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A COMMUTATION FORMULA FOR ROOT VECTORS
IN QUANTIZED ENVELOPING ALGEBRAS

Nanhua Xi

Root vectors are important to understand quantized en-
veloping algebras. In this paper we establish a commutation
formula for root vectors. By means of the formula we show
that particular orders on root system are not necessary in
constructing some integral bases of a quantized enveloping
algebra (Theorem 2.4). Moreover using the formula we can
show that certain PBW bases are orthogonal bases of the bi-
linear form considered by Kashiwara in his work on crystal
bases, see 3.9.

In [CK] there is a commutation formula for root vectors, our formula
here is stronger. For the bilinear form obtained through Drinfeld dual (see
[L5, LS]) Lusztig and Levendorski-Soibelmana showed that certain PBW
bases are orthogonal, see loc. cit. However the proofs in [L5, LS] essentially
rely on the property [L5, 38.2.1] which does not hold for the bilinear form
in [K], so it is not easy to use the methods of [L5, LS] to prove Theorem
3.9.

The paper is organized as follows. In Section 1 we fix some notation. In
Section 2 we establish the commutation formula, then prove Theorem 2.4
and state two conjectures. In Section 3 we show that certain PBW bases
are orthogonal bases of the bilinear form considered in [K].

1. Preliminaries.

1.1. Let U be the quantized enveloping algebra over Q(v) (v an indeter-
minate) corresponding to a Cartan matrix (aij) of rank n. Then U is an
associative Q(v)-algebra with generators Ei, Fi, Ki,K

−1
i (i = 1, 2, ..., n)

which satisfy the quantized Serre relations. The algebra U has a Hopf al-
gebra structure. Let UA be the A = Z[v, v−1]-subalgebra of U generated
by all divided powers E(a)

i , F
(a)
i and Ki, K

−1
i . We refer to [L2] for the

definitions, noting that for defining the divided powers we need to choose
integers di ∈ {1, 2, 3} such that (diaij) is symmetric. As usual we denote
the positive parts and negative parts by U+, U+

A , U
−, U−A respectively.

1.2. Let R ⊂ Zn be the root system with simple roots αi = (a1i, a2i, ..., ani).
For µ = (µ1, ..., µn) ∈ Zn, we also write 〈µ, α∨i 〉 for µi. Define si : Zn → Zn
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by siµ = µ−〈µ, α∨i 〉αi. The reflections s1, s2, ..., sn generate the Weyl group
W of the root system R. Denote by R+ the set of positive roots. For

λ =
n∑
i=1

aiαi, µ =
n∑
j=1

bjαj , we define (λ|µ) =

〈
n∑
i=1

aiαi,

n∑
i=1

djbjα
∨
j

〉
. We

have (λ|µ) = (µ|λ). The form (·|·) is non-degenerate and is W -invariant.
Let Ti be the automorphisms T ′i,−1 of U in [L5, 37.1.3]. For each w ∈W

we define Tw as in [L5]. We shall write Ω,Ψ : U → Uopp the Q-algebra
homomorphisms defined by

ΩEi = Fi, ΩFi = Ei, ΩKi = K−1
i , Ωv = v−1;

ΨEi = Ei, ΨFi = Fi, ΨKi = K−1
i , Ψv = v.

We have ΨTiΨ = T−1
i , ΩTi = TiΩ. Let Ω′ : U → U be the Q(v)-algebra

automorphism defined by

Ω′Ei = Fi, Ω′Fi = Ei, Ω′Ki = K−1
i .

2. The commutation formula.

2.1. Let si1si2 · · · siν be a reduced expression of the longest element w0 of
W , thus ν = |R+|. We have a bijection [1, ν]→ R+ defined by

j → si1 · · · sij−1(αij ).

This gives rise to a total order on R+. If β ∈ R+ corresponds to j, we set
wβ = si1si2 · · · sij−1 . Then define

E
(a)
β = Twβ (E(a)

ij
) ∈ U+, F

(a)
β = Twβ (F (a)

ij
) ∈ U−.

We have E(a)
β ∈ U+

A and F
(a)
β ∈ U−A (a ∈ N).

(a) Let i = (i1, · · · , iν). It is known the following elements

EAi = E
(a1)
i1

Ti1(E(a2)
i2

) · · ·Ti1Ti2 · · ·Tiν−1(E(aν)
iν

), A = (a1, . . . , aν) ∈ Nν ,
form an A-base of UA, see [DL].

(b) Let w, u ∈ W such that l(wu) = l(w) + l(u) and let si1 · · · sik be a
reduced expression of u. Let U+

A,u be the A-submodule of U+
A generated by

the elements E(a1)
i1

Ti1(E(a2)
i2

) · · ·Ti1 · · ·Tik−1
(E(ak)

ik
) (a1, · · · , ak ∈ N). Then

Tw(U+
A,u) is contained in U+

A and U+
A,u is independent of the choice of the

reduced expression. See [DL, L2].

2.2. We have seen that for each reduced expression si1 · · · siν of w0, one
can construct an A-basis {EAi }A∈Nν of U+

A . Note that the element EAi is a
product of some divided powers of root vectors and the order of the factors
in the product is determined by the reduced expression. We will show that
we can arrange the product in any fixed total order on R+ (see Theorem
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2.4). For the purpose we need the following result, which is stronger than
[CK, Lemma 1.7].

Theorem 2.3. Let si1 · · · sik be a reduced expression and 1 ≤ j < k. Let
βm = si1 · · · sim−1 (αim) (1 ≤ m ≤ k) and define E(a)

βm
= Ti1 · · ·Tim−1(E(a)

im
)

(a ∈ N). Then we have

E
(a)
βk
E

(b)
βj
− vab(βj |βk)E

(b)
βj
E

(a)
βk

(∗)
=

∑
aj,... ,ak∈N

aj<b
ak<a

ρ(aj , aj+1, . . . , ak)E
(aj)
βj

E
(aj+1)
βj+1

· · ·E(ak)
βk

,

where ρ(aj , aj+1, . . . , ak) ∈ A. Note that we have ajβj+· · ·+akβk = aβk+bβj
if ρ(aj , aj+1, . . . , ak) 6= 0.

Proof. We use induction on k − j to prove the theorem. We may assume
that j = 1. To see this, apply T−1

ij−1
· · ·T−1

i1
to the wanted identity (∗).

