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Lie superalgebra invariants and
almost classical knots

Micah Chrisman and Anup Poudel

Abstract. A virtual link is said to be almost classical (AC) if it has a homo-
logically trivial representative in some thickened surface Σ×[0, 1], where Σ is
a closed orientable surface. Since AC links bound Seifert surfaces, they pro-
vide a useful window for observing the geometric topology of virtual knots.
Here we take a different approach and look at AC links through the lens of
quantum topology. Two adjustments are needed to the existing theory. First,
it is necessary to generalize the definition of AC to include virtual tangles
and, in particular, virtual braids. Secondly, to distinguish AC and non-AC
tangles, the additional structure of quantum supergroups is required. For
each Lie superalgebra 𝔤𝔩(𝑚|𝑛), we define a pair of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) Reshetikhin-
Turaev functors 𝑄𝑚|𝑛, 𝑄𝑚|𝑛◦� on framed virtual tangles. Here � denotes
the Bar-Natan �-construction. These functors unify the Alexander polyno-
mial (AP) of AC links and the generalized Alexander polynomial (GAP) of
all virtual links into a single quantum model: 𝑄1|1 recovers the AP of an AC
link and for any virtual link 𝐾, 𝑄1|1◦�(𝐾) is the 2-variable GAP. However,
when (𝑚, 𝑛) ≠ (1, 1), these invariants are generally distinct from the AP and
GAP. Furthermore, in contrast to the classical case, they are not determined
by𝑚−𝑛. For example, there are virtual knots with trivial GAP but nontrivial
𝑈𝑞(𝔤𝔩(2|2)) and 𝑈𝑞(𝔤𝔩(3|3)) invariants.

Silver and Williams proved that the GAP vanishes on all AC links. Our
main result is a generalization of this theorem to almost classical tangles and
the𝑈𝑞(𝔤𝔩(𝑚|𝑛))Reshetikhin-Turaev functors. We prove that if 𝑇 is an almost
classical tangle, then 𝑄𝑚|𝑛◦�(𝑇) is conjugate to 𝑄𝑚|𝑛(𝑇), with conjugation
determined by an Alexander numbering of 𝑇. The Silver-Williams theorem
is then obtained for an AC link 𝑇 by setting 𝑚 = 𝑛 = 1.
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1. Introduction
1.1. Background. Given any semisimple Lie algebra 𝔤, Reshetikhin and Tu-
raev showed that for every irreducible representation of its quantum group
𝑈𝑞(𝔤), an invariant of framed links in 𝕊3 can be derived [RT90]. For example,
the Jones polynomial is recovered as the 𝑈𝑞(𝔰𝔩(2)) Reshetikhin-Turaev invari-
ant. Kauffman and Saleur identified the Alexander polynomial (AP) with the
quantum invariant arising from the vector representation of the non-semisimple
Lie superalgebra 𝔤𝔩(1|1) [KS91]. Links, Gould, and Zhang extended and uni-
fied these approaches by defining Reshetikhin-Turaev invariants for each irre-
ducible representation of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) [LGZ93] (see also Zhang [Zha02]).

In Kauffman-Saleur [KS92] and Jaeger-Kauffman-Saleur [JKS94], the 𝔤𝔩(1|1)
quantum invariant was extended to a 2-variable polynomial invariant of links in
thickened surfaces Σ × [0, 1], where Σ is closed and oriented. Soon afterwards,
Kauffman discovered virtual knot theory, which provides a systematic way of
studying links in thickened surfaces using diagrammatic methods [Kau99]. In
particular, the JKS-polynomial is a virtual link invariant (Sawollek [Saw01]).
Silver and Williams furthermore showed that the JKS-polynomial is equivalent
to the generalized Alexander polynomial (GAP) [SW03], which is instead con-
structed from the elementary ideal theory of a certain extension of the funda-
mental group [SW00, SW06]. Since then, the JKS-polynomial has been shown
to arise in many different guises (see e.g Kauffman-Radford [KR03], Manturov
[Man02], Crans-Henrich-Nelson [CHN13], Boden et al. [BDG+15]). Hence-
forth, all equivalent versions will be referred to as the GAP.

The most well-known application of the GAP, proved by Silver-Williams in
[SW06], is that it vanishes on any almost classical (AC) link. Recall that a virtual
link is said to be almost classical if it can be represented by a homologically
trivial link in some thickened surfaceΣ×[0, 1]. Equivalently, a virtual link is AC
if it has a diagram with an Alexander numbering. Note that every classical link,
viewed as a link in 𝑆2 × [0, 1], is almost classical. The Silver-Williams Theorem
can then be viewed as a generalization of the result of Jaeger-Kauffman-Saleur
that the JKS-polynomial vanishes on all classical links [JKS94]. More recently,
the GAP was shown to be trivial on any virtual link that is merely concordant
to an almost classical link [BC21]. This implies, in particular, that the GAP is a
slice obstruction for virtual knots.

AC links have been studied independently of the GAP in many different
ways. Since a homologically trivial link in Σ × [0, 1] bounds a Seifert surface, it
is natural to study them using techniques from geometric and low-dimensional
topology. The standard method is to take the Seifert surface definition of a clas-
sical link invariant and apply this to homologically trivial links in Σ×[0, 1]. Im-
portantly, AC links have an Alexander polynomial that can be defined in this
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way (Nakamura et. al [NNST12], Boden et al. [BGH+17]). Other examples in-
clude Levine-Tristam signatures, the Gordon-Litherland pairing, the Arf invari-
ant, and the algebraic concordance group [BCG20, BCK22, CM23]. In parallel
with the classical case, every concordance class of AC knots contains both a
prime hyperbolic AC knot and a prime satellite AC knot with the same Alexan-
der polynomial [Chr21]. Non-geometric methods have also been used to study
AC links; some examples are quandles (see e.g. Carter et al. [CSW+09]) and
skein-theoretic invariants (see e.g. Miller [Mil23]).

Although the AP and the GAP have been extensively studied using topolog-
ical and group-theoretic methods, a common origin in quantum topology has
not been fully worked out. Furthermore, the behavior of quantum invariants
on AC links is generally unknown. The aim of this paper is to give a unified
quantum model for the AP and the GAP, and extend this model to the family of
quantum supergroups 𝑈𝑞(𝔤𝔩(𝑚|𝑛)). Using this unified and expanded model,
the AC property can be studied all at once for a large family of quantum invari-
ants. In addition, this approach will allow almost classicality to be explored in
two new directions. First, we will extend the definition of AC to include virtual
tangles and braids. Secondly, we obtain infinitely many generalizations of the
GAP, one for every quantum supergroup 𝑈𝑞(𝔤𝔩(𝑚|𝑛)). Each such generalized
GAP obstructs almost classicality in the appropriate category of virtual tangles.

1.2. A pair of Reshitikhin-Turaev functors. Our main tool for studying AC
links, and eventually AC tangles, will be the Bar-Natan �-construction. In or-
der to describe our results, we begin by briefly recollecting its essential features.
Full details are given in Section 2.3 ahead. Let𝐿 be a virtual link diagram having
𝑟 components. The Bar-Natan �-construction associates to 𝐿 an 𝑟 + 1 compo-
nent virtual link diagram �(𝐿) = 𝐿∪𝜔, where𝜔 is an over-crossing unknotted
component. The new link 𝐿 ∪ 𝜔 is well-defined up to a relation called semi-
welded equivalence. If 𝐿 is almost classical, then �(𝐿) is semi-welded equiva-
lent to the split link 𝐿 ⊔ ○. Moreover, the splitting of �(𝐿) characterizes the
AC property ([CT25], Corollary 3.3.6).

A clue that the �-construction is the right tool for our purposes comes from
the GAP itself. Indeed, the GAP of a virtual knot can be defined as the usual
multi-variable Alexander polynomial of �(𝐿) [BC21]. Our quantum invariants
are likewise defined by factoring through the �-construction. The initial step
is to define a 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) Reshetikhin-Turaev functor

𝑄𝑚|𝑛 ∶ 𝒱𝒯𝑓𝑟,𝑟𝑜𝑡 → Vectℂ(𝑞)

from the category 𝒱𝒯𝑓𝑟,𝑟𝑜𝑡 of virtual tangles to the category of vector spaces
over the field ℂ(𝑞). This virtual 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor is analogous to the
𝑈𝑞(𝔤𝔩(𝑚|𝑛)) Reshetikhin-Turaev functor of classical framed tangles. Note that
in the virtual case, there is always a necessary additional framing corresponding
to virtual curls (Kauffman [Kau99], Brochier [Bro19]). We denote this with the
superscript rot for rotational. Next, to incorporate the �-construction, 𝑄𝑚|𝑛 is
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extended to the category 𝒮𝒲𝒯𝑓𝑟,𝑟𝑜𝑡 of semi-welded tangles. This gives a func-
tor 𝑄𝑚|𝑛 ∶ 𝒮𝒲𝒯𝑓𝑟,𝑟𝑜𝑡 → Vectℂ(𝑞,𝑤). The extra variable 𝑤 in the field ℂ(𝑞,𝑤)
corresponds to the extra component 𝜔 from the �-construction. Lastly, the
�-construction is made into a functor � ∶ 𝒱𝒯𝑓𝑟,𝑟𝑜𝑡 → 𝒮𝒲𝒯|𝑓𝑟,𝑟𝑜𝑡𝛼 . The tar-
get category 𝒮𝒲𝒯|𝑓𝑟,𝑟𝑜𝑡𝛼 is a quotient of 𝒮𝒲𝒯𝑓𝑟,𝑟𝑜𝑡 which is needed to make �
into a well-defined monoidal functor. Our extended 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor is the
composite:

𝒱𝒯𝑓𝑟,𝑟𝑜𝑡 � // 𝒮𝒲𝒯|𝑓𝑟,𝑟𝑜𝑡𝛼
𝑄𝑚|𝑛 // Vectℂ(𝑞,𝑤) .

Applying this to virtual link diagrams and deframing in the usual manner, we
thereby obtain a virtual𝑈𝑞(𝔤𝔩(𝑚|𝑛)) polynomial𝑓𝑚|𝑛𝐿 (𝑞) (from𝑄𝑚|𝑛) and a gen-
eralized𝑈𝑞(𝔤𝔩(𝑚|𝑛)) polynomial𝑓𝑚|𝑛

𝐿 (𝑞, 𝑤) (from𝑄𝑚|𝑛◦�). As will be shown,
𝑓𝑚|𝑛
𝐿 (𝑞, 𝑤) generalizes 𝑓𝑚|𝑛𝐿 (𝑞) in the same way that the GAP generalizes the

AP.

1.3. AC tangles & the Silver-Williams Theorem. In Section 4.1, we give a
definition of AC tangles which restricts to the usual definition for virtual links
𝑇 when 𝑇 is considered as a morphism ∅ → ∅. The definition is also com-
patible with tensor products and composition: if 𝑇1, 𝑇2 are AC, then 𝑇1 ⊗ 𝑇2
is AC and 𝑇1◦𝑇2 is AC whenever the composition is sensible (more precisely,
see Theorem 4.3). In Section 4.2, we give a characterization theorem of the �
functor in terms of AC tangles. This generalizes the characterization of the �-
construction for virtual links from [CT25]. When applied to the pair of functors
𝑄𝑚|𝑛◦�(𝑇) and 𝑄𝑚|𝑛(𝑇), we obtain the following result.

Theorem A. If 𝑇 ∶ 𝑎 → 𝑎 is an almost classical tangle diagram, then𝑄𝑚|𝑛◦�(𝑇)
is conjugate to 𝑄𝑚|𝑛(𝑇), with conjugation depending only on a Alexander num-
bering of 𝑇.

As will be explained in the next subsection, this recovers the Silver-Williams
Theorem when 𝑚 = 𝑛 = 1 and 𝑇 ∶ ∅ → ∅ is an AC link. The general case,
however, provides new information. Consider, for example, the virtual braid
group 𝑉𝐵𝑁 on 𝑁 strands. For each 𝑚, 𝑛, 𝑄𝑚|𝑛◦ � defines a representation
𝜌𝑚|𝑛𝑁 ∶ 𝑉𝐵𝑁 → 𝐺𝐿((𝑚 + 𝑛)𝑁 , ℂ(𝑞, 𝑤)). By the above theorem, if 𝑄𝑚|𝑛◦�(𝛽)
and 𝑄𝑚|𝑛(𝛽) are not conjugate for some 𝛽 ∈ 𝑉𝐵𝑁 , then 𝛽 is not AC. Further
applications of Lie superalgebra invariants to AC links are given in a separate
paper [CDP25], joint with K. Davis. For instance, a generalization of the ex-
tended𝑈𝑞(𝔤𝔩(2|1)) Reshetikhin-Turaev functor is used to prove that the Seifert
genus of AC knots is not additive under the connect sum operation.

1.4. Application: the AP and the GAP. In [Saw01], Sawollek proved that
the GAP satisfies a skein relation analogous to that of the classical AP. Further-
more, it was proved that for the set of all virtual links, the AP defined from the
fundamental group does not satisfy any linear skein relation. Much later, Bo-
den et al. [BGH+17] proved that when restricting to the family of AC links, the
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Alexander polynomial ∆𝐿(𝑡) does in fact satisfy the expected skein relation. A
unified quantum model for the AP and the GAP must reconcile these two skein
relations for all virtual links.

