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ASCENT AND DESCENT FOR FINITE SEQUENCES
OF COMMUTING ENDOMORPHISMS

Luzius GRUNENFELDER AND MATJAZ OMLADIC

Homological techniques involving the Koszul complex are
used to define and explore two invariants, ascent and descent,
for a finite sequence of commuting endomorphism of a mod-
ule. It is shown in particular that, as in the case of a single
endomorphism, if ascent and descent are both finite then they
are equal, and that this finiteness condition is equivalent to a
certain strong Fitting type property.

1. Introduction.

Let A be an algebra over a commutative ring R and let M be a left A-
module. If ¢ : M — M is an A-endomorphism then kera’ C ker a'*! and
ima* D ima’*! for every i > 0. The ascent of a is the least positive integer
for which ker a” = ker a"*! and the descent is the least positive integer s for
which ima® = im a®T1, if such integers exist and oo if they don’t. If both the
ascent r and the descent s of a are finite then r = s and M = kera”" ®ima".
This is Fitting’s Lemma. It holds in particular for every a € End4(M) if
the A-module M is both Artinian and Noetherian. More generally, we may
say that a has the Fitting property if M = K & Z, where K = U, ker " and
I =n.a" M.

In this paper we consider n-tuples a = (aj,ag,...,a,) of commuting
endomorphisms of the A-module M. The ascent and the descent of a are
defined and investigated by means of homological techniques. The role of
the single endomorphism a in the classical case will be taken by the Koszul
complex K (M, 0,a) of the n-tuple a. Composition by the endomorphism a
is replaced by the procedure of forming the diagonal complex of the double
complex obtained via tensoring by the Koszul complex K (A, d,), where A
is a commutative subalgebra of End 4(M) containing the n-tuple a. This
leads to a natural extension of the concepts of ascent, descent and of Fitting’s
Lemma to finite sequences of commuting endomorphisms in Sections 2 to 5.

The whole approach works for any module M over a commutative ring
A and any finite sequence of elements of A, without specific reference to
R and to an A-module structure on M. However, in our context the Fit-
ting decomposition is of course A-invariant. In general, we say that the
n-tuple a has the Fitting property if M = K & Z and aZ = Z, where
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K =U,Homy(A/a", M), T = Nga®*M and a is the ideal in A generated by
the n-tuple a. The main result of Section 5 is that a has finite ascent and
finite descent if and only if a has the Fitting property and a acts nilpotently
on K.

In case R is a field, we show in Section 7 and 8 that the concepts of ascent
and descent are actually functions defined on finite dimensional subspaces
of commuting elements of End4(M). More precisely, if the commuting n-
tuple a and the commuting m-tuple b span the same subspace in End 4 (M)
then they yield the same ascent, the same descent and the same Fitting
decomposition of M. Localization techniques are then employed to see
that these concepts are functions defined on finitely generated commutative
subalgebras of End 4(M), i.e. if the finite sequences a and b generate the
same ideal in the commutative subalgebra A of End4(M) then they yield
the same ascent and the same descent, even in the absence of the Fitting
property.

Apart from their independent interest, the results presented in this paper
have also been motivated by some open problems in functional analysis
and operator theory. It is folk knowledge in this theory that the spectral
behaviour of a single compact operator in the vicinity of a non-zero spectral
point can be studied using an analog of Fitting’s Lemma [TAE, p. 271ff]. It
was J.S. Taylor [T] who introduced the Koszul complex into the discussion
of the joint spectrum of a commuting n-tuple of bounded operators. The
question of how to study the spectral behaviour of such an n-tuple is of
considerable importance, in particular in applications like multiparameter
spectral theory [R] and the theory of elementary operators [C]. In [BT] the
Taylor spectrum was applied to study the spectral properties of a commuting
n-tuple of compact operators by combining the ideas of Fitting’s lemma and
the Koszul complex. Our approach provides a Fitting type decomposition
for any point in the Taylor spectrum. To establish notation and for the
convenience of the reader some of the well-known results concerning the
homology of Koszul complexes [S] are reviewed in Section 2.

2. Preliminaries on Koszul Complexes.

2.1. Throughout this article let A be a fixed associative algebra with unit
over the commutative ring R, and let M be a fixed left A-module. Fur-
thermore, let A be a commutative subalgebra of End 4(M). For any n-tuple
a = (ay,as,...,a,) of elements of A we may construct the Koszul complexes
K(A,a) and K(M,a) as follows. If e = (e, ea,... ,ey,) is a basis of the free
A-module A™ then the differential graded A-algebra K (A, a) consists of the
exterior algebra A(A™) together with the differential of degree one

Oa : A(A™) — A(A™)
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defined by 0a(z) = Y ;" ; aje; Az. The Koszul cochain complex of M is then
the differential graded A-module K(M,a) = M ®4 K(A,a). It is often
useful to use the recursive definition K(A,a) = K(A,a’)®4 K(A, a,) of the
Koszul complex, where a’ = (ay,az,...,a,—1) and where K(A,ay) is just
the complex a, : A — A.

Proposition 2.2. Let X be any cochain complex of A-modules and let a be
an element of A. Then there is a short exact sequence in cohomology

0— H'(H"YX)®4 K(A,a)) — H(X ©4 K(A,a))
— HY(HP(X) ®4 K(A,a)) — 0
for each integer p > 0.
Proof. Considering K (A, a) as the complex a : K°(A4,a) — K'(A,a) then
we get the short exact sequence of cochain complexes
0= (XA KYA,0)P ' - (X @4 K(A,0))P = (X @4 K°(A,0))P =0

and the associated long exact sequence in cohomology
HP 7N (X) @4 KO(A,0) 248 HP71(X) @4 K (A, a) — HP(X ©4 K(A, a))

— HP(X)®4 K'(A,a) 24 HP(X) 94 K'(A, a).

The assertion is now established, by taking the kernel of 1 ® 4 a on the right
HO(HP(X) ®4 K(A,a)) =ker(1 ®4 a) = ker(HP~1(X) % HP~1(X)) and of
course its cokernel on the left H'(HP~1(X)®4 K(A,a)) = coker(1 ®4 a) =
HP~Y(X)/aHP~1(X). a

Corollary 2.3. Let X be any cochain complex of A-modules and let a be
an element of A. If a is invertible then H*(X ®4 K(A,a)) =0 and ifa =0
then HP(X ®4 K(A,a)) = HP7Y(X) ® HP(X).

Corollary 2.4. If M # 0 is Artinian and Noetherian as an A-module and
if a C rad A then the HP(K(M,a)) # 0 for 0 <p <n.

