Id—i—Zl’i.TjDij 05 log (8)
l’-]
The principal symbol of this at p will come from
Fio+ 01 K'Fyy + 81(K’ — K)0y — F13K/(82 + F3).
Using the results of the previous section, if m = —(I — 1), this has principal
symbol at the point p equal to

om(Fi2) — &€ | om(Fs2) + &€ | *om(Fss)
+€ |5 om (Fi3) (i€ + om(F32))
which by (1.3) is equal to

i —1!
W(€1§266 - 6162(66 + e/i)) = Wflfgeu.

Computing the remaining components of the principal symbol of A" — A at

p, we obtain
o- o (56 g
Al Fivp \ & &
Thus we are able to determine e, from A" — A. Since we are assuming
knowledge of the map A, we know also its inverse; restricted to the space

1
THP,, (09), this is the impedance map which maps the tangential component
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of the magnetic field at the boundary to that of the electric field at the
boundary. Interchanging the roles of ¢ and p in our analysis, we find that
computing the principal symbol of (A/)~! — A~ yields

0— U e (=66 -6
lerflive \ & &
and we may conclude that e. and e, are determined at the boundary from
the assumed knowledge of the boundary maps.
We remark the unexpected fact that the inverse of the first order non-

elliptic pseudo-differential operator exists, and that it is also a first order
pseudo-differential operator; of course, the symbol of the inverse is not the in-

1
verse of the symbol. This is a result of working on the restricted THp, (09)
spaces rather than on Sobolev spaces - see [10] for further discussion.

2. Chiral Media.

Suppose now that €2 is a body with chirality described by a smooth function
5. We shall apply the techniques of the previous section to show that if two
bodies have the same admittance map, then the chirality together with the
other three material parameters of the bodies must coincide to infinite order
at the boundary.

2.1. The equations for chiral media. Working again with one-forms,
and taking the formulation of [8] which is a change of variables in the Born-
Fedorov formulation, Maxwell’s equations for a chiral body take the form

*xdH = —iw(eE + fH)

(2.1) xdE = iw(pH — SE)
together with
(2.2) d(eE+ BH) =6(pH — BE) = 0.

We write (2.1) as

aliy) == () (1) = (2)

where we introduce the notation

We have

asa(7) = —iweax
- i axn (B)] - (5)

T =



TOTAL DETERMINATION OF MATERIAL PARAMETERS 121

where we have used (2.1) again. But

() = +a(s)
. *d*d<fl>:*[dX/\X_1 ( )] 2X2< )
A<f[>+d*d*<f[> [dX/\X *d<§)]+w2x2(§>:o.

But (2.2) implies that

seae (B) = a5 (5)]

where the inner product on one-forms is that induced from the metric, and
where the inner product is taken componentwise within the matrix multi-
plication. Combining these,

A <fl) _d [X—l(dx). (g)] . [dX AX1id (flﬂ

+w?X? (fl) =0

SO

which can be written in the form
F ) FE
N <H> = [D3,1—Al,I—N(z,Dy) —iQ(z) Dy, — S()] <H> =0

where N consists of all terms involving first order differentiation in z; and
x2, @ is the coefficient matrix of 9/0x3, and S consists of all zero order
terms.

As in Proposition 1.1, there is C(z, D) € $WDO! such that

N = (Dy,I —iQ(z) — iC)(DyyI +iC),

with principal symbol —|¢’|,. times the identity, and with this choice of prin-
cipal symbol, C' is unique modulo smoothing.

2.2. The symbol of C’' — C. Suppose that we have two bodies (;¢, u, 5)
and (Q; &', 1/, 3') for which the admittance maps are identical, and for which
the parameters are equal up to order [ at the boundary, with [ > 2. As
before we shall use ’ to denote all operators associated with the parameters
e, i, 5'. We shall prove that equality of the admittance maps implies that
in fact the parameters must agree to order [ + 1, and thus inductively prove
that they are equal to infinite order at the boundary. We assume that we
have chosen coordinates normal about some point p in the boundary, and
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have extended these normally away from the boundary to a neighborhood
of p. If we write C' = C' + F then we have

A" +i[Dy,,C] + N +QC +C? + 8 =0,
A'+i[Dyy, C+ F]+ N' +Q(C+ F) + (C+ F)’ + 5 =0
and subtracting yields
(2.3)
i[Day, F] + QF + F2+ FC+ CF = (N' = N) + (8’ - 5) + (@' — Q)C.

