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A UNIFIED METHOD OF CONSTRUCTION OF ELLIPTIC
CURVES WITH HIGH MORDELL-WEIL RANK

Hi1ZURU YAMAGISHI

By using the twist theory, we reduce the problem of con-
structing elliptic curves of rank n (n > 1) with generators to
the problem of finding rational points on a certain variety V,,.
By parametrizing all rational points on V,, (1 < n < 7), we
get all elliptic curves of at least rank n (n < 7).

1. Introduction.

The purpose of this paper is to describe a unified method of construction
of elliptic curves with given Mordell-Weil rank, and to show it is powerful
enough to produce every known example in principle. In view of the fact
that there is no general algorithm to give an elliptic curve with high rank,
our method might shed a light on this area of active research.

The main ingredient in this paper is the twist theory as is developed in
[3]. One of our main theorems says that the twists give us every elliptic
curve with high Mordell-Weil rank. Once this is established, we naturally
come to consider a variety V,, parametrizing a family of elliptic curves with
a given rank n, and we show that almost every rational point on this variety
gives an elliptic curve with rank > n. Thus our method should provide us
with every known example as a rational point on it. We will show that this
is indeed the case.

In this paper, we parametrize the rational points on V,, in each case of
n = 1 to 7. As is mentioned above parametrizing the rational points on
Vy, is equivalent to getting every elliptic curve of rank at least n (n < 7).
Moreover, the variety V,, is expected to be useful for solving other problems.
For example, in [5] it is used to construct a family of elliptic curves of rank 2
with given j-invariant. Moreover in [6], it is used to give a family of elliptic
curves of rank 6 with a nontrivial rational two-torsion point. The point
which is worthy of special mention is that we get very easily the equation of
any elliptic curve which corresponds to a rational point on V,.
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The present paper is organized as follows. In Section 2, we show every
elliptic curve with generators comes from a twist. Then for each rank n
we define the variety V,, mentioned above, which plays a very important
role throughout the paper, and construct a generic elliptic curve with its
generators as a generic fiber of a certain family of elliptic curves parametrized
by V,. Furthermore we show that we can get a given elliptic curve by
specializing this family at a certain rational point on V,,. In Section 3, we
focus our attention on the structure of V,,. In each case of rank 1 to 7, we
show V,, is rational and obtain a parametric representation of all rational
points of V,,. For the case of rank > 5, we define another variety which is
birational to V,,, and parametrize rational points on V,, in these cases using
this variety. The concrete proof is given only for the case of rank 6, because
it is the most typical and richest and the other cases are treated more easily.
In Section 4, for a given elliptic curve with generators whose rank < 7, we
specify the values of the parameters which are used in Section 3 to express
the rational points of V,,. As an application, we reconstruct the example of
rank 7 due to Grunewald and Zimmert [2] in Section 5.

I would like to express my gratitude to Professor Fumio Hazama for his
useful advice. And I also thank Professor Kenneth A. Ribet and Professor
Robert Coleman for their stimulating conversation.

2. Generic case and its specialization.

In this section, we construct an elliptic curve with rank n defined over the
function field of an algebraic variety. Let E be an elliptic curve over a field
k of characteristic # 2 defined by the following equation

(1) E:y?=ax®+ b2’ 4 cx +d,

and let f(x) be the right hand side of the equation of E. Then we can
express E™ by the simultaneous equation:

v2=flz) (i=1,...,n).

Let ¢; the involution on E™ defined by ¢((zi,v;)) = (s —yi) (i = 1,...,n)
and put V,, = E"/((t1,...,tn)), then the function field of V;, is the set
of the invariant elements of the function field of E™ under the action of
{((t1,...,tn)). Consequently,

k(Vn) = k(-En)«Ll’m’Ln)> = k(y1y27 s Y1Yn, T1y .- ,IEn).

Since (y1yi+1)% = f(z1)f(x;11) holds for i = 1,... ,n — 1, we find that V}, is
defined by

(2) y? = f(21) f(2it1) (i=1,...,n—1).
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(Here we rename y1y;+1 as y;.) Let Ep be the twist of E by the quadratic
extension k(E™)/k(V,). It is defined by the equation

flan)y? = f(@)
(see [3, §4]). Let Ey(k(V,)) be the group of k(V;,)-rational points on Ej,.