Proof. Let a = (aq,ag, ... ,ay) be contained in the Jacobson radical rad A.
The result will be established by induction on n. For n = 1 the exact
sequence
0— H'M,a) > ML M — H'(M,a) =0
of Artinian and Noetherian A-modules describes the situation. If H%(M, a)
= 0 then the map a : M — M is injective. The descending chain of
submodules
MDimaDima®?D...Dima’ D...

must become stationary after finitely many steps since M is Artinian. But,
ima/ = ima/™ = a(ima’) means that a/(ima) = a/(M) so that aM =
ima = M, since o’ is injective. But if H'(M,a) = M/aM = 0 then
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M = 0 by Nakayama’s Lemma, hence a contradiction. Thus, the case
n = 1 is established. Now assume that n > 1, a’ = (a1,a9,... ,a,-1).
The induction hypothesis is that the A-modules H?(M,a’) # 0 for all ¢
satisfying 0 < ¢ < n — 1 and that they are both Artinian and Noetherian.
If HP(M,a) = 0 then by the exact sequences of Proposition 2.2

0— HYH Y X)®4 K(A,a)) —» HP (X @4 K(A,a))
— HY(HP(X) @4 K(A,a)) — 0

with X = K(M,a’) and a = a,,, we see that H?~!(X)/a, HP~}(X) = 0 and
ker(a, : HP(X) — HP(X)) = 0. For p > 0, Nakayama’s Lemma implies that
HP~1(M,a’) = 0, which contradicts the induction hypothesis unless p > n.
If p = 0, then H'(M,a) = ker(a, : H'(M,a’) — H°(M,a’)) = 0 so that
an : HO(M,a’) — HY(M,a’) is an injective endomorphism of the Artinian
A-module H°(M,a’), hence bijective. Again Nakayama’s Lemma implies
that H%(M,a’) = 0 in contradiction to the induction hypothesis. O

Corollary 2.5. For any A-module M the commuting n-tuple a is in the
annihilator of H*(K (M, a)).

Proof. This follows easily by induction on n using the exact sequence of
Proposition 2.2 with X = K (M, a’) and a = a,. O

2.6. If X is a cochain complex of A-modules then X ®4 K(A,a) becomes
a bicomplex with differentials 9 ®4 1 and 1 ® 4 4. The diagonal complex
D =D(X ®4 K(A,a)) with D; = X; ®4 K; has differential 0 ® 4 05. Let
KO = A = DO and for » > 1 define inductively the iterated diagonal
complex D) = D(D"Y) @4 K(A,a)), which is a differential graded A-
algebra with Dlm = @7, K;(A,a) and differential (") = @70, = 9'9%...0",
where &7 : @ K;(A,a) — ®,K;11(4,a) is acting like d, on the j-th and
like the identity on the remaining tensor factors. Finally we introduce the
differential graded D) A-module M) = M ®4 D). Since there is no
danger of confusion, we shall use the same notation & and 8") for the
corresponding differentials on both D and M),

From the degree-wise and coordinate-wise point of view we may introduce
an additional upper index on the basis elements indicating the factor in the

(2

.. .®A6§T}, where er = ej, Aey, A. . .Ae;, for the multi-index I = (i1, 42, ... ,ip)
of type p with 1 <4y <y < --- <4, < n. Notice that MZ@ =M®as DZ(T)
and that (91-(” : Mgr) — ME?I is the composite 81-(” = 8}8? ...0;, where

853: = akei) A x for every x € MET). We can also define MZ(»T) and

the differentials 81-(T) inductively using the commutative diagram in Figure 1.
Observe that the main diagonal of this commutative diagram represents the

tensor power D\ = "Ki(A,a). A basis of DI(,T) is given by {e}1 ®4 6%2 ®4
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left most vertical of the diagram on the next step, i.e. with r replaced by r+
1. Every row and every column of the diagram represents a cochain complex.
Also, the left most and the right most columns are actually isomorphic. Since
Dj is a free A-module, the cohomology of the j-th column is

H*(M") @4 D;) = H*(M™) @4 D;.
The i-th row is of course isomorphic to the Koszul complex

KM a) =~ K(M,a) @4 D"

of the A-module Mi(r) 2 M®g Dlm and, since Dlm is a free A-module, its
cohomology is

H*(K(M") @4 D,a)) = H*(K(M,a)) @4 D"
In particular, if the A-module M is both Artinian and Noetherian and if

a C rad A, then it follows from Corollary 2.4 that HP(K(MET) ®a D)) #0
for 0 <p<n.

artl artt
M 2 MY @aDr . M @aD s MY @4 D,
o e 4 14
artt artt
mMP L MW eapy o MY eaD, L M @4 D,
e o |a |a
artt arts
M2 MY eaD; . MY @aDuy 5 MY e4 D,
ot ot
MO M waDr o MY @a D = MU ®4 D,

[o, [o, [a, [o,

% (r) (r) o4 (r)
Mn — Mn ®AD1 Mn ®ADn—1 — Mn ®ADTL

Figure 1.

The composite of any of either a horizontal or a vertical by a consec-
utive diagonal map is zero and so is the composite of any diagonal by a
consecutive horizontal or vertical map. Therefore, any path which changes
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from horizontal to vertical direction or vice versa only through a diagonal
is a cochain complex. Of particular interest are “Yoneda composites” of
columns by rows and of rows by columns.

3. Some Properties of the Double Complexes.

At each point MET) ®4 Dj of the double complex in Fig. 1, i.e. at that point
in the commutative diagram

r+1 ottt

a;7
MZ(-Z)l ®aD; 1 2 /\/ll@l ®aD; —— MET,)l ®a Djiq

o | o | o0 |

r+1 r+1
S i

a
/\/l,m ®aDj 1 —— MET) ®aDj —— MZ(-T) ®a Dj

o | o | o |

41 r+1

LT 0
M) @4 Dy = M @4 Dy~ MU @4 Dj

i
Figure 2.

we may consider the vertical, the vertical-diagonal and the diagonal-vertical
cohomologies, denoted by Hg), Eg) and Rg),
particular that

Hjy =ker 83 = Hom(A/a", M) | H) = M/imd"), = M/a" M,

respectively. It follows in

E((]g) = ((]BH) and R% = HT(;LH) for all r > 1, where a is the ideal in A
generated by the n-tuple a.
Proposition 3.1. Let a be an n-tuple of endomorphisms contained in the
commutative subalgebra A of End4(M).
(a) Suppose 0 < j < n. If ,Cl(;) = Hl(;) for some l, where 0 <1 < n, then
£]E:Tj) = ’H,(C? for all k, where 0 < k <.
(b) Suppose 0 < j <n. If Rl(;) = Hl(;) for some I, where 0 <1 < n, then
Rl(;) = H,(g;.) for all k, where l < k <n.
Proof. a) Observe that, due to the fact that the vertical and the vertical-

diagonal cohomologies at a point are defined by the same incoming homo-
morphism, we only have to show that the outgoing maps have equal kernels.

However, since the diagonal map 8;“8,(;) is a composite by the vertical map
6](:), it suffices to prove that ker(c“)?“@,ﬁ”) C ker(@,(:)). In order to see this
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pick an element x € M,(:) ®4 D; from the kernel of the outgoing diagonal
map and write

= Z Vs dp Iy €L @ €1, Q... Qe Def, .
I, I, Ir 41

Here every I; for 1 < i < r is a multi-index of type (j1,7j2,... ,Jjk), where
1<j1<j2<...<Jjr <mn,and the corresponding ej, = ej; Aej, N...Nej,.
Moreover, I,41 is a multi-index of type (hi, ha,... ,h;) with 1 < h; < hg <
... <hj<nandey,, =epn Nep, A...\ep;. This implies that

3(7’) _
k r= ap, Qpy - - - apTU11[2...I7~IT+1

I1,Ia,... ,Ir 41 P1,P2;--- ,Pr
(epy Nen) @ (ep, Ner) @ ... @ (ep, ANep,) ®er,,,-

By assumption we have

_artlg(r) . _
0=0;70,"z = E g Apypy -+ Qp A VT Ty T Ty

Ii,12,... Iy 41 P1:P2;5-- sPr+1
(epy Ner) ® (ep, Ner,) @ ... Q@ (ep, Ner,) @ (ep, oy Ner,y,)