Let u be the shortest element of the coset si1 · · · sik−1
〈sik−1

, sik〉 (we use
〈sik−1

, sik〉 for the subgroup ofW generated by sik−1
, sik). Then si1 · · · sik−1

=
uu′, where u′ ∈ 〈sik−1

, sik〉 and l(uu′) = l(u) + l(u′). Note that u(αik) and
u(αik−1

) are contained in R+.
When u = e is the neutral element of W , the required identity (∗) follows

from the formulas in [L2].
From now on, we suppose that l(u) ≥ 1. Assume that (∗) is true if j, k

are replaced by j′, k′ respectively with 1 ≤ j′ < k′ ≤ k and k′ − j′ < k − j,
and assume that the Cartan matrix includes no factors of type G2.

Case A. u = si1 · · · sim and u′ = sim+1 · · · sik−1
for some m ∈ [1, k − 2].

When u′(αik) is a simple root αi, then βk = u(αi). Moreover, we have
E

(a)
βk

= Tu(E(a)
i ). Note that l(u) ≤ k − 2. By induction hypothesis we see

E
(a)
βk
E

(b)
β1
− vab(β1|βk)E

(b)
β1
E

(a)
βk

(a)

=
∑

a1,... ,am,ak∈N
a1<b
ak<a

ρ(a1, . . . , am, ak)E
(a1)
β1
· · ·E(am)

βm
E

(ak)
βk

,

where ρ(a1, . . . , am, ak) ∈ A. Thus the desired identity (∗) is true in this
case.

Now assume that u′(αil) is not a simple root. We have the following cases.

(1) u′ = sik−1
and 〈αik , α∨ik−1

〉 = −1, then u = si1 · · · sik−2
.
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(2) u′ = siksik−1
, and 〈αik , α∨ik−1

〉 = −1, 〈αik−1
, α∨ik〉 = −2, that is, αik−1

is a long root and αik is a short root. We have dik−1
= 2, dik = 1, and

u = si1 · · · sik−3
.

(3) u′ = sik−1
and 〈αik , α∨ik−1

〉 = −2, 〈αik−1
, α∨ik〉 = −1. Then dik−1

=
1, dik = 2, and u = si1 · · · sik−2

.

(4) u′ = siksik−1
and 〈αik , α∨ik−1

〉 = −2, 〈αik−1
, α∨ik〉 = −1. Then dik−1

=
1, dik = 2, and u = si1 · · · sik−3

.

Define α = u(αik−1
) and γ = u(αik), they are positive roots. Set Eα =

Tu(Eik−1
) and Eγ = Tu(Eik). We have Eα, Eγ ∈ U+

A . In cases (1) and (3),
we have α = βk−1 and Eα = Eβk−1

. In cases (2) and (4), we have γ = βk−2

and Eγ = Eβk−2
.

By induction hypothesis we get

(b) EαEβ1 − v(β1|α)Eβ1Eα =
∑

a2,... ,ak−2∈N
ρ′(a2, . . . , ak−2)E(a2)

β2
· · ·E(ak−2)

βk−2
,

where ρ′(a2, . . . , ak−2) ∈ A. We shall simply write X for the right hand
side of the above identity. Then EαEβ1 − v(β1|α)Eβ1Eα = X. Note that
a2β2 + · · ·+ ak−2βk−2 = β1 + α if ρ′(a2, . . . , ak−2) 6= 0. Moreover, for cases
(2) and (4), ak−2 = 0 if ρ′(a2, . . . , ak−2) 6= 0.

(c) EγEβ1 − v(β1|γ)EγEβ1 =
∑

a2,... ,ak−2∈N
ρ′′(a2, . . . , ak−2)E(a2)

β2
· · ·E(ak−2)

βk−2
,

where ρ′′(a2, . . . , ak−2) ∈ A. We shall simply write Y for the right hand
side of the above identity. Then EγEβ1 − v(β1|γ)Eβ1Eγ = Y. Note that
α2β2 + · · ·+ ak−2βk−2 = β1 + γ if ρ′(a2, . . . , ak−2) 6= 0. Moreover, for cases
(2) and (4), ak−2 = 0 if ρ′′(a2, . . . , ak−2) 6= 0.

Now assume that we are in case (1), then

Eβk = TuTik−1
(Eik) = Tu(EikEik−1

− v−dEik−1
Eik)(d)

= EγEβk−1
− v−dEβk−1

Eγ ,

where d = dik−1
.

Therefore we have
(e)

EβkEβ1 = EγEβk−1
Eβ1 − v−dEβk−1

EγEβ1

= Eγ(v(β1|βk−1)Eβ1Eβk−1
+X)− v−dEβk−1

(v(β1|γ)Eβ1Eγ + Y )

= v(β1|βk−1)(v(β1|γ)Eβ1Eγ + Y )Eβk−1
+ EγX

−v−dv(β1|γ)(v(β1|βk−1)Eβ1Eβk−1
+X)Eγ − v−dEβk−1

Y.



COMMUTATION FORMULA FOR ROOT VECTORS 183

Repeatedly using induction hypothesis we get

(f) EγX = v(γ|β1+βk−1)XEγ +
∑

b2,... ,bk−2∈N
ξ′(b2, . . . , bk−2)E(b2)

β2
· · ·E(bk−2)

βk−2
,

where ξ′(b2, . . . , bk−2) ∈ A.

(g) Eβk−1
Y =

∑
b2,... ,bk−1∈N

bk−1≤1

ξ′′(b2, . . . , bk−1)E(b2)
β2
· · ·E(bk−1)

βk−1
,

where ξ′′(b2, . . . , bk−1) ∈ A.
We have

(h) (γ|β1 + βk−1) = (β1|γ) + (βk−1|γ) = (β1|γ) + (αik−1
|αik) = (β1|γ) − d.

Moreover βk = βk−1 + γ.

Combining (e)-(h) we get

(i) EβkEβ1 − v(β1|βk)Eβ1Eβk =
∑

a1,... ,ak−1∈N
η(a2, . . . , ak−1)E(a2)

β2
· · ·E(ak−1)

βk−1
,

where η(a2, . . . , ak−1) ∈ A.
Using induction on a, b, and using (i) and induction hypothesis repeatedly,

we see

(j) E(a)
βk
E

(b)
β1
− vab(β1|βk)E

(b)
β1
E

(a)
βk

=
∑

a1,··· ,ak∈N
a1<b
ak<a

ρ(a1, · · · , ak)E(a1)
β1
· · ·E(ak)

βk
,

where ρ(a1, . . . , ak) ∈ A (here we need 2.1 (a)). Thus in case (1) the identity
(∗) is true.

