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SHARP SIZE ESTIMATES FOR CAPILLARY FREE
SURFACES WITHOUT GRAVITY

XI-NAN MA

For the equation of constant mean curvature with pre-
scribed constant contact angle boundary condition, using the
unique continuation of analytic function, we get a minimum
principle for a combination of the solution and its gradient.
Thus we get the endpoint case for P-function (Sperb, 1981)
and in fact answer an open question which appeared twenty
years ago in Payne & Philippin, 1977, 1979 and Sperb, 1981.
As an application, sharp size and shape estimetes for capillary
free surface without gravity are obtained.

1. Introduction and Results.

The capillary surface of a liquid contained in a vertical tube with arbitrary
cross section € in the outer space has the shape of surface of constant mean
curvature with constant contact angle 8, against the wall of the tube. Let the
capillary surface be expressed non-parametrically as the graph of a function
u defined over the cross section 2. How does the boundary geometry of €2
and the contact angle 6, influence the size and shape of the capillary free
surface?

For the convexity of the capillary free surface, in [2], Chen and Huang
have shown if €2 is a bounded convex domain in the plane and 6, = 0, then
the corresponding capillary surface is also convex. Finn [3] provided an
example to show if 6, £ 0 the result is in general false.

In [1, 10], Chen and Sakaguchi showed if €2 be a bounded smooth convex
domain in R%, 0 < 6, < 5, the capillary free surface over €2 has only one
minimal point. From the convexity of the surface as 6, = 0, we know for
any 6, (0 <6, < % ), the minimal point is unique.

In this paper we consider the influence of boundary geometry and the
contact angle 6, (0 < 6, < 7) on the size and shape for the capillary free
surface without gravity. Precisely, let €2 be a bounded convex domain in
R? with smooth boundary 9. Give a positive constant H, consider the
following equations:

2
(% .
1.1 Di| ——— | =2H in Q
-y 2 (W\Dur?)
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U
1+ |Dul?

Where u;,7 = 1,2 are partial derivatives of u, n denotes the unit outer
normal to 0f), w, denotes the direction derivative of u along m, and 6,
(0 <6, < %) is the constant with 2H|Q| = cos 6,09 (|| is the area of
2 and |09 is the length of 9€). The graph of solution u to (1.1)-(1.2)
described a capillary free surface without gravity over the cross section 2.
Let A € 092 be a point corresponding to a minimum boundary value of
u, B € 0{ be a point corresponding to a maximum boundary value of wu,
C € Q be the unique minimal (critical) point of u and k(x) be the curvature

of 00 at x € 9N). Now we state our theorems:

(1.2) = cosf, on 00.

Theorem 1. Let u € C3(Q) be a solution to (1.1)-(1.2), then the following
inequalities hold

1):

1 —siné,
(1.3) u(A) —u(C) < I
(1.4) k(A) < cof& )
2):
1—sind,
(1.5) u(B) —u(C) > i
(1.6) k(B) > COI:Q .

If one of the equality signs of (1.3)-(1.6) holds then Q is a disk of radius
cos 8,

i and
(17) u(x) — U(C) = 1 —;;Il 90 on Of)
H
1. = 2.
(1.8) k(z) cos B, on 9
Conversely, (1.7)-(1.8) holds on 09 if Q is a disk of radius CO]S_JGO-

The proof of Theorem 1 is based on Hopf maximum principle [9] and the
following minimum principle.

Theorem 2. Let u € C3(Q) be a solution to (1.1)-(1.2), then the function
P(z) =2 —2(1 + |Dul?) "% — 2Hu

attains its minimum on the boundary 09, unless P(x) is a constant on ).
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In [7], Payne and Philippin had proved a similar maximum principle for
the above function P(z) that under the same condition it also attains its
maximum on OS2 unless P(z) is a constant in 2.

Since our theorems concern only qualitative property of the solution, so
only under the hypothesis of the existence of the solution we prove theorems.
For the existence of solution and background details we refer the reader to
the sources [4].

