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1. Introduction and overview

Let Z, = Z/2 and let K, denote the Eilenberg-MacLane space K(Z,, 2). In
this paper, we use the Adams spectral sequence (ASS) to compute the connec-
tive KO-homology and -cohomology groups ko,(K;) and ko*(K,). The groups
ko..(K,) were initially studied long ago in [ 15] and more recently in [12] because
of their close relationship with Stiefel-Whitney classes of Spin-manifolds, but
only fragmentary results were obtained. A consequence of our work here is the
following new result, which is discussed and proved in Section 17.

Theorem 1.1. There exists an n-dimensional Spin manifold with the dual Stiefel-
Whitney class w,_, # 0 if and only if n is a 2-power > 8.

Our work here draws heavily from the computation in [11] of the complex
analogue ku,(K,) and ku*(K,), which in turn relied on the connective Morava
K-theory groups k(1).(K,) and k(1)*(K,) determined in [10]. Our primary fo-
cus in [11] was the ku-cohomology groups because of their product structure,
but here our primary focus will be on the ko-homology groups, for historical
reasons and because of the more familiar form of its ASS. We begin this intro-
duction with a slight reformulation of results of [11] regarding ku,(K,). This
will enable us to describe the overall structure of ko.(K,), and also to see the
significant increase in complication of the ko result as compared with ku.

The ku-cohomology groups ku*(K,) were a combination of suspensions of
three basic types of summands, Ay, By, and Sy ¢, 1 < k < ¢. It was observed
in [11, Section 7] that if Sy , is combined with two specific copies of By, we
obtain something, which we now call By ¢, that appears both in ku*(K,) and,
after switching to homology grading, in ku,(K,). We denote by B, , the ko-
homology analogue of this combination. The ku-homology analogue of A,
which we denote by .7, was pictured when k = 5 in [11, Figure 4], which
we repeat here as Figure 1.2. Short vertical lines indicate multiplication by 2,
short diagonal lines are multiplication by v € ku,, and the long dashed lines,
sometimes slightly curved, are exotic extensions (-2).
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Figure 1.2. <7, the ku-homology analogue of A, from [11]

The iterative structure of the ku groups A, and B can be seen by noting that
the ku-homology analogue of B, is a desuspension of the portion of Figure 1.2 in
grading > 102, not including the upper edge, and %7, can be obtained from that
by placing a triangle similar to the one in the lower left corner of the chart, but
one level smaller, beneath the classes in grading 102 to 106. The ko-homology
analogue of A;, which we denote by A}, is much more complicated. We picture
A for 1 < k < 6 in Section 3, and in Section 4 state several results, 4.1, 4.8,
4.10, 4.18, and 4.20, which give a complete determination of all A,.

In the ku situation, each By , could be multiplied by any number of classes
zj, which just amounted to suspending by 5242 for each. In the ko analogue,
multiplying B ¢ by z; suspends by 2/+2 but also changes its form. We denote
by z'B, . the modified form of By , after i such changes of form, but without
the various =2'*’s. So z' can be thought of as a product of i different z;’s, each
desuspended by 2/*2. It turns out that z*B, , = 8B, ,. We will describe and
illustrate z' B, , in Section 5.
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We can now state the theorem which, along with the aforementioned de-
scriptions of Ay and z' By ¢, completely determines ko,.(K,). This will be proved
in Section 11.

Theorem 1.3. There is an isomorphism of ko,-modules

ko*(Kz) ~ @ @ 22k+2iﬂk @ @ @ 22k+2i+2€+3jza(j)3k’£

k>1 i>0 1<k<? i,j>0
plus a trivial ko,.-module.

Here and elsewhere, «(j) denotes the number of 1’s in the binary expansion
of j. The trivial ko,-module could be calculated, but is not of interest. It is
discussed at the end of Section 11.

In Section 18, we determine the ko-cohomology groups, ko*(K,), and discuss
the following interesting duality theorem.

Theorem 1.4. There is an isomorphism of ko..-modules
ko.(K>) = (ko**(K5,))",
where MY = Hom(M, Z /2%°), the Pontryagin dual, localized at 2.

In the first seven sections, we describe our results in several ways. In Section
8, we outline the proof, which occupies the subsequent seven sections. At the
end of the paper, we discuss the application to Stiefel-Whitney classes of Spin
manifolds, and the adaptation to ko-cohomology groups of K.

We thank the referee for comments which led to improvement of exposition.

2. Charts, filtrations, and edges
Our computation of ko, (K,) is merely a determination of the ASS with
Ey = Extyq)(H*K;, Z5).

See Section 10. However, the differentials and extensions in this spectral se-
quence are very complicated, and for ease in understanding and displaying
them, we frequently increase filtrations of elements. We call the resulting dia-
grams “charts,” and use the term “filtration” to refer to the vertical component
of an element in the resulting chart.

We illustrate with the determination of the chart A, in grading < 43. The
first three A(1)-modules in forming A, are

527, @ 2NU @ $4M,,
where NU and its Ext are given in Figure 12.1, and

M, = (x1,89" x;) = H*EM(2)).
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In the left side of Figure 12.2,
Extyq (2322, @ £3°NU, Z,)

is shown, along with the ds-differential between the two summands. There are
exotic n-extensions on classes in 35 and 43 implied by (12.1) and an exotic -2
in 42 implied by (14.6). We prefer to elevate the chart for >N U by 4 units so
that the Adams differential looks like a d;, and then the n and -2 actions appear
nicely as in the chart on the right side of Figure 12.2.

A similar situation occurs when

EXtA(l) (240.717[14, Zz)

is incorporated, and is pictured in Figure 12.3. There is a d4-differential into
the previously-obtained chart, with implied # and -2 extensions. If we choose
to elevate the

EXtA(l) (Z4Om, Zz)

so that the differential appears as a d;, as in the middle portion of Figure 12.3,
then the 7 and -2 line up better, resulting in the chart on the right side of Figure
12.3. The resulting chart agrees with the portion of A, in grading < 43 in Figure
3.2. Remaining A(1)-module summands in forming A, account for subsequent
changes. This should explain the rationale for our notion of charts, which are
modifications of ordinary ASS diagrams.

At the beginning of Section 4, we introduce the term “edge” before it has
been defined. The formal definition is in Theorem 4.10, based on the definition
of pre-edge in Definition 4.8. Edges are central to our analysis and descriptions.
The list, immediately following Theorem 4.1, of the edges in As, displayed in
Figure 3.3, should be useful in understanding edges.

3. Examples of A,

In this section, we display charts of A; for 1 < k < 6. We will make much use
of these charts in later sections, as models for the general statements and proofs.
These are ASS-type charts, but we frequently elevate filtrations of classes in or-
der to better display the ko,-module structure. In the transition from E, to E,
there have been many differentials, which are not displayed here. The short
vertical lines are multiplication by 2, and short diagonal lines represent multi-
plication by 7 € ko;. In Figure 3.1, we depict A, A,, and A3 on the same set
of axes. The classes in grading 8-12 are .A,, and A; and A5 are on the left and
right, respectively.
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Figure 3.1. A, A,, and A;
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In Figure 3.2 and subsequently, the dashed lines are exotic extensions. These
indicate multiplication by 2 on elements in different edges.

Figure 3.2. A,

For k > 2, it will be convenient for us to work with Z_2k+lﬂk, which we
denote by 4. The configuration of six classes which occurs in positive filtration
in grading 48 to 52 in Figure 3.2 is often called a “lightning flash,” terminology
which we will use frequently.



THE CONNECTIVE KO THEORY OF THE EILENBERG-MACLANE SPACE K(Z/2,2) 7

In the top half of Figure 3.3 (resp. Figure 3.4) the upper edge should be 12
(resp. 28) units higher. This is to display the action of v;‘, the Bott periodicity el-
ement in kog, which increases position by (8, 4) in our charts. Although we are
not particularly concerned about the action of the generator of ko, (see Figure
4.2), elements whose positions differ by (4, 3) will generally be related by the
action of this element.

Figure 3.3. A
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Figure 3.4. A,

4. One description of A,

Each Ay is structured in terms of edges and subedges. In this section, we
describe the subedge structure, and give an explicit description of all edges.
The proof will be given in Section 14, the culmination of several preliminary
sections. A more formulaic description of Ay is given in Section 7.

An edge &, , will always be suspended by some multiple of 8. It occurs for the
first time in Ay, but, if e > 1, it will occur again as a subedge of Ay forallk > ¢,
often more than once for the same /fk. Ife =4a+ b > 1withb =(0,1,2,3),
the bottom class of &, 4 is in grading 8a + (2, 3,4, 8) for any ¢, unless e = 3 mod
4and?¢ —e=1.

The following key theorem will be proved at the end of Section 13.

Theorem 4.1. The ko,-module Ay is built up recursively, beginning with E1k
which begins in grading 0. Then, for 1 < e < k — 2, each occurrence of P&, ,

. d
contains subedges xP+2 H Eerlerafor2<d <t —e.
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For example, A has & 5, then Z8&, 5, £1°&, 4, and £32&, 5 under it. Then
under Z16€, 4 is Z10¥8&, . under £32&, 5 are 3285 4 and T32H10¢, 5, and un-
der =45 5 is T#¥+8¢, 5. The reader should refer to Figure 3.3 for the following
description of the edges of As.

&5 Everything above a line of slope 1/2 in the top and bottom halves of
Figure 3.3.

¥8¢&,3 Classes in (12,0) and (14, 1).
x18g, 4 Succession from (20, 0) to (30, 4).

$24¢&5, Classes in (30,0) and (34,1).
232&, 5 Succession from (36, 0) to (62, 11).
$40¢&;, Classes in (46,0) and (50, 1).
245 5 Succession from (56,0) to (66, 4).
¥36&, 5 Classes in (66,0) and (67, 1).

We are interested in the ko,-module structure of ko..(K,), especially the ac-
tion of  and v‘l‘. By v‘l‘, we mean Adams or Bott periodicity, of bigrading (8, 4).
We include in Figure 4.2 the well-known chart of ko,, periodic with period
(8,4). The elements n and v‘l‘ are indicated with large dots.

"

Figure 4.2. ko,

We now work toward a description of &, for e > 2. We introduce some
charts M,i{ that will appear repeatedly throughout the paper. The derivation
and significance of these charts will be discussed in Section 11, when we begin
our proof. By “charts,” we mean ASS diagrams, often involving filtration shifts
of some elements.

We begin with charts Mg for k > 4, which are building blocks for our calcu-
lations. They are similar to familiar charts of ko, (RP?**) (e.g., [6]). In fact, there

are isomorphisms M2€+ W~ ko, (RP8¢+2) and M), s R ko, (RP3¢+*). The charts

Mg were derived in [13]; their derivation will be explained in Section 11. For
all k, all classes in M} are v}-periodic. All the charts M) have the same upper
edge. The lower edge drops by 1 for each increase in k, with classes of negative
filtration removed. The chart Mg is a sequence of lightning flashes starting in
position (8i + 1, 4i) for i > 0. In Figure 4.3 we show the beginning of the charts
for5<k<7.
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Explicitly, Mg has, fori > 0,

0 in grading 0 and 6 mod 8,

» Z, in grading 8i + 1 and 8i + 2 of filtration 4i and 4i + 1, respectively.

» Z, in grading 8i + 4 and 8i + 5 of filtration 4i — k + 6 and 4i — k + 7,
respectively, if the filtration is > 0, else 0,

« 7 /2 *in grading 8i+7 with generator of filtration 4i—k+8 if 4i—k+8 >
0, else Z /2%*4* with generator of filtration 0, and

« Z/2%?in grading 8i+3 with generator of filtration 4i—k+5if 4i—k+5 >

0, else Z /24*3 with generator of filtration 0.

Next we define M; for k > 4 and i > 0 to be M} with classes of filtration less
than i removed, and filtrations of other classes decreased by i. In Figure 4.4, we
depict Mé for 1 <i < 3. All elements are acted on freely by v‘l‘. It follows that
M =28M .

Figure 4.4. M é

!
7 11 7 1], 15
6 M6 }\/[6

—
—
we

A variant of M} that will be useful is given in the following definition.

Definition 4.5. For0 < s < 3 and s > 0, the chart ]\//Ij is formed from Mg by
removing classes of grading < s. If s > 4, M i = S8M 2_4.

As M j will always be combined into other charts, its filtration as an individ-
ual entity is irrelevant and undefined. Note that M 3= Mjifs = 0,1 mod 4,
while if s = 2,3 mod 4, M » is formed from M by adjoining one class. In Figure
4.6, we picture 1\712 for s = 2,3 mod 4.
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Figure 4.6. Mj for s = 2,3 mod 4

The following definition will be useful.

Definition 4.7. A chart is stably ' My if it agrees with ¥'M, in sufficiently large
grading, without regard for filtration.

Now we define what we call pre-edges é‘é ¢~ This formulation will be derived
in Section 13.

Definition 4.8. For2 < e < ¢, 82 , is formed from the following sequence of
charts.
EM, e DML e e BIMET e BT M - TR e

Working from left to right, the filtration of each leiMji_1 is increased so that it
appears that there is a d, differential from its generators in grading 1, 3, 4, and 5
mod 8 to the upper edge of the chart resulting from the preceding steps, and there
are 1) extensions on its remaining classes in grading 3 mod 8. The chart resulting
after incorporating $* M&™" is stably EMy_,s_;. The sz_m”ﬁj‘z is placed so
that all its classes support d; differentials. The pre-edge & ; ; isthe chart remaining

P . . ¢ —e+2 Sre—2
after all these d;’s. It vanishes in the range of £~ T2M; .

!/

47 which is derived from

We illustrate in Figure 4.9 the forming of £
4 8as3 16713 34172
IM¢ < 2°M, < M, < XM},

At each step, the chart being adjoined is indicated in red, while the black part is
the result of the preceding step. For example, the chart Z8M j’ has been
moved up by one unit, so that what were d,-differentials in the ASS look like
d;-differentials. The effect is to improve the appearance of the chart and make
it easier to use subsequently. Then 84")7 consists of the classes remaining in the
lower chart in Figure 4.9 after the indicated differentials.
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Mg « I8M; « 1M \ﬁ@X
4 8as3
SR o
[ ]

1 16 20 1 16 20 28 :

4 Sas3 16373 347172
SM? — IIM3 « SIM3 « T2 /@
A
[ )
i

16 20 28 36 44

Figure 4.9. Forming & ,

N

Since M,‘;’+4 = Z8Mi and J\7Ii+4 = 281\71231 for e > 0, it follows that 8"3+47f+4 =
288;,5 for e > 2. So it suffices to study 82,5 fore < 5.

Recall from Theorem 4.1 that beneath any edge =°¢&, , in Al there occur
subedges yD+2 Eet1e+d fore+2 <e+d < ¢. The same is true for 8; . The
following theorem will be proved in Section 14.

Theorem 4.10. Fore > 1, there are differentials from z2 8; +1.e4q tOelements of

order2in & ; p from all classes in grading 4 or 5 mod 8, except filtration-0 classes x
ingrading 4 mod 8 withnx = 0. Fore > 2, &, ¢ is formed from 8;€ by removing all
classes either supporting or hit by these differentials. This is true, after appropriate
suspension, of all occurrences of &, ¢ as edges or subedges.

In Figures 4.11, 4.12, 4.13, 4.14, and 4.15, we display 82’e+d for2 <e <5and
1 < d < 4. We circle classes supporting differentials, and use a larger dot for
classes hit by differentials. Then &, .4 consists of uncircled small dots.

For example, Zmé‘g,s appears beneath 83,6, as indicated in Figure 4.12. The
two circled dots in 8;’5 in Figure 4.11, after applying =6, support differentials
hitting the two big black dots in Figure 4.12 in grading 27 and 28. These are
differentials in the ASS converging to ko..(K,).
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Figure 4.11. & , and differentials

| 2,5
2,3 2,4 | *
AR AN
N T vl e S (R ]
3,6
3,5 . /é//

11 16 20 28 36

One added feature in Figures 4.12, 4.13, 4.14, and 4.15 is that for the classes
hit by differentials, we include below them the name of the subedge that sup-
ported the differential. The classes supporting those differentials can be seen
in Figure 4.11, where they appear with circles. Note that these are complete
figures; they are finite charts.
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Figure 4.12. & and differentials

: /V 16 o 32 0f 320/ 3201
fé» Z0E; LHE LE g LE ¢

It is instructive to compare Figure 4.12 with Figure 3.4, in which ¢, ¢ ap-
pears prominently.
Figure 4.13. &/ and differentials

Figure 4.14. &, and differentials

Y

v

* .16I 16 o 320/ 3201 320!
:ZSSV I8, T, LHEG L€y L€ ¢
7
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Figure 4.15. £, and differentials

.
-
o

%
%

A

16 o/ 320/ 32 0/ 32 o/
887 el s TRe R,
8

The sources of the differentials are very regular. There are differentials from
52 &l ,qinto & foreach¢ > e+donallclasses in grading 4 and 5 mod 8

in 22d+2+1M g .5 (except for a class x in filtration 0 and grading 42mod 8 satisfying
nx = 0) until the & is ended by the differentials from =* - 2R,

Careful study of the above charts 8’ g ford =1,2,3, and 4 can give great
insight into the form of 8’ g for arbltrary d. As d increases, the upper edge of

the chart stays fixed whlle the lower edge drops by 1 each time. Only e = 2, 3,
4, and 5 need be considered, since 4144 = Z8E k-
The slightly differing forms of the upper edge of £/ | 4 depending on the mod

4 value of e are caused by the differing ways that Mj_l begins. In Figure 4.16,
we show the formation of Sg .- Comparison with Figure 4.9 is instructive.

Figure 4.16. Formation of &’ .

IM; ZSMW : A ;
A A

§ 12 16 20 12 16 20

Coe

It is interesting to see how the ending of each 6‘2 o+q Occurs. Prior to the

22d+2+2]\//7f1‘2 at the end of the sequence in Definition 4.8, the sequence will have
stabilized to a sequence of lightning flashes with initial classes in grading 2
mod 8. In Figure 4.17, we show how the lightning flash beginning in grading
29+2 4 2 is hit by 22" +281¢~2 for 2 < e < 5. Increasing e by 4 would push this
behavior out by 8 gradings. In Figure 4.17, the remaining classes are indicated
with bigger dots. Compare with the endings in Figures 4.11, 4.12, 4.13, 4.14,
and 4.15.
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Figure 4.17. Termination of &

S

The upper edge & has a different form. The following definition will be
illustrated in Figure 4.19 and justified at the end of Section 13.

Definition 4.18. For k > 2, V| is a chart with, fori > 0, classes gg; in position
(8,4i), and gg;. 4 in position (8i + 4,4i + 3), of order 251 except that the order
of go is 2K*1. There are also elements ngs; and 1°gg;, X5 such that nx; = 25 2g,,
and, for i > 0, elements xg;,, and 1xg;,, such that n*xg;,, = gsi4a- Ifk = 2 and
i > 0, then 2xg;., = 1°gs;. In grading > 8, V. agrees with ko, (M(25~1)), where
M (n) is the mod n Moore spectrum. (Note that both V. and ko,(M(2%¥~1)) have
generators in positions (8i,4i) fori > 1.)
The chart Si,k is formed from the sequence

(4.1) Vi < ZM0 oo « Z2MO o 22 M0,

Working from left to right, each Zzng is placed so that there are d, differentials
from its generators in grading 1, 3, 4, and 5 mod 8 into the upper edge of the
chart resulting from the preceding steps. For2 < i < k —1, 8; . agrees with
ko, (M(2k-1)) in grading 2!+ through 2+ — 1.