Now assume that we are in case (2). Then

(k) Eβk = TuTikTik−1
(Eik) = Tu(Eik−1

Eik − v−2EikEik−1
) = EαEβk−2

−
v−2Eβk−2

Eα.

As a similar argument for case (1) we see that the identity (∗) is true in
this case.

Now assume that we are in case (3). Then

(l)

Eβk = TuTik−1
(Eik) = Tu(EikE

(2)
ik−1
− v−1Eik−1

EikEik−1
+ v−2E

(2)
ik−1

Eik)

= EγE
(2)
βk−1
− v−1Eβk−1

EγEβk−1
+ v−2E

(2)
βk−1

Eγ .

We have
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EγE
(2)
βk−1

Eβ1(m)

=
1
[2]
EγEβk−1

(v(β1|βk−1)Eβ1Eβk−1
+X)

=
1
[2]
v(β1|βk−1)Eγ(v(β1|βk−1)Eβ1Eβk−1

+X)Eβk−1
+

1
[2]
EγEβk−1

X

= v2(β1|βk−1)(v(β1|γ)Eβ1Eγ + Y )E(2)
βk−1

+
1
[2]
v(β1|βk−1)EγXEβk−1

+
1
[2]
EγEβk−1

X,

Eβk−1
EγEβk−1

Eβ1(n)

= Eβk−1
Eγ(v(β1|βk−1)Eβ1Eβk−1

+X)

= v(β1|βk−1)Eβk−1
(v(β1|γ)Eβ1Eγ + Y )Eβk−1

+ Eβk−1
EγX

= v(β1|βk−1+γ)(v(β1|βk−1)Eβ1Eβk−1
+X)EγEβk−1

+ v(β1|βk−1)Eβk−1
Y Eβk−1

+ Eβk−1
EγX,

E
(2)
βk−1

EγEβ1(o)

= E
(2)
βk−1

(v(β1|γ)Eβ1Eγ + Y )

=
1

[2]
v(β1|γ)Eβk−1

(v(β1|βk−1)Eβ1Eβk−1
+X)Eγ + E

(2)
βk−1

Y

=
1

[2]
v(β1|βk−1+γ)(v(β1|βk−1)Eβ1Eβk−1

+X)Eβk−1
Eγ

+
1
[2]
v(β1|γ)Eβk−1

XEγ + E
(2)
βk−1

Y.

Using induction hypothesis repeatedly we see

EγX = v(γ|β1+βk−1)XEγ(p)

+
∑

b2,... ,bk−2∈N
ξ′(b2, . . . , bk−2)E(b2)

β2
· · ·E(bk−2)

βk−2
,

Eβk−1
X = v(βk−1|β1+βk−1)XEβk−1

+
∑

b2,... ,bk−2∈N
ξ′′(b2, . . . , bk−2)E(b2)

β2
· · ·E(bk−2)

βk−2
,
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where ξ′(b2, . . . , bk−2), ξ′′(b2, . . . , bk−2) ∈ A. We shall simply write X ′, X ′′
for the second terms of the right hand sides of the above two identities respec-
tively. Then EγX= v(γ|β1+βk−1)XEγ+X ′, Eβk−1

X= v(βk−1|β1+βk−1)XEβk−1

+X ′′.

Using (p) and induction hypothesis repeatedly, we get

EγEβk−1
X = Eγ(v(βk−1|β1+βk−1)XEβk−1

+X ′′)(q)

= v(βk−1+γ|β1+βk−1)XEγEβk−1
+ v(γ|β1+2βk−1)X ′′Eγ

+
∑

c2,... ,ck−1∈N
η′(c2, . . . , ck−1)E(c1)

β2
· · ·E(ck−1)

βk−1
,

Eβk−1
EγX = Eβk−1

(v(γ|β1+βk−1)XEγ +X ′)

= v(γ+βk−1|β1+βk−1)XEβk−1
Eγ + v(γ|β1+βk−1)X ′′Eγ

+
∑

c2,... ,ck−1∈N
η′′(c2, . . . , ck−1)E(c1)

β2
· · ·E(ck−1)

βk−1
,

− v−1+(β1|βk−1)Eβk−1
Y Eβk−1

+ E
(2)
βk−1

Y

=
∑

c2,... ,ck−1

η′′′(c2, . . . , ck−1)E(c2)
β2
· · ·E(ck−1)

βk−1
,

where η′(c2, . . . , ck−1), η′′(c2, . . . , ck−1), η′′′(c2, . . . , ck−1) ∈ A.
Moreover we have

(r) βk = γ + 2βk−1 and (βk−1|βk−1) = 2, (γ|βk−1) = (αik |αik−1
) = −2.

Combining (l)-(r) we see

(s) EβkEβ1 − v(β1|βk)Eβ1Eβk =
∑

a2,... ,ak−1∈N
η(a2, . . . , ak−1)E(a2)

β2
· · ·E(ak−1)

βk−1
,

where η(a2, · · · , ak−1) ∈ A.
Using induction on a, b, and using (s) and induction hypothesis repeatedly,

we see

(t) E(a)
βk
E

(b)
β1
− vab(β1|βk)E

(b)
β1
E

(a)
βk

=
∑

a1,... ,ak∈N
a1<b
ak<a

ρ(a1, . . . , ak)E
(a1)
β1
· · ·E(ak)

βk
,

where ρ(a1, . . . , ak) ∈ A (here we need 2.1 (a)). Thus in case (3) the identity
(∗) is true.

Now assume that we are in case (4), then
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Eβk = TuTikTik−1
(Eik)(u)

= Tu

(
E

(2)
ik−1

Eik − v−1Eik−1
EikEik−1

+ v−2EikE
(2)
ik−1

)
= E(2)

α Eβk−2
− v−1EαEβk−2

Eα + v−2Eβk−2
E(2)
α(

E(2)
α = Tu

(
E

(2)
ik−1

))
.

As a similar argument for case (3) we see that the identity (∗) is true in
this case.

Thus we proved the theorem for Case A.

Case B. u = sj1sj2 · · · sjm , u′ = sjm+1 · · · sjk−1
, and j1 = i1, jk−1 = ik−1.