Theorem 2.1 (Hazama). If Endg(F) = Z, then the rank of Ey(k(V,,)) is
n, and its generators are the following:

Yi .
ri,1 T; _— 1=1,...,n—1).
( 1 ) < i+1 f($1)> ( 3 )

Now, we can obtain a given elliptic curve with its generators by specializ-
ing the above twisted generic elliptic curve at a certain k-rational point on
V,, as follows:

Proposition 2.2. Let E be a given elliptic curve defined by the following
equation

E:y* = a2’ +ba® +cx +d,
and let (o, 3;) (i = 1,...,n) be its independent generators. Let Ey be the
twist of E by k(E™)/k(V,,). Then E with these generators is obtained by spe-
cialization at the point (1,...,Tn, Y1,--- ,Yn—1) = (@1, ... ,an, 102, ..,
61ﬂn) on Vn-

Proof. Put x; = o (i = 1,...,n). Then Ej : f(z1)y* = f(x) is isomorphic
to y> = f(z) by the map (z,y) — (z,1y). Here the generators of twisted

elliptic curve become (a1, 1), | @iy1, Bgl (¢ =1,...,n—1). Therefore they

are mapped to (a;,3;) (i=1,...,n—1). O

3. The structure of the base space.

In this section, we investigate the structure of the variety V,, defined in
Section 1 in each case.

The case of rank 1 is slightly different from the other cases, and can be
treated easily. More precisely, the twisted elliptic curve

(3) Ey: f(z1)y? = az® + ba? + cx + d,

has a rational point (z1,1) € Ep(k(z1)), and it follows from Theorem 2.1
that it is of rank one as an elliptic curve over k(z1). But a generalization
opposed to a specialization decreases the rank of an elliptic curve, hence Ej
regarded as an elliptic curve over k(z1,a,b, ¢, d) is of rank 1.

As is seen from this argument for the case of rank 1, it is natural to
regard V,, defined by (2) (n > 2) as an algebraic variety defined over K =
kE(x1,...,zp). Therefore V,, is a 3-dimensional subvariety in the projective
n+2 space P"*2 with coordinates (a, b, c,d, 1, .. ,yn—1), and Ej is regarded
as a generic fiber of the elliptic fiber space defined by Equation (3) over V,.
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Case of rank 2. Our Vs is defined by one quadratic equation with a rational
point P; (a,b,c,d,y1) = (0,0,0,1,1), hence V5 is K-rational and we can
parametrize K-rational points on V5 as follows:

Theorem 3.1. Vs is rational, in fact, each K-rational point on Va is ex-
pressed as

(S +T)p1, (S+T)pa, (S+T)ps3, (S+T)ps — ST, —ST),
where (p1, pa, p3,pa) € P* and
S = p1a} + paxi +p3w1 +pa, T = p1a3 + poxs + p3w2 + pa.

Case of rank 3. We recall two results which will be frequently used later.
The first of them is classical and well-known (see [1], for example), but in
view of the fundamental role played by it, we recall its proof.

Lemma 3.2. Let V be a complete intersection of | quadrics in P defined
over k. Suppose that it contains a linear subvariety W k-isomorphic to P1.
Then V' is k-rational.

Proof. There is a k-linear subvariety L k-isomorphic to P™ such that the
intersection of W and L is empty. For any point P on L(k), let M be the
variety spanned by {P} and W, which is k-isomorphic to P!. Then we can
express the intersection of the variety defined by i-th equation of V and M as
the union of W and a k-linear subvariety W; = P=1. Since W; (i = 1,...,1)

are in M, we get a k-rational point @) as intersection of W; (i = 1,...,1).
The map ¢ : L — V defined by ¢(P) = Q gives a birational map from
L(=P ) to V. O

The next result is from an elementary linear algebra:

Lemma 3.3. Let N be a given n x (n+1) matriz and we denote the matriz
removed i-th column by N;. The homogeneous equation