The key to this reconciliation lies in a well-known fact about Lie superalge-
bra quantum invariants of classical links. For any classical link, the𝑈𝑞(𝔤𝔩(1|1))
quantum invariant is always trivial. To obtain the Alexander polynomial, one of
the components must be cut so that the link becomes a 1-1 tangle (see Kauffman-
Saleur [KS91] or Sartori [Sar15]). This is the modified trace argument (Geer–
Patureau-Mirand [GPM10]). Since our 𝑈𝑞(𝔤𝔩(1|1)) Reshetikhin-Turaev func-
tors apply to all virtual tangles, this argument can now be generalized to virtual
links. For the AP we show that if 𝐿 is AC and 𝑇 is a 1-1 AC tangle whose closure
is𝐿, then𝑄1|1

𝑇 (𝑞, 𝑤) = 𝑄1|1
𝑇 (𝑞) is equal to∆𝐿(𝑞−2)⋅𝐼2 (up to units), where 𝐼2 is the

2×2 identity matrix (Theorem 6.9). Moreover, the virtual𝑈𝑞(𝔤𝔩(1|1)) invariant
defines an AP for all 1-1 virtual tangles. For the GAP,𝐺𝐿(𝑠, 𝑡), of any virtual link
𝐿, the generalized𝑈𝑞(𝔤𝔩(1|1)) polynomial 𝑓 1,1

𝐿 (𝑞, 𝑤) is equal to 𝐺𝐿(𝑞−2𝑤−1, 𝑤)
(Theorem 6.4).

Given these identifications, Theorem A can now be seen as a generaliza-
tion of the Silver-Williams Theorem to all 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) and all AC tangles. In-
deed, for any virtual link 𝐿, 𝑓 1|1

𝐿 (𝑞) = 0 for purely algebraic reasons. Theo-
rem A implies that for any AC link, 𝑓 1|1

𝐿 (𝑞, 𝑤) and 𝑓1|1𝐿 (𝑞) are conjugate. But
𝑓 1|1
𝐿 (𝑞, 𝑤) ∈ ℂ(𝑞, 𝑤), so that 𝑓 1|1

𝐿 (𝑞, 𝑤) = 𝑓1|1𝐿 (𝑞) = 0 when 𝐿 is AC. This is
exactly the Silver-Williams Theorem.

The unification of the AP and GAP is facilitated by two features of our
𝑈𝑞(𝔤𝔩(𝑚|𝑛)) Reshetikhin-Turaev functors which are new to quantum invari-
ants of virtual links. First, recall that the GAP is typically constructed from
the generalized Burau representation of a virtual braid (see e.g. Kauffman-
Radford [KR03], Gügümcü-Kauffman [GK21]). Here, we instead use the �-
construction, which is characterized by its behavior on AC links. In our case,
the generalized Burau representation is not a definition but a theorem which
arises as an easy consequence of the �-construction (see Lemma 6.3). The
second new feature is our virtual braiding. Instead of the usual switch map
𝑥⊗𝑦 → 𝑦⊗𝑥, we use a deformation which is more natural with respect to the
classical Burau representation. This is needed so that for any 1-1 virtual tangle,
the virtual 𝑈𝑞(𝔤𝔩(1|1)) invariant is a scalar multiple of the identity matrix 𝐼2.
This is not true with the usual switch map.

1.5. Examples & conjectures. The skein relation for the 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) poly-
nomial depends only on𝑚−𝑛 (see Theorem 5.8). This implies that 𝑓𝑚1|𝑛1

𝐿 (𝑞) =
𝑓𝑚2|𝑛2
𝐿 (𝑞) whenever 𝐿 is classical and 𝑚1 − 𝑛1 = 𝑚2 − 𝑛2. This is a well-

known fact about Lie superalgebra invariants of classical links (see e.g. Quef-
felec [Que19]). However, this is not true in general when 𝐿 is non-classical.
In Section 7, examples are given of virtual knots having the same generalized
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𝑈𝑞(𝔤𝔩(1|1)) polynomial (and hence the same GAP), but with different general-
ized 𝑈𝑞(𝔤𝔩(2|2)) and 𝑈𝑞(𝔤𝔩(3|3)) polynomials. In particular, it will be shown
that the polynomials 𝑓𝑚|𝑛

𝐿 (𝑞, 𝑤) can detect non-AC rotational links in cases
where the GAP is trivial. Examples of virtual links having the same𝑈𝑞(𝔤𝔩(2|0))
polynomials but different 𝑈𝑞(𝔤𝔩(3|1)) polynomials are also given.

As previously mentioned, the generalized 𝑈𝑞(𝔤𝔩(1|1)) polynomial is a slice
obstruction for virtual knots [BC21]. It is reasonable to hope that this is also
true of the generalized 𝑈𝑞(𝔤𝔩(𝑚|𝑚)) polynomials for all 𝑚 ≥ 1. Some com-
putational evidence will be given in favor of this conjecture in Section 7.6. We
show that for the thirteen slice virtual knots up to 4 classical crossings, the poly-
nomials 𝑓𝑚|𝑚

𝐿 (𝑞, 𝑤) are trivial for 1 ≤ 𝑚 ≤ 5. Assuming the conjecture is true
for 𝑚 = 2, we show that the virtual knots 6.31445 and 6.62002 from Green’s
table [Gre04] are not slice. These virtual knots have vanishing graded genus,
Rasmussen invariant, GAP, and extended Milnor invariants up to high order
[Chr22]. To our knowledge, no prior slice obstructions for these knots have
been reported.

1.6. Organization. Section 2 reviews virtual tangles, almost classical links and
the �-construction. The categories 𝒱𝒯 of virtual tangles and 𝒮𝒲𝒯 of semi-
welded tangles are defined in Section 2.4. The virtual𝑈𝑞(𝔤𝔩(𝑚|𝑛)), semi-welded
𝑈𝑞(𝔤𝔩(𝑚|𝑛)), and � functors are defined in Section 3. Almost classical tangles
are studied in Section 4.1. With these preparations, the generalized𝑈𝑞(𝔤𝔩(𝑚|𝑛))
polynomials are finally defined in Section 5. Theorem A is proved in Section
5.1. Recovery of the Alexander and generalized Alexander polynomial takes
place in Section 6. Calculations and examples appear in Section 7.

In this paper, tangles in figures are oriented from bottom to top. To save
vertical space in some figures, the tangles have been rotated clockwise by 𝜋∕2.
Figures where this has been done are marked with a↺ to indicate the corrective
action that should be taken by the reader.

2. Diagrammatic preliminaries
2.1. Virtual links, braids & tangles. A virtual link diagram is an oriented
link diagram which, in addition to the usual positive or negative crossings, may
also have a virtual crossing (see Figure 1). All diagrams here are oriented. A
virtual link diagram with no virtual crossings is said to be a classical link di-
agram. Virtual link diagrams are said to be equivalent if they are related by
a finite sequence of extended Reidemeister moves (see Figure 2). An equiva-
lence class of virtual link diagrams will be called a virtual link type. If 𝐿1, 𝐿2 are
diagrams having the same virtual link type, we write 𝐿1 ⇝ 𝐿2. A virtual link
diagram having the same type as a classical link diagram is said to be classical.
By a framed virtual link type, we mean an equivalence class generated by the set
of relations shown in Figure 2, where the 𝑅1 move is replaced with the move
𝑅𝑓𝑟1 (see Figure 4).
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Figure 1. Elementary virtual tangles.

A virtual tangle diagram is likewise a tangle diagram which may also have
virtual crossings. Given the usual operations of tensor product ⊗ (horizontal
juxtaposition) and composition ◦ (vertical stacking), virtual tangle diagrams are
generated by the elementary virtual tangles shown in Figure 1. The equivalence
relation on virtual tangles is generated by the classical tangle moves (see Figure
6 ) and the virtual tangle moves (see Figure 7). Every virtual link diagram may
be represented as a composition of elementary virtual tangles and virtual link
diagrams having the same type yield equivalent virtual tangle diagrams (Petit
[Pet22]).
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Figure 2. The classical and extended Reidemeister moves.

A virtual braid on 𝑁 strands is a braid on 𝑁 strands where, in addition to
the classical crossing generators 𝜎±𝑖 , 1 ≤ 𝑖 ≤ 𝑁 − 1, there are generators 𝜒𝑖,
1 ≤ 𝑖 ≤ 𝑁 − 1, in which the 𝑖-th and (𝑖 + 1)-st strand have a single virtual
crossing. See Figure 3. If 𝛽1, 𝛽2 are 𝑁-strand virtual braids, 𝛽2◦𝛽1 denotes the
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stacking of 𝛽2 atop 𝛽1. The virtual braid relations are then given by:

(Classical Relations)
⎧

⎨
⎩

𝜎𝑖𝜎−1𝑖 = 𝜎−1𝑖 𝜎𝑖 = 1
𝜎𝑖𝜎𝑗 = 𝜎𝑗𝜎𝑖 if |𝑖 − 𝑗| > 1

𝜎𝑖𝜎𝑖+1𝜎𝑖 = 𝜎𝑖+1𝜎𝑖𝜎𝑖+1
, (2.1)

(Virtual Relations)
⎧

⎨
⎩

𝜒2𝑖 = 1
𝜒𝑖𝜒𝑗 = 𝜒𝑗𝜒𝑖 if |𝑖 − 𝑗| > 1

𝜒𝑖𝜒𝑖+1𝜒𝑖 = 𝜒𝑖+1𝜒𝑖𝜒𝑖+1
, (2.2)

(Mixed Relations) { 𝜎𝑖𝜒𝑗 = 𝜒𝑗𝜎𝑖 if |𝑖 − 𝑗| > 1
𝜎𝑖𝜒𝑖+1𝜒𝑖 = 𝜒𝑖+1𝜒𝑖𝜎𝑖+1

. (2.3)

The virtual braid group on 𝑁 strands will be denoted 𝑉𝐵𝑁 . In figures, virtual
braids will be oriented upwards and the strands are numbered left to right from
1 to 𝑁. For 𝛽 ∈ 𝑉𝐵𝑁 as in the left of Figure 5, its closure is the virtual link
shown in Figure 5, right. The partial closure 𝛽′ of beta is the 1-1 tangle shown
in Figure 5, center. Note that every virtual link type can be represented as the
closure 𝛽 of some virtual braid 𝛽 (S. Kamada [Kam07]).

𝑛𝑖 + 1𝑖1

𝜎−1𝑖

𝑛𝑖 + 1𝑖1

𝜎𝑖

𝑛𝑖 + 1𝑖1

𝜒𝑖

Figure 3. The generators of the virtual braid group 𝑉𝐵𝑛.

𝑅𝑓𝑟1 :

𝑉𝑅𝑟𝑜𝑡1 :

Figure 4. The framing relation and rotational relation.

For quantum invariants, it is also necessary to study the category of rotational
virtual tangles [Kau99, Kau15]. The rotational equivalence relation is gener-
ated by replacing the move 𝑉𝑅1 with the move 𝑉𝑅𝑟𝑜𝑡1 (see Figure 4). The 𝑉𝑅𝑟𝑜𝑡1
move should be interpreted as a virtual framing relation. The virtual framing
relation was given a geometric interpretation by Brochier [Bro19], who showed
that there is a one-to-one correspondence between virtual link diagrams and
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link diagrams on framed surfaces embedded into ℝ3. If, in addition to the re-
placement of 𝑉𝑅1 with 𝑉𝑅𝑟𝑜𝑡1 , we replace 𝑅1 with 𝑅𝑓𝑟1 , we have the category of
framed rotational virtual tangles.

β β β

A virtual braid 𝛽 … … its partial closure 𝛽′ … … and its closure 𝛽.

Figure 5. The closure and partial closure of a virtual braid 𝛽.

2.2. Almost classical links. For our purposes, the most useful definition of
an AC link is the original one (Silver-Williams [SW00]). Let 𝐿 be a virtual link
diagram. An arc of 𝐿 is a path on the diagram between one classical under-
crossing and the next. A partial arc of 𝐿 is a path between two adjacent classical
crossings. Note that virtual crossings are ignored when determining the arcs
and partial arcs of a virtual link diagram. If 𝒮 is the set of partial arcs of 𝐿, an
Alexander numbering of 𝐿 is a function Γ ∶ 𝒮 → ℤ such that the assignment
obeys the rule shown in Figure 8 at every classical crossing of 𝐿. If 𝐿 has an
Alexander numbering, then 𝐿 is said to be Alexander numerable.

Definition 2.1 (Almost classical link). A virtual link type 𝐿 is said to be almost
classical (AC) if 𝐿 has an Alexander numerable diagram.

As mentioned in Section 1.1, an equivalent definition can be given in terms
of links in thickened surfaces. Recall that every virtual link diagram can be
represented by a link diagram on a closed oriented surface (see Carter-Kamada-
Saito [CKS02]). A virtual link type 𝐿 is almost classical if and only if it has a
diagram 𝐷 on a surface Σ such that [𝐷] = 0 ∈ 𝐻1(Σ;ℤ). Consequently, a link
ℒ ⊂ Σ × [0, 1] with diagram 𝐷 bounds a Seifert surface 𝐹 in Σ × [0, 1]. An
algorithm for drawing such virtual Seifert surfaces was given in [Chr19]. Every
classical link is almost classical, but in general almost classical links are rare.
Of the 92800 virtual knots having classical crossing number at most six, only
77 are AC [BGH+17].

2.3. The�-construction. A semi-welded link diagram is an (𝑟+1)-component
virtual link diagram with one distinguished component. The distinguished
component is alternately called the (𝑟 +1)-st component, the last component, or
the 𝜔-component. In figures, the 𝜔-component will be colored dark blue. The
semi-welded move is shown in Figure 9. Here the over-crossing arc is from the
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𝑇0

𝑇
𝑇

𝑇

𝑆

𝑇 𝑆

𝑇

𝑇1 𝑇2 𝑇3

𝑇4 𝑇5

𝑇6 𝑇7

𝑇8 𝑇9

Figure 6. Classical tangle moves.