Fori=1,2,...,r choose any multi-index J; of type (j1,J2,--. ,ji—k), Wwhere
1<j1<j2<...<Ji—x <n,and define e, = e;; Nej, A...Nej_,. Letting
e=ej ®ep ®...R ey, we see that = A e belongs to M] ®4 D;. Now

8;“8;7") (xNe) = (8;+18l(T)33) A e, since the diagram

(r) r+1

Is) Is]
M @D —— M{), ®4 D; —— M), 4 Dja

Ael /\el /\el
(r) 41
aj

0,
M ©aD; s MP ©aD; s M) ®4 D

is commutative. Thus, z € ker(&?“@,(f)) implies that z A e € ker(@}fﬂal(r))
and by the assumptions in part a) also that x A e € ker 8l(r) for every e as
described above. But then (a,@x) Ne = 81(7) (x Ne) = 0 for every such e.
Clearly there are sufficiently many maps Ae of that kind to conclude that
8"z =0

L =0.

b) Similar arguments apply to the second part of the Proposition. First
observe that at a given point both the vertical and the diagonal-vertical
cohomologies are defined by the same outgoing homomorphism. It therefore
suffices to prove that the ingoing maps have equal images. However, since the

diagonal map Blir_)l@;_l is a composite by the vertical map 8,&7;)1, it remains

to show that im(@,@l) C im((‘),gr;)l 7_1)- To this effect pick z € M,(Ql ®aD;
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and write

xr = E VN Is. I 1€ Q€L Q... Qe er .
I, I, Ir 1

Here every I; for 1 <i < r is a multi-index of type (j1,7J2,... ,Jjk—1), Where
1 < j1 <j2 <...<jk—1 <n, and the corresponding ey, = €5 Ae€j, A
... A\ €j . Moreover, I,11 is a multi-index of type (h1,hs, ..., h;) with
1<hy<hy<...<hj<mnandey,,
that

U = a(r) T = ap,, @ ap. U
- k-1 - pP1¥p2 * - YPr IlIQ...ITIT‘+1

11,127...717'+1 pP1,p2,.--,Pr
(epy Nen) ® (ep, Ner,) @ ... ® (ep, Ner,) ®@ep, ;.

For ¢ = 1,2,... ,r choose any multi-indices J; of type (j1,J2,-- ,Ji—k)s
where 1 < j1 < j2 < ... < jg—; < n, in such a way that J; is a subindex
of I;, i.e. such that every index that belongs to J; also belongs to I;. Next,

let ej, = eé-l Ae§~2/\.../\e§k_l. Then e = ej, ® ey, @ ... ® ey, defines a

homomorphism Ae : M&” ®aDj — Mi?k—l ®a Dj for each s so that the
diagram

=é€py Nepy Ao Nep,;. This implies

r+1 (
8l 1)1

M @aD; . 5 M7 eaD; = M @4 D,

/\el /\eJ{ /\el
ot o,
M @4 Doy =5 M @4 D; — M @4 D;
is commutative. According to the construction of e there must be an element
Yy E Ml(i)l ®a Dj such that z = y Ae. By the assumption of the Proposition

that Rl(;) = Hl(;) we have 81(1)13/ € im(@l(i)lﬁj’ffll), and there exists a z €

./\/ll(i)l ®a Dj_1 such that 81(1)18;:12 = 81(2)1y. By the commutativity of the
diagram we see that 8,2?18;f11(z Ne) = (8;?18;:1,2) Ne = (81@13/) Ne =
8,?“_)1(31 Ne) = 8,(:_)1x, proving the assertion. O

Corollary 3.2. Leta be an n-tuple of endomorphisms contained in the com-
mutative subalgebra A of End 4(M).

(a) If El(g) = Hl(g) for some I, 0 < [ < n, then Eg;)) = H,(;E)) for all k,

0<k<lI
0) F RY = H7) for some 1, 0 < 1 < n, then R) = H) for all k,
[ <k<n.

3.3. Example 5.5 will show that the opposite of this Corollary is not true in
general. However, we will also show that in some cases, and in particular in
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the case of an A-module M which is both Artinian and Noetherian, equality
of the vertical and the vertical-diagonal cohomology modules at M((]T), i.e.
at the top left corner of Fig. 1, implies their equality at Mfﬁl. Thus, this
condition imposed on the cohomology modules at some point M(r), where
0 < k < n, implies that the same condition holds for all k. Similar remarks
apply to the case of the cohomology modules on the right-most vertical of
Fig. 1.

4. Ascent and Descent.

In the following we shall be mainly interested in the cohomology modules at
the left most and the right most verticals of the double complexes M) @ 4 D,

that is in the situation of Corollary 3.2. Throughout the modules Mg) and
./\/l(()r) will be identified with M and a is the ideal in A generated by a.

Proposition 4.1. If E;TZLO = H(T_)l 0 for some index r > 1, then

(a) ker(Ort .. opt o)) = ker(d™),) for all 1 > 1;
(b) ker G(T) Nim 8(T) =0, i.e. Homy(A/a", M)Na" M = 0;
(c) [,nsl 10 = 'H( ) o for all indices s > r.

Proof. (a) The case [ = 1 is just our assumption. Assume the claim true for

a certain index [ — 1 and observe that ker(d5 ™ ... 86“87(;21) D ker 8( )1, S0
that we only have to show that in fact the opposite inclusion holds. To this

end pick = € ./\/17(;"_)1 such that 95 .. 6T+18(r)1a: = 0 and write

—gptit gty = E Tirigis1€f ®e?® . @el L

-1
21,225--- 5011

(r)

Clearly, z;i,..;, , € M, _;, and since 88 commutes with (9j for ¢ # 5 we
see that 8r+l8(r) 1y = 0. This forces 8( )13/ = 0 by the assumption in the
statement of our proposition. Since the maps (90 commute with 8" )1, we

n

conclude that 86” L .86“87(1_)1 = 0 and the assertion follows by the
induction hypothesis.

(b) The homomorphism 87(21 is a composite of maps of the type 9,
for 1 < i < r. After identifying M(r) with M(r) we may write 8(T) =
ooyt 95t If » € ker c'?( " A im 6( )1 then by assumption z = 6(_)13/
for some y € M( )1 and 93 OF ', 9t e = aé’") = 0. Consequently
ooyt 66“87(:_)13/ = 0 and it follows by (a) that = = c'?( ") 1y =0.
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(c) Choose any z € ker(aflﬁ”ag”) and observe that it suffices to show

that = € ker 87(::1). Recall that 8(7’+11) = 8;?187(21 and that the two homo-

A
morphisms commute. We see that y = Bflﬂx € ker(@fﬁlﬁgﬁ) and hence
by assumption y € ker 31(21. This finally shows that 0 = (T)18gﬂx =

(9(T_+11)a:. O

Proposition 4.2. If RY;L) = H&) for some index r > 1, then
(a) im(@ .ot = im ol for alll > 1;
(b) kerd” +im "), = M, i.e. Homa(A/a", M) + a" M = M;
(c) Rgi) = Hgi) for all indices s > r.