Define γp = sj1 · · · sjp−1 (αjp) (2 ≤ p ≤ k− 1) and E′(a)
γp = Tj1 · · ·Tjp−1(E(a)

jp
)

(a ∈ N).
According to the arguments in Case A we get

E
(a)
βk
E

(b)
β1
− vab(β1|βk)E

(b)
β1
E

(a)
βk

(v)

=
∑

a1,... ,ak∈N
a1<b
ak<a

ρ′(a1, . . . , ak)E
(a1)
β1

E′(a2)
γ2
· · ·E′(ak−1)

γk−1
E

(ak)
βk

,

where ρ′(a1, . . . , ak) ∈ A.
Noting that j1 = i1, by 2.1 (b) we see that the A-submodule of U+

A gener-
ated by the elements E′(a2)

γ2
· · ·E′(ak−1)

γk−1
(a2, . . . , ak−1 ∈ N) is equal to the A-

submodule of U+
A generated by the elements E(a2)

β2
· · ·E(ak−1)

βk−1
(a2, . . . , ak−1 ∈

N). Therefore we have

(w) E(a)
βk
E

(b)
β1
− vab(β1|βk)E

(b)
β1
E

(a)
βk

=
∑

a1,... ,ak∈N
a1<b
ak<a

ρ(a1, . . . , ak)E
(a1)
β1
· · ·E(ak)

βk
,

where ρ(a1, . . . , ak) ∈ A.
Hence the identity (∗) is true for Case B.

Case C. u = sj1sj2 · · · sjm , u′ = sjm+1 · · · sjk−1
, and j1 6= i1, jk−1 = ik−1.

In this case uu′ has a reduced expression of the form sp1sp2 · · · spk−1
such

that p1 = i1, pk−1 = ik−1, and one of the following three cases happens.

(5) 〈αp1 , α
∨
p2
〉 = 0,

(6) p1 = p3 and 〈αp1 , α
∨
p2
〉〈αp2 , α

∨
p1
〉 = 1,

(7) p1 = p3, p2 = p4, and 〈αp1 , α
∨
p2
〉〈αp2 , α

∨
p1
〉 = 2.
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Define pk = ik. We set, for case (5),

γ1 = αp1 , γ3 = sp1(αp3), γh = sp1sp3 · · · sph−1
(αph) (4 ≤ h ≤ k),

E′(a)
γ1

= E(a)
p1
, E′(a)

γ3
= Tp1(E(a)

p3
),

E′(a)
γh

= Tp1Tp3 · · ·Tph−1
(E(a)

ph
) (4 ≤ h ≤ k), a ∈ N;

for case (6),

γ1 = αp2 , γ4 = sp2(αp4), γh = sp2sp4 · · · sph−1
(αph) (5 ≤ h ≤ k),

E′(a)
γ1

= E(a)
p2
, E′(a)

γ4
= Tp2(E(a)

p4
),

E′(a)
γh

= Tp2Tp4 · · ·Tph−1
(E(a)

ph
) (5 ≤ h ≤ k), a ∈ N;

for case (7),

γ1 = αp1 , γ5 = sp1(αp5), γh = sp1sp5 · · · sph−1
(αph) (6 ≤ h ≤ k),

E′(a)
γ1

= E(a)
p1
, E′(a)

γ5
= Tp1(E(a)

p5
),

E′(a)
γh

= Tp1Tp5 · · ·Tph−1
(E(a)

ph
) (6 ≤ h ≤ k), a ∈ N.

By induction hypothesis we get:

(x1) For case (5), (since sp1sp3 · · · spk is a reduced expression),

E′(a)
γk
E′(b)γ1

− vab(γ1|γk)E′(b)γ1
E′(a)

γk

=
∑

a1,a3,... ,ak∈N
a1<b
ak<a

ρ′(a1, a3, . . . , ak)E′
(a1)
γ1

E′(a3)
γ3
· · ·E′(ak)

γk
,

where ρ′(a1, a3, . . . , ak) ∈ A.
(x2) For case (6), (since sp1sp4 · · · spk is a reduced expression),

E′(a)
γk
E′(b)γ1

− vab(γ1|γk)E′(b)γ1
E′(a)

γk

=
∑

a1,a4,... ,ak∈N
a1<b
ak<a

ρ′(a1, a4, . . . , ak)E′
(a1)
γ1

E′(a4)
γ4
· · ·E′(ak)

γk
,

where ρ′(a1, a4, . . . , ak) ∈ A.
(x3) For case (7), (since sp1sp5 · · · spk is a reduced expression),

E′(a)
γk
E′(b)γ1

− vab(γ1|γk)E′(b)γ1
E′(a)

γk

=
∑

a1,a5,... ,ak∈N
a1<b
ak<a

ρ′(a1, a5, . . . , ak)E′
(a1)
γ1

E′(a5)
γ5
· · ·E′(ak)

γk
,
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where ρ′(a1, a5, . . . , ak) ∈ A.
Note that we always have (γ1|γk) = (β1|βk) since (·|·) is W -invariant and

p1 = i1. Recall that Tw(Ei) = Ej if w(αi) = αj (see [L5]). Applying Tp2

(resp. Tp2Tp1 ; Tp2Tp1Tp2) to the identity in (x1) (resp. (x2); (x3)) and
using 2.1 (b) (see the argument for Case B) we get

(y) E(a)
βk
E

(b)
β1
− vab(β1|βk)E

(b)
β1
E

(a)
βk

=
∑

a1,... ,ak∈N
a1<b
ak<a

ρ(a1, . . . , ak)E
(a1)
β1
· · ·E(ak)

βk
,

where ρ(a1, . . . , ak) ∈ A.
Thus the identity (∗) is true for Case C.
The theorem is proved. �

Theorem 2.4. Keep the notation in 2.1. Then:

(i) The elements ∏
β∈R+

E
(aβ)
β (aβ ∈ N)

form an A-basis of U+
A . Where the factors in the product are written in a

given total order on R+.

(ii) The elements ∏
β∈R+

F
(aβ)
β (aβ ∈ N)

form an A-basis of U−A . Where the factors in the product are written in a
given total order on R+.

Proof. We only need to prove (i) since Ω(E(aβ)
β ) = F

(aβ)
β and ΩU+

A = U−A .
Define the lexicographical order > on N|R+| such that

(1, 0, . . . , 0) > (0, 1, . . . , 0) > · · · > (0, . . . , 0, 1).