𝜔-component and the other two arcs are not in the 𝜔-component. The equiva-
lence relation on semi-welded link diagrams generated by extended Reidemeis-
ter moves and semi-welded moves is called semi-welded equivalence. Here it
is assumed this is an equivalence of labeled link diagrams, with components
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𝑉𝑇1 𝑉𝑇2 𝑉𝑇3 𝑉𝑇4

𝑉𝑇5 𝑉𝑇6 𝑉𝑇7

Figure 7. Virtual tangle moves.

00

1 100

00

11

111 1

0

0

Alexander numberings An Alexander numerable diagram

Figure 8. (Left) In an Alexander numbering, the labels of the
partial arcs on the right of the crossing are one less than those
on the left. (Right) An example of an Alexander numbering.

labeled 1, … , 𝑟 + 1. In particular, a semi-welded equivalence preserves the 𝜔-
component. If 𝐿1, 𝐿2 are semi-welded equivalent diagrams, we will write 𝐿1

𝑠𝑤
⇝

𝐿2.
The �-construction associates to each 𝑟-component virtual link diagram 𝐿

an (𝑟+1)-component semi-welded link diagram 𝐿∪𝜔 as follows. At each classi-
cal crossing of 𝐿, draw two small oriented blue arcs of 𝜔 as shown in Figure 10.
Then arbitrarily connect the small blue arcs together into a single component.
If new crossings are thereby created, mark them as virtual. This arbitrary na-
ture of connecting the small arcs together is emphasized in figures with dashed
blue lines. The new virtual link diagram is �(𝐿). For an example, see Figure
11. Any two ways of forming the𝜔-component are semi-welded equivalent, and
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𝑤 𝑠𝑤

Welded move Semi-welded move
(forbidden) (permitted)

Figure 9. The welded and semi-welded moves.

� // 𝑠𝑤 � // 𝑠𝑤

� for ⊕-crossings � for ⊖-crossings

Figure 10. The Bar-Natan �-construction.

� //

Figure 11. Constructing �(𝐾) for 𝐾 the left virtual trefoil.

hence the �-construction is well-defined (see [BC21, Chr22]). Furthermore,
we have:

Theorem 2.2 (Bar-Natan [BN15]). If 𝐿1 ⇝ 𝐿2, then�(𝐿1)
𝑠𝑤
⇝�(𝐿2).

Alternatively, the �-construction can be defined in terms of almost classi-
cal links. Suppose an 𝑟-component virtual link diagram 𝐿 is a sublink of an
(𝑟 + 1)-component link 𝐿 ∪ 𝛾 such that the only classical crossings of 𝛾 with 𝐿
are over-crossings by 𝛾. Denote by 𝛾𝑜𝑝 the component 𝛾 with its orientation re-
versed. Then the �-construction is characterized by the following property: if
𝐿∪𝛾op is almost classical, then 𝐿∪𝛾

𝑠𝑤
⇝ �(𝐿) (see Chrisman-Todd [CT25], The-

orem A). In other words, after changing the orientation of the 𝜔-component,
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the �-construction turns virtual links into almost classical ones and any other
method of doing so is essentially the same as the �-construction. An interest-
ing consequence is that if 𝐿 is already almost classical, then the split link 𝐿⊔○
must be semi-welded equivalent to �(𝐿) with 𝜔 = ○:

Theorem 2.3 ([BC21, CT25]). If 𝐿 is almost classical, �(𝐿) = 𝐿 ∪ 𝜔 is semi-
welded equivalent to the split diagram𝐿⊔○, where the𝜔-component is unknotted.

Since the �-construction is defined on virtual link diagrams, it may also
be applied in the framed, rotational, and framed rotational categories. The
framed semi-welded equivalence relation is generated by extended Reidemeister
moves and the semi-welded move, where the move 𝑅𝑓𝑟1 replaces 𝑅1 for the non-
𝜔-components only. The rotational semi-welded equivalence relation is gener-
ated by extended Reidemeister moves and the semi-welded move, where the
move 𝑉𝑅𝑓𝑟1 replaces 𝑉𝑅1 for the non-𝜔-components only. Similarly, framed ro-
tational semi-welded equivalence replaces 𝑅1, 𝑉𝑅1 with 𝑅𝑓𝑟1 , 𝑉𝑅

𝑓𝑟
1 respectively.

The proof that the �-construction is well-defined in each of these cases mim-
ics that of the usual semi-welded case (see [BC21, Chr22]). Furthermore, if
𝐿1, 𝐿2 are equivalent in the framed, rotational, or framed rotational categories,
then �(𝐿1),�(𝐿2) are equivalent in the corresponding semi-welded category.
Details are left as exercises for the reader.

2.4. The category of semi-welded tangles. In order to define the extended
𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor, it is necessary to define a category of semi-welded tangles
to act as the target of the � functor. This is the the aim of the present section.

First, we describe in more detail the categorical structure for virtual tangles.
The category itself will be denoted𝒱𝒯. The objects of 𝒱𝒯, are finite sequences
from the set of symbols {⊞,⊟}. The empty sequence ∅ of symbols is also an
object. The morphisms of 𝒱𝒯 correspond to virtual tangles as follows. Sup-
pose 𝑇 is a virtual tangle diagram with 𝑎 free ends along its bottom and 𝑏 free
ends along its top. Assume these endpoints are labeled left-to-right as 1, … , 𝑎
and 1, … , 𝑏, respectively. Write dom(𝑇) = (𝜀1, … , 𝜀𝑎) and cod(𝑇) = (𝜂1, … , 𝜂𝑏).
Set 𝜀𝑖 = ⊞,⊟ according to whether the arc incident to the 𝑖-th bottom end-
point is oriented away from or towards the endpoint, respectively. The sign
𝜂𝑖 is defined oppositely, so that 𝜂𝑖 = ⊞ if the incident arc terminates at the
endpoint and 𝜂𝑖 = ⊟ if it emanates from the endpoint. Then 𝑇 is a mor-
phism 𝑇 ∶ dom(𝑇) → cod(𝑇). For sign sequences 𝑠1, 𝑠2, Hom𝒱𝒯(𝑠1, 𝑠2) de-
notes the set of virtual tangles 𝑇 with dom(𝑇) = 𝑠1, cod(𝑇) = 𝑠2, considered
equivalent up to virtual isotopy. Hence, Hom𝒱𝒯(∅,∅) is in one-to-one cor-
respondence with the set of virtual link types. Composition of virtual tan-
gles (i.e. vertical stacking) defines a composition on 𝒱𝒯. The identity map,
1 ∈ Hom𝒱𝒯((𝜀1, … , 𝜀𝑎), (𝜀1, … , 𝜀𝑎)) is the virtual tangle ↑𝜀1 ⋯ ↑𝜀2↑𝜀𝑎 where
↑⊞=↑ and ↑⊟=↓. Categories 𝒱𝒯𝑓𝑟 of framed virtual tangles, 𝒱𝒯𝑟𝑜𝑡 of rota-
tional virtual tangles, and 𝒱𝒯𝑓𝑟,𝑟𝑜𝑡 of framed rotational tangles are similarly
defined.
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𝑠𝑤

𝑆𝑊1

𝑠𝑤

𝑆𝑊2

𝑠𝑤

𝑆𝑊3

Figure 12. Semi-welded moves for virtual tangle diagrams.

Now we are ready to define the category 𝒮𝒲𝒯. The objects of 𝒮𝒲𝒯 are
sequences coming from the set of symbols {⊞,⊟,⊞,⊟}. Note that the color
of the symbols ⊞,⊟ has been chosen to match the color of the 𝜔-component.
By a semi-welded tangle diagram, we mean a virtual tangle diagram 𝑇 where
each of its components is colored blue or black. The set of blue colored com-
ponents of 𝑇 will be called its 𝜔-part. Likewise, the set of black colored com-
ponents of 𝑇 will be called its 𝛼-part. For 𝑇 a semi-welded tangle diagram,
dom(𝑇) and cod(𝑇) are defined as the domain and codomain in 𝒱𝒯 where
each sign symbol matches the color of its incident arc. If 𝑠1, 𝑠2 are objects of
𝒮𝒲𝒯, then Hom𝒮𝒲𝒯(𝑠1, 𝑠2) is the set of semi-welded tangle diagrams 𝑇 satis-
fying dom(𝑇) = 𝑠1, cod(𝑇) = 𝑠2. These morphisms are considered equivalent
up the moves 𝑇0 − 𝑇9 (Figure 6), 𝑉𝑇1 − 𝑉𝑇7 (Figure 7) and 𝑆𝑊1 − 𝑆𝑊3 (Fig-
ure 12)1. For moves 𝑇0 − 𝑇9 and 𝑉𝑇1 − 𝑉𝑇7, the strands may be either blue or
black. For 𝑆𝑊1 − 𝑆𝑊3, the colors of the strands must be as shown. Only con-
secutive crossings of blue over black component commute. Likewise, there is a
rotational category 𝒮𝒲𝒯𝑟𝑜𝑡, a framed category 𝒮𝒲𝒯𝑓𝑟 and a framed rotational
category 𝒮𝒲𝒯𝑓𝑟,𝑟𝑜𝑡.

3. Functors on tangle categories: virtual, semi-welded, and �

This section defines the pair

𝑄𝑚|𝑛 ∶ 𝒱𝒯𝑓𝑟,𝑟𝑜𝑡 → Vectℂ(𝑞), 𝑄𝑚|𝑛 ∶ 𝒮𝒲𝒯𝑓𝑟,𝑟𝑜𝑡 → Vectℂ(𝑞,𝑤)

of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) Reshetikhin-Turaev functors and the � functor. Section 3.1
provides some elementary background on Lie superalgebras and the represen-
tation theory of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)). The virtual 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor 𝑄𝑚|𝑛 is defined
using the vector representation of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)). This is accomplished in Sec-
tion 3.2. The semi-welded 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor 𝑄𝑚|𝑛 is defined in Section 3.3.
A proof of invariance under the virtual tangle moves and semi-welded tangle
moves is sketched in Section 3.4. The � functor is defined in Section 3.5.

1Exercise: Show every semi-welded move from Figure 9 is a consequence of moves from
Figures 6, 7, and 12.
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3.1. The quantum supergroup 𝑼𝒒(𝖌𝖑(𝒎|𝒏)). A Lie superalgebra 𝔤 is a ℤ2-
graded vector space 𝔤 = 𝔤0̄ ⊕ 𝔤1̄ with a bilinear map [⋅, ⋅] ∶ 𝔤 × 𝔤 → 𝔤, called
the the Lie superbracket, which satisfies the axioms below. Here, the grading of
a homogeneous element 𝑥 of 𝔤 is denoted by |𝑥| ∈ ℤ2.

[𝑥, 𝑦] = −(−1)|𝑥||𝑦|[𝑦, 𝑥],
[𝑥, [𝑦, 𝑧]] = [[𝑥, 𝑦], 𝑧] + (−1)|𝑥||𝑦|[𝑦, [𝑥, 𝑧] ].

The subspaces 𝔤0̄ and 𝔤1̄ are called even and odd, respectively. In the physics
literature, these are called the bosonic and fermionic subspaces, respectively.

Consider a ℤ2-graded vector space ℂ𝑚|𝑛 = ℂ𝑚 ⊕ ℂ𝑛, where the even space
ℂ𝑚 is 𝑚 dimensional and the odd space ℂ𝑛 is 𝑛 dimensional. Denote the endo-
morphisms of the superspace ℂ𝑚|𝑛 by 𝔤𝔩(𝑚|𝑛). The even subspace of 𝔤𝔩(𝑚|𝑛)
consists of block diagonal (𝑚 × 𝑚) ⊕ (𝑛 × 𝑛) matrices and the odd subspace
consists of anti-block diagonal matrices of the following form:

( 0𝑚×𝑚 𝐵
𝐶 0𝑛×𝑛

) .

The superbracket operation for matrices in 𝔤𝔩(𝑚|𝑛) is given by the super com-
mutation relation for homogeneous elements 𝑋 and 𝑌:

[𝑋, 𝑌] = 𝑋𝑌 − (−1)|𝑋||𝑌|𝑌𝑋,
where again, |𝑍| = 0 if 𝑍 is even and |𝑍| = 1 if 𝑍 is odd. This extends by
linearity to all of 𝔤𝔩(𝑚|𝑛).

For any two ℤ2-graded vector spaces, 𝑈, 𝑉, their tensor product inherits the
structure of a graded vector space. For 𝑖 ∈ ℤ2, 𝑊𝑖 will denote the 𝑖𝑡ℎ graded
subspace of the super vector space 𝑊. Then we define:

(𝑈 ⊗ 𝑉)𝑖 =
⨁

𝑗+𝑘=𝑖
𝑈𝑗 ⊗𝑉𝑘.

The graded switch map, 𝜏 ∶ 𝑈 ⊗ 𝑉 → 𝑉 ⊗𝑈 is defined by

𝜏(𝑥 ⊗ 𝑦) = (−1)|𝑥||𝑦|𝑦 ⊗ 𝑥.
Observe that the above definition implies 𝜏 is a grading-preserving map from
𝑈 ⊗𝑉 to 𝑉 ⊗𝑈.