According to the work Nirenberg [5] or [4] we conclude that u is an
analytic function in €2, a feature which will be used in this paper.

In Section 2 we will give the the proof of Theorem 2 which is based on
the unique continuation of analytic function. Section 3 contains a proof of
Theorem 1 and a Corollary, which give the estimates of capillary free surface
area using the volume of a liquid, ||, 6,, u(A) and u(B).

We conclude the introduction with some notations and an identity for
Equation (1.1). Let © be a bounded convex smooth domain in the plane.
We introduce curvilinear coordinate system (r,s), where s represents arc
length along 0 and r(x1, z2) is the distance from a point x = (z1,x2) in 2
to 0. Asin [11], we denotes n = (n!,n?) the unit outward normal to 9,
T = (T, T?) is the unit tangent vector of Q. The summation convention
over repeated indices (from 1 to 2) will be employed. Assume that a function
u(w1,z2) is smooth in €, the following abbreviations will be adopted

ou ou 0%u

= - = =1+ |Dul?.
a$1’ 2 8$27 uz] 8xi81:j’ ’ v +‘ u|

uy
Following [11], we define the normal derivative % of u by

U, = lim —(u(z) — u(z —rn)) = wn'.
r—0 7

On 9N) we can also define a tagential derivative % of u by
Ug = uiTi.

Then we have the following formulas on 0f2

o0%u o .
(1.9) Ugs = 92 = wi; T'T7 — kun'
0%u i
0 Ou o
Ups = %((‘Tn) = ui;n'T? + kus

Ugy = Ups — Kls.

Using curvilinear coordinate system, Equation (1.1) implies the following
formula on 0f2

3
(1.10) upn(1+ ug) =2Hv2 — (ugs + kuy)v + (ussug + Ul Ups — k:unUZ),

s



124 XI-NAN MA

which will be used in Section 3 to prove Theorem 1.

Remark. The formula (1.4) is implicit contained in [7].

2. A minimum principle.

We consider the boundary value problem (1.1)-(1.2) in a strict convex bound-
ed domain Q in R? with smooth boundary 02, and define the following
function:

(2.1) P%(z) =2 —2(1+ |Duf?)"2 — 20 Hu.

We know that P%(x) takes its maximum value at the critical point for av > 2
[6], and on the boundary 0f2 for a < 1 [7]. We concentrate now our attention
on « € [1,2], and state the following:

Lemma 2.1 ([7, 8]). The function P*(x) defined in (2.1) satisfies the fol-
lowing elliptic differential equation:

(2.2) (035 — uiuj-v_l)Pg - [QHU_%ui + 207 Du| " 2ugug;
+2(a — 2)H1F% | Du|~%u; — 202 | Du| ™ 2upuupyus) P
= 4(a—1)(a—2)H?*v 2,

where 0;; is Kronecker symbol.

For the proof of Lemma 2.1, we make use of Definition (2.1) and of the
following identity (valid in R? only):

uijuiuj\DuF = |Dul*(Au)? + 2uui Uk — 2AUUU U4

The details of the computations are omitted here since they had been given
in [7].

From Lemma 2.1 and Hopf maximum principle [9] we conclude that P®(x)
takes its minimum value either on the boundary of 02, or at the unique
critical point C' € Q for a € [1,2]. For a > 1, the second alternative had
been rejected by Philippin [7]. The purpose of this section is to show even
a = 1 the second alternative can also be rejected unless P*(x) is a constant
in Q. This can be achieved as a consequence of the following:

Theorem 2.2. Let u € C3(Q) is a solution to (1.1)-(1.2), if
P(z)=2—- 272 — 2Hu

attains its minimum at the unique critical point C € (1, then P(x) is a
constant on 2.