A1

An—|—1
in P™ has a unique solution if N is of full rank. And then the solution is

vol= | e

An+l (—1)"*2 det(Np+1)
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Now we show that V3 is birational to P3. As V3 is a (2,2)-intersection
in P° with coordinates (a,b,c,d,y1,y2) and contains a line W defined by
the equations 23a + z1b+ ¢ = 0, d = y; = y2 = 0, therefore we can apply
Lemma 3.2 and 3.3. Note that W is spanned by S; = (1,0, —23%,0,0,0),
Sy = (0,1, —21,0,0,0). By a direct computation based on the map ¢ in the
proof of Lemma 3.2, we obtain the following:

Theorem 3.4. V3 is rational. Every K-rational point on V3 is given by
(A+wvp1, p, Az} — w1, vp2, vp3, vpa),
where (p1, p2,p3,ps) € P and
(A, v)
= (l’?xgltg(.%'g — 29)(x123 — T2x3 + T T2 P2
— (23 — w2) (2] — (w2 + 33)7} — T1T223(22 + T3) + 2523)p1p2

+ (z3 — x9)(x9 — 21 + .%'3)]9% — z3(x3 — xl)p§ + zo(x2 — xl)pi,

— alwows (a3 — x3)p]
— 2} (21 + @2) (21 + a3) (23 — 22) (22 + T3 — 21)p1D2

= (w3(a — o) — w2(23 — 2]))p3 + ws(wf — 27)p — wa(25 — 27)pi,

zows(prat + p2)(ws — x1) (w2 — a1) (w3 — x2)) € P2,

Case of rank 4. In this case, V4 contains the plane W defined by the
equations z3a + x2b + r1c+d = 0, y; = y2 = y3 = 0. Hence by a similar
argument to the one employed in the case of rank 3, we obtain the following:

Theorem 3.5. Vj is rational. Every K -rational point on Vy is expressed as
A+ pp1, gy v, —(Na? + pat + van), ppa, pps, ppa),
where (p1,p2, p3,ps) € P3 and
(A s v, p)
= (—29pi (w3 — m2) (24 — m2) (w4 — 23)
(23 (@ + 23 4 14) — T1(T2T3 + T3T4 + ToTy) + T2T3T4)
+ p3 (w3 — 22) (x4 — 11) (T4 — T3)

— (g — 1) (w4 — 1) (w4 — 22)p3 — (23 — 71) (23 — 22)P]),

2} (s — x2) (w4 — @2) (24 — w3) (w2 + T3 + T4)
— pi(x3 — 1) (xg — 21) (24 — 23) (21 + 23 + 24)

+ p3(2g — 21) (24 — 21) (24 — 22) (21 + T2 + 24)
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— pi(g — 1) (w3 — 1) (23 — 22) (21 + T2 + 23),

- l’?p%(x:% — x9) (x4 — x2) (x4 — 3) (223 + T3T4 + T2T4)
+ p3(23 — 21) (24 — 1) (24 — 23) (2123 + T334 + T174)
— p3(m2 — @1) (w4 — 21) (24 — 22) (2122 + T4 + T124)

+ pi(mz —x1)(x3 — x1) (23 — 22)(T122 + X223 + T173),

p1ai (2 — @1) (w3 — 21) (w3 — 22) (24 — 1) (24 — T2) (24 — 23)).
Before proceeding to the case of rank > 5, we state the following theorem.
It can be proved by a similar argument to the one for [4, Theorem 2.1].

Theorem 3.6. Let V), be the algebraic variety over K defined by (2) where
we regard a,b,c,d and y; (i=1,... ,n—1, n>5) as variables. Then Vj, is
K -birational to the variety V,, defined by the equations

0 1 2 3 1
Y'OQ Y12 Y22 }/'32 Y2

7

=0 (i=4,...,n—1)

o 1 2 3 1
Y'O2Y'12Y22Y’32y2

7

in P"~1 with coordinate (Yo, ... ,Yn_1), where we write

1 1 1 1 1

Qo a1 2 a3 Q4
for the determinant |03 of o} o} o?| (i=4,...,n—1), and o; =
3083 43 a3 a3
U R T
Yo Y& oYy Yy Y,

Ti41 (i:O,...,n—l).