The standard theory of deformation of the universal enveloping algebra (see
e.g. Kassel [Kas95]) of a Lie algebra can be generalized to the case of Lie su-
peralgebras. For a brief and enlightening exposition of this, see Zhang [Zha98,
Zha02]. We obtain in this way a quantized universal enveloping superalgebra
𝑈𝑞(𝔤𝔩(𝑚|𝑛)) over the field of rational functions ℂ(𝑞) with 𝑞 a formal invertible
parameter. Furthermore, there is a quasi-triangular Hopf superalgebra struc-
ture on 𝐻 = 𝑈𝑞(𝔤𝔩(𝑚|𝑛)). The universal R-matrix, 𝑅 ∶ 𝐻 ⊗ 𝐻 → 𝐻 ⊗ 𝐻 is
characterized by the following relations:

(∆ ⊗ id)𝑅 = 𝑅13𝑅23, (id⊗∆)𝑅 = 𝑅13𝑅12,
𝜏◦∆(ℎ) = 𝑅∆(ℎ)𝑅−1, ∀ℎ ∈ 𝐻,
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where𝑅𝑖𝑗 ∈ 𝐻⊗3 is defined by𝑅12 = 𝑅⊗1, 𝑅23 = 1⊗𝑅, and𝑅13 = (id⊗𝜏)(𝑅12).
A (𝑝|𝑞)-dimensional representation of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) is determined by an ac-

tion of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) on a ℤ2-graded vector space 𝑊 of dimension 𝑝|𝑞. This
action in turn gives a homomorphism from 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) to End (𝑊). The vec-
tor representation (or defining representation) is defined by the action of 𝔤𝔩(𝑚|𝑛)
on ℂ𝑚|𝑛. Henceforth, we give ℂ𝑚|𝑛 the standard basis {𝑥𝑖}𝑚+𝑛𝑖=1 , where |𝑥𝑖| = 0
for 1 ≤ 𝑖 ≤ 𝑚, and |𝑥𝑖| = 1 for𝑚+1 ≤ 𝑖 ≤ 𝑚+𝑛. Throughout the text, the vec-
tor representation of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) for fixed values of 𝑚 and 𝑛 will be denoted
by 𝑉. We also need the dual representation 𝑉∗ of 𝑉. Its ℤ2 grading is defined
as follows. Set 𝑉∗

0̄ to be the space of dual vectors that vanish on 𝑉1̄ and 𝑉∗
1̄ to

be the space of dual vectors that vanish on 𝑉0̄.

3.2. The virtual𝑼𝒒(𝖌𝖑(𝒎|𝒏)) functor𝑸𝒎|𝒏. The virtual𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor
𝑄𝑚|𝑛 ∶ 𝒱𝒯𝑟𝑜𝑡,𝑓𝑟 → Vectℂ(𝑞) is defined as follows. As in the classical case, set
𝑄𝑚|𝑛(⊞) = 𝑉 and 𝑄𝑚|𝑛(⊟) = 𝑉∗. For an object 𝑠 = (𝜀1, … , 𝜀𝑁), set 𝑄𝑚|𝑛(𝑠) =⨂𝑁

𝑖=1 𝑉
𝜀𝑖 , where 𝑉⊞ = 𝑉 and 𝑉⊟ = 𝑉∗. If 𝑠 = ∅, define 𝑄𝑚|𝑛(∅) = ℂ(𝑞).

Having defined𝑄𝑚|𝑛 on all objects, we proceed to define it on the morphisms
of 𝒱𝒯𝑓𝑟,𝑟𝑜𝑡. For the elementary virtual tangle ↑, 𝑄𝑚|𝑛(↑) is the identity map
id ∶ 𝑉 → 𝑉 and likewise 𝑄𝑚|𝑛(↓) is the identity map id ∶ 𝑉∗ → 𝑉∗. Now, let
𝐸1, 𝐸2 be elementary tangles and assume that 𝑄𝑚|𝑛(𝐸1), 𝑄𝑚|𝑛(𝐸2) are already
defined. Then the tensor product 𝐸1 ⊗ 𝐸2 is assigned the tensor product of
matrices𝑄𝑚|𝑛(𝐸1)⊗𝑄𝑚|𝑛(𝐸2) and a composition 𝐸1◦𝐸2 is assigned to the com-
position 𝑄𝑚|𝑛(𝐸1)◦𝑄𝑚|𝑛(𝐸2). If 𝑇 is decomposed into compositions and tensor
products of elementary virtual tangles, 𝑄𝑚|𝑛(𝑇) is mapped to the correspond-
ing tensor product and composition of ℂ(𝑞)-vector space homomorphisms. It
therefore remains to define 𝑄𝑚|𝑛 on the non-trivial elementary tangles. For
elementary tangles not involving the virtual crossing, we use the usual values
of the𝑈𝑞(𝔤𝔩(𝑚|𝑛)) Reshetikhin-Turaev functor with the vector representation.
These are explicitly given in Queffelec [Que19], and these are the values we
will use in the present paper (with a few small typos corrected). Let 𝑅 de-
note the 𝑅-matrix for the vector representation of the ribbon Hopf superalgebra
𝑈𝑞(𝔤𝔩(𝑚|𝑛)) (see Section 3.1). Setting 𝑅̌ = 𝜏◦𝑅, 𝑅̌−1 = 𝑅−1◦𝜏, Queffelec gives
the following matrices at classical crossings:

𝑄𝑚|𝑛
⎛
⎜
⎝

⎞
⎟
⎠
= 𝑅̌ ∶ 𝑥𝑖 ⊗ 𝑥𝑗 →

⎧
⎪
⎨
⎪
⎩

𝑞𝑥𝑖 ⊗ 𝑥𝑖 if 𝑖 = 𝑗 ≤ 𝑚
(−1)|𝑖||𝑗|𝑥𝑗 ⊗ 𝑥𝑖 + (𝑞 − 𝑞−1)𝑥𝑖 ⊗ 𝑥𝑗 if 𝑖 < 𝑗

(−1)|𝑖||𝑗|𝑥𝑗 ⊗ 𝑥𝑖 if 𝑖 > 𝑗
−𝑞−1𝑥𝑖 ⊗ 𝑥𝑖 if 𝑖 = 𝑗 > 𝑚

,

𝑄𝑚|𝑛
⎛
⎜
⎝

⎞
⎟
⎠
= 𝑅̌−1 ∶ 𝑥𝑖 ⊗ 𝑥𝑗 →

⎧
⎪
⎨
⎪
⎩

𝑞−1𝑥𝑖 ⊗ 𝑥𝑖 if 𝑖 = 𝑗 ≤ 𝑚
(−1)|𝑖||𝑗|𝑥𝑗 ⊗ 𝑥𝑖 if 𝑖 < 𝑗

(−1)|𝑖||𝑗|𝑥𝑗 ⊗ 𝑥𝑖 + (𝑞−1 − 𝑞)𝑥𝑖 ⊗ 𝑥𝑗 if 𝑖 > 𝑗
−𝑞𝑥𝑖 ⊗ 𝑥𝑖 if 𝑖 = 𝑗 > 𝑚

.
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Cups are assigned in [Que19] to the following coevaluation maps ℂ(𝑞) → 𝑉 ⊗
𝑉∗, ℂ(𝑞) → 𝑉∗ ⊗𝑉:

𝑄𝑚|𝑛 ( ) ∶ 1 →
𝑚+𝑛∑

𝑘=1
𝑥𝑘 ⊗ 𝑥∗𝑘 ,

𝑄𝑚|𝑛 ( ) ∶ 1 → 𝑞𝑚−𝑛 (
𝑚∑

𝑘=1
𝑞1−2𝑘𝑥∗𝑘 ⊗ 𝑥𝑘 −

𝑚+𝑛∑

𝑘=𝑚+1
𝑞−4𝑚−1+2𝑘𝑥∗𝑘 ⊗ 𝑥𝑘) .

Caps are assigned in [Que19] to the following evaluation maps𝑉∗⊗𝑉 → ℂ(𝑞),
𝑉 ⊗ 𝑉∗ → ℂ(𝑞):

𝑄𝑚|𝑛 ( ) ∶ 𝑥∗𝑘 ⊗ 𝑥𝑘 → 1,

𝑄𝑚|𝑛 ( ) ∶ 𝑥𝑘 ⊗ 𝑥∗𝑘 → { 𝑞−𝑚+𝑛−1+2𝑘 if 𝑘 ≤ 𝑚
−𝑞3𝑚+𝑛+1−2𝑘 if 𝑘 > 𝑚 .

So far, everything coincides by definition with the case of classical links. To
define it for virtual links, the value of 𝑄𝑚|𝑛 at a virtual crossing must be deter-
mined. For this we will use a 𝑞-deformed graded switch map 𝜏𝑚|𝑛𝑞 ∶ 𝑉 ⊗ 𝑉 →
𝑉 ⊗𝑉. This is defined on the basis for 𝑉 ⊗ 𝑉 by:

𝑄𝑚|𝑛 ( ) = 𝜏𝑚|𝑛𝑞 ∶ 𝑥𝑖 ⊗ 𝑥𝑗 →

⎧
⎪
⎨
⎪
⎩

𝑥𝑗 ⊗ 𝑥𝑖 if 𝑖, 𝑗 ≤ 𝑚
𝑞𝑥𝑗 ⊗ 𝑥𝑖 if 𝑗 ≤ 𝑚, 𝑖 > 𝑚
𝑞−1𝑥𝑗 ⊗ 𝑥𝑖 if 𝑖 ≤ 𝑚, 𝑗 > 𝑚
−𝑥𝑗 ⊗ 𝑥𝑖 if 𝑖, 𝑗 > 𝑚

.

Section 3.4 ahead will show that, with this value at a virtual crossing,𝑄𝑚|𝑛 satis-
fies all of the framed rotational tangle moves. As our definition is different that
what occurs elsewhere in the virtual knot theory literature, we will conclude
this subsection with some remarks explaining why this choice is a natural one
for our setting.

Remark 3.1. In the usual semisimple Lie algebra setting (see e.g. [Bro19, Kau15,
KM22]), virtual crossings are assigned to the switch map 𝜎 ∶ 𝑉 ⊗𝑉 → 𝑉⊗𝑉,
𝜎(𝑥𝑖⊗𝑥𝑗) = 𝑥𝑗⊗𝑥𝑖. Observe that if 𝑛 = 0, so that dim(𝑉) = 𝑚, we have 𝜏𝑚|0𝑞 =
𝜎. Hence we see that the 𝑞-deformation only appears in the Lie superalgebra
case whereas it is invisible for Lie algebras.

Remark 3.2. Since 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) is not cocommutative, the graded switch map
𝜏𝑚|𝑛𝑞 ∶ 𝑉⊗𝑉 → 𝑉⊗𝑉 is not a𝑈𝑞(𝔤𝔩(𝑚|𝑛))-module homomorphism. Similarly,
the switch map 𝜎 is not a 𝑈𝑞(𝔤)-module homomorphism for 𝔤 a semisimple
Lie algebra. This is why the target of the functor 𝑄𝑚|𝑛 is Vectℂ(𝑞) rather than
𝑈𝑞(𝔤𝔩(𝑚|𝑛)) − Mod, as is the case of the classical 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) Reshetikhin-
Turaev functor. See also Edge [Edg20] for a skein theoretic study of virtual
braiding.
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Remark 3.3. The 𝑞-deformation 𝜏𝑚|𝑛𝑞 of 𝜏 is needed to recover the Alexander
polynomial and generalized Alexander polynomial. It reflects a consistent
change of basis that occurs when passing from the Burau representation to the
virtual𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor. The explicit change of basis will be given ahead in
Section 6. If the graded switch 𝜏 is used instead, the virtual 𝑈𝑞(𝔤𝔩(1|1)) invari-
ant of a 1-1 AC tangle does not always coincide with the Alexander polynomial.
Similarly, 𝜏1|1𝑞 is needed to ensure that the generalized 𝑈𝑞(𝔤𝔩(1|1)) polynomial
coincides with the GAP.

3.3. The semi-welded 𝑼𝒒(𝖌𝖑(𝒎|𝒏)) functor 𝑸𝒎|𝒏. Let 𝔽 = ℂ(𝑞, 𝑤) be the
field of rational functions in two invertible variables 𝑞, 𝑤 over ℂ. The vector
representation 𝑉 of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) defined in the previous section extends to a
representation of vector spaces over 𝔽, which will also be denoted by 𝑉. The
semi-welded 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor 𝑄𝑚|𝑛 ∶ 𝒮𝒲𝒯𝑓𝑟,𝑟𝑜𝑡 → Vect𝔽 can now be de-
fined as follows. First, it is defined on the objects and morphisms of 𝒮𝒲𝒯𝑓𝑟,𝑟𝑜𝑡

having empty 𝜔-part. In this case, 𝑄𝑚|𝑛 ∶= 𝑄𝑚|𝑛. Next, 𝑄𝑚|𝑛 is extended to the
blue objects ⊞,⊟ by 𝑄𝑚|𝑛(⊞) = 𝔽 and 𝑄𝑚|𝑛(⊟) = 𝔽∗ ≅ 𝔽. In other words,
the 𝜔-part is colored by the 1-dimensional vector space 𝔽. For 𝑠 = (𝜀1, … , 𝜀𝑁),
define 𝑄𝑚|𝑛(𝑠) = ⨂𝑁

𝑖=1 𝑉
𝜀𝑖 where:

𝑉𝜀𝑖 =
⎧

⎨
⎩

𝑉 if 𝜀𝑖 = ⊞
𝑉∗ if 𝜀𝑖 = ⊟
𝔽 if 𝜀 = ⊞,⊟

.

For a classical crossing of the 𝜔-part over the 𝛼-part, the assigned morphisms
are:

𝑄𝑚|𝑛 ( ) ∶ 𝑥𝑖 → { 𝑥𝑖 if 𝑖 ≤ 𝑚
𝑤−1 ⋅ 𝑥𝑖 if 𝑖 > 𝑚 ,

𝑄𝑚|𝑛 ( ) ∶ 𝑥𝑖 → { 𝑥𝑖 if 𝑖 ≤ 𝑚
𝑤 ⋅ 𝑥𝑖 if 𝑖 > 𝑚 .