Using Theorem 2.3 repeatedly we see∏
β∈R+

E
(aβ)
β = vpEAi +

∑
B∈N|R+|
A>B

ρBE
B
i , ρB ∈ A,

where p ∈ Z and A = (aβ1 , aβ2 , . . . , aβν ) (we define βj = si1 · · · sij−1(αij )

and ν = |R+|). Noting that ρB = 0 if
ν∑
i=1

biβi 6=
∑
β∈R+

aββ (here B =

(b1, . . . , bν)), we see EAi is an A-linear combination of the elements∏
β∈R+

E
(cβ)
β (cβ ∈ N). Since for any λ in NR+, the number

#{EAi | A = (a1, . . . , aν) ∈ Nν such that a1β1 + · · ·+ aνβν = λ}
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is equal to

#

 ∏
β∈R+

E
(aβ)
β

∣∣∣∣ ∑
β∈R+

aββ = λ

 ,

by 2.1 (a), the elements ∏
β∈R+

E
(aβ)
β (aβ ∈ N)

form an A-basis of U+
A .

The theorem is proved.
From the above proof we see the following:

Corollary 2.5. Keep the notation in Theorem 2.4 and its proof. If A =
(aβ1 , . . . , aβν ) is minimal in the set(b1, . . . , bν) ∈ Nν

∣∣∣∣ ν∑
i=1

biβi =
∑
β∈R+

aββ

 ,

then
∏
β∈R+

E
(aβ)
β = vpEAi . That is, for all β, γ ∈ R+ we have E(aβ)

β E
(aγ)
γ =

vqE
(aγ)
γ E

(aβ)
β for some q ∈ Z. (Of course, many aβ are 0 in this case.)

2.6. We would like to state two conjectures, one describes the root vec-
tors intrinsically. The conjectures might be helpful for constructing an A-
basis of the A-form of the quantized enveloping algebra of a symmetriz-
able Kac-Moody algebra. For λ ∈ NR+, we denote by U+

λ the set {x ∈
U+ | KixK

−1
i = v(λ|αi)x} and let U+

A,λ = Uλ ∩ UA. We also write U−−λ for
Ω(U+

λ ).

Conjecture A. Let α ∈ R+ and set dα = di if w(αi) = α for some w ∈W .
Let E ∈ U+

A,α. If E(a) = Ea/[a]!dα ∈ U+
A for all a ∈ N, then there exists a

simple root αj and u ∈ W, f ∈ A, such that u(αj) = α and E = fTu(αj).
(We refer to [L2] for the definition of [a]!dα .) For type A2, the conjecture is
true.

Conjecture B. For any β ∈ R+, choose wβ ∈ W and iβ ∈ [1, n] such that
wβ(αiβ ) = β. Define E(a)

β = Twβ (E(a)
iβ

). Then the elements∏
β∈R+

E
(aβ)
β (aβ ∈ N)

form an A-basis of U+
A . Where the factors in the product are written ac-

cording to a given total order on R+.
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3. Some orthogonal bases of the bilinear form in [K].

In this section we show that certain PBW bases are orthogonal bases of
the bilinear from considered in [K], see Theorem 3.9. For the bilinear form
obtained from the Drinfeld dual, a similar result was established in [L5,
LS]. Although the difference between the two bilinear forms are small, it
is difficult to apply the methods in [L5, LS] for proving Theorem 3.9, since
the methods rely on a property ([L5, 38.2.1]) which does not hold for the
bilinear form in [K].

3.1. Following Kashiwara [K, Prop. 3.4.4] we define a bilinear form on U+.

(a) For each P ∈ U+ and Fi, there exist unique P ′, P ′′ ∈ U+ such that

PFi − FiP =
KiP

′ −K−1
i P ′′

vi − v−1
i

.

(We set vi = vdi .)

Define ϕi(P ) = P ′′ and ψi(P ) = P ′. We have (cf. [K, Prop. 3.4.4]).

(b) There is a unique symmetric bilinear form ( , ) on U+ such that
(1, 1) = 1,

(Eix, y) = (x, ϕi(y)) for all i ∈ [1, n] and x, y ∈ U+,

(x,Eiy) = (ϕi(x), y) for all i ∈ [1, n] and x, y ∈ U+.

We need some preparation for proving Theorem 3.9. Let X be the set
of all sequences i = (i1, . . . , iν) in [1, n] such that si1 · · · siν is a reduced
expression of the longest element w0 ∈ W . For i = (i1, . . . , iν) ∈ X , A =
(a1, . . . , aν) ∈ Nν , we shall write

EAi = E
(a1)
i1

Ti1(E(a2)
i2

) · · ·Ti1 · · ·Tiν−1(E(aν)
iν

),

FAi = Ti1 · · ·Tiν−1(F (aν)
iν

) · · ·Ti1(F (a2)
i2

)F (a1)
i1

= Ω(EAi ),

ÊAi = E
(a1)
i1

T−1
i1

(E(a2)
i2

) · · ·T−1
i1
· · ·T−1

iν−1
(E(aν)

iν
).

For λ = a1α1 + a2α2 + · · ·+ anαn ∈ ZR, we define Kλ = Ka1Ka2 · · ·Kan .

The following result plays a key role in the proof, which is essentially a
variation of Theorem 2.3.

Lemma 3.2. Let i = (i1, . . . , iν) ∈ X and let s, k ∈ [0, ν − 1] such that
s > k. Set E = Ti1 · · ·Tis(Eis+1), F = Ti1 · · ·Tik(Fik+1

). We have

EF − FE =
∑

σ(A, λ,B)FAi KλE
B
i , σ(A, λ,B) ∈ A,
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where A = (a1, . . . , aν) and B = (b1, · · · , bν) run through a finite subset of
Nν , λ runs through a finite subset of NR+, and ak+1 = · · · = aν = 0, b1 =
· · · = bs+1 = 0 if σ(A, λ,B) 6= 0.

Proof. Set j1 = is, j2 = is−1, . . . , js = i1. Choose js+1, . . . , jν ∈ [1, n]
such that (j1, . . . , jν) ∈ X and sj1 · · · sjν−1(αjν ) = αis+1 .

For m ∈ [1, ν], a ∈ N, define

X
(a)
m = Tj1 · · ·Tjm−1(E(a)

jm
),

X ′(a)
m = Ψ(X(a)

m ) = T−1
j1
· · ·T−1

jm−1
(E(a)

jm
).