The terms on the right hand side of this expression come from

(2.4) d [(X’)l(dX’) - (fl)} —d [Xl(dX) . (g)] ,

(2.5) * [dX’ AXN) L xd <ff>] — % [dX ANX"1xd <fl>] , and

(2.6) WX @) _ W (X)? @) .

Specifically, the terms involving differentiation in the tangential variables
make up (N’ — N), and those involving no differentiation make up (S’ —
S); the coefficients of differentiation with respect to the normal variable x3
are what comprise (Q' — @), which then multiplies the first order pseudo-
differential operator C. We compute modulo ¥ DO and make use of the
following lemma.

Lemma 2.1. (i) If A is a matriz (of 0, 1, or 2-forms), then terms from

(2.4), (2.5) and (2.6) of the form x5 A A 9 <§> contribute terms in

8953
UDOY to the right hand side of (2.3).
(i1) If D is a differential operator of order one in x1 and xo, and of order

zero in 3, then x4 D <f[> € ¥DOM.
(iii) If A is a matriz of functions, then xé_lA <fl> e DO 10 c wpOU,

Proof. Claims (ii) and (iii) are immediate. For (i), we must simply observe
that C'is a first order pseudo-differential operator in z; and x5, and depends
smoothly on z3 as a parameter. Therefore, in the right hand side of (2.3)
we have 25AC € DO, (]

We put

ez —e
X’—szégzxé,(eﬁ e“>
€ B

and endeavor to show that £ = 0 at the boundary.
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Proposition 2.2. Suppose (g, u, 3) and (',1/, 3') are equal to order 1 > 2
at the boundary. Writing C' = C + F, we have F € WDO~1  and if
(fj)j:(L—(l—l) 1s the principal symbol of F' at the boundary then in our chosen
local boundary normal coordinates,

_ —I! Wi Wia /
=00 = e e+ ) (Wm sz) . where
€'|=(Bes + gep) 0 i§1(2Bep + €ey + pece)
Wi = 0 €| (Beg +cey) i&a(20es +eey + pee) |
0 0 ‘5,’3@‘(566 + pee)
€'l (nes — Bey) 0 i&1(2pes — 20ey)
Wiz = 0 &' (e — Bey)  i62(2uep — 20Bey) |
0 0 €' (nep — Bey)
’£I|m(ﬁee - 566) 0 &1 (20e. — 2865)
W = 0 €] (Bes — geg) i&2(20e. —2cep) |, and
0 0 €' |2(Bee — geg)
€'](Begs + pe:) 0 i1(20Bep + g€y + pec)
Wao = 0 &2 (Bes + pee)  1&2(208es + ey + pee)
0 0 ‘fllx(ﬁeﬁ + gey)

and where ' vanishes to second order at x1,x2 = 0.

Proof. We first analyze (2.4):

|y ax - x~tax) ()]

_d [(X—ld(X’ - X) + (X)X - X)X X - @)]
[ te-a-exen). ()
=1l a5 X1E (I%) daa +la T(XTE) @i)

+labix e (g?) + ekt xde - (g) dzs
3

+ahd(X 1) deE - (fl) +oaXld [dg ' (ff>]

_ o E oo E
—leb N (x)Tle XX (H> drs — zhd((X") 71X HdX' - (H>

— (X)X [dX’ : @ﬂ
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9
= Z T, say.
i=1

From Lemma 2.1 terms T and Ty, . .., Ty contribute terms in W DO to the
right hand side of (2.3). Writing

O Esdxy + 09 Esdxs I—1 v —1 O3 FE3dxs
OhHszdxy + 09 Hsdxo +ll'3 XE O3 Hsdzs

and recalling that the coefficient of the term involving dxs multiplies C' in
the right hand side of (2.3), we have the contribution from (2.4) equal to

Ty = zxg—lx—le(

9o Y1 0 1o Z1 0
(2.7) (- 1)ak2x1e <01 Y1> +laitxe ( 0 Z1>
where
0 0O 00 o
}/1 = 0 0 0 s and Zl = 0 0 82
0 01 0 0 Cs3

with C33 the 33-component of C. Next,

s {dX’ AMXN)xd (g)] — % [dX/\X‘l *d <I§>}

— i lax (X)X = XX+ X7 +d <§>}

e fox e (E)

[ _ _ E - _ E
=% |[dX' A (X)) Tlabex 1*d<H>} +*[l:vé Yedas A X 1*d<H>}

+ * |:l'éd5/\X_l * d <§>} .