The inverse map is assigned to a classical crossing of the 𝛼-part over the 𝜔-part:

𝑄𝑚|𝑛 ( ) ∶ 𝑥𝑖 → { 𝑥𝑖 if 𝑖 ≤ 𝑚
𝑤 ⋅ 𝑥𝑖 if 𝑖 > 𝑚 ,

𝑄𝑚|𝑛 ( ) ∶ 𝑥𝑖 → { 𝑥𝑖 if 𝑖 ≤ 𝑚
𝑤−1 ⋅ 𝑥𝑖 if 𝑖 > 𝑚 .

Any virtual crossing involving the 𝜔-part is assigned an identity matrix:

𝑄𝑚|𝑛 ( or ) ∶ 𝑥𝑖 → 𝑥𝑖, 𝑄𝑚|𝑛 ( ) ∶ 1 → 1.



1368 MICAH CHRISMAN AND ANUP POUDEL

For evaluation and coevaluation, note that 𝔽 ⊗ 𝔽∗ ≅ 𝔽. Hence, these are ho-
momorphisms 𝔽 → 𝔽. Naturally, all such maps are assigned to the identity:

𝑄𝑚|𝑛 ( or ) ∶ 1 → 1 ⊗ 1,

𝑄𝑚|𝑛 ( or ) ∶ 1 ⊗ 1 → 1,

Now that the virtual and semi-welded 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functors are defined, we
proceed to showing that they are invariant under the appropriate sets of moves
on virtual tangle diagrams.

3.4. Proof of invariance of 𝑸𝒎|𝒏 and 𝑸𝒎|𝒏. Consider first the case of 𝑄𝑚|𝑛.
Clearly, 𝑄𝑚|𝑛 is invariant under the classical framed tangle moves. Hence, we
need only check the framed rotational moves. As the argument is standard,
only proofs for the moves 𝑉𝑇2, 𝑉𝑇4, and 𝑉𝑅𝑟𝑜𝑡1 are given.

𝑉𝑇2: The left-hand side of this move can be decomposed as the composition
of two virtual crossings:

𝑄𝑚|𝑛
(

◦
)
= 𝑄𝑚|𝑛

( )
◦𝑄𝑚|𝑛

( )
= 𝜏𝑚|𝑛𝑞 ◦𝜏𝑚|𝑛𝑞 .

It therefore suffices to show that 𝜏𝑚|𝑛𝑞 ◦𝜏𝑚|𝑛𝑞 = id⊗ id. Let 𝑥𝑖⊗𝑥𝑗 ∈ 𝑉⊗𝑉 be a
basis element. If 𝑖, 𝑗 ≤ 𝑚, we have 𝜏𝑚|𝑛𝑞 ◦𝜏𝑚|𝑛𝑞 (𝑥𝑖⊗𝑥𝑗) = 𝜏𝑚|𝑛𝑞 (𝑥𝑗⊗𝑥𝑖) = 𝑥𝑖⊗𝑥𝑗.
Similarly, if 𝑖, 𝑗 > 𝑚, we have 𝜏𝑚|𝑛𝑞 ◦𝜏𝑚|𝑛𝑞 (𝑥𝑖 ⊗ 𝑥𝑗) = 𝜏𝑚|𝑛𝑞 (−𝑥𝑗 ⊗ 𝑥𝑖) = 𝑥𝑖 ⊗ 𝑥𝑗.
If 𝑖 ≤ 𝑚 and 𝑗 > 𝑚:

𝜏𝑚|𝑛𝑞 ◦𝜏𝑚|𝑛𝑞 (𝑥𝑖 ⊗ 𝑥𝑗) = 𝜏𝑚|𝑛𝑞 (𝑞−1 ⋅ 𝑥𝑗 ⊗ 𝑥𝑖) = 𝑞 ⋅ 𝑞−1 ⋅ 𝑥𝑖 ⊗ 𝑥𝑗 = 𝑥𝑖 ⊗ 𝑥𝑗.

Similarly, for 1 ≤ 𝑗 ≤ 𝑚 and 𝑚 + 1 ≤ 𝑖 ≤ 𝑚 + 𝑛, we get the same composition
of maps above after substituting 𝑞−1 for 𝑞. Hence, it follows in all cases that
𝜏𝑚|𝑛𝑞 ◦𝜏𝑚|𝑛𝑞 = id ⊗ id. □

𝑉𝑇4: From Figure 7, we have the following decomposition of the move 𝑉𝑇4:

L.H.S ∶
(
𝑄𝑚|𝑛

( )
⊗ id

)
◦
(
id ⊗𝑄𝑚|𝑛

( ))
◦
(
𝑄𝑚|𝑛

( )
⊗ id

)
=

R.H.S ∶
(
id ⊗𝑄𝑚|𝑛

( ))
◦
(
𝑄𝑚|𝑛

( )
⊗ id

)
◦
(
id ⊗𝑄𝑚|𝑛

( ))
.

Consider a basis vector 𝑥𝑘⊗𝑥𝑖⊗𝑥𝑗 ∈ 𝑉⊗3. It will be shown that L.H.S = R.H.S
on 𝑥𝑘 ⊗𝑥𝑖 ⊗𝑥𝑗. There are eight cases depending on whether each index 𝑖, 𝑗, 𝑘
is less than or equal to 𝑚 or greater than 𝑚. For the sake of brevity, only two of
the non-trivial cases are shown below. The cases are:

(1) 𝑘, 𝑗 ≤ 𝑚, 𝑚 < 𝑖, and
(2) 𝑘, 𝑖 ≤ 𝑚, 𝑚 < 𝑗.
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Case (1): On the left-hand side of the move, we have:

𝑥𝑘⊗𝑥𝑖⊗𝑥𝑗
𝜏𝑚|𝑛𝑞 ⊗id
,,,,,,,→ 𝑞−1𝑥𝑖⊗𝑥𝑘⊗𝑥𝑗

id⊗𝜏𝑚|𝑛𝑞,,,,,,,→ 𝑞−1𝑥𝑖⊗𝑥𝑗⊗𝑥𝑘
𝑅̌⊗id
,,,,,→ 𝑞−1𝑥𝑗⊗𝑥𝑖⊗𝑥𝑘.

The right-hand side gives the same value, as is seen in the following string of
compositions:

𝑥𝑘⊗𝑥𝑖⊗𝑥𝑗
id⊗𝑅̌
,,,,,→ 𝑥𝑘⊗𝑥𝑗⊗𝑥𝑖

𝜏𝑚|𝑛𝑞 ⊗id
,,,,,,,→ 𝑥𝑗⊗𝑥𝑘⊗𝑥𝑖

id⊗𝜏𝑚|𝑛𝑞,,,,,,,→ 𝑞−1𝑥𝑗⊗𝑥𝑖⊗𝑥𝑘.

Case (2): On the left-hand side of the move, we have:

𝑥𝑘 ⊗ 𝑥𝑖 ⊗ 𝑥𝑗
𝜏𝑚|𝑛𝑞 ⊗id
,,,,,,,→ 𝑥𝑖 ⊗ 𝑥𝑘 ⊗ 𝑥𝑗
id⊗𝜏𝑚|𝑛𝑞,,,,,,,→ 𝑞−1𝑥𝑖 ⊗ 𝑥𝑗 ⊗ 𝑥𝑘
𝑅̌⊗id
,,,,,→ 𝑞−1(𝑥𝑗 ⊗ 𝑥𝑖 ⊗ 𝑥𝑘 + (𝑞 − 𝑞−1)𝑥𝑖 ⊗ 𝑥𝑗 ⊗ 𝑥𝑘).

On the right-hand side of the move, we get the same value:

𝑥𝑘 ⊗ 𝑥𝑖 ⊗ 𝑥𝑗
id⊗𝑅̌
,,,,,→ 𝑥𝑘 ⊗ 𝑥𝑗 ⊗ 𝑥𝑖 + (𝑞 − 𝑞−1)𝑥𝑘 ⊗ 𝑥𝑖 ⊗ 𝑥𝑗
𝜏𝑚|𝑛𝑞 ⊗id
,,,,,,,→ 𝑞−1𝑥𝑗 ⊗ 𝑥𝑘 ⊗ 𝑥𝑖 + (𝑞 − 𝑞−1)𝑥𝑖 ⊗ 𝑥𝑘 ⊗ 𝑥𝑗
id⊗𝜏𝑚|𝑛𝑞,,,,,,,→ 𝑞−1𝑥𝑗 ⊗ 𝑥𝑖 ⊗ 𝑥𝑘 + 𝑞−1(𝑞 − 𝑞−1)𝑥𝑖 ⊗ 𝑥𝑗 ⊗ 𝑥𝑘.

Thus, in both Case (1) and Case (2), L.H.S = R.H.S. The remaining six cases
are similar. □

𝑉𝑅𝑟𝑜𝑡1 : The left virtual curl decomposes as:

(
𝑄𝑚|𝑛 ( )

⊗ id
)
◦
(
id ⊗𝑄𝑚|𝑛

( ))
◦
(
𝑄𝑚|𝑛 ( )

⊗ id
)
.

The right virtual curl can be written as the following decomposition:
(
id ⊗𝑄𝑚|𝑛 ( ))

◦
(
𝑄𝑚|𝑛

( )
⊗ id

)
◦
(
id ⊗𝑄𝑚|𝑛 ( ))

.

The value of the left virtual curl on the basis element 𝑥𝑖 ∈ 𝑉 with 𝑖 ≤ 𝑚 is:

𝑥𝑖
𝑄𝑚|𝑛(

↶

)⊗id
,,,,,,,,,,,,→ 1 → 𝑞𝑚−𝑛 (

𝑚∑

𝑘=1
𝑞1−2𝑘𝑥∗𝑘 ⊗ 𝑥𝑘 ⊗ 𝑥𝑖 −

𝑚+𝑛∑

𝑘=𝑚+1
𝑞−4𝑚−1+2𝑘𝑥∗𝑘 ⊗ 𝑥𝑘 ⊗ 𝑥𝑖)

id⊗𝜏𝑚|𝑛𝑞
,,,,,,,,→ 𝑞𝑚−𝑛 (

𝑚∑

𝑘=1
𝑞1−2𝑘𝑥∗𝑘 ⊗ 𝑥𝑖 ⊗ 𝑥𝑘 −

𝑚+𝑛∑

𝑘=𝑚+1
𝑞−4𝑚−1+2𝑘 ⋅ 𝑞 ⋅ 𝑥∗𝑘 ⊗ 𝑥𝑖 ⊗ 𝑥𝑘)

𝑄𝑚|𝑛(↶)⊗id
,,,,,,,,,,,→ 𝑞𝑚−𝑛 ⋅ 𝑞1−2𝑖𝑥𝑖 .
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After making a similar argument for 𝑖 > 𝑚, we obtain the full effect of a left
virtual curl:

𝑥𝑖 → { 𝑞𝑚−𝑛+1−2𝑖 ⋅ 𝑥𝑖 if 𝑖 ≤ 𝑚
𝑞−𝑛−3𝑚−1+2𝑖 ⋅ 𝑥𝑖 if 𝑖 > 𝑚 .

For 𝑖 ≤ 𝑚, the effect of a right virtual curl on 𝑥𝑖 is given by:

𝑥𝑖
id⊗𝑄𝑚|𝑛(

↷

)
,,,,,,,,,,,,→

𝑚∑

𝑘=1
𝑥𝑖 ⊗ 𝑥𝑘 ⊗ 𝑥∗𝑘 +

𝑚+𝑛∑

𝑘=𝑚+1
𝑥𝑖 ⊗ 𝑥𝑘 ⊗ 𝑥∗𝑘

𝜏𝑚|𝑛𝑞 ⊗id
,,,,,,,→

𝑚∑

𝑘=1
𝑥𝑘 ⊗ 𝑥𝑖 ⊗ 𝑥∗𝑘 +

𝑚+𝑛∑

𝑘=𝑚+1
𝑞−1 ⋅ 𝑥𝑘 ⊗ 𝑥𝑖 ⊗ 𝑥∗𝑘

id⊗𝑄𝑚|𝑛(↷)
,,,,,,,,,,,→ 𝑞−𝑚+𝑛−1+2𝑖 ⋅ 𝑥𝑖.

The argument for 𝑖 > 𝑚 is again similar. All together, the right virtual curl is:

𝑥𝑖 → { 𝑞
−𝑚+𝑛−1+2𝑖 ⋅ 𝑥𝑖 if 𝑖 ≤ 𝑚
𝑞3𝑚+𝑛+1−2𝑖 ⋅ 𝑥𝑖 if 𝑖 > 𝑚 .

Hence, any composition of a left and right virtual curl yields the identity. □

Now consider the semi-welded 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor 𝑄𝑚|𝑛. Since 𝑄𝑚|𝑛 was pre-
viously shown to be a framed rotational invariant, it is necessary to check each
of the classical and virtual tangle moves having one or more blue component.
Most of these can be quickly dispatched by inspection, since a blue arc either
acts as the identity or multiplies the “fermionic” part by 𝑤±1. Hence we will
content ourselves with proving only the move 𝑆𝑊1.

𝑆𝑊1 ∶ The left-hand and right-hand sides of the move decompose as:

L.H.S ∶
(
𝑄𝑚|𝑛

( )
⊗ id𝑉

)
◦
(
id𝔽 ⊗𝑄𝑚|𝑛

( ))
◦
(
𝑄𝑚|𝑛

( )
⊗ id𝑉

)
=

R.H.S ∶
(
id𝑉 ⊗𝑄𝑚|𝑛

( ))
◦
(
𝑄𝑚|𝑛

( )
⊗ id𝔽

)
◦
(
id𝑉 ⊗𝑄𝑚|𝑛

( ))
.