The edge &, i is obtained from éik by removi_ng the classes in grading 3 or 4
mod 8 which are hit by the differentials from =% 8; ; Jor3 <'i < k described in
Theorem 4.10.

In Figure 4.19, we show the formation of 81, ,and & 4. Ateach step, the chart
being adjoined is shown in red. Then 83, , consists of all classes in the bottom
chart of grading < 28. The classes with the big dots are hit by differentials, and
so do not appear in &; 4. The chart hitting them is indicated below them. The
classes supporting those differentials can be seen in Figure 4.11. The result of
Figure 4.19 can be seen in Figure 3.2.
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Figure 4.19. Formation of &], and &, 4

V4« M) < 2°M) '
ZSMOW /

4 8 12 4 8 12 16 20

V, < Z8M9 « 516M9 « £32M0 /Vf

4 8 of 16 o/
E/ > 82’3 > 82’4
0 4 8

12 16 20 24 28 32

Now that we have described (in Definitions 4.8 and 4.18) all pre-edges and
(in Theorem 4.10) the differentials that reduce them to edges, the description
of Ay follows from Theorem 4.1 once we describe the exotic extensions. This is
done in the following theorem, which will be proved in Section 14.

Theorem 4.20. The only exotic extensions in Ay, are as follows:

(1) Into & from 22682,6 for4 < ¢ <kingrading8i+2for3-207*<i <
202 _ 1. The target is the class which is not in im().

(2) Fore >2ande+1< ¢ <k, into P&, , from £¥ " +Pg, ,  , in grading
6 mod 8 throughout the entire extent of £ *P&, . ,.

(3) Fore>2,¢ <k,ande+1<m < ¢, into 3 &, , from =¥ +Pg,
in grading 2 mod 8 throughout the second half of &, 1 ,,, (the range of the
lightning flashes in &’ el including the final element in 2 mod 8 ife = 0
or 3 mod 4, but notife = 2 mod 4).

Since &, ¢ has order < 2 in grading 2 mod 4, we don’t have to specify which
element is involved in the extension in parts (2) and (3) of the theorem. In
Figure 3.4, the extensions into the upper edge are easily checked to agree with
part (1). In (4.2), we list the other extensions in A, with those of type (2) in
the left column and those of type (3) in the right column. We list the grading
followed by the edges involved, with dashes indicating the extension.
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30 0 ZO(ZBE; 4 —&Ey4) 66 1 ZB(EBE, 5 —Es5)
62 1 T3(Z10E;5—&,5) 981 ZBO(ZBELs— &)
110 : Z4(Z32E36— &) 114 1 T0(ZBE, s — E3)
118 @ Z04(Z32E36— Ey6) 122 @ 2423236 — Ey6)
126 : ZO(Z108, 6 —E36) 1221 ZH(E0E,6— E36)
(4.2) 126 : Z04(Z32E36—Ey6) 130 1 TH(E0E,6— E3)

5. 2'Bye

In this section, we describe the summands z'B k.¢» Which appeared in Theo-
rem 1.3. The proof will be in Section 15.

The description of ku*(K,) in [11] was in terms of summands Ay, By, and
Sk.e- It was stated in [11, Section 7] that Sy , and two specific copies of By
combine together nicely, in the sense that differentials in the ASS that form
them involve just the three!, and that the contribution to ku*(K,) of the three
is isomorphic to the corresponding contribution to ku,(K,) after dualizing the
gradings, implying self-duality of By .. The example there yielded the chart for
B; 4 C ku,(K;) in Figure 5.1.

Figure 5.1. B;, C ku,(K;)

70 8081 86 96

In Section 15, we explain how the ko analogues of By , are defined and ex-
plain how the ASS of this part is computed. We denote by By , the resulting
chart for this summand of ko, (K,). The result for B; 4 is shown in Figure 5.2.

Figure 5.2. B;,

68 72 76 80 84 88 92 96

L This will be proved in Theorem 10.4.
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The lightning flash in the middle is the analogue of the S; 4 part, which was
the short v-tower in grading 81 to 87 in Figure 5.1. We choose to raise the fil-
tration of this for two reasons. (a) When we look at the differentials in the ASS
it is convenient to increase some filtrations to make the extensions clearer and
the pictures nicer. (b) The classes in 84 and 85 are v‘l‘ times the classes in 76 and
77, and we like to have our chart depict this.

In the ku version, the copies of By, on either side of the Sy , are isomorphic,
asisclear in Figure 5.1. This is not the case in the ko version, as can be observed
in Figure 5.2. There is an exotic 7 extension from 88 to 89, accompanying the
exotic -2 in 90. One might prefer to lower the filtrations of the high classes in 89
and 90, but they are v‘l‘ times the classes in 81 and 82. Also, when we show how
these charts are obtained, it will be clear that the high filtrations are warranted.

Let & o = dglign 8;’ ,and Mg, = d{jrjg’n M¢. Then &, , can also be defined

as the chart obtained from the sequence of d; differentials, situated as in Defi-
nition 4.8,
IMS, < B3MT < EOMETT < ZRMET —

Definition 5.3. For k > 2, define functions h; by

0 b=2
1 b=3
h.(8a+Db)=4a -k +
i ) 2 b=4
3 5<b<o.

Let C; i denote the subchart of 8; +i.00 CONSISting of elements in position (x, y) sat-
isfying y > hyey;(x).

In Figure 5.4, we depict a portion of &) _ with all of C 4 indicated by big dots.
The dashed line is the graph of h,.

Figure 5.4. Cy,

12 16 20 24 28 32 36 72

Theorem 1.3 involved summands z' By, .. These charts are described in The-
orem 5.5, which will be proved in Section 15. Of course, z°B; , = By .. Just
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as we did with letting A, = Z_2k+1ﬂk, it will be convenient to let ﬁkf =
Zf+ZB
k-

Theorem 5.5. Fori > 0and1 < k < ¢, the chart ziﬁk,f consists of the following
four parts:
(1) The portion of 22 M, +3 in filtration 0 through k, with filtrations in-

creased by 2¥ —k — 1. If M ok 43 has a filtration-k element in grading 1
mod 8, that element is omitted, since it appears in part (4).

(2) A modification of E¢_y4i41,¢+i and all edges under it, as enumerated in
Theorem 4.1, including extensions among these edges. The modification
is that the elements of8f kit eti in grading 4 and 5 mod 8, which sup-

ported differentials in forming E;_i.i41.¢4i» do not support differentials
in this case. .
(3) A chart formed from %2 " C; x together with all the edges strictly under

z2! Eotik+1+i» incorporating all the dijferentials and extensions among
these lower edges, and from them into 2l

24+i,k+i+1"
in 32! €;+l kaiyy @€ part of 22 c Ci-

(4) For [k+3+l] l+3] — 1, elements x; in (2K + 1 + 8, 2% —
k—1+4] —i)and nx;. Ifi = 4t+ lforsomet and j = 2572 4+ ¢, then
nx; is not present. If j > 2k=3 4 [ ] there is an exotic extension from
the element in (21 +8j +2,4j —k — i) to nx;.

The target elements

S]Szk_2+[

Remark 5.6. If £ — k + i = 0 mod 4, there is an n-extension from the last
element of E¢_j 411 ¢4: 1N zifk’f to a Z, in the lowest filtration of 2 B M;, 3°
The first element is like the circled element at the end of the e = 5 part of Figure
4.11 (which does not support a differential in Ziﬁk’g) and the second element

is like the element in grading 5 in the M, é chart in Figure 4.4.

Remark 5.7. There are exotic 7 extensions in zifk,f wherever the exotic -2
extensions occur in part (4) of the theorem. If 2a = 7S and v;y = «, then
ny = B. In Figure 5.11, the classes « are the two classes supporting the exotic
extensions, and if « is in position (x, y), then y is in position (x — 2,y — 1).

The middle lightning flash in Figure 5.2 furnishes one example of part (1) of
the theorem, which corresponds to the Sy , portion in ku*(K,). In Figure 5.8,
we provide three more examples, without indicating the filtration.

Figure 5.8. Examples of Theorem 5. 5(1)

g el T

t=7,k=5 t=7k=4 ¢ =10,k
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In Figure 5.9, we provide another example, 2?4,7. The portion from part (2)
of Theorem 5.5 is in black, and parts (1), (3), and (4) are in red. The black part
corresponds to the modified version of £, ; and the edges under it. Compare
with &, , in Figure 4.11.

The low red part is £32C, 4 together with the edges under £32&, 5, which are
T0E; 4, 28E;5 5, and T3°E, 5. Compare with Figure 5.4 and Figure 4.11. Note
that elements in Z**&’, | support differentials killing elements in *2Cy 4 in grad-
ing 59 and 60.

The top red part has part (1), which is the middle chart in Figure 5.8, and the
three » pairs, which are part (4).

Figure 5.9. §4’7

d .o
¢ ® f& ° -/ :
1;2 16 50 24 é:g 32 36 455 44 43 52 56 60 64

Although z! B, is built from various z'M ¢ (= M), and multiplying M{! by
z! just lowers all filtrations by i, the effect of z on B k¢ is more complicated, due
to differentials. In Figure 5.10, we display zi§3,4 for 1 <i < 3, for comparison
with the case i = 0 in Figure 5.2 (which is %3, ,).
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Figure 5.10. z'5;,

A

12 16 20 24 28 32

Z§3,4 1‘/I/'/
L

I\
pooe

o

Z2§3’4 o /

12 16 20 24 28 32 36

We close this descriptive section by describing a way of visualizing how parts
(1), (3), and (4) of Theorem 5.5 come about. For simplicity, we restrict to i = 0.
In Section 15, we will explain why this description is valid.

For this part of gk,g, we combine two charts. One chart has the resultant of

2k+ 2 Snrl 2iarl 2k a r1
z (ZM€+2<—ZM4<—-~<—Z M, « - <X M)

with the usual placement for d, differentials. The other chart has =2 MO

{—k+3’
with filtrations increased by 2% — k — 1. See Figure 5.11 for 2?4,9.

Beginning in grading slightly greater than 25+2, the two charts will have iso-
morphic forms, stably M,_, 3, displaced by 1 horizontal unit. There must be a
differential annihilating these; it will be d,x. We apply (v 4) periodicity to these
differentials whenever it applies. In Figure 5.11, we indicate by small red dots
the elements that are related by these differentials. For example, applying v} 4
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to the Z/16 in 72 and 71 shows that the bottom four elements in 64 support dif-
ferentials, but the top one survives. The elements which survive are indicated
by large black dots. Three 7-pairs at the top are part (4) of Theorem 5.5. The
other black elements in the top halfin filtration 0 to 4 (before the filtration shift)
are type (1). The black elements in the bottom half are of type (3). They lie on
or above the dashed line in Figure 5.4. This description does not incorporate

the type-(3) elements on subedges under z2 Er ki1

Figure 5.11. Some differentials (in red) in 54’9

i
A

7,
% }o/?a }8/5;§

56 60 64 68 72

6. Complete description through grading 42

We can easily depict ko, (K,) for x< 42, and much farther. In Figure 6.1 we
present it in three labeled rows, to avoid congestion. It is the sum of the three.
We omit the trivial ko,-submodule, which is enumerated through grading 24
at the end of Section 11.
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Figure 6.1. ko.(K,), *< 42

/.4
—g%ﬁ;;ﬁ

i
12 282231,2 1823

P i/“f d
16 20 24 2% : 32 ’3%’ .40
Aj Ay 1,3

o o

[ ] [ ] [ ] [ ] [
16 20

4 12 4 8 32 .36 4
A Ay 284, =164, 2%6/122242/11 24, IPA,

7. A formulaic description of edges

In this section, we give a more formulaic description of edges.

Let R = Z5)[n]/(2n,n?).
The upper edge &, j has a different form than the other edges.

Definition 7.1. Fort > 1and 0 < ¢ < 2, we define R-modules L, ((x, y) to have
generators g, g', and g in positions (x,y), (x + 2,y +t), and (x + 4,y + 3),
respectively, with relations 2'g, n*g’ = 2!71g", n*>=¢g’, ng", and

n’g t=1

2¢' =
£ 0 >

Let Ij, denote the R-module with generators G, G', and G” in positions (0, 0), (3, k),
and (4, 3), respectively, with relations 2X*1G, nG’ = 2-2G", 2G/, and nG".

For example, I, is the portion of Figure 4.19 in grading < 7. The second
subscript in L, indicates the number of elements killed in forming L, . from
L; . In Figure 7.2 we show L, . for t < 4, omitting (x, y), which is the position
of the lower-left element.
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Figure7.2. L,

V/ . E//
'/./IL/LI Ly, E//L?;,l Ly,
./ALLZ I/L2’2 E//L:)”z E//L&Z

Theorem 7.3. Let Ig(i) = [log,(i)]. The upper edge, &y, of =2 4,, as an
R-module is
221

I & @ Li—1g(iy-2,,(1)(81, 41),

i=1

where
0 2/<i<2/+[(j—-1)/4]
AO={1 i=2+Lj=0@
2 2 4+1+[j/al<i<2tt-1
for some j.

Many values of f; are presented in Table 1. For example, the upper edge in
Figure 3.3 satisfies

Ci1s=Is@L31 DLy D Lys @ L1gD L1, D LD Ly,

where the ith L is in position (8i,4i),1 <i < 7.
The other edges are formed from R-modules K, ., which we now define.

Definition 7.4. Fort > 1and 0 < ¢ < 2, the R-module K, .(x, y) has generators
g g, g’ andg" inpositions (x,y), (x—2,y+t—3), (x+2,y+1), and (x+4, y+2),
respectively, with relations

/

/I’ 2t—lglll’ nglﬁ’ 773—Sg .

2lg =n?g, 2¢', ng, 28", ng
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In Figure 7.5, we depict K, . for ¢ < 4. Position (x, y) is circled. Note that K ,
has its only nonzero elements in (x — 2,y — 2) and (x + 2,y + 1). Again, the
second subscript is the number of elements killed in forming K; ; from K .

Figure 7.5. K, .
E I }{ . /’K .
[ ]
/i ° /E K3,0 ./.4 20 10

E ? L o
o/g .K3,1 ./.@ K2a 0/. i

4,1
° °
E : % °k
[ ] @
° i ° ° g K3,2 ° 2.2 ° 1.2
Ky»

Now we describe the remaining edges.
Theorem 7.6. For 0 < b < 3 define f;, by

1 b=0
0) =
/o0 {0 b=1,2,3,

and fori > 1 and any j,

0 2/<i<2/+[(b+j—2)/4]
fr@) =31 i=2/+(b+j-1)/4,b+j=1(4)
2 24+ [(b+j-1)/4l+1<i<2/H -1,
For2<e<k-—1lete=4a+bwith0<b <3. Then

Zk—l—e_l
Eek= P Kicigty-1-e,r,0(8( + @) +4,3 =k +4(i + ),
i=0
with 1g(0) = —1 and the following modifications:

(1) If b = 3 and K, ((x, y) is the summand for i a 2-power, then the element
g in(x—2,y+t—23)isreplaced by an element in (x — 2,y +t — 2);

(2) Ifb = 0or1and K, (x,y) is the summand for i + 1 a 2-power, and t > 1,
then the top element in grading x + 4 is killed; i.e., 2°=2g"" = 0;

() Ifb = 0orlandi = 2k71¢ — 1, the element in grading x + 2 in this
K ((x,y) is killed.

(4) Ifb = 3, there is an additional element in (24+?7¢ 4 8a + 2,2+1—¢ —k +
4a + 1), which would be the first element if the string of K, ,’s at the end
was extended one farther.



THE CONNECTIVE KO THEORY OF THE EILENBERG-MACLANE SPACE K(Z/2,2) 27

In Table 1, we list a sample of values of f},(i). If i < 256 is not included in
the table, then f, (i) = 2 for all b.

i |01 24589 16 17 32 33 64 65 66 128 129 130
fol@/T 2102020 2 0 1 0 0 2 0 0 2
fidjo 100202 0 1 0 0 0 0 2 0 O 2
f){lo 0002010 0 0 0 0 0 2 0 0 1
f3H|/0 0001000 0 0 0O O 0 1 0 O O

Table 1: Values of f}(i)

For example, in Figure 3.4, you can see £32&, 5 with
(7.1) &5 =K30(4,-2) @ K;,0(12,2) @ K; (20, 6) @ K; (28, 10),
and 2% &; s and 80&; 5 with
35 = Ka0(4,—2) ® K7 ((12,2) @ Z,(18,3),

where K’ incorporates modification (1), and Z,(18, 3) is modification (3).

8. Outline of proof

In this section, we outline the proof, which occupies the seven sections which
follow.

In [11], we obtained the E, page of the ASS converging to ku*(K,) and used
a comparison with results about k(1)*(K,) obtained in [10] to obtain formulas
for differentials in this ASS. In Section 10 here, we show that the result of [11]
could have been grouped into summands Ay and By, ,, multiplied by various co-
efficients, rather than the Ay, By, and Sy ¢ used there. By this, we mean that
the cohomology classes underlying these summands fill out H*(K,) (Theorem
10.3) and (Theorem 10.4) they are closed under the differentials in the ASS ob-
tained in [11, Theorem 3.1].

These summands A; and By, have analogues for the ASS converging to
ku.(K,), and in Section 9, we show how the duality of ku.(K,) and ku*(K,)
obtained in [8] can be used to obtain differentials in the ASS converging to
ku.(K,). These will be used in Section 14.

In [13], we obtained the ko analogues, M, of the basic summands M used
in the ku work in [11]. A complication for the ko work is that whereas coeffi-
cients z; for the M;’s in ku just resulted in suspensions, the ko analogue causes
a change in form, resulting in charts M ]’c ifthere arei z j’s. In Section 11, we de-
scribe the way in which the ko, analogues A of Ay, and z' B, , of By ¢ (if there
are i z;’s) are built from a sequence of charts M} with differentials between
them. The results of Section 10 imply that these are closed under differentials
and fill out ko, (K,).

In Section 12, we use a small example, A, to illustrate how the differentials
combine to yield a nice picture for this summand of ko,.(K,). We also explain
how the initial part of A, which differs from everything else, is handled.
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Our favored description of A, in Section 4 is in terms of pre-edges and
subedges. There is a nice pattern of differentials from the subedges to the pre-
edges, turning pre-edges into edges. In Section 13 we show how the 2¥~! charts
M which form A work together to form the pre-edges and subedges. The up-
per edge, which involves the initial part considered in Section 12, is slightly
different than the others, and is discussed at the end of Section 13.

In Subsection 14.1, we describe how the summands that build A, work to-
gether in the spectral sequence. The proof that the differentials are as claimed
is given in Subsection 14.2, by comparison with the ku, differentials obtained
in Sections 9 and 10. In Subsection 14.3, we explain how the nice pattern of
exotic extensions in the ko, ASS is established, using comparison with ku,, ex-
tensions, Toda brackets, and Adams periodicity.

In Section 15, we discuss modifications required in the formation of z'B; ;.

9. Using the ku* differentials

In this section, we make our first, very preliminary, step toward a proof. Our
input is formulas ([11, Theorem 3.1]) for differentials in the ASS converging
to ku*(K,), which were derived in [11] by complicated ad hoc methods. In
the final section of [11], almost as an afterthought, we sketched an approach
to ku*(K,) and ku,(K,) which involved summands in a splitting of H*(K,)*
as a module over a subalgebra of the mod-2 Steenrod algebra. This summand
approach will be the way that we compute ko, (K5).

