PACIFIC JOURNAL OF MATHEMATICS
Vol. 191, No. 1, 1999

SOME SUMMATIONS OF ¢-SERIES BY TELESCOPING

M.V. SUBBARAO AND A. VERMA

Summation formulae for g-series with independent bases
are obtained and used to derive transformation and expansion
of g-series involving independent bases.

1. Introduction.

The sum of the first (n + 1)-terms of the non-terminating very-well-poised
69sq][1]
n

(1-— a,b,c, X; aq,bq, cq, 4

—~ (1—-a) (q,‘},q,“f,bcq;Q)k (%, % beq, 43 @)n

follows from Jacksons g-analgue of Whipple’s summation formula for a ter-
minating very-well-poised balanced g¢7[q] (in [4, 2.6.2] setting e = ag™™1).
A bibasic analogue of (1.1) was obtained by Gasper [3].

(1.2) zn: (1 —ag"p") (1 —bpPq*)  (a,biprlegoiade 4
= (I1—a)(1-0b) (4, G Dr(F, bepi p)k
_ (ap,bp;p)n(cq, 321 @)n
(@ Dn (%8, bep; p)n
and he used it for obtaining quadratic and cubic summation and trans-
formations formulae for g-hypergeometric series. A little later Gasper and

Rahman [5] obtained a bilateral extension of Gasper’s bibasic summation
formula (1.2):

If m,n are non-negative integers, then

n=012,...

n K~k

(1 — adpbqh) (1 - "
(13) kzzm i-ad) (1- 7)

(dq
(1—a)(1—b)(1—c)(1—2L)
d(1—ad)(1-5(1-5)(1 - %)
" { (ap, bp; P (ca, “£93 )y, (&G a1 (s s D }
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) (abiph (L,

aclq ) (zzclp7 bcp7p)
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Jain and Verma [6] used transformations of ¢-hypergeometric series to
obtain a summation formula involving three independent bases:

(1.4)

Z”: (B; Pk (e @)y p)r (2555 2, [( — BeuphPr)(1 — 4PEgR) (1 — BpFqr)]g"

W (dg; @) (%325 p)e( 5 B3 20 )k (%5 P

_ (1= -g -y - Bey) {(éic;p)mel(i;Q)erl(ciaP) ma1 (5 2D mt1
(c—d) (5:2)m1 (53 Dmt1 (53 Pl (55 B )

(B p)n(ca; @) (yP; P)n( 25 225 E2),, }
(22; p)n (dg; @)n(4F5 P) (B 22 22), [

which for P = ¢ reduces to the Gasper-Rahman’s summation formula (1.3).
The proof of (1.4) could be given by considering

2
Br = —5;
(%p;p)k(dq; q)k(gyP; P) (& ”7, 220k

and observing that
(1.5) ABy = (Bp; p)k—1(cq; Q)k—1(yP; P)r—1 | —3
(1= S PR (1~ 4 Prg (1 - Gr)|

Y
d
(22 p)r(da; r(F B2 D) (U5 P

and summing for k from —m to n (m, n are non-negative integers) and using
the usual convention:

n AmAm+1"'An m<n
(1.6) I 4 =41 m=n—1
ke=m (An+1An+2 T 1417171)_1 m=>n—2.

Chu [2] obtained a generalization of Gasper-Rahman’s formula (after re-
naming suitably the sequences so as to remove redundant sequences)

(1.7)
TLI0 = a)(1 = %)(1 — eby)(1 — =)

=0

110 k)1~ )1 - 221~ o)

(1 — ag)(1 — %) (1 — boe)(1 — by
a(1 — aagho)(1 — £)(bo — 42)(1 — 24)

c
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T (a1 = by - 2ty
g {H | (1= ab))(1— abd)(1 — “2)(1 - Ga;) |

c

0 i aa 7
B (1 —ab;)(1 — adb;)(1 — =2)(1 — 55 )
j:l__[m | (L= a1 =5~ eby) (L - 24 by) }

where (a;) and (bj) are arbitrary sequences such that none of the terms in
the denominators vanish. This reduces to the Gasper-Rahman summation
formula on setting ay = ap®, by, = ¢* and replacing o and d by d and a/b,
respectively.

In this paper we obtain in §2 a generalization of Chu’s summation for-
mula (1.7) involving four arbitrary sequences, which on specialization yields
an extension of (1.1) to a summation formula with four independent bases
p,q, P and @ and incorporating (1.7) as a special case. An expansion of the

o0

series Y ApBp(wx)™ into a series involving three independent bases is de-
n=0

veloped. A transformation of a series involving eight independent sequences

is also developed. The note is concluded by obtaining in §3 some summation
formulas which are different from the known ones by telescoping of series
including g-Paff-Saalschiitz’s summation formula for a terminating balanced

3¢2q].