Proof. (a) The case [ = 1 is identical with our assumption. Suppose that
the claim is true for an index [ — 1 and observe that im(af:ll o 8::11)8[(;) -
im 8(@, so that it suffices to show that the opposite inclusion holds. To this
end pick z € /\/l(lr) ® 4 D,, such that € im 86” and assume by the induction
hypothesis that = = (87’;tll .. (Xﬁ)@[(f)y for some y € M[()r) ®f4_1Dn_1. Then

_ 42 o a3 Srt
Y= E Yigig..iChy ~ QAEL " ®a--@aé,

12,83, 541
where the exterior products ég = /\p;,gieg) form the canonical basis elements
of Dy_1 and where ¥;y,..5, € M(()r) & ./\/l(()r) ®4 D,,. Clearly, a(‘f)yim,,il €
MY) ®a Dy, so that by the assumption in our proposition there is an element
Zigig..i; € M(()T) ®4 D,,_1 such that 8((;)%2@-3,,,11 = 62f{8(()r)z1~2i3mil. Since the
maps 8%_1 and agH commute for i # j, we conclude for
z= Z Zizig...iléZjZ ®A ég"?) ®4...04 éZH
19,83,... 4]
that (8::11 .. 8;2)8[()”2 = x, which proves the assertion.
(b) Choose any x € M. The homomorphism OST) is a composite of maps
of the type 9 for 1 < i < r. After identifying ./\/l(()r) with Mﬁf) we may
write 87(:_)1 = 92" ,0*1...0""]. By Corollary 3.2. (b) the element Gér)x

belongs to im(f)(r) 8(gr)), yielding the existence of an element y for which

n—1
8,(:_)18(()r)y = Gér)x and hence 8ér)(m — 87(213/) = 0.
c) Pick any x € 1m and observe that 1t obviously suffices to show
Pick im o and ob hat it obviously suffi h

that = € im((?é”l)aﬁﬁ). Recall first that (‘)érﬂ) = 86“8(()” and that the
two maps commute. If y is such that x = 86“8((;)3/ then 95y € im aé” =
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m(a;;t%aé”) by the induction hypothesis and by the assumption in the
Proposition. Thus we conclude that x = 6((;)86“1/ € im(@fi%&éﬂrl)). O

4.3. If there exists an index r for which at the point M(Tll ®a Do the

(r)

left vertical cohomology H,,”; , is equal to the vertical-diagonal cohomology

Eillyo, then by Proposition 4.1 the same is true for all larger indices. The
smallest index r with this property will be called the ascent of the n-tuple
a. If such an index does not exist, we shall say that the ascent of the n-tuple
is infinite.

Similarly, if there is an index s for which at the point Mgs) ®4 D, the right
vertical cohomology H( %) s equal to the diagonal-vertical cohomology Rg‘;),
then by Proposition 4. 2 the same holds for all larger indices. The smallest
index s with this property will be called the descent of the n-tuple a. If
such an index does not exist, we shall say that the descent of the n-tuple is
infinite.

More generally, for any pair (i,7) satisfying 0 < 4,5 < n, let d?j be the

smallest among the indices r for which E(? ngj) and d-l- the smallest

among the indices r for which RZ(J) H(r) We let any of these indices be
infinite whenever there is no r satisfying the respective condition. According
to this notation the ascent of the n-tuple a is dg,n—l and the descent is d};

5. Relations between ascent, descent and Fitting’s Lemma.

In this section we will show that both ascent and descent of a commuting
n-tuple a are finite if and only if a has the Fitting property and a acts
nilpotently on K, and that ascent and descent are equal in this case. Let us
recall from Section 4, that the notation for the ascent and the descent are

d® = dj om—1 and d' = di,, respectively. It is also useful to remember that

M) 2 Homu(A/a", M), HS) = M/ar M, LS = 1 and RS = 1Y,

Proposition 5.1. Let a be an n-tuple of endomorphisms contained in the
commutative subalgebra A of End4(M).
(a) If 500 = HOO for some index r > 1, then £00) = Hoo for all s >r.
(b) If ngz = Hﬁm for some index r > 1, then ngg = Hnn for all s > r.
(c) If EOO = H for a fized index v > 1 and R( ) = 1n for some index
s> 1 then thzs holds for some s <r.
(d) If Rnn = Hnn for a fized index r > 1 and ct )1 0= 'HS}LO for some
index s > 1 then this holds for some s <.

Proof. For (a) and (b) use similar arguments as in the proofs of Propositions
4.1(a) and 4.2(a).
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(c) Let s be the smallest index for which Rg‘;) = Hg‘;) and suppose that
the assertion is false. Then, there must be an r < s with Egg)) = (()B).
By (a) we may assume with no loss of generality that r = s — 1. We will
show that in this case we must also have Rgsn_l) = Hgsn_l), in contradiction
to the minimality of s, thus proving the assertion. Notice that we always
have im(a;,laés”)) - im@égil) at the point Mgs) ®4 Dy, so that only
the opposite inclusion has to be established. For this purpose pick any
T € im 86371). Then z = 8ésfl)y for some y € Mésfl) ®4 D, and it follows

that Jjz € im E)és) = im 865)8Zf% by the second assumption in (c). This

(s)

yields the existence of an element z € ./\/l(()s) ® 4 D,,—1 such that G(S)y =0jr =

(9(()8)8Zf%z, and hence y — 912 € ker 868). Thus H(()f)) = Eé%_l) = H(()“B_l),
where the first equality holds by definition and the second by assumption.
Therefore, x = 8(()871)!1; = 88871)8;?:%2 which belongs to im(@ésil)azfll),

establishing the inclusion im 8(()8_1) C im(a(()s_l) 8;9:11) and hence the required
contradiction.

(d) Let s be the smallest index for which 551521,0 = HSELO and suppose
that the assertion is false. Then, there must be an r < s such that R% =

7(17;1 By (b) we may assume with no loss of generality that r = s — 1. We

(s—1) _ 5,(s—1)

shall show that in this case we must also have £, = H, | ), contradicting

the minimality of s and therefore proving our assertion. Recall that we
always have ker 3,S€fll) C ker(@f__f)@(ﬁ), so that only the opposite inclusion
has to be established. Pick any z € ker(@(f__ll) d5), then y = 87(13__11)1' €
ker 95 N im 8(8__11). Since Hq(f,z = Rgfn_l) = HS{I), where the first equality

n

holds by definition and the second by assumption, it follows that y = 87(5_)1z
for some z € M'¥ | and hence 0 = Gy = 8(5)87(21& This implies, by the

n—1

assumption /5;52170 = HSZLO, that y = 87(18_)1,2 = (0 and hence z € ker 87(15__11),
establishing the required contradiction. O

Theorem 5.2. The ascent d° and the descent d* of a commuting n-tuple a
are both finite if and only if M =K &7 as an A-module, where the ideal a
generated by the n-tuple a acts nilpotently on IC,

Homu(A/a,Z) =0 and oI =1.

If these equivalent conditions are satisfied, then

(a) d® =r =d.

(b) d?fl’o =r= djln for1 <r <n.

(¢) K =ker 86” = Homy(A/a", M) and T = im o
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(d) The restrictions of the a; to ker 8ér) are nilpotent. Moreover,
Homy(A/a™ 1) =0 and aWI =1

for every k > 1, where a%) is the ideal in A generated by the n-tuple

alk) = (ak,dk, ...  ab).
(e) r is an invariant of the ideal a, i.e. independent of the particular finite

generating set a.