In this section, we focus on the summand A, of ku*(K,) and show specif-
ically how the formulas for the differentials in the ASS of ku*(K,) can be ap-
plied to the summand approach to ku*(K,) and then to ku,(K,). There is an
exterior subalgebra E; of the mod 2 Steenrod algebra with generators Q, and
Q, of grading 1 and 3, respectively, such that the E, page of the ASS converg-
ing to ku*(K3) is Extg, (Z,, H*(K,)). We depict the spectral sequence using ku*
gradings increasing from right to left, as was done in [11]. We draw E;-modules
using straight lines for the action of Q, and curved lines for the action of Q;.

In [11], we introduced classes z; € H?"*%(K,), y, € H*K,), and g €
H°(K,), and E;-submodules M, for k > 4, which we picture in Figure 9.1 for
4 < k < 6, indicating the grading of the classes.

Figure 9.1. E;-modules M.
— ~~ 68 69
17 18 33 34 35 36 65 66
M, M. M, 70
The classes in Figure 9.1 with grading 18, 34, 36, 66, 68, and 70 are

9.1) 2y, 23, Z2

2 2
5 Zas Z3 and Z523,

2Coefficients of cohomology groups are Z, unless noted to the contrary.
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respectively. Pictures of Extg (Z,, M) ) are given in Figure 9.2, where vertical

lines indicate multiplication by h,, and diagonal lines multiplication by v €
ku=2.

Figure 9.2. Extg (Z,, My).

_ F _aF

18 16 36 34 32 70 68 66
= k=5 k=6

We call the diagonal lines v-towers. Their generators are the classes listed in
(9.1).

Analogous to [11, Figure 17] is the list in Figure 9.3 of E;-submodules which
combine to form A, C ku*(K,). We list them in order of decreasing grading to
correspond to the order in the ku*(K,) chart.

Figure 9.3. E;-modules building A,.

e R Vgt B e g UV Y
=% &0 oo o ¢ 0008 o000 oo o s =6 o

*—o

Here N is an E;-module pictured in Figure 9.4; Extg (Z,, N) is also in Figure
9.4. The cohomology class in grading 9 is g, and, as shown in [11, Figures 8 and
9], the generator of the first infinite tower in Ext corresponds to v%g.

Figure 9.4. N and Extg (Z,, N).

e
1

10 8 5

We extract from [11, Theorem 3.1] the formulas for differentials in the ASS
converging to ku*(K,) relevant to this approach to A,. Here A;,; is an exterior
algebra on classes z; with i > j + 1, and ®A;,; means that the formula can be
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multiplied by any monomial in Aj;.

EOY = gy

d*(qy:*t'z;) = viy}izyz; QNji1, J 22
ds(qyfaHZ?_l = Vyz;z; OANji1, j23
dlz(QYfa+7ZJZ-_ZZj—1) = v'yiz,z, QANjy1, j =4
P2qy*+Y) = vhyz,
d3(hgo?qy*™*?) = viylaz,
d12(h20?qy+T) = ployaz,,

After the first formula is applied to yZN @ (yf), the surviving v-towers are
hgvzqyz for 0 < t < 2. The other formulas apply to these v-towers and all those
in the other summands in Figure 9.3. We show these in Figure 9.5.

Figure 9.5. Differentials leading to A,.
Mg y19z3My yizsMy y;qMs  yiMs  y:qMs  yM,  y/N

2 2 4,242 .5
v’z3238919252> S vyiz3d= yiqz;
5.2 d 3.2
vz y:qz
3 1443
2.2 2.3
v ylz322‘Ly1qz3 b
vz, d h(z)yszq
viyizs = hoy{v*q
2
vty0zy o yTv2g

After these differentials, what remains in A, are truncated v-towers of the
targets of the differentials in Figure 9.5. We depict this in Figure 9.6. The classes
in the lower right corner come from Figure 9.4 after multiplying by yZ . This
chart agrees with the A, part of [11, Figure 1] except that we do not address the
exotic extensions here.
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Figure 9.6. v-towers in A,.

e T

70 66 60 52 42 36

For ku,(K,), the E,-page is EXtZk(H *K,, Z,). For its A,, called <7, we use
the summands of Figure 9.3 but arrange them in the opposite order. The Ext

groups corresponding to Figures 9.2 and 9.4 are presented in Figure 9.7. See
[12, Figure 4.2] for N.

Figure 9.7. Extp (My, Z,) and Extg, (N, Z5).

e Aﬁ%

17 19 33 35 37
k=4

We dualize the ku* differentials, similarly to [10]. In Figure 9.8, we show the
dualization of a d? and d° differential from 9.5.

Figure 9.8. Dualizing d? and d° differentials.

70 68 65 64 67 69
k% kW

65 67

The justification for this duality of differentials is the duality of ku,.-modules,
9.2) ku,(K,) = (ku***(K)),
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which was proved in [8, Example 3.4] and restated in [11, Theorem 1.20]. Here
MY is the Pontryagin dual of M. The Pontryagin dual of the two ku* charts
in Figure 9.8 have v-towers of height 2 and 5 on classes of grading 68 and 60,
respectively, corresponding to v-towers on classes of grading 64 and 56, respec-
tively, in the ku, charts. Note that in the Pontryagin dual, the action of -2 and
v appears backwards from its usual appearance.

There is a ds-differential from Extg (y/N, Z,) to Extg (%), Z,) pictured in
Figure 9.9. This and the first differential in the above list of seven differential
formulas in ku*(K,) are derived from [4] as discussed in [12, Section 4] and
[11, Section 3]. This truncates all the infinite vertical towers, leaving the classes
indicated by dots.

Figure 9.9. Differential killing infinite towers in .27,

32 36 40

This leaves three infinite v-towers from the (yf)ea yZ N summand in the sum-
mand approach to determining <. In Figure 9.11 we dualize Figure 9.5. We
write the summands in the opposite order. The direction of the differentials is
reversed. For example, the duals of the d? and d° differentials in the upper left
part of Figure 9.5 are shown in Figure 9.8 and appear in the upper right corner
of Figure 9.11. The classes now have different names. What will be useful for us
in passing to ko, is the type of differential between the summands. One differ-
ence is that the d?, d°, and d'? differentials in the lower right part of Figure 9.5
become dg, dy, and d,s. We show this for the d? in Figure 9.10. This is caused
by the triangle of classes of height 4 in the ku, diagram.
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Figure 9.10. Duality of a d*> and d differential.

42 36 33 32 36 41

ku*, d, ku,, dg

The v-tower of height 4 in ku*(K,)" on a class of grading 36 corresponds to a
v-tower of height 4 on a class of grading 32 in ku,.(K,), consistent with (9.2).
In Figure 9.11, we list the differentials for the summand approach to <7,. We
write the gradings of the generators of the v towers involved in the differentials.
For example, the ku,, differentials in Figure 9.8 are in the upper right corner of
Figure 9.11, while the ku, differential in Figure 9.10 is in the lower left.

Figure 9.11. Summand approach to 7.
» YoM, yqMy  y;Ms  y;qMs  y;zsMy y19zsM, M

46— 51 649269
56 ds 67
544259
132 dis 65
hots, do 49

h(2)l32 gL 41

We close this section by displaying in Figure 9.12 the result of these differen-
tials, the A, analogue of Figure 1.2 without the exotic extensions. For example,
the dg differential to hltz, hits v*his,.
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Figure 9.12. .7, without exotic extensions.

- -

32 36 40 44 48 52 56 60 64

10. Summand approach to ku*(K,)

In this section, we provide more details to the summand approach to ku*(K,)
initiated briefly in [11, Section 7] and introduced here in Section 9. In subse-
quent sections, we will use it to determine ko,.(K,). We use the notation of [11]
as recalled early in Section 9.

First we define some E;-submodules of H*(K,) which generalize Figure 9.3.
Here and elsewhere v(m) is the 2-exponent of an integer m.

Definition 10.1. Fork > 1, let

2k=2_3

Co=01g®y) - P y¥ 22Uk, D)M,y)1a,
i=1

where J(k,i) = 2K — 42D + i) and z(3; 2') = [] z;, if j, are distinct integers.

For example, C, is the sum of the modules in Figure 9.3, omitting My and the
last two. Note that C; = C, = 0. Also M; = 0. We recall notation from [11],
Z/f =Zk " Zp_q-

Definition 10.2. Fork > 1,
N k—1_ k-1
Ay =M, ®C®y; TNy )
Forl1<k<€¢,
~ k—1_ k-1
Bie = 2eMipy @ 2,C ®y; T'qMppa ®y; My
k—1 k_
®y: Z[Cy ®y; 'qZL, M.

For example, A, is in Figure 9.3. Since we are thinking here of the spec-
tral sequence converging to ku*(K,), and we depict that spectral sequence with
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gradings decreasing from left to right, we prefer to list our modules in that order,
too.

In this section, we prove the following two key theorems. As in [11], A;
denotes the exterior algebra generated by all z; with i > j, thought of as a set of
monomials used as coefficients. We often use juxtaposition for tensor products.

Theorem 10.3. There is an isomorphism of E;-modules,

ks~ k : o~
H*(K,) = @ i A @ Vi ‘Aes1Bre ®F,
i>0,k>1 1<k<¢
i>0
where F is a free E,-module.

As in [11], F is computable but not of interest. It gives rise to a trivial ku*-
submodule of ku*(K5,).

Theorem 10.4. Each yfk "Zl\k and y%k iAg+1§k’f is closed under the differentials
in the ASS converging to ku*(K,), as listed in [11, Theorem 3.1].

The ideas in the following proofs will not be needed elsewhere.

Proof of Theorem 10.3. By|[11, Proposition 2.11, (2.16)], ignoring the free part,
the E;-summands of H*(K,) are

(10.1) {(¥) 1 i > BUYIN i >0 Uy MA;_y, gy MA;_ 1020, j >4}

From the last two summands of the A, s, with their coefficients, we get
2k—1

YPTIN YT k21,20 ={yiN 1120}

and

W k2 Liz 0= {(l) tix 1k
Since C; = 0 and M3 = 0, all B, ; with their coefficients give all y?*'M;A;_,
and all y2qM;A;_;.

For the rest, we consider the part without the g factor. We will show that we
obtain exactly all y2’M;A;_; with j > 4. The part with g follows similarly.

Asin [11], let y; = yfk_l. We let T, = {yfkili : i > 0}, which we think of
additively as an exterior algebra on {y; : i > k}, analogous to A, for the z’s.

We consider the coefficient of M).. When we talk about A’sand B’s, we always
include their coefficients as given in Theorem 10.3. We consider first just the
non-C part in Definition 10.2. Then A _, gives I';_; as coefficient of M. Next,
Upsi B\k_zf gives Ty - Upsp_y ZeAes1 = 1 Ax_;, where the bar denotes
the augmentation ideal. Combining with the part obtained from A,_, yields
1 Ag-1-

The nyMk partof By, for2 <i < k—3 gives Ay_; A1 <v(t) <k—43
as coefficient of M. The I';,_;A;_; obtained in the preceding paragraph gave
the portion with »(¢t) > k — 2. So the combination of the non-C parts gave
everything that we want except y_,i_1Ak_1-
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One can show that, for p > k — 1, the coefficient of M}, in Cpis

p-1
(10.2) Yier | ] fzyik:
i=k—1

where, as in [11, (1.7)], the product-of-sets notation means the set of all prod-
ucts containing one choice of the two elements in each factor. For example, if
p = k + 1, this product is {z;_; V-1, ZxVik—1> Zk—1Vk» ZkVi}- An empty product
equals 1. We verify the claim when p = k + 1. The relevant values of i in
Definition 10.1 are 2¥~*u for u = 1, 3, 5, 7. For these, the z(J(k + 1,i)) equal,
respectively, zy_, 2y, zx, Zx_1, and 1, while y2' are yy_», Yk_2Vk—1, Yi—2Vk, and
Vi—2Vk—1Yk- The case of arbitrary p is similar.

Now we complete the proof by showing that the coefficient of M), coming
from the occurrences of various C,’s in A p s and B\p,f’s iS Yr_oTk_1Ak_1. Since
Y- is always a factor in (10.2), we shall omit writing it in what follows. When
we write “From A p or “from B p,e» wealways mean to include their coefficients
as stated in the theorem.

From A,_,, we get T (as coefficient of M}), since the product in (10.2) is
empty. From J,, Bi_1.¢, We get

L - U ZeNesa U YTk U Zy Mo
t>k >k
= TAp U Yko1TkZko1 A
We combine with the part from A,_, to remove the bar, yielding
(10.3) LN, Y12 b
From Ay, using (10.2), we get Ty, 1 - {Zk_1, Vi_1}. From U€2k+1 B\k,g, we get

{Zk-1, Vi1 k1 U {ZfA€+1’ykZ£At’+l}
£>k+1

= {Zk—1 V1 st (M1 U YieZiAresr)-
The part from ﬁk removes the bar, yielding

(10.4) Tp1 A {Zi—1s Y1} - {1 yezh-

The part in (10.3) is everything in I';,_; Aj_; with an even number of factors
with subscript k — 1. The part in (10.4) is everything with an odd (resp. even)
number of factors with subscript k — 1 (resp. k). Using A\kﬂ and §k+175, we will
get those with odd (resp. odd, even) number with subscript k —1 (resp. k, k+1).
This will continue, yielding all of Ty _;A;_;, as desired. W

Proof of Theorem 10.4. We begin by considering the differentials within C.
In Table 2, we list C5 as a guide.

Let Y, denote the term in Cy containing y{ as a factor. For example, Y3 5 =
yfqz4M s- We conflate M; with its chart, Extg (Z,, M), as pictured in Figure
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V19232,M, ny3Z4M4 yfqz4M5 ny4M5 yfqz4M4 YfZ4M4 quMs
Yi;Mé Y?qZ3M4 Yi0Z3M4 Yilqu ylles yi3qM4 y114M4

Table 2: C;

9.2. Note that M has j — 3 v-towers. For example, the v-towers of M are gen-

erated by 22232y, z32,, z3, and zs, in order of decreasing grading. We let b;(M,)

denote the ith generator from the bottom of M,, and 7;(M,) the ith generator
from the top. For example, b; (M) = zs and 7,(M;) = z§z4.
We recall the notation of [11, 1.12)]:

Vzi(zizjn) i<
Zij = 2. =i
i =J

Then b;(M,) = z,_1_j;— and 7;(M,) = zj11 ;. Y, ) = c M, weletbi(Y, ) =
cb;(M;) and 7;(Y, ;) = c7;(M;). Our claim is that the differentials of [11, The-
orem 3.1] are exactly

(10.5) d? =Y giarny-100)) = V2 DT (Vo)

forl1 < a < 2k=1 —2with1 <t < k — 3. This will remove or truncate all
v-towers except 71(Y,r_1 ) and by (Ye-1_5r ) for 1 < r < k — 2. To justify this,
we use Cs as our example and consider Y, ; with r even. The image of d? is all
71(Ypq5) for 1 < a < 6, while im(d”) is {r5(Y45), 72(Yg 5)}. Since Y, ; has v(r)
classes when r is even, the elements not in im(d) are 73(Yys), 75(Y15), and
71(Y14,5), each of which is b;.

Now we work toward proving (10.5). The formula in [11, Theorem 3.1] is

1_ 2t 1)-1 1_ t
(10.6) dZH' (t+1)(y1 (a+1) qu—t+1,j) — vz” (H—I)Yf aZt+lzj

for j > t + 1. This can be multiplied by A, ;. Our formula (10.5) says

A =0T D g2k, 2@ + Db (M 3arn)

10.7) = oYz, 2 )T (M3 4a)-
We have
z(J(k, 21" Ya + 1)) = 2k — 2t+1(ov(etD) 4 g 4 1)
and
z(J(k,2171a)) = 2k — 21+1(2Y(@ 4 @),

If a is odd, then

z(J(k, 27 a)) = z(J(k, 21" (a + 1))) + 2tH1+v(a+D)
with v(z(J(k, 2" (a + 1)))) > t + 1 + v(a + 1). If a is even, then

z(J(k, 2" Ya + 1)) = z(J(k, 27 1a)) + 2111 (2¥@ — 2)

with v(z(J(k,2"1a))) > t + 1 + v(a).
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If a is odd, then, with v = v(a + 1),

b/(M134,) = 224w, t+14v

and 7,(M,,3) = z,4;. In this case, our formula (10.7) becomes

2+ (¢ 41) 4,2 (a+ 1)1
d ( )(yl Zi10PZip

— 2 —(t+1),,2'a
qPZyiy t4140) = U ( )yl

with P € A;,,,,- This agrees with (10.6) with j =t + 1 + .
Ifa iS even, Wlth V= V(j), b[(Mt+3) = Z2,t+1 and Tt(Mt+3+V) = Z[+1,[+1+V' In
this case, our formula (10.7) becomes

2t+1

(+1_ 2t 1)-1
a2 (Hl)(yl @V AZi42 * ZegwPZopp1) =y

_ ¢
OH)Y% “PZip1t414v
with P € Ayip4y. SINCE Zy4q 1414y = ztz+1 “ Ziio ot Zyyy, this agrees with (10.6)
with j =t + 1. This completes the proof regarding differentials within Cy.
Next we handle the differentials in A from Cj, to M, ,. We claim that

d? 7= (Y ) = 0270 (M)

for1 <t < k — 2 follows from (10.6). These can be seen in Figure 9.5 when
k = 4. We have

0V 1) = ¥ lqz0(k,27Y) - 1;(My3)

— 4,201
= Vi 4Zt42 7 Zk-1 " Z2,t41-

2t+

By (10.6), d2"'~(*+1) applied to this equals

2+ _(14+1) 2 21 —(1+1) = 2"
v Zin Ziy1k =0

_ —(t+1
*Zpyp 0t Zg—1 = U (+ )Tt(Mk+2)’

as claimed. The same argument applies to differentials in ﬁk,f from z,Cj, to
ZeMpcys.

Next we explain the differentials in A, from the yfk_l_lN part. See Figure 9.5
for a depiction of the case k = 4. Using the Ext calculation pictured in Figure
9.4 and the differential

dv(i)+2(yi) — hg(i)vzqyi_l
from [11, Theorem 3.1], the v-towers remaining in yfk_l‘lN are
hf)vzqyfk_l‘1 for0 <s<k-2.
These satisfy

(+1_, _ 1)2f—-1 t+1 ot
d2+ (t+1)(h(t) 1vzqy(a+ ) ) — U2Jr yf azt+1

1
by [11, Theorem 3.1]. Here 1 < t < k — 1. With (a + 1)2! = 2K71, s0 2!a =
2k=1 — 2! the target classes are the remaining classes b1(Ypk-1_p ) (see after
(10.5)), including also b;(Mj.,).
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Next we discuss the differentials in B\k’g from the yfk_qu ‘' M k+2 part. We

k+1
factor out the Zlf L1 SO are hitting into yfk_lszk. We have, using [11, Theorem

31],if1<t<k-2,

k_ - -
"G (M) = D0 gz )

21— (141),,2k 2!
2= )y1

21412k

2t+1_ t+1 2k—1 2k—1_2[
v ( )yl y1 21412k

+1_ k-1
= v (H'l)yf by (Y pe-1_30 )2,
which were the remaining v-towers in yfk_lzkck. Ift = k—1, then

_ k_
d?" G2 g ZE b(Mys))

— 2+ 1), 2K e 2
v Y1 Ly

2 (p41),,2K T

= v ( )yl Zk,e

— 2 t=(t+1),,25!
=V ( )yl T—1(Me42)

. 2k—1
m yl Mf+2'

The argument for differentials in §k,€ from yfk_l_lquH to z,C is almost
identical.