§2.

We begin this section by proving the summation formula:
If (ug), (vg), (wg) and (zx) are arbitrary sequences such that none of the
terms in the denominators vanish and M, N are non-negative integers then

(21) Z (1 - uOU()’woZo)(l - M)(l - M)(l - M)

k=—m uUovo UQwWo VoWo

E{[(l—u )(1 o)1 - wd)(1 - ) ()

ﬁ [(1— v WjZj )(1 — “jwjzj)(l _ uj”jzj)(l _ iYWy )]

uj Uj wj Zj

_ (1 —ug) (1 —vg)(1 — wj)(1 — =)
(1 — wovowozo) (1 — 4050 ) (1 — 200 ) (1 — G000

- (1 —w3)(1 = 31— wd)(1 = )
{ Il [ — S (1 - (1 - B (1 - )

Uj Uj wj Zj
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o0 [ (- (1 (1 -
- H [ (1=u3)(1 =01 —w?)(1 - z3) ]}

j=—m

Proof. Let

T (1 —u)(1—v2)(1 —w?)(1 - 22)
_jl_Il [(1 _ M)(l — ugw]zg)(l — u]vjz]-)(l — ujvjwj)] .

uj vy wj Zj

Then by straight forward calculations, we get
k=1

I [(1— )1 = ?)(1 = w?)(1 - 22)]
AT, = =1

k k
ViWiZ4 U;WG245 UV 25 UV, W5
[T |1 S5 (1= B (1 = (1 - ) | ()
]:

X |:(1 — ukvkwkzk) <1 — wka> <1 - Uk ) <1 - Uk 2k >:|
Uk Vk UEWE VW

where A7, =71, —7,_,. Now summing with respect to k from —m to n, and

n
using the fact that » 7, =7, —7_ |
k=—m
(2.1) on simplification.
By setting u; = va pl, v; = e ¢, wj = Vb P, zj = d/E Q in (2.1),

we get a summation formula involving four independent bases:

and keeping in mind (1.6), we get

k Nk k pk bk
ey 3 U adpF e PFQF)(c — TEY ) (1 - WEL) (1 — 9d B Gk
k=—m (1 —ad)(c —d)(l—g)( _%)

yY k 5
(d aPQ. i)k(%l pPQ. &)k(%l %; %)k(bc pgP . qu)k

(ap®; PP (cq? ¢*)n(bP% P?)n (42 Q% Q2)n
(M.ﬂ) (Ld&.&) (de M) (EM.M)
p ' p M\ ¢ v g /n\G PP IIn\d Q0 Q /"
P P P
B (35 L) mr1(G5 D)t (G5 ) (5 B )
(%;p2)m+1(% q2)m+1(*;P2) (Spr Ym+1
_pP

Summation formula (2.2), on setting @ and replacing p?, ¢>, P2, a, b,
d by p, q, P, 3, y, %, respectively, reduces to the summation formula (1.4),

which in turn incorporates (1.3) and (1.2) as special cases.
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It may be pointed out that (2.2) reduces to Chu’s summation formula

(1.7) on setting u; = \/aj, v; = \/a;/Vd, wj = \/cbj, z; = a+/ /c Vb
Setting m = 0 in (2.2), replacing z; by az; and setting o = UO’LUOZO , we get
that

(2.3)

zn: (UOZJ(?ZO _ Ujvjwjzjxvmigzo _ 1:;‘5:)(1101:320 _ sj;jj)(vm:gzo _ :}AJJZ]])UJZJJW
e (1= ug) (1 = vi) (1 — w§) (viw — u)
j—1 V2 w222 9
HJO—U)O—v)O— D =)
i=
X
k
VoW 2 VWi 24 VoWoZo _ UW;Z4 VoWoZo _ UiViZ; U, UV W
11;‘[1 [( Uu(lj) 0 __ 7u; 1)( Ou(? 0 71); 1)( ou(()) 0 7w; 7)(1}0sz0 722 7)]
%
VoWolUg
22 2
" (1 —uf)(1 — o) (1 — wi)(Z8= — 23)
0
x Z];[1 (%11:)320 _ vizjjzz)(voz)gzo _ uzzjbzzz)(vozvgzo _ uilzizi)(vog)gzo _ ulzzwl)

Next, using (2.3), the following transformation involving eight arbitrary
sequences is obtained:

(2.4)

1-UdHa-vHa W2)(m z?)