Proof. Recall that the ascent is d° = dgfl,o and the descent d! = di,.
Suppose that they are both finite. By Propositions 4.1(c) and 5.1(c) we
have that dg—l,o > d%—z,o > 2> d870 > di,, proving in particular that
the ascent is no smaller than the descent. On the other hand, Propositions
4.2(c) and 5.1(d) yield dj, > d3, > ... > d},, > dp_;, and, in particular,
that the descent is no smaller than the ascent. Thus all the indices and, in
particular the ascent and the descent, are equal as required in (b) and in
(a). Assertion (c) is an easy consequence of Propositions 4.1(b) and 4.2(b).
That the decomposition is invariant under the actions of A and of A is due
to the fact that the differentials are compatible with both actions. Now, (d)
follows directly from (c).

Conversely, suppose that M = IC @ Z, where the restriction of the a; to
KC are nilpotent and the restrictions a; of the a; to Z satisfy

n
N, kera, =0 and Zima; =17
i=1
Then for each r > 1 there is obviously an isomorphism of complexes
M) a2 fo(r) @I(f‘)7

and so it suffices to prove the assertion separately for K and for 7.
For NV equal to K or Z, as the case may be, consider first the diagram

N

o, |

r+1
N O, N @4 Dy.
Let B; =e1 A...ANé A...ep. Then for N = K, we see that

(r
8n_1 E xi1i2---i7~Ei1 ® EZ‘2 ®...Q Ei,-
01,02, 0r
= E ailaZ-Q e airxiliQ-nir =0
11,02, ir
if r is large enough, since each coeflicient x;,;, ;. is in K. It suffices to choose
. . . T

r > >, where a;'K = 0. Thus, there is an index g, such that 67(1_)1 =0
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for all r > rg, and (a, K) has finite ascent. On the other hand, when N' =7
then

o l(y) = Za;y ®e; =0
J
I. pu—

j
for every r and (a’,Z) has finite ascent. Now consider the diagram

if and only if y = 0, since y € Z and Nj kera’;, = 0. Hence, 01! is injective

r+1

B
NO(T) ®4 Doy —— N, D,

|
Nl(T) ®a Dy,
Then, setting N = K, we see that

() — _
0y (x) = g aj, Gjy - .. 0, T€j, Dej, ... e =0
JirJ2s--Jn
if  is large enough, since x € K. Again, it suffices to choose © > > . r;,

where a;'KC = 0. Thus, there is an index sy such that 8(()T) =0 for all r > sy,
so that (a, K) has finite descent. If N =7 then

8;4__% (Z iet N ANEN LN en) = Z(—l)ifla;xi.
A

Thus, 0::{ is surjective for every r, since Z = ). ima}, so that (a’,7)
has finite descent. The ascent and the descent of a are therefore both finite,
hence equal. Moreover, it follows directly from our conditions, which are
independent of the particular finite generating set of the ideal a, that this
number r is the least positive integer for which one and hence all the con-
ditions a"C =0, Z = "M and K = Homa(A/a", M) are satisfied, so that
(e) holds. O

5.3. The conditions Homy(A/a,Z7) = 0 and Z = aZ say that the n-tuple
a acts ‘jointly bijectively’ on Z. Observe that a slight modification of the
proof of Theorem 5.2 shows that ascent and descent are either both finite or
both infinite whenever a has the Fitting property, i.e. whenever M =K &7
and Z = aZ, where K = U, Hom,(A/a", M) and Z = N,a" M. As a more
general version of assertion (e) we shall see in Section 8 that, even in the
absence of the Fitting property, both ascent and descent are invariants of
the ideal a.

We say that the commuting n-tuple satisfies condition (F) if the .A-module
M decomposes into a direct sum of A-submodules

M=KSTi®Ly®...0I),
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where Z; for 0 < ¢ < p are invariant under A, where the restrictions of the
a; to K are nilpotent, while for ¢ = 1,2,... ,p at least one of the restrictions
to Z; is invertible. Observe that if M is both Artinian and Noetherian as an
A-module, then every commuting n-tuple of endomorphisms satisfies this
condition. Indeed, in this case the ascent and the descent of the endomor-
phism a1 must be finite by Fitting’s Lemma [P, B]. By Theorem 5.2, applied
to the 1-tuple a; and the fixed commutative algebra A, the A-module M
decomposes into M = Ky & Z;, where K; = kera’] and Z; = ima’ for some
sufficiently large exponent r. By commutativity, K1 and Z; are A-invariant.
If the restrictions of all the a; to I are nilpotent, then we are done. If not,
pick one whose restriction to Ky is not nilpotent, say a2, and decompose
K1 into a direct sum of A-submodules Ko & 75 as above. Obviously, the
inductive procedure must terminate after finitely many steps and we get the
desired decomposition. These considerations actually show slightly more.
In order that condition (F) is satisfied it suffices that each member of the
n-tuple a has finite ascent and finite descent.

Corollary 5.4. If each member of the n-tuple a has finite ascent and finite
descent, in particular, when the A-module M is both Artinian and Noether-
ian, then both ascent and descent of the n-tuple are finite and the conclusions
of Theorem 5.2 are valid.

Proof. The “Fitting” decomposition of M, given in condition (F) and guar-

anteed by our assumptions, decomposes Mﬁf)l =M®a Df:_)l into

M0 = (IC ®4 fo_)l) @ (11 ®4 Dﬁf_’l) @ (Ip 24 ij_)l) .

An element = € ker(86+187(1721) decomposes accordingly into x = ug + u; +
-+ 4+ up. Since the differentials 87(321 and 85+1 preserve the decomposition
it follows that

0=0at0" 2w = a5t 0™ ug + a5 0 Juy + -+ + 9T .

n
For 0 < ¢ < p the term 07(:_)1111- must therefore be in the kernel of each

a; restricted to K and Z;, respectively. This forces 87(211% to be zero for

1 < ¢ < p, since then at least one of these restrictions is invertible. Hence

852135 = (9(721u0, and by the nilpotency of the restriction of each a; to K

S ()

we see that 0,z = 0,/

n
8(()T)x € im 85”, decompose x according to (F) into z = up+wu1+---+u,. For
sufficiently large r we may assume ug = 0 with no loss of generality. But then
T € im 8::11, since the restriction 0,_1 : @leL- 4 Dp_1 — @lel'i ®a Dy,
is surjective. ([

ug = 0 for r sufficiently large. Similarly, if y =

Ezamples 5.5. a) The converse of Corollary 5.4 is false. Here is an example.
Let V' = F(N, F) be the vector space of all sequences in the field F'. Consider
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the pair of commuting linear operators a = (a,b) on V defined by

0, forn=1
f(n), form>1

0, forn=1

(af)(”):{ fn+1), forn>1"

and  (bf)(n) = {

Since a is idempotent, ker a® = kera = {f|f(n) = 0 for n > 1} and ima® =
ima = {f|f(1) = 0}, we see that the ascent and the descent of a are both
equal to 1. On the other hand, kerb” = {f|f(n) = 0 for n > r + 2} and
imbd" =imb = {f|f(1) = 0}, so that b has infinite ascent but descent 1.

b) There is a pair of commuting endomorphisms on an infinite dimensional
vector space M for which the ascent d° = d%—l,o is infinite and the index
dJ, is finite.