1 _ k—1_
NG b (Mpy2) = AT DO gz )

20 —(p41),, 2K 12!
2 )yl Zi412¢

t+1_
v? (Hl)bl(YZk—l—Z‘,k)Zf,

for1 <t < k—2.1Ift = k—1, thisis hitting V2" ~+Dz,7,(My,,) in the z, M.,
part of By . Note that v-towers on yfk_l‘lqbt(M“z) fork <t < ¢ — 1 are not
yet accounted for by these differentials.

Next we show that (10.6) implies that the differentials from yfk_l Zf: Cy into
nyMgH hit v”“‘“*”yfk*lrt(Mﬂz) for1 <t <k-—2.(Thecaset = k—1was

also hit, two paragraphs earlier.) We may ignore the yfk_l factor. The v-towers
in Cj remaining to support differentials are

T (Y4 = yft_lq z(J(k, 2" )1 (Myy3) = J’ft_lq Zﬁz Z31+1
for1 <t <k-—2.By(10.6)

t+1_ t+1_
d¥T T D(ZE Ty (Yo ) = ZE ZF, v 022

— 2 (t41 _ 2 (41
=0V ( )Zt+1,£—v ( )Tt(Mt’+2)~

. . . =~ k—1
What remains to consider in By, are the v-towers on yf b;(M¢,,) and
2k71_

y? Tlgbg_14i(Mpy,) for 1 < i < ¢ — k. (Here we have used b;(My,,) =
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To_i(My,5).) A different formula from [11, Theorem 3.1] says
k—1 k—1_
dk+1(y% Zt’) — vk“yf 1q Zf’—(k—l),f

for ¢ > k + 1. This says

A by (M) = 05 y) T T g b (M),
This differential is taking place in the sum of two charts of the form illustrated
in Figure 9.2. The charts are displaced by 1 unit. For i < ¢ — k, we have

2k—1 2k—1

Ui_ldk“(yl biM¢y2)) = dkH(yl v b(My )
= d 2 R by (M)
= Oy g R b (M)
= Uk+1yfkil_1q U by (M)
Hence fori < ¢ — k, we have
A (2 by (M) = VYT g by (M),

11. The summands for A, and B, ,

As we illustrated for A, in Section 9, if we apply Extg (—, Z,) to the sum-

mands of A, or ﬁk’,g, we obtain the E, page of the ASS converging to sum-
mands of ku,(K,), and the differentials are dual to those in the ASS converging
to ku*(K,).

The ASS converging to ko.(K,) has E, = Ext,q)(H*K,, Z,), where A(1) is
the subalgebra of the mod-2 Steenrod algebra generated by Sq' and Sq”. In [13],
we found A(1)-submodules of H*K, corresponding to the E;-submodules in the
splitting (10.1). We also found Ext,;)(—, Z,) for each of these summands. We
review this now.

Multiplying by yf justsuspends by 28. Corresponding to y, isan A(1)-module
U. There is an A(1)-module N, corresponding to the E;-element g, which
restricts to the E;-module N. Corresponding to y;N is an A(1)-module NU,
which satisfies N @ U = NU @ F, with F free. We defer discussion of the
charts for these modules themselves until the next section.

We denote by M, the A(1)-submodule of H*K, found in [13, Theorem 2,2]
whose E;-module structure equals that of the E;-module M, in (10.1) plus pos-
sibly a free E;-module of rank 1, and let ]ka = Z_ZkMk. The chart for ]ka is
M), where M, is described in Figure 4.3 and subsequent discussion. If z; =

z;j, ---z; with j; distinct integers satisfying j; > k — 1, then z; M, is an AQ1)-

submodule of H*K, with chart Z*’M", where D = Y 2/i and M I is as defined

just before Figure 4.4. It is formed from MI({) by decreasing filtrations by r. This
follows from [13, Proposition 3.4].
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Corresponding to multiplication by g in (10.1) is just 9-fold suspension. Cor-
responding to y;z;Mj, in (10.1), with J as above, is an A(1)-module Uz;Mj, de-
scribed in [13, after Proposition 3.6], where its chart is shown to be 2P M I’{“,
with D as above. That is, multiplying z; M, by U reduces filtrations by 2 with-
out changing the number of suspensions.

We have now described the A(1)-submodules corresponding to all the E;-
submodules in (10.1), and [13, Theorem 3.8] says that a sum of them gives an
A(1)-module splitting of H*K,. We define /Tg and zjﬁl‘;’ ¢ to be A(1)-modules

formed from the A(1)-module analogues of the E;-modules that formed ﬁk and
zjﬁk,f in Definition 10.2. The proof of Theorem 10.3 applies to A(1)-modules
just as well as to E;-modules, and so we have the A(1) analogue of Theorem
10.3.

Theorem 11.1. There is an isomorphism of A(1)-modules,

* k; ~~ k Py
H'K)= P »'B e Dyl ‘AeuB], OF,
i>0,k>1 1<k<t
i>0
where F is a free A(1)-module.

We will see in subsequent sections how the differentials among the sum-
mands of A or z JB\M imply differentials among the corresponding summands
of ﬁz or ziﬁz’ ¢» and these are closed under differentials by comparison with the
ku result, Theorem 10.4.

Incorporating this observation, we can prove Theorem 1.3.

Proof of Theorem 1.3. Since yf = ¥8 and A, is the resultant of differentials
and extensions in the ASS of Z\\g, the first half follows immediately from the first
half of Theorem 11.1. There is a 1-1 correspondence between integers 2¢*+1i and
monomials in Ay, given by 2°+1i = 312/ & [] z; = z; with j; > ¢ + 1 dis-
tinct. Since a(i) equals the number of 2/s, we have z;B; , = =+ 12208, ,,
and the second half of the theorem follows from this and the second half of
Theorem 11.1. H

We will be working with charts rather than their associated A(1)-modules,
and so we wish to take advantage of the M; notation. Recall from Sections 3

and 5 that A = 272" A and By, = 22" B, ,. We define a tableau for A or
B, k¢ to be alist or direct sum of the charts which combine to give their E, page,
but also usually include arrows for the d,-differentials. These are listed in order
of increasing grading. The first two summands of the tableau of A}, are different
and will be discussed in the next section; they involve higher differentials. The
first summand, called V, was defined already in Definition 4.18.

In either the ku™* or ku,, or ko, context, we associate to M, or M, the grad-
ing 2% (even though it starts in grading 2€ 4+ 1.) Then M, will have associ-
ated grading 0, even though it starts in some positive grading. A summand
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yfiz(J (k, 1))M,(;y4+4 appearing in Cy in Definition 10.1 has associated grading
8i + 4(2F — 4(2"® 4 i)) + 27O+ = ok+2 _gj,
For /Tk, we subtract 2! from the grading, and so, listing them in order of in-
creasing grading, opposite to the order in Section 9, associated to grading 8¢
in Ay is y>7 220k, 2572 — 0)Mypeq For1 < ¢ < 2672, J(k, 262 — 1) =
4(t — v(1t)), so there are a(t) — 1 z’s in z(J(k,2k"2 — t)). Hence the chart will
be ZSth((;));i. The next term in the list will be the one with the same i value in
Definition 10.1 but with y? replaced by y,q, so 8 replaced by £°U, and U adds
2 to the superscript of M. Thus the tableau for A is
2k=2
8340 8i+1p r(D)+1 8i+8p rali+1)-1
(11.1) Ve =MD @ P = My < EEMET.
i=1

For example, the tableaux for A, and A are in (11.2) and (11.3).
(112) V<« Z8M9 2°M7 « M2 VM2 < %M, M, « =32M])

Vs « 58M9 M7 < £¥M0 ZVMZ < 2HM; EPM; < 532M)
(11.3)

IBMZ < 20M] UM < Z8ML VM < 2OM;  ZM; < %MD,
If the reader wishes to compare with Table 2, note that the order of terms is
reversed. For example the entry 233M§ at the beginning of the second row of
(11.3) corresponds to the quM6 at the end of the first row of Table 2. The grad-
ing associated to the latter term in A is 24+ 9+ 64 — 64. Recall that multiplying
by a single y; doesn’t change the number of suspensions; it lowers filtrations by
2 since its A(1) analogue is U.

We elaborate on the tableau (11.2) for .A,. The A(1)-modules underlying
A, are the A(1)-analogues of the E;-modules in Figure 9.3, which was for ku-
cohomology, so the order of the summands is reversed for ko-homology. The
A(1)-modules corresponding to the eight charts in the tableau (11.2) are

(2327, @ 2NU) =M, IONUM, =M
SBNUMs Z2z,0M, I?#NUzM, =M.

Since (11.2) is for 4, while these are for A,, 32 should be applied to (11.2) to
make the correspondence precise. Then Exty;y(—, Z,) for these A(1)-modules
are 232 applied to the charts in the tableau (11.2), except that V, is formed from
Exty1)(Z, @ NU, Z,) after incorporating a ds-differential and filtration shift.
For example,
Ext ) (ZONUM,, Z,) ~ M2,

as was shown in [13, Proposition 3.6,(3.7)].

The crux of our work is to see how the charts in a tableau combine. That is
where the filtration shifts come into play.
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The tableau for fkf when k > 3isin (11.4). For k < 2, they are in (11.5).
These are seen by comparison with Definition 10.2.

222
t—k+1 sast—k 8i+1 g€ —k+a()+1 8i+8 p yC—k+a(i+1)—1
EM L, <M, )@ EB & M, 0 < M, i) )
i=1
2k+1_7 £—1 2k+1 0 2k+1 1 2 2k+1 8 1
@(Z M4 <z M€+2) ® (Z * M€+2 <2z ¥ M4)
(11.4)
212
8i+1p sa(D+1 8i+87 sa(i+1)—1 2k+2_74 rk 2k+25 11
® Gk? E M, e < ZTM ) O M, < Z% M)
j=2k-241
n . 2 9440
(11.5) Bip M2, « M),
~ . t—1 8270 Inr2 1671
Boe 1 IM, T <M, , M, , < Z°M,.

The surprising change in position of superscripts when k = 1 is due to the 21
in Definition 10.2.

We will compare these tableaux with their ku-homology analogues. In the
ku context, the role of the superscript is £2. This is because the role of z jin ku-

homology or ku-cohomology chartsis z2/t42, Recalling that reducing filtration
in M charts by 4 is equivalent to an 8-fold suspension lends credence to the
correspondence between reducing filtration by 1 (for ko) and suspending twice
(for ku).

The tableau for zifk’g is obtained from (11.4) by increasing all superscripts
by i. As mentioned in the introduction, z' refers to any product of i distinct
z27g ;s

We close this section by discussing the trivial ko,.-submodule of ko,.(K;). The
A(1)-module H*(K,) can be decomposed as I @ F, where I has no free sum-
mands, and F is free. The trivial ko, -submodule corresponds to a basis of F. By
[13, Theorem 3.9], I can be written as

Py!1® (U (y}) BN ®NU @ (Z, ® 2°) P MiAi_1 & MicAr_U)).

k>4

Using results of [13], one can write a Poincaré series for I. For summands such
as z; M., we know the Ext chart, and can determine from that the A(1)-module
structure. Since things become quite complicated, here we just present through
grading 24. In this range, I is just P[y;] @ (U @ (y;) ® N ® NU & M, ® M,U),
and the Poincaré series P; is

X2+ X3+ xt +2x5 4+ x0 + x7 +2x8 4+ 2x% + 2x10 + 3xM 4+ 3x12 4 3x13 4 3x 14
+2x1 4 2x16 4 3x17 4 3x18 4+ 4x1° + 5x20 + 5x21 + 5x%2 + 4x23 + 3x%.

Unreduced H*(K,) is a polynomial algebra on classes of grading 2/ + 1, j > 0,
from which its Poincaré series Py; is easily written. The Poincaré series for A(1)
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is Pyy = 14 x 4+ x* + 2x° + x* + x> + x°. The Poincaré series Pr for F must
satisfy

PH—1=P[+(PA(1)PF)
We compute Pr to begin

Pp = x®+x104x1243x 14 4 x5 4 x 160+ 3x 18 + %1%+ 3x 20+ x21 + 5x 22+ 3x B 4+ 5x 24,

the start of the Poincaré series for the trivial ko, -submodule of ko,.(K;) through
grading 24.

12. Computation of A, and A,

In this section, we present a detailed argument for the ko-homology chart
Ay, given in Figure 3.2, setting the stage for more general arguments to follow.
At the end of the section, we also do A, which does not follow some formulas
for larger k.

The first part of A9 is the A(1)-module (y¥) @& y°NU, where NU is
an A(1)-module discussed in [13]. Its A(1)-module structure and the chart
Exty1)(NU, Z,) appear in Figure 12.1.

Figure 12.1. NU and its chart.

11 9 13 17

The chart for (y*) @ y?NU appears in Figure 12.2. There is a ds-differential
from grading 33 to 32 implied by comparison with Browder’s result
([4, Theorem 5.5]) (see also [5, Theorem 1.3.2].) that H;,(K,) ~ Z/32. See
[15, p.124], [12, near Figure 4.2], or [11, Figure 11] for similar discussions. The
ds-differential is promulgated by the action of ko, on the spectral sequence.

There is an exotic 7 extension from (35, 0) to (36, 5), and this is promulgated
by U‘l‘-periodicity. This follows from a result in [9, p.228], which says that

(12.1) ifd,((a,n,2)) = 2, then an = .

Here (a,7,2) is a Toda bracket which gives v;a. The bracket relation can be
deduced from Figure 12.1, since the class in (13,1) comes from the relation
Sq3 g1 = qu Sq3 go. That v; times the class in (43,4) in Figure 12.2 equals the
class in (45, 5) can be deduced from the morphism ku, — ko,. We prefer to
elevate filtrations of classes to make 7 extensions easier to see. In effect, when-
ever we have a d,-differential, we elevate the classes supporting the differential,
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and most of those already related to them via hg or h; or v‘l‘, so that the differ-
ential looks like a d;. When this is done to the chart on the left side of Figure
12.2, the chart on the right hand side is obtained.

Figure 12.2. (y¥) @ y°NU with differentials, and redrawing.

i
¢
2 3'2L/ 36 40

32 36 40 44

44

The right side of Figure 12.2 is what we called 32V, in (11.1). It was useful
to incorporate the 232 at the outset because it affected the differential in V,. But
now we wish to switch to Ay, by applying 2. Now we consider (V, « Z8M?)
in (11.1). The chart is on the left hand side of Figure 12.3. The differential
follows by comparison with the ku case, which is pictured in the right side of
Figure 9.10. The differential agrees with the first morphism in the exact se-
quence

ko,(M(2)) — ko.(M(8)) — ko,(M(4)) — ko.(ZM(2)),

where M(n) is the mod-n Moore spectrum. So the resultant must be ko,.(M(4)).
In the middle part of Figure 12.3, we show the differential interpreted as a d;,
and in the right hand side we show the result, with the # extension incorpo-
rated. The middle and right parts omit the portion in grading less than 8. It
should be included, and several of its classes are promulgated by vf-periodicity.
The 7 extension from 11 to 12 in the right hand chart can also be deduced from
(12.1).

Figure 12.3. V, « Z8M7

0 4 8 12 8 12 8 12
In Figure 12.4, we show how the next d, differential in the tableau (11.2),
°M; < ='M2, is deduced by naturality from the d, in the ku spectral se-
quence. The ku differential can be seen as the 46 < 51 arrow in Figure 9.11. In
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Figure 12.4, we are using gradings for A, which are 32 less than the A, gradings
in Figure 9.11. The first ko differential is implied by naturality, and the next two
are implied by the action of . The fourth one can be thought of as being im-
plied by the action of v;, or can be deduced from the map ku, ,(—) — ko..(—).
In the figure, we use big dots for the ones that map across under c.

Figure 12.4. Deducing a ko differential from ku

ko, ﬁ\ c W
—
12 16 20 16 20

In the next three figures, we show the three d,-differentials involved in form-
ing A,. (See (11.2).) In each case, the domain chart has its filtrations increased
by 1, so that the d, looks like a d;. In the right side of each chart, we show the
resultant. Of the early classes in the target chart, some are vf-periodic in the
resultant charts, while others are not. The ones that are not are indicated with
open circles in the resultant chart. They will “stay behind” when subsequent
differentials are considered, and will form the subedges.

Figure 12.5. °M; « Z16M?

g L

12 16 20 23 12 16 20

Figure 12.6. £'M? « Z*M,
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Figure 12.7. %M « 32M;

* €

30 35 39 30 35 39

In Figure 12.8, we combine Figures 12.3, 12.5, 12.6, and 12.7. There is a dg
from the periodic part of Figure 12.5 to 12.3, and a d, from the periodic part of
Figure 12.7 to 12.6. These are deduced by naturality from the d5 and dy in Figure
9.11. The indices of the differentials are decreased by 1 because of the filtration
shift incorporated in the d,’s above. In Figure 12.8, we increase filtrations of
periodic classes so that the differentials look like d;’s. This allows for nicer
pictures showing -2’s and 7’s more clearly, which is useful in consideration of
subsequent differentials.

We use double circles for the previously-circled classes, and use single cir-
cles for classes in Figure 12.6 which survive but do not lead to periodic classes,
since v‘l‘i times them are hit by differentials. These circled classes form another
edge. Note the significance of the periodic class in grading 13 in Figure 12.5; it
supports a differential in Figure 12.8 because v‘l‘ times it does.

Figure 12.8. Forming .4,

v
L ‘/k @/i&A

2 16 20 24 28 " 32 36

The result of each of the three sets of differentials pictured along the upper
edge of Figure 12.8 is a lightning flash, starting in grading 16, 24, and 32, con-
tinuing indefinitely. The result of the group of differentials in the lower edge
is a lightning flash, beginning in 33, promulgated by v{-periodicity. There is a
d,,-differential from this lightning flash in 33 to the one in 32, deduced from
the morphism of ASS’s for ko,.(K,) — ku.(K,). The differential in the ku,, spec-
tral sequence is the d,4 in Figure 9.11. (This would have been a d,, if we had
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employed similar filtration shifts in the ku, spectral sequence. Note also that
gradings in Figure 12.8 differ by 32 from those in Figures 9.11, 3.2, and 9.12
because those are for A4, while here we have been considering .4,.) The d;, to-
tally annihilates both lightning flashes and all subsequent ones, turning what
had been an infinite picture into a finite one.

Note that v‘l‘ times the classes in (28, 2) and (29, 3) in Figure 12.8 are in the
lightning flash supporting differentials, and so they support d;, differentials
into the end of the lightning flash that started in 24. The result of this is Figure
3.2.

The relationship of the above analysis with the approach to edges given in
Section 4 will be explained in the next section. As a preview, the circled classes
in Figure 12.8 are Z*&, ; (grading 12 and 14), &, , (gradings 20 to 30 (top
class)), and &3 4 (30 and 34). (See Figure 4.11.)