(VOWOZO _ VL-WiZi)(VOWOZO _ U[W,LZ,L)(VOWOZO _uviz
k=0 i=1 Uo U; Uo Vi Uo Wi

; U, U, V, W,
1)(V0W?]Zg = t)

(UOZJSZO _ Ukvkwkzk)(vo?:gzo _ Z):j:)(vozfgzo _ ;):i):)(vowgzg _ ukzk) UV W

uQ VWi 2k
(1~ ud) (T — v3)(1 — wd) (vZug — u3)

X

k—1
l_[[(1—”vu)(l—vl)(l—wf)(m 2]
% =0
f[l[(vo:l:gm _ vit;zl')(vol:gm _ uﬂ::zl')(vo:jgm _ uiZiZi)(qu:‘;zo _ uz";':wi )]

VoWoUs 28

z3 VoWo U

n 1—ud)(1 — o} (1 — wi %—z?
I ( ) )1 —wf) (078 )

UOZSZO — v,ﬂ;)jzi)(v[):i}gzo — u,izjjzi)(vgzjgzo — ui’zizi)(vozgzo — uﬂ;zwl)
VoWo Z VoW Z W,Z; VoWo Z V;Z; VoW Z U;Z;
Lo (U UMW) (R R — (U )

= (1-U3)(A - VH(A - W (VW - U3)



178 M.V. SUBBARAO AND A. VERMA

5 UiViWi
Zj

-

h[(lrm(lv )(kW)(VoVUVjZ(J z)

1=0
% VoWo 20 o Un—iWn—iZn—i VoWo 20 o Un—iWn—iZn—i
uo Unp—4 Uuo Un—i

H vowozg _ Un—iYn—iZn—1i ug _ Un—iYn—iWn—i
L Wp—j VOWO 20 Zn—i

va W Z2
1 - u1+n z)(l - U%-’—n—i)(l - w%-kn—i) < Ou(Z? & — Z%+n—i):|

i= 0

Transformation (2.4) can be proved by expanding the first product on the
left hand side by using (2.3) (with n replaced by n — k), interchanging the
order of summations and evaluating the inner sum by using (2.3) once again
and simplifying to get the right hand side of (2.4).

Transformation (2. 4) on replacmg Ui, Vi, Wi, Zi U;, Vi, Wi, Z; by \Jap',

Veg, Vo P QL VAR, VC G, VB Pl QZ respectively, reduces on some
Slmphﬁcatlon to the following transformatlon of ¢-series involving eight in-
dependent bases:

n (1 - aphtPRQE) (T2 — g (1 - b L) (1 - £ 54r)
ar (1—a)T =1 =51 - &)
(a;p >< 2) (b P2l Q%)

(252 02 2O U (5 2R B )b B B )

<PiQL@>k<§PiQ Q) (B LT 7

(B P2k (B P2u(BE Q-2 Q2),

<p g P qu)

BCQ™ ~ Q ),

(ap?; p*)n(cq® ¢*)n (bP2 PQ) (922,
P

Q) (bc pgP . quP)n

(2.5)

X

pgP

" *"@ " qu)
X

w\
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(2, 159, (4 20, 28Q) (4 B2, M), (O B 2D,

P’ g’ q B p Q' Q

’ (a5 52)n(CT2 G2)n(BP%; P2) (585 Q)
o - APTPHEGL - - B - 4 B
(1—A)(1=O)(1-B)(1 - 5p)
(A3 5%);(C5 ) (B; P) (53 QY
(9 ), (4 320,900 (4 o, 9 (B0 B 2,
(R ), T R e R,

— — —2n b 2n
(s p2) (s a2) (B P2 (=5 Q2);

" p "¢ "P™" pqP
be@—™ 7 Q j.

Transformation (2.5) is a generalization of Gasper’s [4, Ex. 3.21] quad-
basic transformation (from which Gasper deduces a transformation of a half-
poised ,,¢, into another half-poised ,,¢, [4, Ex. 3.24]) to which it reduces
on setting Q = ¢, P =p, P =p, Q = ¢ and then replacing p?, ¢2, p? and
G2 by p,q, P and Q, respectively.

o0

Next, we obtain an expansion of Y  A,B,(zw)"/(q;q), terms of g-series
r=0

having three independent bases. In the summation formula (2.2), setting

m = 0, ¢ = ¢_?", where n is a non-negative integer and letting d — 1, we
get
JPJ J i bpl PI JQJ
g (Lo PRI — )1~ )1 =  #28)
= (1 —a)(l —q ) (1 =b)(1 - §¢*)

(a;%);(q7"; ¢%);(b; P?); (% ¢*™; Q%);

J
PQ . qP PQ . pP
(452, 4EQ), (o2 2ED)

a pgQ. p qQ) (bpa Q”P.M). = On0-

b P Q o Q /i

Replacing a and b by ap"q" P"Q" and bp"q~" P"Q~" respectively, where r is
a non-negative integer, setting @) = pq and then replacing p?, ¢%, P?, n by
p, q, P, m, respectively, we get