Consider a basis element 𝑥𝑖⊗𝑥𝑗. There are four cases all together. The case of
𝑖, 𝑗 ≤ 𝑚 and the case of 𝑖, 𝑗 > 𝑚 are clear. Of the two remaining possibilities,
we check only the case that 𝑖 ≤ 𝑚 and 𝑗 > 𝑚. First, on the left-hand side, we
have:

𝑥𝑖 ⊗ 𝑥𝑗
𝑄𝑚|𝑛( )⊗id𝑉
,,,,,,,,,,,,,,,,→ 𝑥𝑖 ⊗ 𝑥𝑗
id𝔽⊗𝜏𝑚|𝑛𝑞,,,,,,,,→ 𝑞−1 ⋅ 𝑥𝑗 ⊗ 𝑥𝑖
𝑄𝑚|𝑛( )⊗id𝑉
,,,,,,,,,,,,,,,,→ 𝑤 ⋅ 𝑞−1 ⋅ 𝑥𝑗 ⊗ 𝑥𝑖.
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The right-hand side of 𝑆𝑊1 is given by:

𝑥𝑖 ⊗ 𝑥𝑗
id𝑉 ⊗𝑄𝑚|𝑛( )
,,,,,,,,,,,,,,,,→ 𝑤 ⋅ 𝑥𝑖 ⊗ 𝑥𝑗
𝜏𝑚|𝑛𝑞 ⊗id𝔽
,,,,,,,,→ 𝑞−1 ⋅ 𝑤 ⋅ 𝑥𝑗 ⊗ 𝑥𝑖
id𝑉 ⊗𝑄𝑚|𝑛( )
,,,,,,,,,,,,,,,,→ 𝑤 ⋅ 𝑞−1 ⋅ 𝑥𝑗 ⊗ 𝑥𝑖.

Hence, 𝑄𝑚|𝑛 is invariant under the semi-welded move 𝑆𝑊1. □

Above it was calculated that both the left and right virtual curls evaluate
to diagonal matrices. This is true of any 1-1 virtual tangle, as we now show.
Theorem 3.4 will be used ahead in our proof that the virtual𝑈𝑞(𝔤𝔩(1|1)) functor
is the Alexander polynomial for almost classical 1-1 tangles.

Theorem 3.4. For any 1-1 virtual tangle 𝑇, 𝑄𝑚|𝑛(𝑇) and 𝑄𝑚|𝑛(𝑇) are diagonal
matrices.

Proof. First we will prove the result for 𝑄𝑚|𝑛. Note that for an elementary vir-
tual tangle 𝑇, each of the matrices 𝑄𝑚|𝑛(𝑇) given in Section 3.2 is a
grading-preserving map. A composition of grading-preserving maps is grading-
preserving. This implies that for any 1-1 virtual tangle, the matrix correspond-
ing to 𝑄𝑚|𝑛(𝑇) ∶ 𝑉 → 𝑉 is block diagonal. Now consider the effect of such a
matrix 𝑄𝑚|𝑛(𝑇) on a basis vector 𝑥𝑗 of 𝑉. A virtual tangle diagram is a com-
position and tensor product of caps, cups, classical crossings, virtual crossings,
and trivial 1-1 tangles. As 𝑥𝑗 moves through this composition, new basis ele-
ments will be added. However, the only type of map that can create new basis
elements is a cup, which tensors with factors of the form 𝑥𝑘 ⊗ 𝑥∗𝑘 or 𝑥∗𝑘 ⊗ 𝑥𝑘.
Furthermore, each cap annihilates a pair of the form 𝑥𝑘 ⊗ 𝑥∗𝑘 or 𝑥∗𝑘 ⊗ 𝑥𝑘 and
multiplies by a scalar. Due to this symmetry of creation and annihilation, there
must always be one more 𝑥𝑗 than 𝑥∗𝑗 in the image at each stage of the compo-
sition. Now, since the virtual tangle diagram may be assumed to be a Morse
function, the total number of caps must equal to total number of cups. Hence,
every 𝑥∗𝑗 created by a cup must later be annihilated by some cap. This leaves
only a term 𝑥𝑗 at the end, so that the effect of 𝑄𝑚|𝑛(𝑇) ∶ 𝑉 → 𝑉 is to multi-
ply 𝑥𝑗 by a scalar. The argument for 𝑄𝑚|𝑛(𝑇) is the same, as every elementary
semi-welded tangle is again assigned to a grading-preserving map. □

3.5. The� functor. The next step in defining the extended𝑈𝑞(𝔤𝔩(𝑚|𝑛)) func-
tor is to generalize the Bar-Natan �-construction to a functor between cate-
gories of tangles. Denote by 𝒮𝒲𝒯|𝛼 the full subcategory of 𝒮𝒲𝒯 whose ob-
jects are sequences in the (black) symbols ⊞,⊟. In other words, the objects
of 𝒮𝒲𝒯|𝛼 are the objects of 𝒱𝒯 but the morphisms may have a non-empty
𝜔-part. In this case, the 𝜔-part consists of closed blue components. Note that
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composition and tensor product of semi-welded tangles remain well-defined in
𝒮𝒲𝒯|𝛼. The� functor, defined below, will map into a quotient of the category
𝒮𝒲𝒯|𝛼.

Let 𝛼 ∶ 𝒮𝒲𝒯 → 𝒱𝒯 be the functor that maps every object and morphism to
its 𝛼-part. More precisely, if 𝑠 is a sequence in {⊞,⊟,⊞,⊟}, 𝛼(𝑠) is the subse-
quence of 𝑠 obtained by deleting all the blue ⊞,⊟ terms. If 𝑇 is a semi-welded
tangle, 𝛼(𝑇) is the virtual tangle obtained by deleting all blue colored compo-
nents of 𝑇. Similarly, there is a functor 𝜔 ∶ 𝒮𝒲𝒯 → 𝒮𝒲𝒯 that maps every
object and morphism to its 𝜔-part. It is easy to see that 𝛼 and 𝜔 are monoidal.

Both 𝛼 and 𝜔 restrict to well-defined functors 𝛼 ∶ 𝒮𝒲𝒯|𝛼 → 𝒱𝒯 and 𝜔 ∶
𝒮𝒲𝒯|𝛼 → 𝒮𝒲𝒯|𝛼. In particular,𝜔maps every object 𝑠 of 𝒮𝒲𝒯|𝛼 to the empty
sequence ∅ and every morphism 𝑇 ∶ 𝑎 → 𝑏 to 𝜔(𝑇) ∶ ∅ → ∅. Thus, 𝜔(𝑇)
consists of some number of closed blue components.

Suppose that 𝑎, 𝑏 are objects of 𝒮𝒲𝒯|𝛼 and 𝑆, 𝑇 ∶ 𝑎 → 𝑏 are morphisms
between them. Furthermore suppose that 𝛼(𝑆) = 𝛼(𝑇) as diagrams. If the
diagrams 𝜔(𝑆) and 𝜔(𝑇) have the same classical crossings with 𝛼(𝑆) = 𝛼(𝑇)
(up to planar isotopies), we will say that 𝑆, 𝑇 are 𝜔-crossing equivalent. This
means that after a planar isotopy, the classical crossings of the 𝜔-part of 𝑆 with
𝛼(𝑆) = 𝛼(𝑇) match those of the 𝜔-part of 𝑇 with 𝛼(𝑇) = 𝛼(𝑆). See Figure 13
for an example.

Figure 13. Three 𝜔-crossing equivalent virtual tangle diagrams.

For each Hom-set of 𝒮𝒲𝒯|𝛼 let ∼ denote the smallest equivalence relation
generated by the classical tangle moves 𝑇0−𝑇9, the virtual tangle moves𝑉𝑇1−
𝑉𝑇7, the semi-welded moves 𝑆𝑊1−𝑆𝑊3, and 𝜔-crossing equivalence. Finally,
let 𝒮𝒲𝒯|𝛼 denote the quotient category (𝒮𝒲𝒯|𝛼)∕∼.

Definition 3.5 (The � Functor). The functor � ∶ 𝒱𝒯 → 𝒮𝒲𝒯|𝛼 is defined
as follows. If 𝑎 is an object of 𝒱𝒯, �(𝑎) = 𝑎. If 𝑇 is a virtual tangle, perform
the�-construction as in the virtual link case by flanking each classical crossing
of 𝑇 with two over-crossings by 𝜔 as in Figure 10. Then connect the blue arcs
into a single component. New crossings created in connecting the over-crossing
arcs of 𝜔 together are to be marked as virtual. Define �(𝑇) to be the resulting
semi-welded tangle.
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Theorem 3.6. The functor � ∶ 𝒱𝒯 → 𝒮𝒲𝒯|𝛼 is well-defined and monoidal.
In particular, for virtual tangles 𝑆, 𝑇,�(𝑆⊗𝑇) =�(𝑆)⊗�(𝑇) and�(𝑆◦𝑇) =
�(𝑆)◦�(𝑇), if 𝑆◦𝑇 is defined.

Proof. Well-definedness follows as in the case of virtual links [BC21, Chr22].
A summary is provided to emphasize that the argument does not require 𝑅1
and 𝑣𝑅1 moves. Let 𝑇 be a virtual tangle and perform the first step of the �-
construction on 𝑇. Let 𝑇1 = 𝑇 ∪ 𝜔1, 𝑇2 = 𝑇 ∪ 𝜔2 be two ways of completing
the �-construction on 𝑇. First note that 𝜔(𝑇1) = 𝜔1 and 𝜔(𝑇2) = 𝜔2 consist
of a single component. Thus, traversing 𝜔(𝑇1) from a base point, one sees all
the crossing of the 𝜔-part with the 𝛼-part. Using 𝑣𝑅2, 𝑣𝑅3, and 𝑣𝑅4 moves, we
can assume that all the classical crossings along 𝜔 occur after all the virtual
crossings (see [BC21], Figure 12). Now, any two consecutive under-crossing
arcs of the 𝛼-part may be interchanged by first applying a 𝑣𝑅2 move and then
applying a semi-welded move (see [Chr22], Figure 9). Since any two under-
crossing arcs of the 𝛼-part can be transposed, and any permutation is generated
by transpositions, the ordering of the arcs of 𝛼(𝑇1) along 𝜔(𝑇1) can be made to
match the ordering of the arcs of 𝛼(𝑇2) along 𝜔(𝑇2). Thus, after the virtual
isotopy, 𝑇1 and 𝑇2 are 𝜔-crossing equivalent. This implies that �(𝑇) is well-
defined. That � maps equivalent virtual tangles to equivalent semi-welded
tangles follows exactly as in [BC21].

Now, let 𝑆 and𝑇 be virtual tangles. Apply the first step of the�-construction
to 𝑆 and 𝑇. Next, use this initial placement of the blue over-crossing arcs to
build �(𝑆), �(𝑇), and �(𝑆 ⊗𝑇). Then �(𝑆 ⊗𝑇) is 𝜔-crossing equivalent to
�(𝑆)⊗�(𝑇), since they both have the same initial placement of the blue over-
crossing arcs. Similarly, if 𝑆◦𝑇 is defined, then�(𝑆◦𝑇) is𝜔-crossing equivalent
to �(𝑆)◦�(𝑇). Hence, as claimed, �(𝑆⊗𝑇) = �(𝑆)⊗�(𝑇) and �(𝑆◦𝑇) =
�(𝑆)◦�(𝑇). □

The above definitions all apply to the framed and rotational categories𝒱𝒯fr,
𝒱𝒯rot,𝒱𝒯fr,rot. The same procedure gives categories𝒱𝒯|fr𝛼 ,𝒱𝒯|rot

𝛼 , and𝒱𝒯|fr,rot
𝛼 .

Furthermore, there are well-defined monoidal functors:

� ∶ 𝒱𝒯fr → 𝒮𝒲𝒯|fr𝛼 ,
� ∶ 𝒱𝒯rot → 𝒮𝒲𝒯|rot

𝛼 ,

� ∶ 𝒱𝒯fr,rot → 𝒮𝒲𝒯|fr,rot
𝛼 .

The proof that each of these functors is well-defined follows exactly as in the
case of Theorem 3.6. As no 𝑅1 or 𝑣𝑅1 moves were used in the proof, no alter-
ations to it are necessary.

4. Almost classicality for virtual tangles & braids
In Section 4.1, we generalize the notion of almost classical from virtual links

to virtual tangles. A characterization result (Theorem 4.8) for the �-functor is
given in Section 4.2
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4.1. Almost classical tangles. We begin by extending the definition of al-
most classicality to 𝒱𝒯. Let 𝑎, 𝑏 be objects of 𝒱𝒯 and 𝑇 ∶ 𝑎 → 𝑏 a virtual
tangle. By a partial arc of 𝑇, we mean a path on the diagram extending from
one classical crossing of 𝑇 to the next or a path on the diagram from a string
end of 𝑇 to the next classical crossing of 𝑇 (see also Section 2.2, first paragraph).
If 𝒮(𝑇) is the set of partial arcs of 𝑇, an Alexander numbering of 𝑇 is an integer
labeling Γ ∶ 𝒮(𝑇) → ℤ of the arcs of 𝑇 that obeys the rule shown on the left in
Figure 8 at every classical crossing of 𝑇.