The exact sequence

(122)  ko,_1(Ky) 5 ko, (Ky) — ku(K) — ko,_»(Ky) — ko,_1(K)

can be used to deduce extensions. In [11], we established that there are non-
trivial extensions in Figure 9.12 in grading 58, 60, 62, and 64. The classes in
kosg(K,) which are not in im(») must map to kusg(K,); the extension in the
latter implies one in the former. The two classes in kog,(K,) in Figure 3.2 must
be in the image from kus,(K,), where the extension is present, implying the
extension in kog,(K,).

We conclude this section by deriving the chart for .4, since it is slightly spe-
cial. Its chart is formed from the A(1)-module U @ N. These modules are de-
fined in [13, Section 3] and their charts are in [13, Figure 3.10]. We reproduce
them here in Figure 12.9 with N in red.

Figure 12.9. Forming A,

>4

(e g)

12

The d,-differential was first noted in [15, p.124] and was shown in [12, Figure
3.1]. It follows from [4]. The only nonzero classes in A, are the Z,’s in grading
2 and 4.

13. Derivation of edge description

The derivation of Definition 4.8 requires a careful study of the tableau (11.1)
for A, and the ways that pre-edges are associated to arrows in the tableau. For

every arrow with target %+! M3, there is a corresponding pre-edge =%¢&/
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which involves 2¢~* arrows beginning with the specified one. We have found
it very useful to list, as an example, the tableau for .4, with arrows labeled by
their corresponding pre-edge. This is done in (13.1). The labeled tableau for
/Tk for k = 4, 5, and 6 can be read off from this by taking the first 1, 2, or 4 rows,
respectively, with V', replaced by V.

V7 ZSMO ZQMZ 216M0 217M2 224M1 225M3 232M0
233M2 240M1 241M3 248M1 249M3 ZSGMZ ZS7M4 264M0
ZGSMZ 272M1 273M3 ESOMI 281M3 ZSSMZ 289M4 Z%Ml

297M3 2104M2 2105M4 ZHZMZ 2113M4 2120M3 ZlZlMS ZIZSMO
2129M2 2136M1 2137M3 2144M1 2145M3 ZISZMZ 2153M4 ZIGOMI
ZlélMg s 2168MZ 2169M3 - 2176M§ 2177M4 Pias 2184M3 lesMi pans 2192M;
2193M3 3’_7 ZZOOME ZZOIM: fj ZZOSMg 2209M4 2216M3 2217Mi f’_é 2224M62

4,7 5,6 6,7
(13.1) VAR VE R VDA U VERRD VY VERAD L VAR v Ve BB R Vi)

We begin our derivation of Definition 4.8 by considering ¢ .. As can be seen

in (13.1), it can come from any of ZM; « Z8M;~* for 5 < t < 8. In Figure
13.1 we consider the cases t = 6 and t = 8. The other two are similar. The left
side depicts the arrow as a d, differential, with XM i in red, while the right side

shows the result, with £ . in red, and 28Mt8__1[ in black.
Figure 13.1. Two ways of forming &¢ ,

’ 812
| e
19

5 8nr2
IMS « Z8M?

11 15 19 23 11 15 23
M <« Z8M) &L ®IIMY E
% A

9 11 15 19 23 9 11 15 19 23

The job of this d, pair is to change Z*M?™* to Z8M>~[. The & , is the extra
part, and is not involved in subsequent arrows until we con31der the differen-

tials which change 86 p
In Figure 13.2, we show that the result of IM; >

to &, ¢. Itsclassin (12, 0) will support such a differential.
« TI0813 is exactly the & 56 Just

obtained, as claimed in Definition 4.8. Here ZloMi’ is in red.
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Figure 13.2. IM; « XM}

11 14 19 23

We now give a chart-theoretic explanation of why this occurs, which is useful
in seeing how it generalizes. We illustrate with M g. The cofiber of M) — M g is

>2M3. In Figure 13.3 we show that M can be formed from M9 + X2M;.

Figure 13.3. MJ + XM} = M

0 2173 0
M9 + 22513 E M E
1 3 7 11 15 1 3 7 11 15

In Figure 13.4 we modify the lower left part of Figure 13.1 by replacing Z8M, g
by =8M9 + 2101\712. The result is the desired &, @ Z8M9. Indeed, the M

and Z1°M 2 combine to yield & , as in Figure 13.2, and the Z8M 9 remains un-
changed. In chart arithmetic, we have

5 0 2153\ — ! 0
(EM; « MS @ 2013) = (&), & MD),

then cancel the M? to obtain the 8; ¢ case of Definition 4.8. This may seem
roundabout, but will be useful.
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Figure 13.4. Figure 13.1 after replacement

The following proposition is the generalization of the phenomenon observed
in Figure 13.3.

Proposition 13.5. Fork > 4 andi > 0, we have

i 2 Fk+i—4 _ pri
M, +2°M, =M, ,

in the sense that if 2M i‘”_“ is placed beneath M Il{ so that there are d; differentials
as in Figure 13.7, then the result is M;Hl.

Proof. First note that all M Ilc with the same mod 4 value of k + i have the same

general form as indicated in Figure 13.6. This refers to the way in which they
leave filtration 0.

Figure 13.6. M,

k+i=1 /g k+izo 4 Jk+i=3 A4 k+iz2 A -
ot = Do ;

F '
Siwa g v Fa

Then note that k and k + i are increased by 1 by the additions in Figure 13.7,
each of which illustrates M ;c + 32M f“_“, so i is unchanged. Here we use that

My =380 W
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Figure 13.7. M| + Z>M}*+~*

k+i=4p+5
4
SRR

8p+§

k+i=4p+4

8p+3

k+i=4p+2

//;
@’/SW

[ o N

We saw in Figure 13.1 that &, , is what was left over after M « Z8M}~
is used to change Z*M"~* to 2¥M"~/, and then since Z¥M?~' can be obtained
from £8MP ! + 1087 +» We can obtain & , itself from ZM; « 1087 +- The same
argument, together with Proposition 13.5, yields that, for any e > 1, 82 et1’ the
part left over when ZM¢ « Z8M¢™>~ is used to change Z8M{ >~ to Z8MCH,
can be obtained from TM « 2M 2_2, as claimed in Definition 4.8.

Next we consider 84" ¢» Which (13.1) shows to be related to

46 5.6
IM: < 33M;  EPM; <~ ZMP

for t € {6,7,8}. We have already seen that the resultant of the second arrow is
T8EL o + ZI°M]7. The &L is not involved in finding & (. (It may be involved
in differentials which change &’ to &; this will be considered in Section 14.) We
will show in the next paragraph that the resultant of M3 « Z8M; « Z16M%!

isZ1oM f__zt plus a remainder term, which is defined to be &} .. Then we can use

Proposition 13.5 to replace 1°M®~! by Z1M5~! + 58§12, and deduce, similarly
to what we did before, that 82 6 itself can be obtained from

4 8as3 18152
ZM5<—2M4<—2 M4.

In this paragraph, we use ¢ = 8 in the above discussion, but ¢ = 6 or 7 work
similarly. In the left side of Figure 13.8, we show M3 « Z8M;, with Z8M; in
red. On the right side, we place the resultant of the left side in black and pRY) 9
in red, placed so that the differential appears as a d,. (The justification for the
differentials will be given in Section 14.) The differential reduces the Z°M? to
oM g, as claimed in the preceding paragraph. The classes in 20 and 21 are part
of 216M‘6). The black classes in grading < 19 form 82,6. A similar thing happens
in consideration of any 8; e It will come from

ZM? — ZSMi_l 29M2+1 - 216Mte+4_t'

The second arrow produces 8¢/, . @ Z1°MH!. After some initial devia-
tion, the first arrow will produce pure lightning flashes in time to work with

SIOMEH ! to form Z1OMET
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. : ! 16340
Figure 13.8. Forming &, ( + X°M

4 8as3 167 70
2M5<—ZM4<—Z M7

4 8ar3
M} < ZMD

v

10 12 16 20 10 12 20 28

A similar argument works for any 8; . We are proving that the sequence

e+d
of 24-1 arrows including and following any <« in the tableau (11.1) yields
the chart described in Definition 4.8 plus the chart obtained from the last M j,
in the sequence with its subscript decreased by d. The tableau (13.1) is very

helpful in getting started. Fore > 2 and d > 1, there are (k;:d) arrows labeled

(e, e + d) in the tableau for ﬁk. Each gives rise to an occurrence of 8; etd” The

structure of 8; c+q 18 determined by 29-1 arrows beginning with one labeled
(e,e + d). The sequence of these arrow labels is the same for every occurrence
of (e,e + d), and the sequence of the 2¢ M charts is also the same except for
the very last one, which can be 22d+2Mf+d+2_t fort =e+d+2<k+2or
d+4<t<e+d+1<k.

We take a major step toward justifying Definition 4.8 by considering 8; er3
This is determined by the four arrows in (13.2),

e,e+3 e+1l,e+2
(132) =M¢ < =3MH 2PMOH < sloMe!
e+1,e+3 e+2,e+3

217M§+1 - 224M4€1 225M2+2 - Z32M[e+5_t

where eithert =e+5<k+20r7 <t <e+4 < k. This can be seen in (11.1),
where it will be suspended by £%0+32 for some b. Then (13.2) corresponds to

. . _ e+5—t _ pso(b+1)—-1
i=8b+(4,5,6,7)in(11.1). Alsoe = oc(b,) +2and M, = M7+v(b+1).

Similarly to our analysis of 82 ¢ and &, ., the resultant of the second arrow
in (13.2) is 8¢’ @ ='°M¢ 7, and the resultant of the last two arrows is

e+1,e42
16 of 24 of 323 yet+5—t 8 o 16 of
g + XE @ ZFM, 7). We leave the X €e+1,e+2, z 6‘3+Le+3,

e+1,e+3 e+2,e+3

24 : ;
and 2**¢! 2043 Dehind, and are left with

spge—1 167 re—1 32 ge+5—t
(13.3) IMg « Z°M;7 « M < ZPM

In Figure 13.9, which is the case e = 4, we show the result of the first two
arrows.
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Figure 13.9. First two arrows of (13.3)

4 8Snar3 16713

ZN% « X°M; « Z°M;

i

10 12 16 20 10 12 20 28

4 8as3
=M}« =MD

Then in Figure 13.10, which is the case t = 9, we place 232Mff25't so that
it has a d, differential into the stable lightning flash beyond the end of Figure
13.9. This reduces it to 232Mff35_t, and the leftover part is defined to be &/ , ..
Note that the classes in the lightning flash in grading 36 and 37 become pa’rt of

232M‘6), while the classes in 34 and 35 are the last two elements in 82 4+ S0 the

result of (13.3) is 232Mff35_t R

Figure 13.10. Forming S2M">" @ &/, .

o
AV

10 12 20 28 36 44

We use Prop. 13.5 to replace Z32M¢*>~" in (13.3) by Z2M 07" + Z34M¢2,

similarly to Figure 13.4. Since the result of
M« BSMET! « BIOMET! — (ZRME 4 SHME?)

equals Z¥M~ @ &/, ., and, as in Figure 13.4, the two copies of Z32M; >~
split off, we derive the ¢ = e + 3 case of Definition 4.8.

The general case 82 etd does not differ significantly from the case d = 3 just
considered. The arrows involve i = 2¢b + (2¢71,...,2¢ — 1) in (11.1) with e =
a(b) + 2. Rather than constructing a full-blown induction argument, we will
explain how the result for d = 4 follows from the argument for d < 4. The
general case &/ 44 18 embodied in the last two rows of (13.1), which are x192
times the case with e = 3. For arbitrary e, increase all superscripts of M by
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e — 3. We subtract 192 from all the suspension parameters and discuss the eight
arrows. By the work we have already performed, the result of the second arrow
is 2882’ SOZ°M 2, the result of the third and fourth arrows is 2! ;’6 + 224Eg’ oD
$32M2, and that of the final four arrows is £32& ot zH0¢g st T8 st 256€g,7 o))
M g. (We distinguish between + and @ because the ”’s can have differentials
into one another, but not into the M.) We split off all the £’s and are left with

(13.4) M3 « I8M7 « ZM7 « Z32M7 « %M.

The resultant of the first three arrows will, after initial deviations, stabilize into
a sequence of lightning flashes well before the Z%M 2 has started. We claim that
the lightning flashes will change it to %M _2, and 8&7 is defined to be everything
left over.

Considering the slightly subtle phenomenon observed in Figure 13.10 re-
garding the classes in 34, 35, 36, and 37, scrutiny is warranted here. We claim
thatif M ;{ is placed into a sequence of lightning flashes so that its generators of
(full) order 2%~ hit generators of lightning flashes with a d;, then the result is
M li<—1 plus the first (k + i — 1) mod 4 gradings of the last lightning flash before
total incorporation. We illustrate this in Figure 13.11, in which bigger red dots
are incorporated into the M.

Figure 13.11. Cutting off M ;{ with lightning flashes

T
A
M ? A F
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Recall from Figure 13.6 that the way Mzic leaves filtration 0 depends only on
(k+i)mod 4. In Figure 13.11, we see that these differentials decrease the (k +1i)
mod 4 type by 1 and decrease k by 1, so they leave i unchanged.

Now we explain why the “(k+i—1) mod 4 gradings” noted above is consistent
with everything else. As discussed just before (13.2), the sequence of 2¢ charts
which define &, endswith 2 M e+d+2~! When this sequence is reduced to
a sequence of the type illustrated by (13.3), the subscript of M will be reduced
d — 1 times, so that the sequence of type (13.3) will end with M I‘{ satisfying
k+i = e+3. Thus the first (e+2) mod 4 gradings of the last lightning flash before
total incorporation will be left behind for the end of 8; erd- This is consistent
with the endings of Figures 4.11, 4.12, 4.13, 4.14, and 4.15.

Returning to &} ,, (13.4) results in %M @ & . Replace =**M by Z**MJ &
2% 12 in (13.4), using Proposition 13.5. The Z%M? splits off, similarly to Figure
13.4, and we deduce that the result of

3 82 163 12 32302 66112
ZM7<—ZM4<—Z M4<—Z M4<—Z M4

is €g .- The same argument applies if the Mg at the end of (13.1) is replaced by
M ;, the other way that the sequence of arrows defining (C,'g , can end. Then the
Mg in (13.4) becomes M ;, with the same value of k +i. If e is changed, then all
superscripts in (13.4) are changed by the same amount, and the replacement
argument using Proposition 13.5 still applies.

This completes the induction step for the case d = 4. The same argument
works for arbitrary d. The conclusion of this section is the following theorem.

Theorem 13.12. A sequence

e 8pre—1 16 p re—1 20=etl 3 re—1 20=e+2 4 ri
IMy_, <M < ZPMT X M, <X M, ..

with all arrows being d, on generators in grading 1, 3, 4, and 5 mod 8, and 7
inserted, and satisfying k +i = e + 2 equals 82 , 22€_6+2M;€.

The theorem also holds if the sequence and the conclusion are suspended by
any amount.

Now we justify Definition 4.18. The description of V} in Definition 4.18 is
a straightforward generalization of Figure 12.2. For the sequence (4.1) in Defi-
nition 4.18, we E%fer to (13.1) for the case k = 7. We have seen in the analysis
above that the « yields Z*¢] ,® ZlﬁMg, and that the last two arrows in the

first row of (13.1) yield 2168;7; + 2248;4 @ =*2M). The second row of (13.1)
yields 2328;,5 + 24083)4 + 2488;5 + 25684’"5 @ Z%My), as the MY at the end will
have its subscript decreased three times. A similar analysis applies to the third
and fourth rows of (13.1) together, yielding eight £"’s 692128M2, and to the last

four rows of (13.1) combined, yielding sixteen £”’s @?**M_. We split off all the
&”’s, and the various Zleg’s combine to give the sequence in Definition 4.18.
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The placement of the ZZng’s in the sequence, i.e., the d,-differentials, will be
justified in the paragraph preceding Figure 14.9.

We can use (13.1) similarly to justify the subedge structure of A, described
in Theorem 4.1. Under 8;,7, we have suitable suspensions of 8;’3 and 8;, , in
the first row of (13.1), 8;’5 in the second, 8;,6 in the third, and 8;’7 in the fifth.
Then, under the 8;’ , is the 8;, . just after it, and under the 8;’5 are the Sg, ,and
83,5 in the second row. Also under that 8;’5 is the 84’1,5 at the end of the second
row. That exhausts the second row of (13.1).

Next we consider the third and fourth rows together. The 83’ ” 8;5, and 8;6
under & , are apparent. Then under the &, is the & ; which follows it, and

under the & ; are the &, ; and &, ; in the fourth row. We also have & ; under
the & ;.

A similar analysis applies to the last four rows of (13.1) to give the subedge
structure under 8;’7. This procedure generalizes to any .4,. The discussion
following (13.2) suggests how the formulas in (11.1) enable one to see how the
pattern of edges in (13.1) generalizes.

14. The spectral sequence for A, with proofs

In this section, we show how the spectral sequence converging to A works,
and then justify that the differentials and extensions work as claimed, by com-
paring with the ku analysis. Referring to the tableau for .A- in (13.1) is strongly
recommended. We will use A, as a model for much of the proof.

14.1. Description of spectral sequence. The following definition contains
several useful notations.

Definition 14.1. We will use the following notations.

« IfCis a chart, then ®'C is the chart obtained from C by increasing filtra-
tion of all elements by i.

e Forn > 0andn = 0or7 mod 8, let W" denote the X" term in the tableau
for Ay, which is independent of k except that n must be < 2K+1, Ifw" =
M, let W = M5

e IfCisachartand M is an M; chart, positioned so that there are d, differ-
entials from the stable lower edge of M into C, we denote by C Uy M the
resulting chart, including 7 extensions from 2« to v, inserted whenever
di(a) = S, following (12.1).

« Let L(8a) denote the label on the arrow W83~7 «— W8¢,

Now we describe the way the ASS for A, works. We make frequent use
of Theorem 13.12 to see the increasing subscripts of W (corresponding to de-
creased subscripts of the associated M). All claims will be justified later in this
section.

Step 1 says that fora > 1,

16a—7 1yl6a — glyy/l6 16a—8 of
(14.1) Wy & W = oW @ T 8L(16a)'
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Then Step 2 says that for a > 1,

32a-15 1y732a—8 avrr32a — pAyy32 32a-16 o/
(14.2) (W2 uy @W28) uy @ WP = S WP @ Eel0g]
At each step, we leave all £”’s behind, until consideration of differentials among
them at the very end.
After Steps 1 and 2, the second row of (13.1) is, for any A with k > 5,

(14.3) (EBM2 Uy, @1Z90M)) « O1Z8M)) — d*EHMY,

where filtrations of ®'2*M, and then ®*£5M? will have to be increased (to
®* and ®!!, respectively) in order to get the d; differentials. We prefer to write
it as

SEM2 EOML — ML 5040,
ignoring the filtration increases, which we think of as being implicit. In fact,
the corresponding ®’s are | starting with the domain of the first
arrow. By Theorem 13.12, this sequence equals Z**M7 @ =&, ..

We now restrict to A, as in (13.1). Rows 4, 6, and 8 in (13.1) simplify in
a manner similar to that just described for row 2. With previous £’’s omitted,
they become Z!2M? @ 2%°¢&], ., £12M @ 2'°¢] , and T2 M @ ¢ . In
each case, the M term is Wg“a. This doesn’t work quite so well in rows 3, 5, and
7. The requirement in Theorem 13.12 that k + 1 +i = e + 3 is crucial.