Construction. Let F' be an arbitrary field and let M be the vector space
of pairs (a, p), where a € F and p = (p;(x)) is a sequence of polynomials
with coefficients in F'. If we define a : M — M by

ala,p1(x),p2(x),...) = (0,2p1(x), xp2(x),...)
and b: M — M by

b(a,pl(m),pg(:v), .- ) = (pl(O),pz(x),pg(w), s )

then it is easy to verify that a¢ and b are commuting endomorphisms of M.
Moreover, we see that a™(a,pi(x),p2(z),...) = (0,2"pi(x), x"pa(z),...)
and hence kera” = {(a,0)} for all n > 1. Since kera C kerb, we must
necessarily have Nj;j—y ker(a’d’) = kera for all n > 1, showing that df, = 1.
In order to see that the ascent of this pair is infinite, choose for » > 1 an
element u = (o, p) € M such that p,(0) # 0 and pi(z) = 0 for k > r. It then
follows that 0 # b"u = (p,(0),0,0,...) Ekera. Let it =uél ®@ét®...®é} €
M,(Ql. Then b"u = 87(21

ker 87(1721 # ker(ag“afjjl) for every r > 1.

4 is a non-zero vector from ker 86“ = ker a. Hence,

6. Some remarks and comparisons.

6.1. If a is the ideal generated by a = (a1, as,... ,a,) and al® the ideal
generated by a® = (aj,as3, ... ,a}) in A then clearly a(ms) C g5 C al®) C af,
lim ; Hom(A/a?, M) = lim; Homa(A/a¥), M) and N/ M = n;al) M.
The local cohomology with coefficients in the A-module M of the ideal a is
defined by

H(M) = lim , Ext’y (A/a®, M).

An equivalent description in terms of Koszul complexes can be given as
follows. For each s > 1 the maps

x: K*(M,a%) — K*(M,a*"!) and n:K*(M,a*"!) — K*(M,a%),
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defined by x(me;, Aei, A...ANej) = ai G, - .. a;;me;; Aei, A ... Ae;, and by
n(mei, Neiy, Ao Ney) = aiy, Gy, - - G, Mmeq; A ey A ... A ey, respectively,
are cochain maps. It is known [BH, Theorem 3.5.6] that

HE (M) = H* (lim JK* (M, a%)) = lim H* (K* (M, a%))
and in particular,
HY(M) = lim ; Hom 4(A4/a/, M) = lim ; Hom (A /a), M),

where the direct limit is taken along the maps y.
We may also take the inverse limit along the maps n and get a commuta-
tive diagram with exact rows

0 —— Nja M M lim ; H™(K*(M,al)))
0 —— a®M M H"(K(M,a®)) —— 0

for each s > 1.

6.2. With the notation already used earlier we also have
K = lim Hom(A/a’, M) = lim ; Hom4(A/a), M),
7 =0 M =n;a¥ M

and we get the obvious commutative diagram with exact rows

0—— K M MK —— 0

| [s

H
0 — M/T M I «—— 0

It is easy to see that:
(1) KNZ =0 iff « is injective iff § is injective;
(2) K+7 = M iff a is surjective iff 3 is surjective;
(3) K®Z = M iff « is bijective iff 3 is bijective.

The ascending chain of submodules
Hom4(A/a, M) C ... C Homa(A/a/, M) C Homa(A/a/ T M) C ...
of M becomes stationary if and only if the ascending chain
Hom 4 (A/a, M) C ... C Homu(A/a¥), M) C Homy(A/aUFD M) C ...

becomes stationary. It follows from Proposition 4.1 that this happens at
stage s when the ascent of a is finite and equal to s; in that case

Hom4(A/a?, M) = Homy (A/a?), M)
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and Homa(A/a/, M) N &/ M = 0 for all j > s. The descending chain of
submodules

MDaM ... DddMDa?TTMD ...

becomes stationary if and only if the descending chain
MDaM...2aDM DUt M D ...

becomes stationary. By Proposition 4.2 this happens at stage r when the
descent of a is finite and equal to r; in that case

M = aP M

and Hom(A/a?, M) +a/ M = M for all j > r. In each case the two chains
may not terminate at the same stage as the following example shows. If aq
and a9 are the linear operators defined by

ar(z1, wo, 23, 24) = (v3,24,0,0) and ag(z1, 22,23, 24) = (22,0, 24,0)

on the vector space M = R*, then a? = 0 = a2 but ajas(w1, 2,73, 24) =
(24,0,0,0), so that in each case the second chain terminates at stage two
and the first at stage three.

If both the ascent and the descent of a are finite then by Theorem 5.2 they
are equal, K = Homy(A/a*, M) = Homa(A/a®), M), T = a>M = a®I M
and we have the Fitting decomposition Hom4(A/a®, M) & a* M = M.

However, Example 5.5. b) shows that the stationarity of the above chains
of submodules of M alone will not guarantee a Fitting type decomposition
of M. Therefore stationarity of these chains alone will not suffice to get a
useful definition for finite ascent and finite descent.

7. Comparison maps.

7.1. Let a = (a1, a9, ... ,a,) be an n-tuple of commuting endomorphisms of
the A-module M and let b = (b, b2, ... ,by) be an m-tuple of commuting
endomorphisms of the A-module N. A map of differential graded modules

u: K(M,0,) — KN, )

must satisfy the equation dpu = u0a, i.e. the diagram

K(M,a) —2— K(M,a)
KWN,b) —2— K(N,b)

commutes. In particular, if ug : M — A is an A-module map and U = [u;;]
is an m x n-matrix of A-endomorphisms of A/ such that entries from different
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rows commute, then a map of graded modules u = (up,U) : K(M,a) —
K(N,b) can be defined by

u(vej, Nej, A...Nej,)

- Z Wiy jy Wiggo - uipjpuo(v)fil N fiz JARRRWA fip

11,82, ,ip

= Z det(| Uika]k,z:1)u0(v)fi1 A fig Ao A fip,

IeJ(p)

where J(p) = {I = (i1,i2,...,4p)|1 < i3 < iz < ... < ip < n}. Using
multi-indices this can be written as

u(vey) E UIJUO v) f1,

IeJ(p

where ur; = det([u;,]},—;). The following result is essentially [R, Lemma
2.1}, where the condition that u;; and by commute for ¢ # k should be added.

Lemma 7.2. If the diagram

M —2 KM, a)
o l lul
N —2 . Ki(N,b)
commutes, and if u;; commutes with ug; and with by, for i # k, then
u=(uo,U) : K(M,8a) — KN, 0p)

is a cochain map. If, in addition, ug is an isomorphism and the matrizc [u;;]
is invertible then u is an isomorphism of complezes.

Proof. The commutativity of the diagram says that

Zb uo(v) fi = up(v) = u10(v Zuwuo a;v)

for every v € M and hence b;ug = ZZ uzjupa; for 1 <4 < m. But then
ud(vej, N...Nej,)

= Z Uigjo Uiy gy - - - u%jpuo(ajov)fio A fz’l VANPIAN fz‘p

Joyio,d

= Z blou’LL]l .. .uipJp’LLQ(U)in VAN fil VANPIAN fipvjp = Ou(veJ),

107
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if u;; and by, commute for ¢ # k, so that the diagram

0
Kp(Maa) - p+1(Mva)

“pl l“zﬂrl

Kp(N,b) —2— K,11(N,b)

commutes for every p > 0. In terms of multi-indices this reads

ud(vey) =u Zajvej Nej | = Zuijuuuo(ajv)fi A fr
J Jsts I
= ZUIJUz'jUO(ajU)fi A fr

I7j7i

- ZbiuUuO(U)fi A fr = Ou(vey).
2,1

If, in addition, up and [u;;] are invertible then a direct calculation shows that
(ugt, [ug tuiju) ™) = u= : K(N,b) — K(M,a) is the inverse of w. O

It is the following special case of the above situation that is of particular
importance for us.