(2.6)
i apj-i-rqj—i-r)(l _ ij-i—rq—j—r)(l _ %pr+jq2r+mp—r—j)qj
= (1 —aprq")(1 =bPrq~")(1 — §prg?tmPT)
y (ap"q"sp)i(a"™;q); (bP"q " P);(§ "¢ TP B);

(q; q)j(ap1+rqr+m;p) (bpr+1q1+2rp r—1. PQ) (bq m—r pr+1. P)
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But, we know that
B,x"
_ i (1= gptmg?+2mpr=m)(§ p"q* P~ ) (apg”s p)r (bPg™"; P)r
(1= 50"¢* P~")(q; Q)m(apg™t™; p),(bPqg=™""; P),

m=0
X {q_rmBr+m Cr,mxr—’—m 5m,0 }7

where (B,) and (C}, ) are arbitrary sequences of complex numbers such that
Cro = 1for r =0,1,2,... Substituting for d,, 0 from (2.6), interchanging
the order of summation and setting j =n —r and m =n+ k — r, we get

B =3 Y (=)"(1 = ap"q")(apq"; p)n-1(1 = bP"q")(bPq"; Py
k=0 n=r

(1 o %pn+kq2n+2kpfnfk)xn+k(qfn; Q)r

(apg™*; p)n (bPq="%; Py (a5 ¢)n(a; @)k
n+1 n+r+1

a — ap q bq
1— Zpt n+k+rp n> A R 1 1
{( p P (b Pt ’P)k1

a +ktr+1 p—r—1, P4
v r+1 ntktr+l p—r—1. ) B C _
(b P q P n+kLrntk—rqd

2
n(r—k—n)+%+5 }

Multiplying both sides by éﬁé‘)’: and summing from r = 0 to oo and inter-

changing the order of summation on the right hand side, we get

= (¢;9)r
L& (1—apg) (1 — bPg ) (—a)ng ()
- nz:;] (¢ On

n+k 2n+2k
i (1- % ppgi-&-k)kan+k
(¢; @)k (apg™**; p)n (bPg~"F; P),,

y i (¢ @) (apq"; D)1 (bPG™"; P)p 1
(4:9)r

0
y <1 B g pnqn+k+r> (a pn+1qn+r+1 . pq>
k—1

b pr b prtl 7 p

a p gt pg n n(r—k—n)
X (b — p1 0 p _ Crnik—rw"q Ay,

which is a generalization of Gasper’s bibasic expansion formula [4, (3.7.6)] to
which it reduces on setting P = p. It may be noted that on setting P = p the
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terms in {-- - } of the above expression combine to yield (§ ¢ L Onk—r—1
as in the bibasic expansion formula of Gasper [4, (3.7.6)].

§3.

All the summation formulae proved so far are for one generalization of (1.1),
a very-well-poised ¢-series. We next derive a summation formula which gives
the sum of a balanced series.

Let (x;), (yi) and (z;) be arbitrary sequences and a an indeterminate so
that none of the terms in the denominators vanish and m, n are non-negative
integers. Then

L om0z 00w
(=a)0a) 10— ez — 2

=1

k=—m

(A —=20)(1 —wo)
a(l - 22)(1 - 22)

Tl A=) —y) o [ —az)(1 - 22
o X{H [(1—azi><1—”“%>] ! [ (= e —u) ”

=1 azi i=—m

For proving (3.1) we consider

k
_ (1—z)(1 —y)
=11 [(1—@%)(1—““)] '

=1 az;

Then by straight forward calculations we find that

an—an (1- 2 (1= 2 )
azg azg

which on summing over k from —m to n, gives (3.1) after using (1.6).
In view of this it is natural to look for a telescoping proof of the
¢-Paff-Salschiitz summation formula [4, (1.7.2)]

aabaq_n;qvq (E €. q)
3.2 Sp=.,0 ab 1-n | = ol b T
(32 " [q (e, 5 0)n

k—1

T[T = 2i)(1 —yi)]

)

‘
111~ az)(1 = =2)

To this end define for non-negative integers n and r

(a,b,g7 ™ q)rq"
(¢.¢, 2 gl=n:q),

F(n,r) =
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(a,b;9)r11(a7";q)r

(¢,¢, 2L g ="y q),
Notice that Sp = 1, G(n,n + 1) = G(0,—1) = 0. By straightforward calcu-
lations we can verify that

and G(n,r)=

(1-2¢") (1=5q") Fnr) = (1 = eq) (1—059 F(n+1,7)
- éq”[G(n,r) — G(n,r —1)] =0.

Summing over r from 0 to n + 1 and using G(n,n +1) =0 = G(0,—1), we

get
c

(g () s ()
wnich yields

By using Sy = 1, we get (3.2).
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