Now (13.1) has simplified to the following, with all £’s omitted.
1,7
V; < I8M) « MY « 232M)

«— 264M2
05M2 E52M1  $OML o 5960
« leSMg
2129M§ 3_’72136Mi - 2144Mi - 2160Mi
«— 2192Mi
ZIQSM;) i’_722OOM£ - ZZOSMi - 2224Mi
« ZZSéMg

Theorem 13.12 applies to the combination of rows 3 and 4, yielding =M, &

z64g! ., and to the combination of rows 7 and 8, yielding TBM? @ el

Now, ignoring £”’s and combining some rows, we obtain
1,7
Vo, ZSME — ZlﬁMg - 232M2 — 264M2 — 2128M2
2129M2 2(’_72136M1 — 2144M1 — 2160M1 - 2192M1 - 2256M0
8 4 4 4 4 5°
Theorem 13.12 applies to the second row, yielding =**°M7 @ =!8’ . Append-
ing £2*M? to the first row, we obtain &/ _ of Definition 4.18. We obtain that
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&} , equals

I;® ¢428M(32)(16 @ (IJ8216M(16)|32
16532 3264 645128
@ o'y M(8)§64e9q> z M(4)|128@q> z M(2)|256,

where M(2!)) = ko, (M(2})) and M |x is the portion of M in grading less than x.
Comparing with Definition 4.18, note that, e.g., ®*28ko,(M(32))|;4 is identical
to “ko,(M(32)) in gradings 8 through 15.” Here I is as in Definition 7.1. Figure
4.19 illustrates the case k = 4.

The spectral sequence behaves for any k in a manner which generalizes what
we displayed here for k = 7. The general tableau is in (11.1), and an arrow with
target XPM é is labeled with (i,i + ¢ — 3). The sequences which form all 8; y

with e > 2 in A, are described in the following result.

Theorem 14.2. For every odd positive integer p and t > 0satisfying 2'+3(p+1) <
2K+1, there is a sequence satisfying Theorem 13.12,

43 2+3p48 2435116 21+3 g ot+2 23 (p+1
(14.4) W2EpHL w2 TP TR0 gy P 2D

1 -1 t )
. 23 (p+1) 243p o 8n |,
which forms W, (&P pgoc(p)+1,a(p)+ (4o EVErYy W, " with
0<i< v(n) a(n) > 1

“lvin)—1 arn)=1

fits into exactly one of these sequences. Ifi = v(n), thent = v(n —2") and p =
(n —29/2', while ifi < v(n), thent = iand p = % -1
Example 14.3. Ifn = 20, then

«i=0hast =0, p =19, and the sequence is W3 «— W%, forming

160 152 o/
Wl ®Z 84,5’

«i=1hast =1, p =9, and the sequence is W' « W}>?* « W%,

forming W) @ £14¢!  and

« i=2hast =4, p =1, and the sequence is
W12 136 44 160 192 256
0 1 2 3 4
; 256 128
forming W2 @ =1#¢] .

(11.1) can be used to see that these sequences are as follows. They are obtained
from (13.1) using Theorem 13.12.

13t & steops!
4 6
3,5
145813 152312 160 s1
SUSM3 Z3I2M2 o 5100

2,7
ZIZQM; (_2136Mi — 2144Mi - 2160Mi - ZlgzMi - 2256M2.
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This example illustrates how the subscripts of W8" are successively increased
until it becomes an M i, at which point it is melded into another sequence, un-
less n is a 2-power, in which case it melds into the sequence (4.1) which forms
81,{. We are left with just Si,k and all the £”’s which were left behind. Finally,
there are the differentials among the £”’s described in Theorem 4.10, which will
be justified in the second paragraph after Figure 14.8.

Proof of Theorem 14.2. Using (11.1), the sequence becomes, omitting 2%

a(p)+1 8 so(p) 2142 5 ra(p) 2t+3 5 ra(p+1)—1
ZM4+[ <—ZM4 — = M4 « X Mv(p+1)+4.

This satisfies the requirement in Theorem 13.12 because a(p+ 1) +v(p+1) =
a(p)+1. N

14.2. Justification of differentials. The mainingredientin justifying the dif-
ferentials is the generalization of what was done in Section 9 and Theorem 10.4
to pass from differentials in ku*(K,) obtained in [11, Theorem 3.1] to differ-
entials among ku, summands as illustrated in Figure 9.11. We will postpone
temporarily consideration of differentials involving the summand V), of lowest
grading. In (10.5), we showed how the theorem of [11] could be interpreted in
ku* summands as

d

2t+1 21+1

_(t+1)(bt(Y2f(a+1)—1,k)) =0V _(H-I)Tt(YZfa,k)-

If Sql(oc) = fBin H*(K,), a v-tower in the formation of ku*(K,) arises from f3,
while a v-tower in the formation of ku, (K,) arises from a. The ku* differentials
in Figure 9.8 are d?(by(Y14)) = v?*11(Yo4) and d>(by(Y34)) = 0°75(Yy4). The
dual differentials in ku, go in the opposite direction on the a classes associated
to the corresponding f classes. For example, dual to the d° from 57 to 68 is
a ds from 67 to 56. See Figure 9.3. This is consistent with (9.2) since it gives
a v-tower of height 5 in (ku*(K,))" on a class of grading 60, and on a class in
kuse(K).

This always works, leading to a generalization of Figure 9.11. Suppose
Sql(az) = 3, and Sql(ocl) = 3, with |at,| = 2x, — 1 and |a;| = 2x;, and there is
a ku* differential from the 3; v-tower to the 8, v-tower. The differential hits in
grading 2x; + 2, giving a v-tower of height x, —x; —1 on a class in (ku*(K,))" of
grading 2x; +4. The differential in ku,(K,) gives a v-tower of height x, —x; —1
on a class of grading 2x,, consistent with (9.2).

We can translate from the ku notation used to label the columns of Figure
9.11 to the ko notation explained prior to (11.1). The contributions to X of yf,
¥19, zj, and M; are 8, 9, 2/*2, and 2/, respectively. Also, v;q and z; add 2 and
1, respectively, to the superscript of M. In the notation of (10.5) and Definition
14.1, Yaur < W28 and Y, < W2 =8¢+1 Then (10.5) implies the
following proposition, adapting to ku the notation in (13.1) and Definition 14.1.
For example, the columns of Figure 9.11 are now labeled with the W version of
(11.2).
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oge . . . t+2
Proposition 14.4. A dy1_(41) ku,-differential will go from a W~ summand
42
to the W2 (@D symmand.

We begin illustrating how the description of the spectral sequence, especially
the differentials, in Subsection 14.1 follows from Proposition 14.4 using é‘g 6 in

the sixth row of (13.1). After desuspending, this is
3,6 4,5
(14.5) EM; <3M; Z°M; <=M 217M4 224M3 225M5 232M1.

Figure 14.5. d, differentials (ko, N ku,)

3 Sas2
e \& M
8 12 16
9ar4 16 2
C
20 24 28
28 32 36

217M4 - 224M3
N
ZZSMS - 232M1
c
M B

34 36

In Figure 14.5, we show, for each of the four arrows in (14.5), the two charts
combined, without increasing filtration, in both the ko and ku context. For the
ku context, M,"( refers to Exty, (82 M\, Z,), analogous to those in Figure 9.7.
We use black for the W%*~7 chart and red for W'°¢. We use big dots to indicate
the classes that map across under ko, (K,) — ku,(K,). We insert differentials
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in the ku spectral sequence implied by Proposition 14.4, and then the differen-
tials in the ko spectral sequence implied by those. After presenting the figure,
we will comment on some of the implications.

First we note that the classes which map across are exactly those not in im(#).
This follows from (12.2). In each of the four situations, there is at least one
differential in the ku spectral sequence in which both classes involved in the
differential are in im(c). That implies the corresponding differential in the ko
spectral sequence. We indicate these differentials with thicker lines. Other dif-
ferentials in the ko spectral sequence are implied by naturality with respect to
the action of ), vf, or the generator of ko,.

Now, in each of the four cases, we elevate by 1 the filtration of all classes in the
W34 chart (the red classes) so that the d, differentials look like d,’s. We did not
do this in our ku work in [11], but it will be useful for subsequent comparisons
with ko charts. Insert 7 extensions from « to § if d;(v;a) = 2. This follows
from (12.1). This comparison with ku is the justification for the filtration shift
in (14.1), which applies to the second and fourth situations in Figure 14.5.

In Figure 14.6, the top left chart contains the result of the first ko chart of
Figure 14.5 in black and the result of the second ko chart of Figure 14.5 in red.
The top right chart in Figure 14.6 is the analogue of this for the first two ku
charts in Figure 14.5. We use big dots for classes that map across under — .
We insert differentials in the ku chart implied by Proposition 14.4. They will
appear as a d, rather than a d5 because we increased the filtration of the source
classes. Then we insert differentials in the ko chart forced by the morphism c
and the ku differentials, again indicating with darker lines the ku differentials
that pull back to ko differentials. Then we insert differentials implied by the
inserted differentials and naturality with respect to 7, v‘l‘, and the generator of
ko,. The bottom half of Figure 14.6 does the analogous thing for the third and
fourth charts of Figure 14.5.

Figure 14.6. d; differentials (look like d,)

ZM6 28M2

1s16 2 8 l

'TM; @ B8E

.ﬁ/ ./.

8 12 16 16 20 24
ZI7M4 <—224M3

@1232M1 ® 224€l

sy 4 =

26 28 32 36 40 44 26 28 32 36 40 44
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We increase filtrations of v‘l‘—periodic red classes in the ko charts of Figure
14.6, remove classes involved in differentials, and insert # extensions implied
by (12.1), obtaining Figure 14.7, in which the top (resp. bottom) half of Figure
14.6 is in black (resp. red). Step 2 (14.2) says that the lower chart in Figure 14.6,
after simplification, is ®*Z**M; @ X'°¢] ;. The *Z**M appears in Figure 14.7
as all red elements in filtration > 4. Our charts also include 224€; ¢» Which was
dropped in the transition from (14.1) to (14.2). ’

If we did the same for the ku charts, we would have, among other things,
a v-tower arising from (12,0) and v-towers connected by h (-2) arising from
(35,1) and (37,1) (or (35,4) and (37, 4), if we increased filtrations analogously
to ko). See Figure 14.6. The classes in the ko chart which map across to these
v-towers are indicated by big dots in Figure 14.7. There are d,; differentials® in
the ku spectral sequence from the (37, 1) v-tower to the (12, 0) v-tower implied
by Proposition 14.4. The classes in the ko chart in (43,7) and (42, 15), being
not in im(#), map across to classes involved in a differential in the ku spectral
sequence. Thus there is a differential in the ko spectral sequence from (43, 7)
to (42,15), and the other differentials in Figure 14.7 are implied by naturality,
as before.

Figure 14.7. Forming the result of (14.5)

L1
< /28 32 %

36 40 44

3

8 12 16 20 24

After increasing filtrations of all remaining red classes of filtration > 4 by
7, and removing classes involved in differentials, we obtain Figure 14.8. This
is just &35, Z8Ey 5, 10E44, Z24E56, and ®ME3M], with E’s as in Figure 4.11,
except that the classes in 8;6 which support differentials (into 8;,6) have not
been removed. Figure 14.7 is the following analogue of (14.3) except that we
have included all the ¢’s.

(EM? Uy, @1BM?2) « O*21M?2) « d*232M]
It corresponds to the case e = 3,¢ = 6, k = 4,i = 1 of Theorem 13.12, and,
if the 219 is included, the case t = 2, p = 5 case of (14.4). The main point of

3They are d;, in Proposition 14.4, but d,; here due to the filtration shift.
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the work we have been doing here is how the differentials are implied by the
ku differentials in Proposition 14.4.

Figure 14.8. Final result of (14.5)

[
L /E/-/ A 2 2
8 12 16 20 24 28 32 36 40 44

The behavior described in the detailed example just completed will continue
regarding how differentials in the ko, spectral sequence are implied by the
dyni_41) ku, differentials of Theorem 14.4, as t increases. It will always be
the case, as in nicely illustrated in Figure 14.6, that the potential differentials
go stably from M, into M, with at least one of k and k’ equal to 4 and the
other > 4. The generator of ko;(M;) is not in im(»n) and hence maps across to
ku;(M,), and similarly for the generator of ko,(ZM;,). Proposition 14.4 says
that there will be a differential between the ku classes, and hence there will
be a differential between the ko classes. Other differentials in the ko spectral
sequence are implied by the action of 7, vf, and the generator of ko,.

This completes the proof that the description of the spectral sequence given
in Subsection 14.1, which implies Definition 4.8, is implied by Proposition 14.4.
Also, the differentials in Theorem 4.10 follow since, in the notation of the pre-
ceding paragraph, a stable element in kos;(M}) and Q € ko,(ZM;,) which sat-
isfy d,(P) = Qyield differentials on nonzero classes d,(nP) = nQ and d,(»*P) =
n%Q, and all the differentials stated in Theorem 4.10 have v‘l” equal to one of
these. This is nicely illustrated in Figure 14.7.

Additional differentials can be ruled out using the action of 7 and v‘l‘. Edges
&, ¢ tend to have less v‘l‘ periodicity than edges above them. For example, in A
as shown in Figure 3.4, a conceivable differential on the class in (74, 1) is ruled
out by the action of v‘l‘. The only possible short edges are shown in Figure 4.11,
and the structure of longer edges is already suggested in Figures 4.12, 4.13, 4.14,
and 4.15. Note that the lower edge of the chart of an edge, such as the circled
elements in Figure 4.12, is v‘l1 periodic throughout the range of the chart, but
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the upper edge of the chart of an edge, such as the big dots in Figure 4.12, ceases
to be v‘l‘ periodic at each 2-power.
The upper edge &, was discussed near the end of Section 13. It was stated

there that we would “justify the placement of the Zleg’s in the sequence of
Definition 4.18.” In Sections 9 and 12, we gave a fairly complete treatment of
the obtaining of the A, chart, including the upper edge. Everything general-
izes, but two things lacking there were the implication from ku, differentials
to ko, differentials, as we have been doing for the lower edges in this section,
and a thorough approach to the arrangement of summands, as in (13.1). The
summands for .4, are the first row of (13.1) with V, changed to V,. The ku
analogue of VV, was derived in Figure 9.9 and appears in the right half of Figure
14.9, which shows the morphism ¢ from V, « ZSME to its ku analogue. We use
big dots for classes that map across under c, the ones not in im(»). The differ-
ential in the ku chart was derived in Figure 9.10, and is reproduced in Figure
14.9, which incorporates the implied differentials in the ko chart.

Figure 14.9. c for early part of A,

1 c

0 4 8 12 0 4 8

There is an 7 extension from grading 11 in the resulting chart, which is
shown in the right side of Figure 12.3, in which filtrations have been increased
to improve the picture. The second arrow of (13.1) results in Z3&/ , @ ='°M]
pictured in Figure 12.5 and in Figure 12.8 with a filtration shift. The differen-
tial from 17 to 16 in forming &, 4 in the ko spectral sequence, pictured in Figure
12.8, is implied by the dq in Figure 9.11. This all generalizes, showing how the
upper edge is formed to yield Definition 4.18.

14.3. Justifying extensions. Finally, we prove Theorem 4.20, the exotic ex-
tensions. Recall that .7, denotes the ku, version of A, and egz’{: = Z‘2k+l,5sz.
The extensions from =’ &, ¢ into & stated in Theorem 4.20(1) follow from
the exact sequence (12.2) and the extensions in JZZ; The first extension for a
fixed ¢ occurs in grading 3 - 21 + 2, so grading 2¢~! + 2 for &, ». This is where
the first lightning flash occurs for 8;) .- This can be seen in grading 26 and 50

in Figure 3.3 and in Figures 4.11 and 4.12. One can compare with the ku chart
in Figure 1.2. We illustrate in Figure 14.10, in which the groups along the top
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are in & 5, and those along the bottom are in i &,.¢- The extension in ko is
implied by the exact sequence.

Figure 14.10. Extensions from »2 & pinto & 5

I I
\
— e o — \ —_
' 1
! |
! |
| |
! |
I =4
=5 /
]
! I
! 1
! I
! !
l /
o — o e —— o
— kosy — kusy — koyg — = koyg = kuys = koyy —

It always happens this way: the only two possibilities for the groups in the
exact sequence are illustrated in Figure 14.10, and the ku extension is implied
by [11, Definition 1.5 and Theorem 1.23]. On the other hand, classes x in &, 4 in
grading 2°~1 —8A + 2 with A > 0 have v}*x of filtration greater than that of the

class in 2¢~! 4+ 2 which supported the extension, so they cannot support an ex-
tension. That there are no other extensions into the upper edge is true because
extensions cannot hit into elements x satisfying nx # 0, nor into elements al-
ready divisible by 2 (since this could be accounted for by renaming), nor into
periodic elements along the lower portion of the upper edge. Because of the
very nice form of the upper edge, one can verify that this rules out everything
except for a possible extension from Ezkt4, where (, is the bottom class of &,
into the last element of the only complete lightning flash in .4, an element x
such that v‘l‘x is hit by a differential. But both of these elements in ko, 4(K;)
are in the image from ku,x,4(K,), where there is no extension.

To prove the extensions in part (2) of Theorem 4.20, we first note that for e >
2 allnonzero groupsin &, ¢ in grading j = 6 mod 8 are Z, groups, annihilated by
7, and related to one another under v‘l‘ periodicity. They pull back to ku;,(K5),
where there are extensions between the pull-back elements, as can be seen from
the inductive structure of the <7 ’s, implying the extension from z2 Eey1,0 tO
Eer-

There are two differences between the Z,’s in 2 mod 8 and those in 6 mod
8. In 6 mod 8, all classes are related by v‘l‘ and are in ker(#), so they pull back
to ku,.,,(K,) in (12.2). In grading 2 mod 8, they are related by v‘l‘ until the next
2-power in Definition 4.8 or Theorem 7.6. The break points can also be thought
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of as the position a fraction 1/2! along the edge for some ¢ > 1. Also, in 2 mod
8 the classes are not in im(), so they map across to ku.(K5).

In grading 2 mod 8, the only things that can possibly extend into the last
half of &, are (the last half of) &€,, 4 for some d > 0. The only things that
can extend into the second quarter of it are (the last half of) &, 4 —; for some
d > 0. Similarly, for second eighth, &, —,, etc. However, if d > 1, this por-
tion of &,, 4, will have already extended into &,,4_; .. We illustrate this in a
schematic Figure 14.11. It shows the edges beneath &, ; and the key places
where they drop their filtration in grading 2 mod 8 (halfway, one quarter, etc.).
Extensions in grading 2 mod 8 occur from the second half of edges (where the
lightning flashes start in £’) into the edge immediately above them. Other por-
tions of edges have their periodicity in 2 mod 8 end prior to that of the portion of
the edge above them. The extensions are implied by the extensions in ku,(K,)
between the corresponding classes.

Figure 14.11. Schematic of edges under &, ; in grading 2 mod 8

2,7
3,7

3,6 4,7

3.4 4%’66 4,5 s s >
s B s B s

0 16 32 48 64 80 96 112 128

There is no extension from the last class in &, ., 4 when e = 3 mod 4 because
either there is nothing into which to extend, or else it would extend into an
element x satisfying nx # 0.

Many extensions also follow from the following fact ([9, near (2.2)]) about
Toda brackets and differentials in the Adams spectral sequence:

(14.6) ifd.({«,2,7m)) = Bn, then 2a = S.
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This bracket represents v;a; the generator of the Z/4 in a lightning flash is
obtained from the bottom class via this bracket. The situation in Figure 14.12
appears frequently, implying 2a = . Often the classes a7 and an? will be hit
by differentials, but that doesn’t matter.