The first and third of these terms contribute elements of ¥ DO by Lemma
2.1. For the second term we write x = (Id+x3D + >, ;<o 22 Djj)*5 to
obtain -

_ _ FE _ _ E
* [l:vé ledus AN X 1*d<H>} =%y [lmé ledes AN X l*fd(H>] +T+T

where T results in terms in WDOU by Lemma 2.1 again, and 7" vanishes
to second order at x1,xs = 0. Computing in terms of the flat star operator,
the contribution from (2.5) is thus

(2.8)
—033 O al
0 0 0
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The final consideration is the contribution from (2.6). This is
2 2 N2 E 2 ! l / E
XX ) = ow [(X(X -X')— (X' - X)X’ I
= W? [:céé’X' - xngc‘:] (f])

which is in WDO.

As before F € WDO% =1 and we now compute the symbol of F at p. Let
the vector (f;);—o,—@—1) be the principal symbol of F" at z3 = 0. From (2.3),
(2.7) and (2.8) we have

—2/¢'ofo=1X""€ (”(Zl) 0 )>+lé’X—1 <0'(Z2) 0 )

0 U(Zl 0 O'(ZQ)
and
2efa + (= Do =0 - x e (TGV 8
In general,
—1! o foc(Y1) 0 )
= X 16<
I (1 —j —1D)29|€')% [ 0 o)
+X_15 o(Z1) 0 N EX (0(Zy) 0
2. \ 0 o(Z1)) " 20, \ O o(Zy)
and in particular, computing f_;_1) we obtain the expression in the state-
ment of the proposition. (Il

2.3. Proof that £ = 0. From [7], we know that for a chiral body, the
parameters and their first normal derivatives are determined by the admit-
tance map. Suppose that (e, u, 3) and (¢/, i/, ') agree to order [ > 2 at the
boundary. We show now that if IT = IT’, then the parameters must agree
to order [ + 1. We fix p in the boundary and work in our chosen boundary
normal coordinates near p.

In order to be able to express Il in terms of the constructed operator C,
we shall need to write F3 and Hs in terms of Fy, FEs, H; and Hs. From

(2.2) we know that
E E
dX N x* (H) + Xd * (H> =0.

Writing * = (Id+23D + >, ;oo xiw;Dij)*s and computing at x3 = 0, we
have -

0,j<2
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_(O1PEL + 025Es + 038 E3 — O1uH1 — OopuHy — O3p1H3
O1eE1 + Ose By + 03¢ B3 + 01H 1 + 028H2 + 033 H3

L X Id+z$i$jDij (81E1+82E2+33E3)+DX<E3>

4 O1Hy + 02Hy + 03H3 Hj
1,7<2
FE
i,j<2

Making use of the fact that 9/93|z,—0 = C, (2.9) can be written

(1) = ()

where
= A0 —0Osp Cs3 Cse
e ‘Z<2 =iy D [(835 95 X Ces Ces
i,j<
+ | D+ 05 Z zizjDij | | X
i,j<2
and
= _ ) 018E) + 028Ey — O\ puHy — OopuHo
R=—1d+ Y ;D [(31€E1+82€E2+81BH1+825H2

ij<2
X (81 + 031)E1 + (82 + ng)Ez + C34Hy + C35Ho
Ce1E1 + CgoE + (81 + 064)H1 + (82 + CGS)HQ
Ly ((31 >ij<o iiDig) Er 4 (02 22, i< l“z'f'«“jDij)E2> ‘
(01 Zi,ng ziz;Dij)Hy + (02 Zi,jgz zix;Dij) Ha

We similarly have expressions for J’' and R'.
We now consider the admittance map II. In fact we are considering the

1
admittance map together with its inverse (when restricted to T'Hp, (052))
resulting in the 4 x 4 system below which we shall continue to refer to as II.
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By (2.1) and (1.5) this map is
1

(031 — 01E3) éEQ
5 iwp M
2 1 ﬂ
_E u | (03B — 0y E3) ——Fk
210 |, A | en N g
2 ——(03Hy — 01 H3) ——Hj
~m/ |, Wf €
——(03Hy — 02H3) éH1
we x3=0 g x3=0

plus terms with coefficients vanishing at 1 = x9 = 0; since we shall be
computing the symbol of II' — II, we do not need to consider such terms by
Lemma 1.6.