For the proof of the Theorem 2.2, we use the strong unique continuation
of analytic function, so our program is to show all order derivatives of P(x)
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are vanishing at C € ). To this end, we choose the origin of the coordinate
axes at the critical point C € , then

(2.3) ui(C) = ua(C) =0,

and orient the axes x1 and xo in such a way that
(2.4) u12(C) = 0.

From Chen , Huang [2] and Sakaguchi [10], we know
(2.5) ui1(C) >0, u2(C) >0,

which will be used essential in the following proof.

Proof of Theorem 2.2. Our proof is divided four steps.

Step 1: We show the derivatives of P(x) up to order 2 are vanishing at
C.

First we compute the first derivaties of P(z) at C' € . Since at any point
x e

(2.6) P = U_%'Ul —2Huy = 2U‘guiui1 — 2Huq,
(2.7) Py = v 20y — 2Hus = 20~ 2usuzs — 2Hus,
then from (2.3), we have

(2.8) P (C) = P(C) =0.

Now we compute the second derivatives of P(z) at C. From (2.3)-(2.6),
we have at C'

3
(2.9) P = —§U_2U% + U_%’UH —2Huq = 2u%1 — 2Huq1
3 s _3
(210) P12:—§U 20102 + U 2’012—2HU12:0
3
(2.11) P22 = —iv_gvg + 'U_%’UQQ - 2HU22 = 2u%2 — 2HU22.
Use the fact that P(z) attains its minimum at C, we have
(2.12) P11(C) Py (C) — P%4(C) > 0.
From (2.5),(2.9) and (2.11) we know
(2.13) u1(C) = uw(C)=H
(2.14) P11(C) = Py(C) =0.

Now we will use the induction to show that all order derivatives of P(x)
at C are vanishing.

Step 2: As a first step for induction, we will show the derivatives of P(x)
of order 3,4 at C' are vanishing.
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First we claim

3
(2.15) %?&gk(m —0, k=0,1,2,3.
Using (2.9)-(2.11), (2.4) and (2.13) we have
(2.16) Py(C) = 4Huj, (O)
(2.17) Py, (C) = 4Huz,, (C)
(2.18) Py3(C) = 4Hu,, ()
(2.19) Pp3(C) = 4Hu,(0)
Now, by differentiating (1.1), we obtain
(2.20) 13(C) = —t15,,3(C)
(2.21) U2,y (C) = —3(C).

To this end, use (2.8), (2.10), (2.14) and (2.20)-(2.21), we expand the func-
tion P(z) in a Taylor series in a neighborhood of C"

(2.22)
(03P f .
P(z1,12) — P(C) = 3'{835*;’(0) X [COSSQO — 3cos psin? ©]
PP
e € Beos? psing —sin ]} +0(r),
1

where (7, ¢) are polar coordinates: x1 = rcosy, x = rsinp. Suppose
VPA(CO) +PE, (C)#0,

then P(x) is not a constant, so we are lead to the following representation
of P(x) in a neighborhood of the point C":

(2.23) P(z) — P(C) = Az cos[3¢ — B3] + O(r?),
with
VPRO) + P (C)
An — 1 1v2
3 31 )
Ps(C)
cos O3 = L ,
VRO + P (C)
I‘l xle
and
P C
sin 33 = 32(0) .
VRO + P (C)
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From (2.23) we conclude that P(x) has at least 3 nodal lines forming equal
angles at the point C, using Lemma 2.1 we know that P(z) attains its
minimum only on 02 or at the critical point C, which is a contradiction.
Thus A3(C) =0 or

o*P du
2.24 —(C)=0 and ———(C)=0, k=0,1,2,3.
(2.24) am’fang’f( ) 81"{8@7]“( )
Use the similar argument we can show
otP
2.25 ————(C) =0, k£=0,1,2,3,4
( ) 8x'f8x§_k( )
and
(2.26) uy4(C) = 1,4 (C) = 3H?
(2.27) Uug2,3(C) = H
(2.28) g0, (C) = tg,43(C) = 0.