Figure 14.12. Charts implying 2a = f

Figure 14.13. &, and £%¢&)

/
S

64+ 10 12 20

All other possible extensions can be ruled out by vf periodicity, as we have
been using, the fact that 2y = 0, and comparing with ku. Perhaps the most
subtle of these is illustrated by the situation involving £; g and £%4&, ¢ in grading
64 + 12. Using Figure 4.14, we illustrate the problem in Figure 14.13, in which
é‘; ¢ has the lightning flashes, which should have much higher filtration, and
the worrisome extension question involves classes A and B, indicated by big
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dots. The problem is that v;‘B = 0 (due to the differential) and A is not in
im(#), so we cannot use v; or 7) to detect the non-extension..

However, A pulls back to ku,,,(K5), since nA = 0, and there is no extension
on the pullback element, as the ku analogue of &, g begins as in Figure 14.14,
with the first extension occurring on the element in grading 16. So 24 = 0.

Figure 14.14. Beginning of ku analogue of &,

10 12 14 16 18

15. Proof for z'B; ,

In this section, we prove Theorem 5.5. We have defined a ku version, By ¢,
of By, , via summands in Definition 10.2 and shown in Theorem 10.3 that these
summands are what are required along with the A;’s to fill out the E;-module
H*(K,), and we showed in Theorem 10.4 that each By , is closed under the
differentials of [11, Theorem 3.1]. It is worth noting, but perhaps not necessary,
to point out that By , corresponds to Bz, @ yfk_l_qukf @ yBiZ! in [11].

Most of our discussion will deal with the case i = 0 in z' By ,. We will com-

ment briefly on the effect of i at the end of this section. In (11.4), we gave a
general description of the corresponding ko summands, but we feel that the

following explicit example, the summands for 3. 5.9- 18 useful in understanding
the proof.

IM; < 28M7 2MS <~ 2oMY SVMS < 52M;  EPM) < 232M;
IBME — 20M;  EMM] < E8MZ ZYM] < 3OMS ZME — 040D,
IOM; « EPM,  IM; <« 20M] I3MD < 28M7 5PM) — 5M
(15.1)
297M2 P 2104Mi ZIOSMj» P 2112M§ 2113M;1 P EleMi ZlZlMi P ZIZSM;
If ¢ is increased by 1, the superscripts in the first two rows are increased by 1, except

for the last term, whose subscript is increased by 1, while the last two rows remain
unchanged except that the subscript of the first term (of the second half) is increased
by 1.

What can be observed here, and is true in general using (11.4), is that ﬁk’g has 2k
summands of which (a) the first half agree with those that form £,_;; » and every-
thing under it in A,, and (b) the second half agree with the second half of A}, ; except
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that the first summand is 22" +1 M ; , instead of sz““Mi +2.4 (Comparison of (15.1)
and (13.1): first half of (15.1) with superscripts of all but last summand decreased by 2
equals 7192 of last two rows of (13.1), while (b) last two rows of (15.1) equals rows 3
and 4 of (13.1) except for the first (and last) summand.)

Part (2) of Theorem 5.5 follows readily from observation (a) above. The differentials
among the summands which form &£,_y,, ¢ are the same regardless of whether the
summands are appearing in A, or in ﬁk,f. There are two differences. One is that in
gk,g there is not an edge £,_ ¢ to be hit by the differentials in grading 4 and 5 mod 8

that occurred in A,. The other has to do with what happens to the szHMg 4 at the
end of the sequence of summands being considered. In neither case does it contribute
to E¢_i+1,¢- Inboth cases, it has its subscript decreased k — 1 times by differentials into
lightning flashes in this batch of summands. In Ay, it continues to have its subscript
decreased by differentials into lightning flashes formed by earlier edges. In ﬁkf, it
combines with part of the szH“M? 4+» Which occurs at the beginning of the second
half of the list of summands forming B, k¢ to form part (3) of Theorem 5.5 in a way that
we shall discuss shortly.

We explain now why the filtration of szHMf_kH, which is formed after the last
summand of the first half of B k¢ has its subscript reduced k — 1 times, is increased by
2K —k —1, as claimed in part (1) of the theorem. The first quarter of the summands of
fk,g will have truncated the top part of the initial XM If;é‘“ chart k — 2 times resulting
stably in lightning flashes with initial classes in position (8i + 2, 4i — ¢ +1). [ The initial
class of M 2+2 isin (2, 0), so stably the initial classes of M i;é‘“ arein (8i+2,4i— (€ —
k + 1)), and the k — 2 truncations of the top reduce the second component by k — 2.]|
Stably the last step in forming 22k+1Mf_k+3 will be as depicted in Figure 15.1, where
the lightning flash is the one just described, and the generator of the Z/2¢=%*’s in
52" M, .5 will be the big dot. Since the generator of the Z/2¢~**Vs in 32" M,_; 5
are in position @kl 434 8j,2—t +k+4j), which must equal (8i +3,4i — ¢ + 1), we
obtain that the difference in filtrationsis4i — ¢ + 1 — (2 —¢ +k+4j) =2k —k —1,
since 2k*+1 4+ 8j = 8i.

Figure 15.1. Last step in forming MM f—k43

. . . k+2 k+2 .
“There is a difference in the last summand, too, 32 2t Mg 3 which does not

affect this part of the analysis.

1
M (2 VETSUS Z



THE CONNECTIVE KO THEORY OF THE EILENBERG-MACLANE SPACE K(Z/2,2) 71

As noted earlier, the second half of the summands of B k.¢ agree with those of the sec-

e . k+1 . k+1 5
ond half of Ay, except that the first summand is 2> *'M  instead of 2> *1M} .

The edge 22" & ey is formed from ATV 7., by interactions with ZziMi’s formed

from the summands which follow it in Ay, ;. The leftover parts of those summands

k+1 . . . . k+1
form the edges under 2> €, ;1. The same interactions will occur with > *1M7

forming something that will contribute to ZZkHCO,k in part (3) of Theorem 5.5. The

leftover parts from the subsequent summands will be the same here as they were in
z2H &, k+1, as stated in part (3) of the theorem.

Thez2" '+ 7, isinteracted with by k—1 ZziMi ’s, so that stably itis 52 +1M,_y 5.

Stably there must be differentials from this isomorphically to the 22k+1Mf_k+3 formed
in the paragraph preceding Figure 15.1. As described in the paragraph preceding Fig-
ure 5.11 and illustrated there, we apply (u‘l‘)‘1 to obtain additional differentials. To see
that these differentials are d,«, we observe that the bottoms of the towers in the lower
half of Figure 5.11 are like those of M §+2, while those of the top half are those of Mg_k 3
with filtrations increased by 2X —k —1. Noting that larger subscript of M causes smaller
filtration of generators, we obtain that the difference in filtrations of generators is

2Kk —1—( —k+3)—(=(¢ +4)) =2~
Since the differentials are dx and My_y, ; has its filtrations increased by 2 —k —1,
all classes in My_j, 5 of filtration < k will not be hit. Nor will the z-pairs along the
upper edge until grading 2K+2 4 2, when the final truncation in the second half of the
summands of By , will have occurred.

This covers parts (1), (3), and (4) of Theorem 5.5 when i = 0, completing the proof
in this case, except for some fine tuning.

« We explain the last sentence of part (3) by means of an example. In §4,9, we
have %32C, 4, which is the big dots in the bottom half of Figure 5.11, and the
edges under =*2&, 5 together with differentials involving those subedges. You
should compare the chart for &, 5 in Figure 4.11 with Cy4. Upper edge ele-
ments of &, 5 inject. However, the classes in grading 27 and 28 indicated by
big dots in Figure 4.11 are hit by differentials from 2‘,168g s- The meaning of
the last sentence of part (3) of Theorem 5.5 is that the corrésponding elements
of 2*2Cy 4 are also hit by differentials from Z* ¢/ ..

« We explain Remark 5.6 via an example, 273,7. The first half of the summands
are

IM: < Z8M; M < T1OMJ.
After the indicated d, differentials and a filtration shift of the second half, the
picture will be as in Figure 15.2, where the portion from the first d, is in black
and the second in red. The class in (21,4) is in the Z'* M, part of £'6C,, 5, while
the class in (20, 3) is in the 8’5’7 part of Bj ;.

« The exotic extensions in part (4) of the theorem follow from (14.6) and the
differential from the next-to-top element of one tower to the top of another,
like the ones from grading 52 and 60 in Figure 5.11. The extension and the

SThe difference in the last summand noted in the previous footnote affects &, ,,, but not

Er k-
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exotic 7 extension of Remark 5.7 are nicely visualized in Figure 15.3. With P53
the usual stunted real projective space, Figure 15.3 illustrates the easily-proved
result that the cofiber of P; A bo — P5 A bo equals Z*M A bo v H, where M is
the mod-2 Moore spectrum and H a mod-2 Eilenberg MacLane spectrum. The
diagram shows just the first few gradings of the cofiber sequence, and indicates
the gradings both in the cofiber sequence and the corresponding elements in
Figure 5.11 if filtrations of the bottom part were increased to make the di¢
differential look like a d;.

Figure 15.2. Result from first half of summands of 2?3’7

M@M

AL .

16 20 24 28

Figure 15.3. Cofiber of 2 on P; A bo equals Z*M A bo vV H

4 6 8 4 6 8

56 58 60 56 58 60

So far in this section, we have been dealing with z‘)fk’g. For zifk,g, all summands
are obtained from the corresponding summands of fk’g by increasing superscripts by
i. The effect on edges &, » with e > 1 (which is all that is relevant for B, k.¢)is toincrease
both subscripts by i. To see this, we first observe that all summands, except the last, in
the tableau for &,,; ¢, are obtained from those of £, » by increasing all superscripts
by 1. This is nicely illustrated in (13.1), in which rows 3 and 4 are the summands for
&,.6, while rows 7 and 8 are the summands for &5 ;. That the different possibilities for
the last summand do not affect the edge is discussed in and around Figure 13.1 and
(13.2).

The=*" MY, and 2+ 7, in the middle of the tableau for By are responsible
for parts (1), (3), and (4) of Theorem 5.5. If both superscripts are increased by i, the

2k+1
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filtration shift (2 — k — 1) required in forming Figure 15.1 is unchanged since both
charts have their filtrations changed by the same amount.
The paragraph following Figure 15.1 explains that C  is formed from 8; o Decause

the second half of the summands of fk’f (except the first) are the same as the first
2k=1 summands of 22k+1€2m. Increasing the superscripts to form zifkf causes the
summands to be the same as those of 2" €5+i.00» Which is relevant in Definition 5.3.

The other thing relevant there is the function h;, which is determined by the upper
edge of the stable chart, which will be i units lower.

16. The exact ko .-ku, sequence

In this section, we discuss how the exact sequence (12.2) relating ko,.(K,) and ku,.(K,)
can be used to justify the consistency of our results, and also to obtain additional infor-
mation about ko, (K,). There are three things that make these comparisons somewhat
cumbersome.

(1) ku,(K,) contains filtration-0 elements due to free E;-module summands that
are not part of free A(1)-module summands. These played a significant role in
[11], and also play a significant role in analyzing the exact sequence (12.2). In
Proposition 16.1, we explain exactly where these classes occur in terms of the
A(1)-module summands with chart M I’C which we also denote here as M Il(

(2) We perform much shifting of filtrations in our determination of ko,,(K,). This
is done to improve the appearance of the charts and to make 7 extensions easier
tosee. This causes the ko- and ku-charts to not match up as nicely as one might
like.

(3) When elements of ko, (K,) are involved in the homomorphism 7 and also in a
differential in the ASS of ko,.(K,), that can cause ambiguity regarding filtration
of classes.

Proposition 16.1. The free E;-module summands of the A(1)-module M Il{ have genera-
tors in grading

8j+2 if i=4j+1
8j+3 if i=4j+2
8j+4 if k+i=4j+6
8j+5 if k+i=4j+7.

The A(1)-module NU in Figure 12.1, which is used in forming the charts V, has a single
free E{-module summand, with generator in grading 11.

Proof. The result for Mg is immediate from [13, Figure 2.3]. For each Mlic, itisjusta
matter of drawing the A(1)-module that matches the Ext chart. We illustrate with M;.
The Ext charts for Mg and M; are shown in Figure 16.2, and then the A(1)-module
yielding the Ext chart for My is in Figure 16.3.
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Figure 16.2. Ext charts for MJ and M,.

Figure 16.3. M,.

e

2

Our main example of the exact sequence (12.2) will be for .A;. In Figure 16.4, we
present the ko and ku versions from Figure 3.1 and [8, Figure 2]. The tableau for A3,
from (11.1), is

Vi« 2M) M) < Z'M2.
By Proposition 16.1, the ku version g%; will have additional filtration-0 classes in grad-

ings 3, 12, and 13, which have been incorporated into Figure 16.4.

Figure 16.4. A, and 4237?

A
oL
T

0 8
ko, -version ku,-version

One convenient way of seeing how the exact sequence (12.2) can be used to relate
ko.(X) and ku,(X) is to draw ko,(X) @ ko,(2*X), with differentials for the action of
1. What is left after the differentials should be ku,(X). We have done this for A5 in
Figure 16.5. In order to illustrate difficulty (3) listed at the beginning of this section,
we have also included the classes involved in the d,-differential from 2883,3 to 8;’3.



THE CONNECTIVE KO THEORY OF THE EILENBERG-MACLANE SPACE K(Z/2,2) 75

Figure 16.5. Forming «7; from A; @ 4.

AN

The classes which remain in the left half of Figure 16.5 agree with the left half of
the ku chart in Figure 16.4 except for the filtration of the class in grading 3. The class
in (3,3) in A3 was initially in filtration 0, but had its filtration increased to 3 for rea-
sons discussed prior to Figure 12.2, so this is an example of difficulty (2) in the ko-ku
comparison.

In the right side of Figure 16.5, note that two classes in grading 13 are hitting the top
classin 12, one due to an Adams differential and the other due to the » homomorphism.
If we had removed the classes involved in the Adams differential, it would have looked
like the ku class in grading 13 should have filtration 6. But if we had removed the Ext
classes involved in the 7 homomorphism first, then a filtration-0 class in 13 would be
left, which is where it should be in the ku chart. Similarly, one class in grading 14 can
be considered to have either filtration 1 or 7, depending on whether the 7 is considered
before or after the Adams differential.

So you can see that the exact sequence works, but care is required. For our final
example, we consider B; 4, but in much less detail. We compare Figures 5.1 and 5.2.
Proposition 16.1 will add filtration-0 Z,’s to Figure 5.1 in grading 68, 70, 74, 78, 84, 90,
94, 98, and 100.

We make the following observations:

« Thelightning flash in the middle of Figure 5.2 plus its double suspension with
7 differential exactly gives the v-tower from (81, 0) in Figure 5.1, but with fil-
tration 4 larger.

« One justification for the filtration increases of the middle lightning flash and
the high 7 pair in Figure 5.2 is that the last two classes in the middle lightning
flash and the high # pair are both in im(v‘l‘). This is not the case in the ku
situation for parity reasons.

« One way to see that 7 is nonzero on the class in (88, 0) in Figure 5.2 is that the
element in grading 89 must be in im(7) because it must map trivially in (12.2)
since the ku group is 0 in grading 89.

« Ifthe high z pairin 89 and 90 are lowered to filtration 1 and 2 and the 7 inserted
on the class in (88, 0), the analogue of the analysis like that in Figure 16.5 is
straightforward.
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17. Consequences for Spin manifolds

In this section, we review the relationship of ko, (K,) to Stiefel-Whitney classes and
immersions of Spin manifolds, and prove Theorem 1.1, building on work done by the
author and W.S.-Wilson in [12].

The generalized homology theory associated to the Thom spectrum MSpin has the
property that MSpin, (K(Z,,t)) is the set of cobordism classes of pairs (M, x), where
M is an n-dimensional Spin manifold and x € H'(M,Z,). ([3]) By [1], localized
at 2, bo is a split summand of MSpin, and so ko,,(K(Z,,t)) is a direct summand of
MSpin, (K(Z,,t)). In particular, all of the elements in our calculation of ko,(K;) give
cobordism classes of pairs, an n-dimensional Spin manifold M together with an ele-
ment of H*(M; Z,).

The following result was proved in [11, Theorem 1.2].

Theorem 17.1. Let h : ko,(X) — H.(X;Z,) denote the Hurewicz homomorphism.
There exists an n-dimensional Spin-manifold M with nonzero dual Stiefel-Whitney class
W,,_,(M) if and only if there exists an element a € ko,(K(Z,,t)) such that

(XSq"™" 4, h(@)) # 0.

Here y is the antiautomorphism of the Steenrod algebra, and ¢, is the fundamental class
in Ht(K(Zz, t), Zz)

Dual Stiefel-Whitney classes are important because if w.(M) # 0 for an n-manifold
M, then M cannot be immersed in R"*¢~1, Thus we have the following corollary of
our new result, Theorem 1.1.

Corollary 17.2. The values of n for which there exists an n-dimensional Spin mani-
fold that does not immerse in R?"3, detected by Stiefel-Whitney classes, are exactly all
2-powers > 8.

Proof of Theorem 1.1. It was shown in [12, Theorem 1.2] that a necessary condition
for existence of an n-dimensional Spin-manifold M with w,,_,(M) # 0is ySq" "1, &
im(Sql,qu), and in [12, Theorem 1.3] it was shown that )(Sqn_2 L & im(Sql,Sq2)
if and only if n or n — 1 is a 2-power > 8. It was shown in [7] that )(qum_1 =
S 2€ pe—1 1 pe+l_»o _ 2e pe—1 2
q“ Sq° ---Sq and y Sq =Sq° Sq° ---Sq°.
k+1

Thus y qu T2 L, = L%k. The bottom class of A is dual to 2", This follows from
Definition 10.2 and the definition of ﬁz in Section 11. Since the bottom class of A,
supports a nonzero subgroup of ko,k+1(K;,) for k > 2, its generator gives the desired
element a in Theorem 17.1 when t = 2.

On the other hand, for k > 2, the class of lowest grading in our A(1)-module M,

k

equals y qu P t, mod decomposables. This follows from [13, Theorem 2.2] since

2k+1 1
Sq° - 8q7 6 = Uy,

amultiplicative generAator of H*(K,). By Definition 10.2 and its adaptation to ﬁz, My
occurs at the end of A}. Its class of lowest grading supports a differential. To see this,
note that in Definition 4.18, M}, becomes the ZZkHMg at the end of the sequence
defining 81,1{. (M4 has an additional 22! since 61,k is for A, while ﬁz is for Aj.)

In forming (4.1), 2‘2k+1Mk+2 started as ZZkHMg 4+, but had its bottom cut down by
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differentials k — 2 times, turning it into szHMg. Because of the differential on the

class arising from y Sq2k+2_1 1,, we deduce that when n = 25K*2 + 1 with k > 2, there is
no class that works as o in Theorem 17.1 with t = 2. The case k = 1 follows from the
differential from grading 9 to 8 in Figure 12.9.

Using 4, as an example, in Figure 4.19 the class in grading 33 is the class supporting
the differential discussed here. It started as the 232M‘6’ atthe end of the first row of (13.1)
but became Mg after differentials into the EZSMj preceding it and into the resultant of
the arrow preceding that. Its filtration was increased several times. W

18. ko*(K,)

In this section, we state results regarding ko*(K,) and several duality relationships.
Aswe did for ku*(K,) in [11], we depict charts with ko-cohomology grading increasing
from right to left.