Let 𝑎 = (𝜀1, … , 𝜀𝑟) be an object of 𝒱𝒯 and 𝑇 ∶ 𝑎 → 𝑎 a virtual tangle di-
agram from 𝑎 to itself. For every term 𝜀𝑖 in the sequence 𝑎, there is a partial
arc 𝜄𝑖 ∈ 𝒮(𝑇) which ends at 𝜀𝑖 in the domain of 𝑇 and a partial arc 𝜏𝑖 ∈ 𝒮(𝑇)
which ends at 𝜀𝑖 in the codomain of 𝑇. Now suppose that 𝑇 has an Alexander
numbering Γ ∶ 𝒮(𝑇) → ℤ. We will say that Γ is conservative if for 1 ≤ 𝑖 ≤ 𝑟,
Γ(𝜄𝑖) = Γ(𝜏𝑖). If Γ is conservative, its potential is the integer sequence 𝑉(Γ) =
(Γ(𝜄1), … , Γ(𝜄𝑟)) = (Γ(𝜏1), … , Γ(𝜏𝑟)). If 𝑎 = ∅, so that 𝑇 is a virtual link diagram,
an Alexander numbering Γ of the tangle 𝑇 is an Alexander numbering of the
virtual link 𝑇. In this case, we set 𝑉(Γ) = 0. Note also that if a virtual tangle 𝑇
has a conservative Alexander numbering Γ, then for all 𝑘 ∈ ℤ, then Γ + 𝑘 is a
conservative Alexander numbering for 𝑇.

Definition 4.1 (Almost classical tangle). Let 𝑎 ∈ obj(𝒱𝒯) and 𝑇 ∶ 𝑎 → 𝑎
a virtual tangle diagram. If 𝑇 has a conservative Alexander numbering, then
𝑇 will be called an almost classical diagram. If 𝑇 is equivalent to an almost
classical diagram, it will be called an almost classical tangle. Likewise, a tangle
in𝒱𝒯𝑓𝑟 or𝒱𝒯𝑓𝑟,rot will be called almost classical if it equivalent in its category
to an almost classical diagram.

Example 4.2. Let 𝑎 = (⊞,⊞) and let 𝑇 ∶ 𝑎 → 𝑎 be the virtual 2-braid 𝜒1𝜎−21
(see Figure 14, top). Then 𝑇 has an Alexander numbering, but it is not almost
classical, as there is no conservative Alexander numbering. The long virtual
knot 𝐽 ∶ (⊞) → (⊞) (see Figure 14, bottom) has a conservative Alexander
numbering and, hence, is AC.

The next two results show that the definition of AC is compatible with the
categorical structure of virtual tangles and with the definition of AC links given
in Section 2.2. Below, 𝑇 denotes the right-hand top-bottom closure of 𝑇 ∶ 𝑎 →
𝑎 (analogous to Figure 5).

Theorem 4.3. If 𝑇1, 𝑇2 are AC tangles, then 𝑇1 ⊗ 𝑇2 is AC. If 𝑇1, 𝑇2 ∶ 𝑎 → 𝑎
are AC tangle diagrams whose potentials differ by a constant vector, then 𝑇1◦𝑇2
is AC.

Proof. The first claim follows immediately from the definitions. For the sec-
ond claim, suppose that 𝑇1 ∶ 𝑎 → 𝑎 and 𝑇2 ∶ 𝑎 → 𝑎 are diagrams of 𝑇1, 𝑇2
that have conservative Alexander numberings Γ1, Γ2, respectively, such that
𝑉(Γ2) − 𝑉(Γ1) = (𝑘, … , 𝑘). Then Γ1 + 𝑘 is a an Alexander numbering of 𝑇1
such that 𝑉(Γ2) = 𝑉(Γ1 + 𝑘). Each of the terminal arcs in 𝑇2 has the same
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Figure 14. ↺ The top virtual tangle is Alexander numerable,
but not AC. The bottom virtual tangle is AC as it has a conser-
vative Alexander numbering.

numbering as the corresponding initial arc in 𝑇1, so that 𝑇1◦𝑇2 has a conserva-
tive Alexander numbering. □

Theorem 4.4. A virtual tangle diagram 𝑇 ∶ 𝑎 → 𝑎 is an almost classical dia-
gram if and only if 𝑇 is an almost classical link diagram.

Proof. Observe that the partial arcs of 𝑇 and those of 𝑇 are in one-to-one cor-
respondence, except if 𝑇 has are free ends. An Alexander numbering Γ of 𝑇 will
yield an Alexander numbering of 𝑇 if and only if Γ matches on corresponding
free ends. This occurs if and only if Γ is conservative. □

4.2. Characterization of the�-functor. To analyze the effect of the� func-
tor on AC tangles, we will generalize the characterization theorem of the �-
construction given in [CT25]. First, we extend the notion of Alexander systems
(see [CT25], Definition 3.1.1) to virtual tangles. Let 𝑇 ∶ 𝑎 → 𝑎 be a virtual tan-
gle diagram. Suppose that 𝑇 is a sub-tangle of a tangle 𝑇 ∪ 𝛾 where 𝛾 is a single
closed component. Every partial arc of 𝑇 ∪ 𝛾 lies in either 𝛾 or in 𝑇. Denote by
𝑆𝛾(𝑇) ⊆ 𝒮(𝑇 ∪ 𝛾) the subset of partial arcs of 𝑇 ∪ 𝛾 contained 𝑇.
Definition 4.5 (Alexander systems). An Alexander system for a virtual tangle
𝑇 ∶ 𝑎 → 𝑎 is a triple (𝑇, 𝛾, Γ), where 𝑇 ∪ 𝛾 is a virtual tangle diagram, 𝛾 has
exactly one closed component, and Γ ∶ 𝒮𝛾(𝑇) → ℤ is an integer labeling of
𝑆𝛾(𝑇), such that the following three conditions are satisfied.

(1) For every classical crossing involving 𝛾, the over-crossing arc lies in 𝛾
and the under-crossing arcs lie in 𝑇. Otherwise, all crossings involving
𝛾 are virtual.

(2) The function Γ obeys the rules shown in Figure 15 at every classical
crossing of 𝑇 ∪ 𝛾. In this case, Γ is called an Alexander sub-numbering.
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Figure 15. An Alexander sub-numbering Γ ∶ 𝒮𝛾(𝑇) → ℤ
obeys these rules at every classical crossing of 𝑇 ∪ 𝛾.

(3) The Alexander sub-numbering Γ is conservative (i.e. Γ matches on cor-
responding free ends).

A conservative Alexander sub-numbering Γ has a potential 𝑉(Γ), which is de-
fined analogously to potentials of Alexander numberings. Two Alexander sys-
tems (𝑇, 𝛾1, Γ1), (𝑇, 𝛾2, Γ2) for the same virtual tangle 𝑇 are said to be equivalent
if 𝑉(Γ1) = 𝑉(Γ2) and 𝑇 ∪ 𝛾1

𝑠𝑤
⇝ 𝑇 ∪ 𝛾2.

If 𝑠 = ∅, 𝑇 is a virtual link diagram. In this case, if (𝑇, 𝛾, Γ) is an Alexander
system for 𝑇, then 𝑉(Γ) = 0 and Γ is automatically conservative. In this case,
Definition 4.5 is identical to Definition 3.1.1 from [CT25]. The main technical
lemma for Alexander systems is the following.

Lemma 4.6. Any two Alexander systems (𝑇, 𝛾1, Γ1), (𝑇, 𝛾2, Γ2) for 𝑇 ∶ 𝑎 → 𝑎
having the same potential 𝑉(Γ1) = 𝑉(Γ2) are equivalent.

Proof. The special case of 𝑎 = ∅ is the content of [CT25], Lemmas 3.2.1, 3.2.2,
3.2.3. The argument in this case can be briefly summarized as follows. First,
one makes Γ1 and Γ2 agree at each classical crossing of 𝑇 by using the 𝑅3 move
to insert loops of 𝛾1 around the classical crossing. Then given a partial arc 𝜈
of 𝑇, one can reduce the crossings of 𝛾1 along 𝜈 so that they all point in the
same direction (see [CT25], Lemma 3.2.2). By the definition of an Alexander
sub-numbering (see Figure 15, left), it follows that Γ1 changes monotonically
along 𝜈. Now, Γ1 and Γ2 agree at the ends of each partial arc. This means 𝛾2
can be positioned so that the sub-numbering changes in the same monotonic
fashion along 𝜈 as 𝛾1. In particular, 𝛾2 must cross 𝜈 the same number of times
and point in the same direction as 𝛾1. Performing this along every partial arc
between classical crossings, it follows that 𝑇 ∪ 𝛾1 and 𝑇 ∪ 𝛾2 are semi-welded
equivalent.

Now suppose 𝑎 ≠ ∅, so that 𝑇 has some free ends. Proceeding as before, one
can ensure that Γ1 and Γ2 agree near every classical crossing of 𝑇. By hypothe-
sis, Γ1 and Γ2 agree at the free ends. Applying the same argument as in the case
that 𝑎 = ∅, it can be ensured that 𝛾1 and 𝛾2 have the same classical crossings
with 𝑇 along any partial arc of the virtual tangle 𝑇. Hence, the given Alexander
systems are equivalent. □
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Denote by �op(𝑇) = 𝑇 ∪ 𝜔op the semi-welded tangle obtained from �(𝑇)
by changing the direction of the 𝜔-component. This will be called the �op-
construction.

Figure 16. The �op-constructions defines an Alexander sub-
numberingΩ ∶ 𝒮𝜔op(𝑇) → ℤhaving potential𝑉(Ω) = (0, … , 0).

Lemma 4.7. For any virtual tangle 𝑇 ∶ 𝑎 → 𝑎, �op(𝑇) defines an Alexander
system (𝑇, 𝜔op, Ω), where 𝑉(Ω) = (0, … , 0) (or 𝑉(Ω) = 0 if 𝑠 = ∅). Conse-
quently, any Alexander system for 𝑇 with potential (0, … , 0) is equivalent to the
�op-construction.

Proof. Construct �op(𝑇) in the usual fashion. The partial arcs of 𝑇 ∪ 𝜔op can
then be labeled as in Figure 16. Note that all the entering and exiting strands
at each crossing are labeled 0. Hence, it may be assumed that away from the
classical crossings, all the partial arcs may also be labeled 0. In particular, all
the initial and terminal ends of 𝑇 are labeled 0. Thus, we have a conservative
Alexander sub-numbering Ω ∶ 𝒮𝜔op(𝑇) → ℤ with potential 𝑉(Ω) = (0, … , 0).
Then by Lemma 4.6, (𝑇, 𝜔op, Ω) is equivalent to Alexander system having po-
tential (0, … , 0). □

Now, given any vector (𝑣1, … , 𝑣𝑟) ∈ ℤ𝑟, there is an Alexander system (𝑇, 𝛾, Γ)
for 𝑇 whose potential 𝑉(Γ) is (𝑣1, … , 𝑣𝑟). To see this, we describe the process of
adding loops at ∞. Begin with an arbitrary Alexander system (𝑇, 𝛾0, Γ0) for 𝑇
and consider the potential Γ(𝜄𝑖) = 𝑔𝑖 of the 𝑖-th initial arc. If 𝑔𝑖 = 𝑣𝑖, there’s
nothing to do. If 𝑔𝑖 < 𝑣𝑖, the potential of the 𝑖-th initial arc can be raised by
adding two arcs to 𝛾0 as shown in the top branch of Figure 17. Iterating this
procedure, the 𝑖-th potential can be raised to 𝑣𝑖. Similarly, if 𝑔𝑖 > 𝑣𝑖, the 𝑖-th
potential can be lowered to 𝑣𝑖 by successively adding pairs of blue arcs to 𝛾0,
as shown in the bottom branch of Figure 17. Do this for all 𝑖, 1 ≤ 𝑖 ≤ 𝑛, and
reconnect the blue over-crossing arcs into a single component 𝛾. This gives
an Alexander system (𝑇, 𝛾, Γ) such that 𝑉(Γ) = (𝑣1, … , 𝑣𝑟). Viewing 𝜀𝑖 as the
point at ∞ for the 𝑖-th strand, each added pair of blue arcs can be interpreted
as adding a clockwise (↻ ) or counterclockwise (↺) loop orbiting around ∞.
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↺ loop at ∞
66

↻ loop at ∞
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Figure 17. Changing the potential by adding loops at ∞.

After adding a loop at infinity, one then reconnects the blue arcs into a single
component.

The � functor can now be characterized in a manner parallel to that of the
�-construction. The theorem below states that the �op functor makes virtual
tangles of the form𝑇 ∶ 𝑎 → 𝑎 almost classical and any other method of doing so
by adding an over-crossing component is equivalent to the �op-construction,
up to adding loops at ∞.

Theorem 4.8. Up to adding loops at ∞, every Alexander system for 𝑇 is equiva-
lent to the�op-construction.

Proof. Let (𝑇, 𝛾0, Γ0) be an Alexander system. By adding loops at∞, we obtain
a new Alexander system (𝑇, 𝛾, Γ) such that 𝑉(Γ) = (0, … , 0). By Lemma 4.7,
(𝑇, 𝛾, Γ) is equivalent to the �op-construction. □

Corollary 4.9. If 𝑇 ∶ (⊞) → (⊞) is an almost classical 1-1 tangle, then �(𝑇)
splits as 𝑇 ⊔○.

Proof. Since�maps equivalent virtual tangles to equivalent semi-welded tan-
gles, we may assume without loss of generality that 𝑇 is already Alexander nu-
merable. Let Γ ∶ 𝒮(𝑇) → ℤ be any Alexander numbering. Then 𝑉(Γ) = (𝑘)
for some 𝑘 ∈ ℤ. Furthermore, Γ − 𝑘 is also an Alexander numbering of 𝑇 and
𝑉(Γ−𝑘) = (0). Let 𝛾 = ○ be an unknotted blue circle disjoint from 𝑇 in the di-
agram. Clearly, (𝑇, 𝛾, Γ) is an Alexander system for 𝑇. Since its potential is (0),
Lemma 4.7 implies that (𝑇, 𝛾, Γ) is equivalent to the �op-construction. Hence,
�(𝑇) splits as 𝑇 ⊔○. □

5. Invariants of virtual braids and rotational links
This section defines the extended 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor and applies it to vir-

tual braids and links. Section 5.1 discusses the composition of 𝑄𝑚|𝑛◦� and
proves Theorem A. Representations of the virtual braid group are discussed
in Section 5.2. Deframing the composition gives invariants of rotational links



LIE SUPERALGEBRA INVARIANTS AND AC KNOTS 1379

and tangles, as shown in Section 5.3. Some technical details for computing the
invariants via trace formulas are discussed in Section 5.4.