Step 3: Now we assume all order derivatives of P(z) up to n are vanishing
at C, where n > 5. Use similar argument as in Step 2 we have the following
relations.

If n=2l, [>3. Then

forany m=20,1,2,... k, if k=5,6,...,2l,
(2.30) ux{”x’;—m((j) =0

forany m=0,1,2,... ,k, if k=57,9,...,2l -1,

forany m=1,3,5,... ,2p—1,if p=3,4,5,...,1,
(232) w2 (0) =u,m(C) = (2p—1)[(2p - 3)(2p—5)... 12H>

forany p=3,4,...,1.

When [ is even, we obtain for any p = 4,6, ...1

(2.33) u$§p (C) - uxfp—ng (C) = (2p — 1) -1

and for any p = 3,5,7,...0l — 1, we have
(2.36) u.rip (C) - uw§p72$§ (C) = (2p — 1) =1
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(2.37) Uy 20=2,2 (C) =+ Uy 20—4 44 (C)=(2p—3)+3

(2.38) Uyp+3,p-3 (C)+ Uyp+1,p—1 C)=p+2)+(p—2).
When [ is odd, we have the similar relations (2.36)-(2.38).

Ifn=204+1, [>2,a similar argument show (2.29)-(2.38) and
(2.39) nylnxgqulfm(C) =0, forany m=0,1,2,...,2[+1
hold.

Step 4: Now we show the derivatives of P(x) of order n+ 1 are vanishing
at C'. We divided it two parts according to whether n is odd or even.

Part A: Ifn=2l+1, 1 >2 son+1=2(+1)is even, we first look
for the relations among Pminmg+l—m(0), where m=0,2,4,...n + 1.
Through calculating, we have

(2.40)
Py (C) = 2nH {upn (C) = (20 + D[(20 = 1)(20 = 3).. . 1PH*
(2.41)
Py1,3(C) = 2nH {up1,5(C) = [(20 = 1)(20 = 3).. 1PH* |

Now, by differentiating (1.1), we obtain

(2.42) 8(21(Au - uiujuijv_l)(C) = %(QH’U%)(C),
x] Oz}

and using the values of derivatives of u up to order n at C, this lead to

(243) w1 (O) +un-1,5(C) = (n+1)[(2 — 1)(2 - 3).... 12H2+L

From (2.40)-(2.41) and (2.43) we obtain

(2.44) P$?+1(C) = —P$?_1$§(C’).

A similar argument, it follows that

(2.45) Pon1,5(C) = —Ppns,4(C) =... = (—1)’Px§+1(0).

Now we will find the similar relations (2.44)-(2.45) among
Pszg+1_m(C), where m=1,3,5,...n.

Using the same argument, we have

(2.46) Px'fl'L#»lf'ngn (C) = 2nHu$?+1fm$gl(C), where m =1,3,5,... ,n.

Now, by differentiating (1.1), we obtain as in (2.43) the following relations

(2.47) u$?+1_m$£n(0) = —Ugntommt (C), for m=1,3,5,...,n—2.
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From (2.46)-(2.47), it follows that
(2.48) Pupay(C) = —Pp-2,3(C) = - = (—1)' Pyyan (O).

Up to now we are able to show the derivatives of P(z) of order n+ 1 are
vanishing at C' as Step 2. Using the induction assumption, (2.44)-(2.45) and

(2.48), we expand P(x) in a Tayor’s series in a neighborhood of the point
C:
(2.49)

rrtl n+1 n
= o 1)!{Px?+1(0) X [( 0 )cos o
1

1

n+1
1 1
+ Px?—1$2(0) X [(n—f > cos” psin g — <n;’i— > cos™ L psin®
1
o (=1 <n;l|— > cos p sin” cp] } +O(r"2).

As in Step 2, we can show the derivatives of P(x) of order n+1 are vanishing
at C.
Part B: If n =2[, [ > 3, a similar argument as in Part A, we have

(250) Px?-l-l—m m(C) = 2nHU$;z+1—mxgz(C)

Zo
form=0,1,2,3,... ,n+ 1. The same analysis as in Part A leads to imply
the derivatives of P(x) of order n + 1 are vanishing at C.