Let K be such that KJ = Id modulo smoothing (and similarly define
K'). Note that the principal symbols of K and K’ at p are both equal to
—1€¢/);1 X1 since X = X’ and X! = (X/)~! there. Then

O3By — 01 B3 + iwfEs = C11 By + Ci2Es + C14Hy + Ci5Ha
+ (Ci13 — 01)(KR)1 + Ci6(KR)2 + iwfBE>
and similarly, in terms of the second body,
03E1 — O FE3 + iwlBE,
= (Ci1+ Fi1)E1 + (Ci2 + Fi2) Es
+ (C1a + Fra)Hy + (C15 + Fi5) Ho
+ (C13+ Fi3 — 01)(K'R')1 + (C16 + Fi6)(K'R')2 + iwBEs.
Here (KR); is the j component of the vector (KR), and similarly for
(K'R');. Looking at the difference of these two, the first component of the
image of (Fy, —FE1, Ho, —H7)" under TI' — IT (times iwp) is
Fi1Ey + FioBy + FiyHy + FisHy + (Chis + Fis — 01)(K'R'),
— (Ci3 — 01)(KR)1 4 (Ci6 + Fi6)(K'R')2 — Ci6(KR)2
= Fu1Ey + FioEy + FiuHi + FisHy 4+ Fi3(K'R')1 + Fig(K'R')2
4+ Cis(K'R — KR)1 + Ci6(K'R — KR)s
+ 0 [(K — K")R]; — 01 [K'(R' — R));.

Now modulo smoothing,

! _ ! ! _ ). ! F33 F36 /
K-K =K -))K =K Id—f—i]z<:21:lx]D” X <F63 m ) K

(recall that we compute at 3 = 0). Thus if m = —(I — 1), acting on the
vector (Eo, —E1, Hy, —H7)', the principal symbol of (K — K')R at the point



128 MARK S. JOSHI AND STEPHEN R. MCDOWALL
pis

npy_ L (om(Fs3) om(F36)) (€2 —i&r 0 0
om-1((K — K")R) = e (Um(F22) Um(Fzg)> < 02 | 1 it —i§1> .

Next,
R R = _x (FE1+ By + FyyHy + FisHo
Fe1E1 + FeaEy + FeaHy + FgsHo
which has symbol of order m equal to zero by Proposition 2.2, and
1 [i&y —i& 0 0
K'R') = . ).
2ol ER) = e, ( 0 0 & —if

We now put all these results together. Recall that the principal symbol of
C'is —|¢'|,; times the identity matrix, and we have the expression for f,, in
Proposition 2.2. The first row of iwu(IT" — II) thus has principal symbol at

b
. . 2
( ﬁﬂm(f’m) + E%Um(Fas), —0om(F11) — ﬁUm(Fm) - éﬁﬁm(F:z:a),
. . 2
BE0m(Fio) + 2 om(Fse), —om(Fia) — 18 0m(Fie) — hzom (Fso) )
—1!
= —&16(Beg +eey), —E&3(Bes +eey),
2l|£/|é+1(€u+52> ( B 1Y 2 8 M
—&1&a(peg — Bey), —&3(neg — Bey)).

Computing the principal symbol at p of the remaining rows of II' — II = 0
and using Proposition 2.2, we find that in fact

0— T iwp ex-1 & &i& ,
P R —— 0 ~Gé &
iwe & &b
Evaluating, for example, at & = 1, & = 0, we obtain
1
- 0
B lexTt=o0
0 _
€

and so & = 0 as desired.

We remark that one could also argue that the values of eg, e, are obtain-
able from the first row and it therefore follows by symmetry that the value
of e. is deducible from the third row and hence that all three values are
determined.
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