Then Tis · · ·Tik+2
(Eik+1

) = Xs−k and Eis+1 = Xν .
Set β = sis · · · sik+2

(αik+1
), β′ = αis+1 . Using Theorem 2.3 repeatedly we

see

Eis+1Xs−k − v(β|β′)Xs−kEis+1(a)

=
∑

σ(aν−1, . . . , as−k+1)X(aν−1)
ν−1 · · ·X(as−k+1)

s−k+1 ,

where σ(aν−1, . . . , as−k+1) ∈ A, and aν−1, . . . , as−k+1 run through a finite
subset of N.

Applying Ψ to the identity (a) we get

X ′s−kEis+1 − v(β|β′)Eis+1X
′
s−k(b)

=
∑

σ(aν−1, . . . , as−k+1)X ′(as−k+1)
s−k+1 · · ·X ′(aν−1)

ν−1 .

If ν > m ≥ s + 1, then we may find km+1, . . . , kν ∈ [1, n] such that
(kν , . . . , km+1, j1, . . . , jm) ∈ X . Noting that skν · · · skm+1sj1 · · · sjm−1(αjm)
is a simple root αj for some j ∈ [1, n], we see

T−1
kν
· · ·T−1

km+1
T−1
j1
· · ·T−1

jm−1
(Ejm) = Ej .(c)

Since sjs+1 · · · sjm−1(αjm) = sjs · · · sj1skm+1 · · · skν (αj) ∈ R+, we have

Ym = T−1
js+1
· · ·T−1

jm−1
(Ejm) = Tjs · · ·Tj1Tkm+1 · · ·Tkν (Ej)(d)

= Ti1 · · ·TisTkm+1 · · ·Tkν (Ej) ∈ U+,

for s+ 1 ≤ m ≤ ν − 1.

By our choice on j1, . . . , jν we may require that km+1 = is+1. By (d) and
2.1 (b) we see

Ym = T−1
js+1
· · ·T−1

jm−1
(Ejm) =

∑
σ′(A)EAi , σ′(A) ∈ A,(e)
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where A = (a1, . . . , aν) runs through a finite subset of Nν and a1 = · · · =
as+1 = 0 if σ′(A) 6= 0.

Define βm = si1 · · · sim−1(αim) for 1 ≤ m ≤ k + 1, and set Z
(a)
m =

Ti1 · · ·Tim−1 (F (a)
im

) for 1 ≤ m ≤ k + 1, a ∈ N. For m ≥ s + 1, a ∈ N,
we set Y (a)

m = T−1
js+1
· · ·T−1

jm−1
(E(a)

jm
) ∈ U+.

Applying Ti1 · · ·Tis to the identity (b) we get

−K−1
βk+1

FE + v(β|β′)EK−1
βk+1

F(f)

=
∑

σ(aν−1, . . . , as−k+1)vcK−λZ
(as−k+1)
k · · ·Z(as)

1 Y
(as+1)
s+1 · · ·Y (aν−1)

ν−1 ,

where c is a suitable integer depending on i1, . . . , ik, as−k+1, . . . , as, and
λ = as−k+1βk + as−k+2βk−1 + · · ·+ asβ1 ∈ NR+.

Since (βk+1|si1 · · · sis(αis+1)) = −(sis · · · sik+2
(αik+1

)|αis+1) = −(β|β′), we
see

EK−1
βk+1

= v−(β|β′)K−1
βk+1

E.(g)

Obviously we have

βk+1 ≥ λ if σ(aν−1, . . . , as−k+1) 6= 0.(h)

Combining (e)-(h) and Theorem 2.3 we see the lemma is true.

3.3. Let β =
∑
aiαi ∈ NR+. We define σ(β) =

∏
i

(vi − v−1
i )ai , d′β =∑

aidi − dβ if β ∈ R+. Let a be an integer and b, d positive integers, set

{a}d = 1− v−2ad

1− v−2d , {b}!d = {b}d{b− 1}d · · · {1}d, {0}!d = 1,

{−b}!d := (−1)b{b}!d,
{
a
b

}
d

:=
b∏

h=1

1− v−2(a−h+1)d

1− v−2hd
,

{
a
0

}
d

:= 1.

We have

(a)
{
a+ b
b

}
d

=
{a+ b}!d
{a}!d{b}!d

for a, b ∈ N.

We shall omit the subscript d if d = 1.

σ(β + γ) = σ(β)σ(γ) for β, γ ∈ NR+.(b)
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Recall for λ = a1α1+· · ·+anαn, we write Kλ for Ka1
1 · · ·Kan

n . For β ∈ R+,
we shall write Σβ (resp. Σ′β) for any element of U of the form∑

uKλx
(

resp.
∑

uKλx
)
,

where u runs through a finite subset of U−, x runs through a finite subset
of U+, and λ runs through the set {∑ biαi ∈ ZR | |bi| ≤ ai for all i and∑
biαi 6= ±β} (resp. {∑ biαi ∈ ZR | |bi| ≤ ai for all i}). The following

assertions (c) and (d) are obvious.

Σβ + Σβ = Σβ and Σ′β + Σ′β = Σ′β for β ∈ NR+(c)

ΣβΣγ = Σβ+γ , Σ′βΣγ = Σβ+γ ,(d)

ΣβΣ′γ = Σβ+γ , for β, γ ∈ NR+.

Lemma 3.4. Let β ∈ NR+ and let u ∈ U−−β be a monomial of F1, . . . , Fn.

Then for any x ∈ U+, there exist unique x1, x2 ∈ U+ such that

xu− ux =
Kβx1 + (−1)ht(β)K−1

β x2

σ(β)
+ Σβ.

Proof. We use induction on ht(β). When ht(β) = 0, 1, the lemma is just 3.1
(a). Assume that ht(β) ≥ 2 and u = Fiu

′. By induction hypothesis we get

xu− ux
= (xFi − Fix)u′ + Fi(xu′ − u′x)

= Kiy1 −K−1
i y2

σ(αi)
u′ + Fi

(
Kβ−αix

′
1 + (−1)ht(β−αi)K−1

β−αix
′
2

σ(β − αi) + Σβ−αi

)

= 1
σ(αi)

{
Ki

(
u′y1 +

Kβ−αiz1 + (−1)ht(β−αi)K−1
β−αiz2

σ(β − αi) + Σβ−αi

)

−K−1
i

(
u′y2 +

Kβ−αiz
′
1 + (−1)ht(β−αi)K−1

β−αiz
′
2

σ(β − αi) + Σβ−αi

)}
+ Σβ,

where y1, y2, x
′
1, x

′
2, z1, z2, z

′
1, z

′
2 are elements of U+.