According to the unique continuation of analytic function, we know if the
function P(x) attains its minimum at C, then it must be a constant, this
establishes Theorem 2.2. O

Combination of Theorem 2.2 and Lemma 2.1 implies Theorem 2.

3. The proof of Theorem 1.

From Section 2, we know if u € C3(Q) is a solution to Equations (1.1)-(1.2),
then the function

P(z) =2—2(1 +|Duf?>)"2 — 2Hu

attains its maximum [7] and minimum on 99 unless P(x) is a constant
in . As an application of these maximum and minimum principle of the
function P(z), in this section we get the size estimates of capillary free
surface without gravity to complete the proof Theorem 1 and a Corollary.
The proof of Theorem 1 will be divided two parts to show the different
applications for maximum (minimum) principle.
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Proof of Theorem 1. Part A: Use the fact that the function P(z) attains its
maximum on 02, we first prove (1.3)-(1.4).
Assume P(x) attains its maximum at x, € 9. We must have at x,:

1 1 1 _3
(3.1) 5P =5(-2) (-2) 072 (ul +ul+1)s — Hug
= v*%(ununS + usugs) — Hugs = 0,

from boundary condition (1.2), we have
sin? GOU% = cos? 0, + cos? Houi,
it follows that
(3.2) UnUns = COt2 Oplstiss,
we conclude from (3.2) and (3.1) that

Uss

1
(3.3) =Ps= v_%(cot2 Oottstiss + Ustiss) — Hus = ug | — PR
2 sin” 6,v2

_ H] _o.
According to Hopf maximum principle [9], we also have at x,:

1
(3.4) o= v_%[unum + Ustsn| — Huy, > 0,

unless P(z) is a constant on €.
If us(z,) # 0, then from (3.3)

(3.5) uss(To) = H sin® Gov%(mo).
Now we shall use (1.2), (1.9), (1.10), (3.4) and (3.5) to lead
(3.6) —kun|Dul> >0,  at z,,

which is contradiction to the strictly convexity of 2. The proof of (3.6) is
a long calculation. Using (3.5), at z,, we shall rewrite (1.10) as
(3.7)

2y _ 3 2 29,2 2 2,2
Unn (14u3) = 2Hv2 4ugsus+2 cot” Opususs —kunus — (uss+kuy) (14us, +u?).
Using (1.9) and (3.4) we have at z,

UnUnp + Us(Uns — kug) — Hunv% > 0,

thus
(3.8) ui(l—i—ug)um—l—unus(l—l—uf)(uns—kus)—HuTZl(l—i—uz)v% >0, at .
Combining (3.7) with (3.8) yields at z,
(3.9)

u? [2Hv% + st + 2 cot? Opuues — kunu? — ugs(1 + u2 4+ u?) — kuyv

+ unpus (1l + uﬁ)uns - kunug(l + ug) — Hufl(1 + ug)vg > 0.
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From (3.2), (3.9) can be rewritten as
(3.10) [Hu v2 + ugs(cot? OouiuZ — u? — ut }
+ {usszﬂ cot? O, (1 + ua + u2) — HuZuZv %}

— kuy, [uiu?%—u v+uitu ] > 0.
Now we calculate (3.10), from (1.2) and (3.5), it follows that at x,

(3.11) Hu? 0 + ugsu (cot? Gou? — 1 — u?)

= Hunv§ — H sin® Goviu% sin?6, = 0,
and
(3.12) ussu? cot? 0(1 4+ u2 + u?) — HuZu? v2

= Hsin?0,v2 cot2 Qou v —Hu2u2v2

= Hu? v2(cos Oov — u2) =0,

similarly we have

(3.13)  —kup (uZu? + u? 4+ ul +ulv) = —ku, (uv + uiv) = —ku,|Dul?v.
Insertion (3.11)-(3.13) into (3.10) yields
—kun|Dul*v > 0, at  z,,

now we complete the proof (3.6).