Case of rank 5. In this case, V5 in Theorem 3.6 is defined by one quadric
equation with a rational point P, = (1,1,1,1,1). Hence we have the following
theorem which is similar to Theorem 3.1:

Theorem 3.7. Vs is rational. Every K -rational point on Vs is expressed as
(2p1S =T, 2p2S — T, 2p3S — T, 2pyS — T, —T),
where (p1,p2, p3,ps) € P3 and
0o 1 2 3 4 0 1 2 3 4
T lpr op2 opsopa O [pT op3 p3 opi O

Case of rank 6. In this case, Vg is a (2, 2)-intersection in P5 and contains a
line W which is spanned by S7 = (1,1,1,1,1,1), So = (ag, ... ,a5). There-
fore, we can apply Lemma 3.2. Let L be a linear subspace spanned by

)

SS - (a4 — O, 05 O) 07 a5 — ), o — Oé4),
S4 - ( 07 a4 — O, 07 07 a5 — O, a1 — Oé4),
Ss = (0, 0, g — as, 0, a5 —az, a2 — Q)
Se = ( 0, 0, 0, 4 — a5, a5 — a3, Q3— Q4).

)
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For any point P = p1S3 4+ p2Ss + p3Ss + paSe on L, the point on M is
represented by the form AS7 + uSs + vP. We denote the i-th coordinate of
P by P(i — 1). Then the equation of W1 N Wy is easily seen to be

A
Nlp) =0,
14

where N is a 2 x 3-matrix (V;;) defined by

0 1 2 3 4

NU=21p) Py P@E) PGB) PM)

Ny — 9 0 1 2 3 4

12 Oé()P(O) OélP(l) O[QP(2) ()43P(3) 044P(4) ’
0 1 2 3 4

Mi3= P2 PR P22 PB)? PAR|
0 1 2 3 5

N =2\py p(1) P2) P@3) PG)|

Noy — 9 0 1 2 3 5

2 aoP(0) a1 P(1) aP(2) a3P(3) asP(5)|’
0 1 2 3 5

Nz = \po2 PaR PE?2 P@B)? PG2

Then by Lemma 3.3,
A det(Ny)
w] = —det(No2) |,
v det(Ng)

where N; is tl_le 2 x 2-matrix with the i-th column removed from N. Hence
the point on Vi which corresponds to P is ASy + uSa + v P, where (A, u,v) =
(det(N7), — det(NV2), det(N3)). Hence we have the following:

Theorem 3.8. Vg is rational. Every K -rational point on Vg is expressed as

<A+uag—|—up1(a4—a5), A+ poq + vpa(ayg — as),
A+ pag +vps(ag —as), N+ pas + vps(ag — as),
3 3
A+ poay + I/Zpi+1(0é5 — )y, A+ pas + VZle(ai - a4)>
i=0 i=0
where (py1,p2,p3,pa) € P3,
(A, v) = (N12Na3 — N13Nag, —N11Nog 4+ N13No1, N11Nog — N12Noy)

with N;j as above.
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Case of rank 7. In this case, V7 is a (2, 2, 2)-intersection in P%. Unfortunately,
this is not rational and only unirational [1]. To remedy this situation, we
consider

E:y’=art+ b3 +ca®+de+e
instead of (1). Let f(z) be the right hand side of the equation of F and V7
the variety defined by the equation

vi = f@)f(zi)  (i=1,...,6).
Repeating a similar argument to the one given above, we obtain the variety
which is birational to V7 defined by the equation,

0 1 2 3 4 il
Y'OQ Y12 Y22 }/'32 Y42 YZ -

7

0 (i=5,6,7).

We call this V7. This is in P7 and its dimension is 4. Note that V5 contains a
plane W spanned by S; = (1,...,1), S2 = (g, ... ,a7), S3 = (ad,... ,a2).
Hence we are in the same situation as the case of rank 6. Thus we have the
following theorem which can be proved similarly:

Theorem 3.9. V5 is rational. Every K -rational point on Vz is expressed as
(A + pag + vag, A+ pag +vai, A+ pas + vas,
A+ pas + l/ag + pp1, A+ poyg + Vai + pp2, A+ pas + Vag ~+ pps,
A+ pag + va@ + ppa, A+ pag + vad + ppg,),
where (p1, P2, P3,P4,P5) € P?* and
(A, g, v) = (det(Ny), — det(N2), det(N3), — det(Ny))
with N; (i =1,...,4) as following:

01 2 3 4 5
Ny =2
%0 0 0 p1ope ops)
012 3 4 5
N :2 9
12 0 0 0 aspr agps asps
012 3 4 5
N :2 bl
13 0 0 0 o2pi o2py o2ps
012 3 4 5
Ny = ,
“7 o 0 0 p? opd pd
01 2 3 4 6
Nop =2
770 0 0 p1op2 pa’
Nom — 012 3 4 6
2770 0 0 azpr aupr agpa|’
012 3 4 6
N :2 bl
23 0 0 O a%pl aipz a%p4
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Noy = ol 32 42 62 ’

00 0 pf p3 pi
N31 =2 8 (1) (2) ;5)1 ;2 P75 ’
N3y =2 8 é (2) a33p1 afpg a:p5 ’
N33 =2 8 (1) (2) a§p1 agpz a;p5 ’
Na= 1000 2 5 g

Remark 3.10. In the case of n < 4, one can write down immediately the
defining equation of elliptic curve which corresponds to a point on V,,. In
the case of n > 5, let P = (%o,... ,¥Un_1) be a rational point on V. Then,
the defining equation of the elliptic curve which corresponds to P is

1 1 1 1 1
ap 1 g Q3 T
o o} o} o 2?|=0.
ag a‘;’ a% ag x3
%o v OB WY

This is obtained by tracing the birational map between V,, and V/,.

4. The value of the parameter which corresponds to a given
elliptic curve.

In view of Proposition 2.2, every elliptic curve with rank n should correspond
to a point of V,,. In this section, we give the values of the parameters for this
point of V,, (2 <n < 7). let E be an elliptic curve defined by the following
equation

> =ax® + bt +cx+d

with independent generators (z;,y;) (i = 1,...,r, 2 < r < 7). Then we
have the values of parameters as follows:
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r=2
(p1>p27p37p4) = ((I,b, C)d - yly?))
r=3
az? +bry +c
(pr,p2,p3,p4) = | — 5 d:y1y2, 193 |,
1
r=4
Y1
(p17p27p37p4) = <x37y27y3>y4> )
1
r=2>5
(p1,02,3,04) = (Y1 — Y5, Y2 — Y5, Y3 — Y5 Y4 — U5),
r==06
Py

(Z ST ) (z i (o0 — s )
I i >< >
( )

i=1
6 6 6
+yj (Z(ﬂfﬁ - $i+1)> (Z(% — Titl ) (Z Tit1(T6 — Tip1

=1

6 6
(Z T — Tit1 > (Z Tiy1(T5 — $z+1)> )
=1 =1
(G=1,...,4).

In the case r = 7, let E be an elliptic curve defined by the following
equation
y? = ax + ba® + ca® +dr +e
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with independent generators (x;,y;) (i = 1,...,8). Then the values of the
parameters are given by the formula
pi = (w3 — 22) (1 (v223 — T3Tit3 — ToTiys + Tpy3) — YirsTaxs)
— (v3 — 21)(y2(T173 — T3Ti43 — T1Ti43 +'$3+3)—‘yr+3$1$3)
+ (v2 — 21)(y3(z122 — T2Tiy3 — TaTiys + 557,2+3) — Yi+37172),
(i=1,...,5).

5. Examples.

In the previous sections, we have given a parametric representation of V,
(1 < n < 7). Therefore we will get as many elliptic curves with specified
rank as we like by specialization at rational points on V,,. As an example, we
give the values of parameters which enable one to obtain the elliptic curve
with rank 7 in [2, Corollary C]. The elliptic curve is

y? = 2 — 17177305322 + 27401746395780
with generators
(24144, 56466), (23562, 97182), (23736, 50022), (24840, 245430),
(25422, 404082), (23793, 34119), (26121, 596187).
The values of the parameters are

(p1,p2, 03, P4, P5) = (47822467248393469632,
66206014691795224675, 104521834162171114920,
76522282208132178600, 101559585548776675320),

(l‘la X2, X3,T4,T5,T6, LT, xS)

(1 1 1 1 1 1 1 0
0\ 2347 3487 1747 9307 15127 117 2211° )
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