We have KiK
−1
β−αi = Σβ, K−1

i Kβ−αi = Σβ, and KiΣβ−αi = Σβ,

K−1
i Σβ−αi = Σβ (cf. 3.3 (d)). By (b), (c) and (d) in 3.3 we get

xu− ux =
Kβz1 + (−1)ht(β)K−1

β z′2
σ(β)

+ Σβ.

The uniqueness of x1 = z1, x2 = z′2 follows from PBW theorem (see [L2]).
The lemma is proved.
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Proposition 3.5. Let β, γ ∈ NR+ such that β−γ ∈ NR+, and let x ∈ U+
β ,

y ∈ U+
γ , z ∈ U+

β−γ. Let ξ1, ξ2 ∈ U+ be such that (see Lemma 3.4)

xΩ′(y)− Ω′(y)x =
Kγξ1 + (−1)ht(γ)K−1

γ ξ2

σ(γ)
+ Σγ .

(See 1.2 for the definition of Ω′.) Then (x, yz) = (ξ2, z). In particular, if
β = γ and z = 1, then (x, y) = ξ2.

Proof. We may assume that y is a monomial Ei1 · · ·Eik . Repeatedly using
the properties in the definition of the bilinear form we get the proposition.

Corollary 3.6. Let β ∈ R+ and F a root vector corresponding to −β.
Then for any x ∈ U+ there exist unique x1, x2 ∈ U+ such that

xF − Fx =
Kβx1 + (−1)ht(β)K−1

β x2

σ(β)
+ Σβ.

We shall write ϕF (x) = x2 and ψF (x) = x1.

Proof. Since F is a Q(v)-linear combination of monomials of F1, . . . , Fn
with degree −β, the corollary follows from Lemma 3.4.

Proposition 3.7. Let β ∈ R+ and F a root vector corresponding to −β.
Then for any x, y ∈ U+ we have (see 3.3 for the definition of d′β)

(x,Ey) = (−1)ht(β)−1v−d
′
β (ϕF (x), y),

where E = Ω(F ) ∈ U+.

Proof. Let si1 · · · sik be a reduced expression of w ∈W such that

F = Ti1 · · ·Tik−1
(Fik).

We use induction on k = l(w) to prove the proposition. When k = 1, then
F = Fi1 , the proposition is just a property of the bilinear form ( , ) since
d′β = 0 in this case. Assume the proposition is true when l(w) ≤ k − 1.

Now assume that k = l(w) ≥ 2. Let u be the shortest element of the coset
w〈sik−1

, sik〉, then w = uu′ for some u′ ∈ 〈sik−1
, sik〉 and l(w) = l(u) + l(u′).

Moreover l(usik−1
) = l(usik) = l(u) + 1 ≤ k − 1. If u′(αik) is a simple

root αj , then j = ik or ik−1 and F = Tu(Fj). By induction hypothesis, the
proposition is true in this case.

Suppose that γ = u′(αik) is not a simple root, then we have the following
cases.

(1) u′ = sik−1
and γ = αik−1

+ αik ,

(2) u′ = sik−1
and γ = 2αik−1

+ αik ,

(3) u′ = sik−1
and γ = 3αik−1

+ αik ,

(4) u′ = siksik−1
and γ = αik−1

+ αik ,
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(5) u′ = siksik−1
and γ = 2αik−1

+ αik ,

(6) u′ = siksik−1
and γ = αik−1

+ 2αik , (type G2)

(7) u′ = siksik−1
and γ = 3αik−1

+ 2αik ,

(8) u′ = sik−1
siksik−1

and γ = αik−1
+ 2αik ,

(9) u′ = sik−1
siksik−1

and γ = 3αik−1
+ 2αik ,

(10) u′ = siksik−1
siksik−1

and γ = αik−1
+ αik ,

(11) u′ = siksik−1
siksik−1

and γ = 3αik−1
+ αik .

Case (1). Let β1 = u(αik), β2 = u(αik−1
), then β1, β2 ∈ R+ and β =

β1 + β2. We have Tik−1
(Eik) = EikEik−1

− v−dEik−1
Eik and

E = Ti1 · · ·Tik−1
(Eik) = Tu(Eik)Tu(Eik−1

)− v−dTu(Eik−1
)Tu(Eik),

where d = −dik−1
aik−1,ik = dik−1

.
Let E′ = Tu(Eik), E′′ = Tu(Eik−1

), F ′ = Ω(E′) = Tu(Fik), F ′′ =
Ω(E′′) = Tu(Fik−1

). Then E = E′E′′ − v−dE′′E′ and F = F ′′F ′ − vdF ′F ′′.
By induction hypothesis, we have

(a) (x,E′E′′y) = (−1)ht(β1)−1+ht(β2)−1v
−d′β1

−d′β2 (ϕF ′′(ϕF ′(x)), y),

(b) (x,E′′E′y) = (−1)ht(β2)−1+ht(β1)−1v
−d′β1

−d′β2 (ϕF ′(ϕF ′′(x)), y).

Recall that we have

xF ′ − F ′x =
Kβ1ψF ′(x) + (−1)ht(β1)K−1

β1
ϕF ′(x)

σ(β1) + Σβ1 ,

ϕF ′(x)F ′′ − F ′′ϕF ′(x)

=
Kβ2ψF ′′(ϕF ′(x)) + (−1)ht(β2)K−1

β2
ϕF ′′(ϕF ′(x))

σ(β2) + Σβ2 ,

xF ′′ − F ′′x =
Kβ2ψF ′′(x) + (−1)ht(β2)K−1

β2
ϕF ′′(x)

σ(β2) + Σβ2 ,

ϕF ′′(x)F ′ − F ′ϕF ′′(x)

=
Kβ1ψF ′(ϕF ′′(x)) + (−1)ht(β1)K−1

β1
ϕF ′(ϕF ′′(x))

σ(β1) + Σβ1 .
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Using 3.3 (b)-3.3 (d) and Corollary 3.6 repeatedly, we get

xF − Fx
= xF ′′F ′ − vdxF ′F ′′ − F ′′F ′x+ vdF ′F ′′x

= (xF ′′ − F ′′x)F ′ + F ′′(xF ′ − F ′x)

−vd(xF ′ − F ′x)F ′′ − vdF ′(xF ′′ − F ′′x)

=
Kβ

σ(β)(ψF ′(ψF ′′(x))− vdψF ′′(ψF ′(x)))

+
(−1)ht(β)K−1

β

σ(β) (ϕF ′(ϕF ′′(x))− vdϕF ′′(ϕF ′(x))) + Σβ.