Thus we must have ug(z,) = 0, from the expression for P(x), x, must be
a point A where v attains its minimum on 0€2 and we may use the fact that
P,s(A) <0 also. It follows that
(3.14) 0 < ugs(A) < Hsin® 0,03 (A).
Using the similar calculation to get (3.6), we conclude from (1.10), (1.2),
(1.9) and (3.4) that
(3.15) k(A)cosf, < H — ugs(A).
Insert (3.14) into (3.15) to find

(3.16) k(A) <

Moreover from the maximum principle we have P(A) > P(C), it yields

1—sinf,

—

If P(x) is a constant on ) then a similar argument as (3.15) we have
H

cosf,’

H
cosb,

(3.17) u(A) — u(C) <

(3.18) k(x) = for any x € 09,
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1 —sinf,
(3.19) u(z) —u(C) = %n@’ for any x € 0.

_ 0
Which imply if P(x) is a constant on 2 then  is a disk with radius 5%

Until now we complete the proof of (1.3)-(1.4).

Conversely, if at A € 9Q we have u(A) — u(C) = 1—%111«90 or k(A) =

i from strong maximum principle it follows that P(z) must be a con-
cos b,

stant on €, so (1.7)-(1.8) hold.

Part B: Similar to Part A, use the fact that P(z) attains its minimum on
002, we will prove (1.5)-(1.6).

From the boundary condition (1.2), we can see that the minimum of P(x)
on 0f) must be a point B € 92 where u itself is a maximum. It follows that

(3.20) us(B) =0,  ugs(B) <O0.

A similar argument as in Part A, we have

1—siné,
B) — >
u(B) ~u(C) > T 0%
H
k(B) >
(B) > cosb,’
this is (1.5)-(1.6).
C yifu(B)—u(C) = 2% By = L then from st
onversely if u u(C) = T Or = costy ! en from strong
maximum and Theorem 2.2 P(z) must be a constant on €2, as in Part A
0o
(1.7)-(1.8) holds and Q is a disk with radius COZ .
cos 8,

When  is a disk of radius , (1.7)-(1.8) hold obviousily. Thus we
have proved Theorem 1. O

As an another application of the minimum principle of Section 2, we prove
the following Corollary for the capillary free surface area S defined as

S z/ V' 1+ |Du|?dz.
Q

Corollary. Let A and B as in Theorem 1, V = fQud:n is the volume of
a liquid in a vertical tube, then S satisfies the inequalities:

(3.21)  [sin 6, + 3Hu(A)||Q| — 3HV < S < [sin 6, + 3Hu(B)]|Q| — 3HV.

Proof. From the fact that P(x) attains its maximum at A € 9. We must
have
P(z) < P(A) for any x € Q.
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So we are actually have

1
3.22 ——— >sinf, + H[u(A) — ul.
(3.22) 5 u(4)~u
Since

1 1 | Du|?
- —(14|DuP)z - =L,
1+ |Dul? L+ |Dul) V14 |Dul?

we obtain from (3.22)

D 2
(323)  Hu(A) —u] + sinf, < /T [Duf - — 24
1+ |Dul?
Dul? iU
| Dul it and the divergence theorem

VI+[Dul2  \/1+ [Du]?
in conjuction with (1.1)-(1.2), we find from (3.23) after an intergration over
Q2 that

(3.24) S > [3Hu(A) +sin6,]|Q] — 3HV.

Similar using the fact that P(z) attains its minimum at B € 0f), we know
that

(3.25) S < [3Hu(B) +sin6,)|?| — 3HV.

Inequalities (3.24)-(3.25) are optimal in the sense that the equality signs
in (3.24)-(3.25) holds if and only if 2 is a disk with radius €8 00. This
establishes the Corollary. O
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