Proposition 7.3. Let A and B be commutative R-subalgebras of End 4(M)
containing the n-tuples a and b, respectively, such that bug = Uuga for some
n x n matric U = [u;;] of A-endomorphisms and some A-endomorphism ug
of M. If uj; commutes with uy and with by, for k # i, then U induces a
cochain map
u=(ug,U) : K(M,0a) — K(M,p).

Moreover, if U is invertible and ug s an automorphism then u is an iso-
morphism.

7.4. As the first of the following example shows, the conditions of Proposi-
tion 7.3 are not sufficient to guarantee that a and b have the same ascent
or the same descent. In case M = R? consider the matrices

U (A E R I O

in Ma(R). Then b = ua, a> = 0, b = b and ¢ = uwau~'. Thus, with
(ug,U) = (id,u) the conditions of Proposition 7.3 are met, but the ascent
and the descent of a are both equal to 2, while those of b are both equal
to 1. On the other hand, the conditions are met again if we replace b by
c = uau~! and take (ug,U) = (u,id). As expected, a and ¢ have of course
the same ascent and the same descent.

This, and considerations of how (ug,U) could induce a map of complexes
from M) (a) to M) (b) for r > 2, suggest that what is needed to guarantee
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equal ascent and equal descent, aside from wug being invertible, is that the
entries of U commute pairwise and that they commute with the entries of
b. It is obvious that ascent and descent do not depend on the particular
subalgebra A of End4(M) containing a. If uy € Aut4(M) then buy =
Uupa is equivalent to b = Uuoaugl. If, in addition, U : M" — M™ is
invertible then the entries of upauy I commute with those of U and those
of b. It therefore remains to compare ascent or descent of a, upau, 1 and
b = Uupau, L

Corollary 7.5. Let A and B be commutative R-subalgebras of End 4(M)
containing the n-tuples a and b, respectively, such that bug = Uuga for some
U € M,,(B) and some uo € Aut 4(M). Then (up,U) induces a cochain map
u : M (Dy) — MU (By) for each v > 1. Moreover, if U € GLy,(B) then
u") is an isomorphism for r > 1 so that a and b have the same ascent and
the same descent.

Proof. Since U € M, (B), the conditions of Proposition 7.3 are obviously
satisfied, and the assertion for » = 1 follows. Moreover, since the entries of
U commute and they also commute with the entries of b it follows that

biu(vey) = Zbuuuo f[—Zu”buo
= Zuljuijuo a;v) fr

—ZUzJUIJUO a;v fI_E uiju(ajver),

7.1
which means that b;u = Zj Ujua;.
Now proceed by induction on . Suppose that u(" : M) (a) — M) (b)

has already been defined such that dpu(” = u(d, and that bu(r) =
> ujjua;. Then define u"+Y : MU+ (a) — M+ (b) by u(’"+1)( ®

er) = > yusru"z @ f;. The commutativity conditions and the induction
hypothesis then imply that

8£,T+1)u(r+1) (x®er) = Z b~8(r)UJIU(T)33 @ (fj A fr)
_Zbuyu Ve ® (fi A fr)

—Zuﬂuﬂu i)z ® (f; A f1)

4,3,J

— (D) (Za, )z ® eZ/\ej)>
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= u I (2 @ e)
and also

biu(r+1)($ & 6]) = Z UJ[biU(T)LU & f]
J

= Z UJ[uiju(T) (ajx) ® fJ == Z uiju("ﬂ)(ajl‘ X 6[).
Jyi J

This means that 8g+1)u("+1) = u(r+1)3;gr+1) and byu("tY = Zj uiju(”l)aj.
If up € Aut4(M) and U € GL,(B) then one shows directly that the inverse
of u(" is induced as above by (ug*, [ug uijue] ") for each r > 1. There is
another, more conceptual way to show that u(") is an isomorphism. It is
easy to see that (ug, id) induces an isomorphism M) (8,) = MT) (9

).
uoauy,
The fact that (id,U) induces an isomorphism M(’")(Buoauaﬁ =~ M) ()

uses the assumption that the entries of upaug 1 commute with those of U
and those of b so that we may assume that all these entries are contained
in B. The rest is then a consequence of the following general observation.
If p: X - X' and ¢ : Y — Y’ are maps of differential graded B-modules
then ¢@p1Y: X®@pY — X'®@pY’ is a map of bicomplexes and D(¢p®@p ) :
DX ®pY) — (X' ®pY’) is a homomorphism of the associated diagonal
complexes. Moreover, if ¢ and v are isomorphisms then so are ¢ ®p 1 and

D(¢ ®@p ). 0

8. Invariance Properties.

8.1. In case ug = id, the assumption that b = Ua with U € GL,(4) in
7.5 clearly implies that a and b generate the same ideal in A. The question
now arises whether an n-tuple a and an m-tuple b, which generate the same
ideal in A, also have the same ascent and the same descent. This is indeed
the case, as we shall demonstrate using localization arguments together with
the following basic result.

Theorem. Let A be a commutative R-subalgebra of End (M) containing
the n-tuple a and the m-tuple b. Suppose a and b generate the same ideal
in A and that b = Ua’ for some a' C a and some U € GL,,(A). Then
K(M,0,) 2 K(M,0,)@K(R™™,0), hence H(K(M, 0,)) = H(K(M, d,))
QA(R™ ™). Moreover, a and b have the same ascent and the same descent.

Proof. In view of Corollary 7.5 we may assume that b = (a1, as,... ,ap),
and that a and b generate the same ideal in A. Thus, if the n-tuple ¢ = bU0
is obtained from b by adjoining n — m zeros, then there is a system of
equations 23:1 uij(a)a; = ¢; with ui =1 for i = 1,2,... ,n . The matrix
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U = [ui;] is in GL,,(A), since det U = 1. So, by Corollary 7.5 we have
K(M,0,) = K(M,0;) = K(M,0p) @ K(R"™™,0)

as complexes and thus H(K (M, 0,)) = H(K(M,d,)) @ A(R"™™) as graded
modules. Moreover, a and ¢ have the same ascent and the same descent,
and it then remains to show that the same is true for ¢ and b. By induction
we may assume that c is obtained from b by adjoining a single zero. For this
purpose let D(b) = K(A,d) and E = K(R,0), so that D(c) = K(A,0.) =
D(b)®E and moreover K(M, dy) = M®4D(b), K(M,0:) = M®4D(c) =
M@y D(b)® E.
By the results of Section 4, we only have to analyse the diagram

o5 (c)l
8r+1 (C)

M (e) 22— ME () @4 Dic)

to solve the ascent problem. First notice that D(c) = D(b) ® E means in
particular that

Di(c) = (Di(b) ® Ep) ® (Di-1(b) ® E1) = D;(b) & D;_1(b)

for 0 < i < m + 1, where of course Dj(b) = 0 for j < 0 and for j > m.
Moreover, since the differential of E is zero, the diagram