Definition 18.1. We define A, for k > 2 and (Z'Bie)* for1 < k < € to be the

ko-cohomology charts obtained by applying Ext,(1)(Z,, —) to the A(1)-modules ﬁz and
ziﬁz , defined in Section 11, and incorporating differentials and extensions in the ASS,
and filtration increases of the sort used above. Also ﬁ;; = Z_Zkﬂﬂlt and (zifkf)* =
y-2* (z'By.¢)*. We define A} by incorporating d, differentials into Ext,q)(Z,, U @ N),
similarly to Figure 12.9.

The proof of the following analogue of Theorem 1.3 is identical to that of Theorem
1.3, which appeared in Section 11.

Theorem 18.2. There is an isomorphism of ko*-modules

ik~ DB e @ P I0s, r

k>1 i>0 1<k<t i,j>0
plus a trivial ko*-module.

The next two results, which, with Theorem 18.2, determine ko*(K,), are proved in
Section 19.

Theorem 18.3. For any i, there is an isomorphism of ko*-modules
(18.1) (2' Be)* = (24 By p)orrigivaso
where Ziﬁk,g is as determined in Theorem 5.5.

The value of i is irrelevant since (z'+*3, k. )sts (z" B),.. One would usually choose
isothat0 < 4i — ¢ —t < 3. Since ko* = ko_,, the right hand side of (18.1) is a ko*-
module. Since we picture ko*(—) charts with gradings increasing from right to left, the
charts on both sides of (18.1) will look the same. For example, the charts in Figure 5.10
fori = 1, 2, 3 can be interpreted as charts of (z'B34)* for t = 3, 2, 1 if the indicated
gradings x are replaced by 52 — x.

Theorem 18.4. Fort > 1 and ¢ € {1,2}, ﬁ;tﬂ is (221*¢+1 4 8t + 4)-dual to the chart

described as follows. Lete = 2t + 2 —cand € = 4t + 1, and T = 2%*¢*1 4 8t — 2. For
e <e <4t letD = 207%2 — 2042 gp( Jet =Pel , be a modified version of =P ¢!,
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which extends the sequence of lightning flashes or portions thereof through grading T. The
chart is formed from these together with all edges under them with second subscript < ¢,
and including differentials and extensions among these edges and subedges as described
in Theorems 4.10 and 4.20. There are additional differentials on the added lightning
flashes with e’ < e on classes in grading 4 or 5 mod 8. There are additional classes x
and y in positions (T — 1,0) and (T, 0), respectively, and also an element nx = 2y, with
d,(x) # 0. Finally, all of the new classes (except y and those in SZ p ) have exotic extensions
into the classes above them. ’

For k < 2, f[]’i does not quite fit the theorem. In Figures 18.6, 18.7, and 18.8, we
display A7 and fl}j for 2 < k < 5. Keep in mind that fli is always suspended by odd
multiples of 2K+1 in ko*(K,) if k > 2.

Figure 18.5. Forming the end of the 84-dual of /T;‘

66 70

We illustrate the theorem with fl?. It is 84-dual to a chart which we now describe.
For comparison, use Figure 18.8 with grading x replaced by 84 — x. Start with 8;9 in
Figure 4.15 with its last lightning flash completed and followed by one more (in grading
74 to 78). The classes in Figure 4.15 with big dots are hit by differentials, but the ones
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with circles do not support differentials. Next we add 2328:,) o 48 &l and 56 &g o (use

Figure 4.11 with these replaced by Z*¢&) , 20}, and 26482’5)6 extended through
grading 78, which means that the latter two must have lightning flashes completed, and
one additional lightning flash added to 24083’5 in grading 74 to 78. Big dots and circles
in these will all take effect. Also add subedges of all of these with second subscript < 9,
but do not extend them. Add classes x and y asin Theorem 18.4, and insert differentials

and extensions as in Figure 18.5, in which the & ¢ part should be 11 higher.

Figure 18.6. Charts fork <3

Figure 18.7. ﬁz

40 36 32 28 24 20 16 12

®The extra £¥ is due to increasing subscripts by 4.
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Figure 18.8. f@‘

%
!

n/./l.lpper edge should be 7 higher
| | | .
| 1 .
L. .//
[ ]
I U/A [ ] [ ] /.
20 36 32 . 28 24 20 16 12
v
[ ] 1
° : .
28 o,
72 68 64 60 56 52 48 44 40

We close this section by discussing Theorem 1.4, which establishes duality between
ko..(K,) and ko*(K,). Here is the proof of the theorem. Note that [14, Corollary 9.3]
says that R = ko satisfies the hypothesis of [8, Theorem 3.1] with a = 6, while X =
K, has ko, (X) torsion-free by our calculation or by [2], implying Theorem 1.4 by [8,
Theorem 3.1].

Similarly to an observation in Section 9, the actions of -2 and 7 in the Pontryagin dual
appear backwards from the usual interpretation. The duality in Theorem 1.4 applies
to each A,. For example compare Figures 3.3 and 18.8. The actual A5 would have
gradings of each increased by 64. The generator g of (ko6(ﬁ§ )V is the class in filtration
31. Then 2°g is the class in filtration 0, and 5?g # 0. This corresponds to the class in
position (0,0) in Figure 3.3. At the other end of the charts, the class g’ in (66, 0) in
Figure 3.3 of order 4 with g’ # 0 corresponds to the class in (72, 1) in the Pontryagin
dual of Figure 18.8.
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The duality in Theorem 1.4 also applies to each z‘ﬁk,g. Combining Theorems 1.4
and 18.3 yields

(18.2) (Z'Bo)w = (2'By o)+ = (24707 By p ok ygigse

This gives duality relations among z* fk’g charts. For example, for1 <t < 3,leti =2
and obtain

(Z'B34)s ® (2 B3 4)a6—s
an isomorphism as ko,-modules, using the dual action of ko, on the right hand side.
Refer to Figure 5.10. You can observe that the charts for z§3,4 and z3.’§3,4 are 46-dual,
and the chart for z2B; 4 is 46-self-dual. Note how the exotic -2 and 7 extensions be-
tween gradings 32 and 34 in 2253,4 are dual to the nice part of the chart between grad-

ings 12 and 14. Using (18.2) with ¢ = 2¢’ and t = 2i — ¢’, we obtain the following
generalization.

Proposition 18.9. If¢ isevenand t = % mod 2, then z' By ¢ is K2 + 4t + 2¢ — 2)-self-
dual.

19. Proofs of ko*(K,) theorems
In this section, we prove Theorems 18.3 and 18.4. We begin by recalling from [13]
results about Ext4(1)(Z,, —) applied to the A(1)-modules in the splitting of H*(K).

Fork > 4,let M, = Z‘Zk]v[k be the A(1)-module introduced early in Section 11, and
for r > 0 let M} * denote the chart obtained by applying Ext,1)(Z,, —) to 24Pz M,
where zJ]ka =zj zjr]ka is a module defined in [13, Definition 3.3] and D = [ 2/i.
In Figure 19.1, we repeat [13, Figure 4.1], which shows Ml(z* for 5 < k < 7, illustrating
what we hope is an obvious pattern.

Figure 19.1. M,*

4 0 8 4 0 4 0

In [13, Proposition 2a] it is shown that M;* is formed from M]({)’k by increasing all
filtrations by r and extending to the left using v‘l‘—periodicity. See Figure 19.2 for M%*,
formed from the left chart in Figure 19.1. Clearly M]({r+4)* =M -

The tableau for (z‘fk’f)* is obtained from that of z‘fkf by applying * to all the
summands, reversing the order of the list of summands, and reversing the direction of
the arrows. For example, the first (of four) rows of (85 ¢)* is obtained from (15.1) to be

2128M1* - lelMS* 2120M3* - 2113M4*
7 4 4 5
SIRMZ « SIMy SIMZE — 5TMY

The following result says that if i + j + k = 0 mod 4, then the charts Mli{ and MI{*
are (2(i + j + k) — 5)-dual. We illustrate in Figure 19.2.
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Figure 19.2. Dual M5’s.

) °
3 7 11 8 4 0

Proposition 19.3. Let S =i+ j + k. If S = 0 mod 4, then (M}) ~ (Mli*)zs_s_x.

Proof. Firstnotethat M 2* leaves filtration 0 in the same way that M ]‘{ doeswhenk+i =
0 mod 4, by Figures 13.6 and 19.1. Since they have the same k, hence the same maximal
heights, we deduce that if k +i = 0 mod 4, then M l’( and M 2* (drawn cohomologically)
are isomorphic up to grading. Next note that M2, , , M2, , .M}, . and MJ ,, all leave
filtration 0 in grading 11+ 8¢, while, for any k, M,g* does soin grading 0. With S = 8+44¢
and x = 11 4+ 8¢, 2S — 5 — x = 0, so the gradings in the proposition work if i < 3.
Increasing i by 4 adds 8 to where M, leaves filtration 0, so the proposition is true if
j = 0.

’ If the proposition is true for (i, j,.k), then it is true for all (', j, k) with i’ = i mod 4,
since increasing i by 4 suspends M, by 8. Let (i, j, k) be arbitrary withi + j + k =0
mod 4. The proposition is true for (i’,0,k) with i’ = i + j mod 4 and i’ > j. Since
changing (i, j) from (i’,0) to (i’ — j, j) increases filtration by j in both M l’( and M i*, the
proposition is true for (i’ — j, j, k) and hence also for (i, j,k). H

The proof of Theorem 18.3 follows from combining Proposition 19.3 with the obser-
vation preceding it about the tableau for z‘fk,,g. The details are a bit delicate, so we
provide two examples.

The first four terms of the tableau for (z! B s9)" are

legM’(71+t)* - 2121M§S+t)* 2120M‘(‘3+t)* - Z:1131\424+t)>1<.
By Proposition 19.3, this is isomorphic to

(ME 155 = (M) Dag—sc (M Daz—s = MI ™ Na0-s
This could also written as
EME ) 156 — E3M] 156 (EOMY Disos < (EOMI )56,

which are the first four terms of the tableau for (z3_‘2?5,9)156_* (see (15.1)), consistent
with Theorem 18.3.

For a more general verification, we compare dual terms in (11.4). The (2i+1)st term
in the first half of the tableau for (z! 3 k)t is

82K i 1)48 p fA QKT —1—i+ D=1+t \s _ 2k+2_gj p ck—2—a(i—1)+14
z (M4+v(2k—1—1—i+1) =2 (M4+V(i) )"

Since a(i) = a(i — 1) + 1 — v(i), Proposition 19.3 implies that this equals
(19.1)
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where j is chosen so that —k — ¢ + a(i)+ 1+ 4j > 0. The (2i + 1)st term in the first
half of the tableau for (z* =~ By )yjerzygj 14 IS

8i+1 4 o —k+a()+1+4j—C—t
(= M4+v(i) )2k+2+8j+4—*'

With a little manipulation, this equals (19.1).

Proof of Theorem 18.4. It is easy to verify, using Proposition 19.3, that the tableau

for ﬁ;tﬁ is (2°'**1 4 8t + 4)-dual to that of &), _, .., except at the right end. We

illustrate with ﬁ;‘. We write each row of the tableau for Sg o directly beneath that of

Az, and observe the 84-duality, since 84 = 65 + (2 - 12 — 5).

264M(7)* - ZS7M2* 256M§* - 249M;* Z4SM;* - Z41Mi* Z4OM1* - 233M62*
5,9 6,7 6,8 7,8
(19.2) M3 ESEMY MO LSME SUMSESEME IBM] S sRM

ZEMY « EPMY EEMLF < SVME SOMY — M S3MYF < Vi
6,9 7,8 7,9 8,9
33016 2540015 A1pg7 548 r5 49017 556 3 16 57Tpr8 - 52647370
(19.3) Z3MS < x0M; MM SEBME O EPMIEEOMS ME S,

The chart V} is formed from Ext,;y(Z,, Z, ® Z~NU) with d**! differentials, sim-
ilarly to V. discussed early in Section 12. The module NU is shown in Figure 12.1,
and Exty1)(Z5, =78NU) is easily calculated to be the black part of Figure 19.4, which
includes Exty(1)(Z;, Z,) inred, and a dS differential, relevant for V:. The right side of
Figure 19.4 shows the result after filtrations are increased to make the differential a d!.
Except for the classes in grading 6 and 7, it looks like a Moore spectrum M(2K~1). The
7 extension from —2 to —3 follows from (12.1).

Figure 19.4. Forming V:

N

A

7 1 -3

4
[e X
—
|

w

We illustrate the proof using k = 5, but the argument clearly generalizes. It seems
easiest to use the gradings of 8;,9 and dualize (84— x) the gradings of A;. Until the end
part of their tableaux (V} or =M ?l), the charts and differentials in forming ﬁ; and
& ;’9 are the same. In Figure 19.5, we compare V; (with the dual gradings) and oM (1)1.
Note especially that their lower edges agree in grading > 83.
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Figure 19.5. Comparing V; and £%M!

643 70
Ve (dualgradings},/g'. M7

Y S

77 83 87 67 71 75 79 83 87

In forming &’ Lo the 264M?, will be modified four times, to ®Z64M ?o’ then ®3£My, 0

then ®7£My, and finally (1315264M 9 by having its lower edge hita hghtmng flash w1th
ad!. These hghtmng flashes are first 257M$, then the result of the 2 preceding it, then
the result of the first two arrows of the second row of (19.3), and finally the result of
the arrows in the second row of (19.2). This hitting into lightning flashes will also take
place in forming A%, each time reducing the M(2*) by one 2-power, until after four
such d’s, it has vanished (except for the classes in 77 and 78).

The difference between forming Eg’g and ﬁ;‘ is that prior to grading 83 these four
stable lightning flashes, which in forming S;’g were interacting with parts of the modi-

fications of % M7,
A* as extensions of sequences of lightning flashes that were modlﬁed in forming &7 ¢

Begmmng in grading 82, they are terminated. The differentials and extensions among
these lightning flashes follow for many reasons: vf—periodicity from earlier ones, com-

parison with ku, or Toda bracket arguments. W

have nothing to interact with in forming /T* So they are present in

20. Appendix: Notation and some terminology

In this appendix, we list our specialized notation and a few items of terminology, in
roughly alphabetical order.

Ay §1 summand of ku*(K5)

Ay §1 ko, analogue of A;

A §2, Thm.4.1 22 g,

), §1, §12 ku, analogue of A

Ay §13.3 2 o,

Ay Def.18.1 ko* analogue of A,

A Def.18.1 =2

A, Def.10.2 E;-submodule of H*(K,) corresponding
to Ay

/TZ §10 A(1)-module analogue of A,

A1) §10 subalgebra of Steenrod algebra
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a(n)
ASS

ge,f

!
ge,f

E, page

fp®

H*(-)
Iy
J(k, i)

§1
§1
§1
§4

§1, §4
§4
Def.10.2

§10

§9

§11
Def.10.1
Def.5.3

§8

§8

§3, Thm.7.6
Def.4.8

§8

§7, 89
§2

Thm.7.6, Table 1

Def.14.1
§9

§11
Def.5.3
§8
Def.7.1
Def.10.1

generated by Sq1 and qu

number of 1’s in binary expansion of n

2-primary Adams spectral sequence

summand of ku*(K5)

summand of ku*(K,) corresponding to
two By’s and Sy ¢

ko, analogue of By ,

5-20+2 By,

E;-submodule of H*(K;) corresponding
to By ¢

A(1)-submodule of H*(K,) corresponding
to By ¢

ith generator or v-tower from bottom of an
E;-module M

complexification ko — ku

a certain E;-submodule of H*(K)

a chart which appears in z' B ,

differential in ASS for ku*(K,), increasing
ybyr

differential in ASS for ku,(K,), increasing
ybyr

edges which form ko, (K,) and ko*(K,)

pre-edges: &, ¢ prior to certain differentials

subalgebra of Steenrod algebra generated
by Qo and Q;

the initial stage of a spectral sequence

nonzero element of ko, (corresponds to
Hopf map)

function telling how many classes hit by
differentials

increases filtration of a chart by i

exterior algebraon {y; : i > k}

elements in Ext corresponding to 2 and 7

a height function

cohomology with Z, coefficients

&1k in grading < 8

a useful function

85
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K,
ko,
ko*
ku,
ku*
Kie(x,y)
L(8a)
Li(x,)
Ay
lg(®)

lightning flash

i
Mk

stably M,
M(n)
MSpin
N

NU

v(n)

p
pre-edge
MV
q
Qo

Q:
R
Zi

§1
§1

§1

§1

§1
Def.7.4
§13.1
Def.7.1
§8
Thm.7.3

§8
§9

§10
§10

§3

§15

§13.2

§18

Def.4.5
Def.4.7, §13
Def4.18, §12
§16

Figure 9.4

§10

§9

§10

Def.4.8

§1, §8, §17
§8

§8

§8

§6
throughout

DONALD M. DAVIS

Eilenberg-MacLane space K(Z,, 2)

connective KO homology

connective KO cohomology

connective KU homology

connective KU cohomology

charts depicted in Figure 7.5

label of W84=7 « Ww8a

charts depicted in Figure 7.2

exterior algebraon {z; : i > k}

[log,(0)]

a frequently-occurring chart with 6 classes

E;-modules from [11]

ku* chart for the module M,

A(1)-module corresponding to My,

=2 M,

ko, chart for M, with filtrations
decreased by i

A(1)-module with chart M;

ku analogue of the chart M,

ko-cohomology analogue of M,

M;, with 0 or 1 classes adjoined

the behavior of any M ]’C in large gradings

mod n Moore spectrum or ko,.(M(n))

Spin cobordism spectrum

an E;-module which admits structure
of A(1)-module

an A(1)-module corresponding to the
E;-module y; N

the exponent of 2 in n

the Poincaré series of a graded vector space

generic term for &’
et

The Pontryagin dual, Hom(M, Z/2%), of M

an element of H(K,)

another name for Sql

the Milnor primitive Sq3 + Sq2 Sq1
ko, in grading 0, 1, and 2

i-fold suspension, raises grading by i
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i

Sq

v-tower

References

§10, §13.2, §16

§1
§9

§10
§8

§1, §8

§3

Def.4.18
Thm.1.1,17.1
§13.1

§13.1

§16

§8
§9

§9

§1

§8, §9

§9

§9

§10

§4

§1, §4, §10
§4, §10, §14
§17

§17
Def.10.1

generators of the Steenrod algebra

a factor of summands of ku*(K,)

ith generator or v-tower from top of an
E;-module M

A(1)-module corresponding to y;

generator of ku=2 or ku,; Bott periodicity
element

portion of a ku* or ku,, chart consisting of
elements v'x

filtration-4 element of kog; Adams
periodicity element

initial step in forming &

dual Stiefel-Whitney classes

>"M term in a tableau

W" with subscript of M decreased by i

the antiautomorphism of the Steenrod
algebra

element of H*(K,)
2k-1
1 .
term in Cj containing y{ as factor

group of order 2

an element of H2 " +2(K,)

ZiZZi+1 "t Zj-1

ZkZ+1 " Z¢—1

=zj, -+ 2; My is an A(1)-module from [13]

3

product of i distinct =2z ’s

j
chart like By , but built from M Z,Hi
Z_Zf+2 ZlBk p

ko* analogue of z' By
ko* analogue of z' B,

z; where n = Y 2Ji
i
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