Therefore we have

(c) ϕF (x) = ϕF ′ϕF ′′(x)− vdϕF ′′ϕF ′(x).

Since dβ = dik = dβ1 , so, d′β = d′β1
+ d′β2

+ dβ2 . Note that dβ2 = dik−1
= d.

Hence
(x,Ey) = (x,E′E′′y − v−dE′′E′y)

= (−1)ht(β)v−d
′
β+d(ϕF ′′(ϕF ′(x)), y)

−(−1)ht(β)v−d
′
β+d−d(ϕF ′(ϕF ′′(x)), y)

= (−1)ht(β)−1v−d
′
β (ϕF (x), y).

We may deal with other cases similarly. The proposition is proved.

Corollary 3.8. Let i = (i1, · · · , iν) ∈ X and let F = Ti1 · · ·Tik−1
(Eik), E=

Ω(F ), A = (a1, . . . , aν) ∈ Nν . Then

(a) ϕF (EAi ) = 0 if a1 = · · · = ak = 0,

(b) ϕF (EAi ) = (−1)ht(β)−1
vak−1
ik

σ(β)
σ(αik) EA

′
i , if a1 = · · · = ak−1 = 0,

where A′ = (0, · · · , 0, ak − 1, ak+1, · · · aν), β = si1 · · · sik−1
(αik).

Proof. (a) follows from Lemma 3.2 and the definition of ϕF (see Corollary
3.6). (b) follows from the definition of ϕF and the following identity

E(a)F = FE(a) +
Kβv

1−a
ik
−K−1

β va−1
ik

vik − v−1
ik

E(a−1), a ∈ N.

Theorem 3.9. Let i = (i1, . . . , iν) ∈ X and A = (a1, . . . , aν), B =
(b1, . . . , bν) be elements of Nν . Then

(a) (EA
i , E

B
i ) = 0 if A 6= B.
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(b) (EAi , E
A
i ) =

ν∏
k=1

ξ(βk)ak

{ak}!d′′k
,

where βk = si1 · · · sik−1
(αik), d′′k = dik and ξ(βk) =

∏
i

(1− v−2
i )ci

(1− v−2
ik

)
if βk =∑

i

ciαi. In particular, EAi ∈ LB (see 3.11 for definition).

Proof. Repeatedly use Prop. 3.7 and Corollary 3.8.

Corollary 3.10. Let x ∈ U+. Then

(a) (x, x) 6= 0 if x 6= 0. In particular, ( , ) is non-degenerate [K, Corollary
3.4.8].

(b) For any i ∈ X we have x =
∑
A∈Nν

(x,EAi )
(EAi , E

A
i )
EAi .

3.11. Let B be the subring of Q(v) consisting of all rational functions which
are regular at v−1 = 0 (i.e. v = ∞). Define LB = {x ∈ U+ | (x, x) ∈ B}.
The B-submodule LB of U+ is crucial for discussing canonical bases.
Corollary 3.12. For any i ∈ X , the elements EA

i (A ∈ Nν) form a B-basis
of LB.
Proof. Let ξ ∈ Q(v), then ξ ∈ B if and only if ξ2 ∈ B. The corollary then
follows from Theorem 3.9 and 2.1 (a).

Corollary 3.13. Let i, j ∈ X and let A ∈ Nν . Write

EAi =
∑
B∈Nν

ξBE
B
j , ξB ∈ A,

then there exists a unique B0 ∈ Nν such that ξB0 ∈ ±1 + v−1Z[v−1], and
ξB ∈ v−1Z[v−1] if B 6= B0 (see [L3, Prop. 2.3]).

Proof. By Corollary 3.12 we see that ξB ∈ A ∩ B = Z[v−1]. By Theorem
3.9 (a) we know (

EAi , E
A
i

)
=
∑
B∈Nν

ξ2
B

(
EBj , E

B
j

)
.

By Theorem 3.9 (b), the values of (EAi , E
A
i ), (EBj , E

B
j ) at v−1 = 0 are 1.

So there is a unique B0 ∈ Nν such that ξ2
B0
|v−1 = 1, and ξ2

B|v−1=0 = 0 if
B 6= B0.

The corollary is proved.

Corollary 3.14. (a) Let L be the Z[v−1]-submodule of LB spanned by the
elements EAi , i ∈ X , A ∈ Nν . Then L is a free Z[v−1]-module and for any
i ∈ X , the elements EAi (A ∈ Nν) form a Z[v−1]-basis of L.
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(b) Let x ∈ U+
A . Then x ∈ L if and only if x ∈ LB, i.e. (x, x) ∈ B. See

[L3].

3.15. The Z[v−1]-module L can be defined through Kashiwara’s operators
ẽi, f̃i : U+ → U+, which are defined as follows

ẽi :
∑
A∈Nν

ξAE
A
i →

∑
A∈Nν

ξAE
A+A1
i , ξA ∈ Q(v),

f̃i :
∑
A∈Nν

ξAE
A
i →

∑
A∈Nν

ξAE
A−A1
i , ξA ∈ Q(v),

where i = (i1, · · · , iν) ∈ X such that i1 = i and A1 = (1, 0, · · · , 0).
Obviously we have

(a) ẽi and f̃i map L to L for all i ∈ [1, n],

(b) f̃iẽi =id for all i ∈ [1, n],

(c) U+ = kerf̃i ⊕ imẽi for each i in [1, n],

(d) kerf̃i = kerϕi. In particular
n⋂
i=1

kerf̃i = Q(v).1 (cf. [K, Lemma 3.4.7]).

Proposition 3.16. Let L′ be the Z[v−1]-submodule of U+ generated by the
elements ẽi1 · · · ẽik(1) (i1, · · · , ik ∈ [1, n] and k ∈ N). Then we have L′ ⊆ L.
(See [L4, Theorem 2.3 (a)].)

Proof. Using Corollary 3.13 and the definition of ẽi we see L′ ⊆ L.
It is not difficult to prove that L′ = L, see [L4] or [X3].
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