Di(c) —— (Di(b) ® Ep) & (D;_1(b) ® Ey) —— D;(b) & D;_1(b)

8i<c>l l laxb)eaaifl(b)

o

Dit1(e) —— (Dit1(b) ® Eg) & (D;i(b) ® Er) —— Dy41(b) & D;(b)

commutes for every ¢, 0 < ¢ < m. More generally, since DZ(T) (c) =
®@"%(D;(b) @ D;j—1(b)), the r-fold tensor product, we see that (‘)Z-(T)(c) =
®"(0i(b) @ 0;—1(b)). In particular for i = m and for i = 0, after expressing
the right hand parts as direct sums, the diagrams

D\ (c) —— Za D) (b) D{(c) —— Dy (b)

)

oy (c)l l(o,aﬁ,ﬁll(b)) a5 (c)l l(ag” (b),0)*

D () —=— Dy (b) D) —=— D (b)a U
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commute. It follows that the differential 0%’ (c) is related to 87(;;)_1(b) by an
isomorphism of the form

MP @) —— MesDP(c) —— Mo42)e M (b)

oty (cﬂ l(o,aﬁ?_l(b))
M (e) —=— M@4D, () —— M) (b),

while the relation between the differentials 97! (c) and 97! (b) is given by

r (e r
M) B MG (€) @4 Di(e)
M4 DY), (c) M@, DL (¢) @4 Dic)

%
R
1R

l

1 t
LB (MG () @4 Di(b)) & (M (b) @4 Do(b)).

M (b)

With the proper identifications we therefore get the matrix equation

N (c)o) (c) = <66+;(b)> (0 87(,’;)_1(b)> _ (8 36+1(b)é97(7:)_1(b)> '

This shows that ker 8% (c) = (M®4 Z) ®ker 8% (b) and ker(95 ! (c)a (c))
=(M®aZ) @ker(ﬁgﬂ(b)&g)(b)), and that the inclusion of the former into
the latter is componentwise. Hence, ker ag)(c) = ker(agﬂ(c)ar(;)(c)) if and
only if ker ax)(b) = ker(86+1(b)8g)(b)), which implies the invariance of
ascent.

To solve the descent problem we have, again by the results of Section 4,
to analyse the diagram

O (c)
_—

M () ©4 Diyi (c)
laé” (c)
M{(€) ©4 D (©).

M (c) @4 Dyn(c)
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Now, 9l (c) is related to 97.'% (b) by the isomorphism

r artl(c r
MY () ©4 Din(c) 9O M (e) @4 Do (€)
M@, D (c) 4 Din(c) M @4 D" (c) @4 Dpyi(c)

~| |=

(MG (b) @4 Dy (b)) @ V M;(b) @4 Dy (b)
with V = M")(b) ® 4 D,,(b), while Gér) (c) and 8((]T) (b) are related by

(a:rj;ll (b),O)

() 5" (c) )
My’ (€) ®a Dinyi(c) — M’ (c) ®4 Dinya(c)

gl lg

M @4 DY (€) @4 Dy (c) M @4 D7 (€) @4 Dy (c)

l |

MY (b) ®4 D (b) (M (b) @4 Dp(b)) & W

iftW=M®4U®4y D,(b). Considering the isomorphisms as identifications
we have

o0 ()0 (<) = (03” ) (50 0) = (68” BEAD) 0)

1%
1%

@5 (b),0)
_

0 0 0
Thus, imaé’“) (c) = im(?(()r)(b) and im(@ér)(c)afnﬂ(c)) = im(@ér)(b)aﬁjl(b)).

In particular, we may conclude now that im(@ér)(c)ﬁfnﬂ(c)) = im@ér)(c) if
and only if im((‘)(()r) (1)o7t (b)) = im@ér)(b), establishing the invariance of
descent. g

Corollary 8.2. Let R be a field and let L be a finite dimensional subspace
of commuting elements in End 4(M). Any two finite spanning subsets of L
have the same ascent and the same descent.

Proof. If a and b are two finite spanning subsets of L then they generate the
same commutative subalgebra A and the same ideal in it. Moreover, they
each contain a basis a’ and b’ of L, so that b’ = Ua’ for some U € GL,(R),
where n = dimpg L. The assertion now follows from Theorem 8.1. O

8.3. Additional conditions on the commuting n-tuple a or the commutative
subalgebra A of End 4(M) it generates may give tighter invariance results.
Such a situation occurs when A is a commutative local algebra; this happens
for example when R is a field and a consists of nilpotent endomorphisms.
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Theorem. Suppose A is a commutative local subalgebra of End 4 (M) with
maximal ideal M and residue class field F' and let I be a finitely generated
ideal of A. Then any two finite generating subsets of I have the same ascent
and the same descent.

Proof. The n-tuple a = (a1, a2, ... ,a,) C I forms a generating subset for
the ideal I of the commutative local algebra A if and only if the residue
classes a = (ai,ag,...,a,) span I/MI as a vector space over the field

F = A/M, i.e. if and only if a contains an F-basis of I/MI. This follows
from Nakayama’s Lemma [A, S]. Thus, if this is the case, then a contains
a subset a’ which generates the ideal I and such that a’ is an F-basis of
I/MI. By Theorem 8.1 we see that a and b = a’ have the same ascent and

the same descent. It remains to show that the same is true for m-tuples a
and b for which a and b are F-bases of I/MI. But in this case b = Ua
for some matrix U € M,,(A) with U € GL,,(F). Then detU = det U # 0,
so that detU ¢ M. Hence det U is invertible and U € GL,,(A). Again by
Theorem 8.1 we conclude that a and b have the same ascent and the same
descent. (|

8.4. We are now in a position to prove a general invariance result for any
finitely generated ideal in a commutative subalgebra A of End 4(M).

Theorem. Let A be a commutative R-subalgebra of End 4(M) and let J
be a finitely generated ideal of A. Then any two finite generating subsets of
J have the same ascent and the same descent.

Proof. Suppose that J can be generated by the n-tuple a = (a1, as, ... ,ay)
as an ideal of A. For any prime ideal P of A let Ap and Mp = Ap ®4 M
denote the localizations of A and M at P. The ideal I = JAp of the local
ring Ap is then generated by a as well. We shall see that

d(a, M) = sgp{dj(ajf\/lp)}

for j = 0,1. Since the localization functor ( )P MOdA — Mody, is
exact [A, Proposition 3.9], [S], we see that KT)(M, ) p " (Mp, ),
HO(M,0a)p = H(Mp,da), LT(M,0)p o~ ’">(Mp,8a) and

("M, 8a)p = R(T)(./\/lp,aa) for all r 2 1. Thus, by Propostions 4.1
and 4.2, we see that d’(a, M) > d’(a, Mp) for every prime ideal P of A.
But, by [A, Proposition 3.9], [S], a homomorphism of A-modules f: X — Y
is an isomorphism if and only if for each prime ideal P of A the induced
homomorphism of Ap-modules fp : Xp — Yp is an isomorphism. By the
definition of ascent and descent in 4.3 we conclude that

&’ (a, M) = d’(a, Mp)
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for some prime ideal P of A. If b is another generating subset of the ideal
J then invoke Theorem 8.3 to see that

d(a, M) = s%p{dj (a, Mp)} = Sl;p{dj (b,Mp)} = d (b, M)

which proves our assertion. O
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