5.1. Proof of Theorem A. First we show that 𝑄𝑚|𝑛◦� is well-defined.

Lemma 5.1. The functor 𝑄𝑚|𝑛 ∶ 𝒮𝒲𝒯fr,rot → Vectℂ(𝑞,𝑤) descends to a well-
defined functor 𝑄𝑚|𝑛 ∶ 𝒮𝒲𝒯|fr,rot

𝛼 → Vectℂ(𝑞,𝑤). Hence, 𝑄𝑚|𝑛◦� is a well-
defined monoidal functor.

Proof. Let 𝑎, 𝑏 be objects of 𝒮𝒲𝒯|𝑓𝑟,𝑟𝑜𝑡𝛼 and let 𝑇1, 𝑇2 ∶ 𝑎 → 𝑏 be morphisms
between them. By Section 3.4,𝑄𝑚|𝑛(𝑇1) = 𝑄𝑚|𝑛(𝑇2)whenever 𝑇1, 𝑇2 are equiv-
alent as framed rotational semi-welded tangles. Therefore, it suffices to show
that 𝑄𝑚|𝑛(𝑇1) = 𝑄𝑚|𝑛(𝑇1) whenever 𝑇1, 𝑇2 are 𝜔-crossing equivalent. Refer
to the definition of 𝑄𝑚|𝑛 in Section 3.3. Assume then that 𝑇1, 𝑇2 are given by
tangle decompositions and that 𝑇1, 𝑇2 are 𝜔-crossing equivalent. Vertical blue
strands are assigned to the 1-dimensional vector space ℂ(𝑞,𝑤). Hence, any
tensor product or composition involving a vertical blue arc has no affect on the
value of 𝑄𝑚|𝑛. Similarly, blue cups and caps have no affect on the invariant.
At a blue virtual crossing, we again have a 1-dimensional identity map, so that
tensoring or composing a blue virtual crossing has no effect. A virtual crossing
having one blue and one black arc corresponds to the identity map on 𝑉. At a
classical crossing of a blue are with another, we again obtain the identity map
on ℂ(𝑞,𝑤). Thus, the values of 𝑄𝑚|𝑛(𝑇1) and 𝑄𝑚|𝑛(𝑇2) are entirely determined
by the 𝛼-part of 𝑇1, 𝑇2 and the position of the classical crossings of their𝜔-parts
with their 𝛼-parts. But since 𝑇1, 𝑇2 are 𝜔-crossing equivalent, this implies that
𝑄𝑚|𝑛(𝑇1) = 𝑄𝑚|𝑛(𝑇2). □

Finally, we may formally define the extended𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor and prove
Theorem A.

Definition 5.2 (Extended 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor). The extended 𝑈𝑞(𝔤𝔩(𝑚|𝑛))
functor of framed rotational tangles is the composite functor

𝑄𝑚|𝑛◦� ∶ 𝒱𝒯𝑓𝑟,𝑟𝑜𝑡 → Vectℂ(𝑞,𝑤).
Theorem 5.3 (Theorem A). If 𝑇 ∶ 𝑎 → 𝑎 is an AC tangle diagram, then
𝑄𝑚|𝑛◦�(𝑇) is a conjugate of 𝑄𝑚|𝑛(𝑇), with conjugation determined by a con-
servative Alexander numbering of 𝑇.

Proof. Write 𝑎 = (𝜀1, … , 𝜀𝑟). Let Γ ∶ 𝒮(𝑇) → ℤ be a conservative Alexander
numbering of 𝑇. Let 𝑉(Γ) = (𝑘1, … , 𝑘𝑟) be the potential of Γ. If 𝑘𝑖 > 0, add
clockwise loops at ∞ (see Figure 17) until the labels near 𝜀𝑖 are reduced to 0. If
𝑘𝑖 < 0, instead add counter-clockwise loops at ∞ until the labels near 𝜀𝑖 are 0.
Now connect all these added blue over-crossing arcs to create a single blue com-
ponent. Let 𝜔op denote this single component and let Ω ∶ 𝒮𝜔op(𝑇) → ℤ denote
the Alexander sub-numbering we just constructed from Γ. Then (𝑇, 𝜔op, Ω) is a
conservative Alexander numbering with potential𝑉(Ω) = (0, … , 0). By Lemma
4.7, (𝑇, 𝜔op, Ω) is equivalent to the �op-construction.
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To calculate𝑄𝑚|𝑛◦�(𝑇), we need only evaluate𝑄𝑚|𝑛 on 𝑇∪(𝜔op)op = 𝑇∪𝜔.
Set 𝑋 to be the matrix assigned by 𝑄𝑚|𝑛 to a positive over-crossing of a black
arc by a blue arc. In block form, with 𝐼𝑘 the 𝑘 × 𝑘 identity matrix and 0 an
appropriately sized matrix of zeros, 𝑋 is given by:

𝑋 = ( 𝐼𝑚 0
0 𝑤 ⋅ 𝐼𝑛

) .

Let 𝜖𝑖 = 1,−1 according to whether 𝜀𝑖 = ⊞,⊟, respectively. It can be quickly
verified that the effect of adding loops at ∞ for 𝜀𝑖 is to compose with 𝑋𝜖𝑖𝑘𝑖 and
precompose with 𝑋−𝜖𝑖𝑘𝑖 . The cumulative effect is given by:

𝑄𝑚|𝑛◦�(𝑇) =
(
𝑋𝜖𝑛𝑘𝑛 ⊗⋯⊗𝑋𝜖1𝑘1

)
◦𝑄𝑚|𝑛(𝑇)◦

(
𝑋−𝜖𝑛𝑘𝑛 ⊗⋯⊗𝑋−𝜖1𝑘1

)
.

Hence,𝑄𝑚|𝑛◦�(𝑇) is a conjugate of𝑄𝑚|𝑛(𝑇)when𝑇 has a conservative Alexan-
der numbering. □

5.2. Representations of the virtual braid group. The representation is just
𝑄𝑚|𝑛◦�:

Theorem 5.4. For all possible 𝑚, 𝑛,𝑁, the assignment 𝜌𝑚|𝑛𝑁 (𝛽) = 𝑄𝑚|𝑛◦�(𝛽)
is a representation 𝜌𝑚|𝑛𝑁 ∶ 𝑉𝐵𝑁 → 𝐺𝐿((𝑚 + 𝑛)𝑁 , ℂ(𝑞, 𝑤)) of the virtual braid
group 𝑉𝐵𝑁 .

Proof. By Theorem 3.6, if 𝛽1, 𝛽2 ∈ 𝑉𝐵𝑁 , then �(𝛽1◦𝛽2) = �(𝛽1)◦�(𝛽2). By
Lemma 5.1, 𝜌𝑚|𝑛𝑁 (𝛽1◦𝛽2) = 𝜌𝑚|𝑛𝑁 (𝛽1)◦𝜌𝑚|𝑛𝑁 (𝛽2). Since virtual braid equivalence
does not use 𝑅1 or 𝑣𝑅1 moves, equivalent virtual braids are also equivalent as
framed rotational tangles. Hence, 𝜌𝑚|𝑛𝑁 satisfies the virtual braid relations 2.1,
2.2, and 2.3. □

It will be shown in Lemma 6.3 that, after passing to the exterior algebra, 𝜌 1|1𝑁
is equivalent to the generalized Burau representation. Setting 𝑤 = 1 gives a
representation that is equivalent to the Burau representation (again after pass-
ing to the exterior algebra). For𝑚, 𝑛 ≠ 1, the representations are not in general
the same as the generalized Burau representation. The representation 𝜌𝑚|𝑛𝑁 can
be easily calculated on generators. For the reader’s convenience, the calcula-
tion for a negative crossing 𝜎−11 ∈ 𝑉𝐵2 is given below. The value at a positive
crossing is the inverse of this matrix and the value at a virtual crossing is the
𝑞-deformed graded switch given in Section 3.2.

𝜌 𝑚|𝑛
2 (𝜎−11 ) ∶ 𝑥𝑘⊗𝑥𝑙 →

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

𝑞−1 ⋅ 𝑥𝑙 ⊗ 𝑥𝑙 if 𝑙 = 𝑘 ≤ 𝑚
−𝑞 ⋅ 𝑥𝑙 ⊗ 𝑥𝑙 if 𝑙 = 𝑘 > 𝑚
𝑥𝑙 ⊗ 𝑥𝑘 if 𝑘 < 𝑙 ≤ 𝑚

𝑤 ⋅ 𝑥𝑙 ⊗ 𝑥𝑘 if 𝑘 ≤ 𝑚 < 𝑙
−𝑥𝑙 ⊗ 𝑥𝑘 if 𝑚 < 𝑘 < 𝑙

(−1)|𝑙||𝑘| ⋅ 𝑥𝑙 ⊗ 𝑥𝑘 + (𝑞−1 − 𝑞) ⋅ 𝑥𝑘 ⊗ 𝑥𝑙 if 𝑚 < 𝑙 < 𝑘 or,
𝑙 < 𝑘 ≤ 𝑚

𝑤−1 ⋅ 𝑥𝑙 ⊗ 𝑥𝑘 + (𝑞−1 − 𝑞) ⋅ 𝑥𝑘 ⊗ 𝑥𝑙 if 𝑙 ≤ 𝑚 < 𝑘
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Example 5.5. Let 𝛽1 = 𝜎1𝜒1𝜎−11 ∈ 𝑉𝐵2. Clearly, 𝛽1 = ˆ𝜒1𝜎−11 𝜎1, which is
equivalent to the unknot in the virtual category. Although the closure is almost
classical, 𝛽1 itself is not almost classical. This can be proved using Theorem 5.3.
Suppose that 𝛽1 is equivalent to a virtual braid 𝛽2 having a conservative Alexan-
der numbering Γ with potential 𝑉(Γ) = (𝑘1, 𝑘2). Then 𝑄1|1(𝛽1) = 𝑄1|1(𝛽2) and
Theorem 5.3 gives:

𝑄1|1◦�(𝛽1) = ((1 0
0 𝑤𝑘1) ⊗ (1 0

0 𝑤𝑘2)) ◦𝑄
1|1(𝛽2)◦ ((

1 0
0 𝑤−𝑘1) ⊗ (1 0

0 𝑤−𝑘2)) .

Calculating the left and right hand side yields the equation:

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 𝑞2𝑤 − 𝑤 −𝑞3 + 1

𝑞𝑤2
+ 2𝑞 − 1

𝑞
0

0 𝑞𝑤2 𝑤 − 𝑞2𝑤 0
0 0 0 −1

⎞
⎟
⎟
⎟
⎠

=
⎛
⎜
⎜
⎝

1 0 0 0
0 𝑞2 − 1 2𝑞𝑤𝑘2−𝑘1 − 𝑞3𝑤𝑘2−𝑘1 0
0 𝑞𝑤𝑘1−𝑘2 1 − 𝑞2 0
0 0 0 −1

⎞
⎟
⎟
⎠

.

As no choice of 𝑘1, 𝑘2 satisfies this equation, it follows that 𝛽1 is not almost
classical. □

5.3. Unframed rotational links. Polynomial invariants are obtained in the
usual way. First we apply the extended 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) invariants and then we
adjust for the classical writhe.

Definition 5.6 (Virtual & generalized 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) polynomials). Let 𝐿 be a
virtual link diagram. The virtual 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) polynomial 𝑓𝑚|𝑛

𝐿 (𝑞) of 𝐿 and the
generalized 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) polynomial 𝑓𝑚|𝑛

𝐿 (𝑞, 𝑤) of 𝐿 are defined to be:

𝑓𝑚|𝑛𝐿 (𝑞) ∶= 𝑞(𝑛−𝑚)wr(𝐿)𝑄𝑚|𝑛
𝐿 (𝑞),

𝑓𝑚|𝑛
𝐿 (𝑞, 𝑤) ∶= 𝑞(𝑛−𝑚)wr(𝐿)𝑄𝑚|𝑛

�(𝐿)(𝑞, 𝑤),

where wr(𝐿) denotes the classical writhe of 𝐿. Note that 𝑓𝑚|𝑛𝐿 (𝑞) = 𝑓𝑚|𝑛
𝐿 (𝑞, 1),

since setting 𝑤 = 1 assigns all elementary semi-welded tangles involving the
𝜔-part to an identity matrix.

Theorem 5.7. If 𝐿1, 𝐿2 are rotationally equivalent virtual link diagrams, then:

𝑓𝑚|𝑛
𝐿1 (𝑞) = 𝑓𝑚|𝑛

𝐿2 (𝑞), and 𝑓𝑚|𝑛
𝐿1 (𝑞, 𝑤) = 𝑓𝑚|𝑛

𝐿2 (𝑞, 𝑤).

In particular, 𝑓 1|1
𝐿 (𝑞, 𝑤) is an invariant of virtual links, up to multiples of 𝑞𝑝 for

𝑝 ∈ ℤ.

Proof. The � functor is invariant under all extended Reidemeister moves.
The functors 𝑄𝑚|𝑛, 𝑄𝑚|𝑛 are invariant under all moves except the 𝑅1 and 𝑣𝑅1
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moves on the 𝛼-parts of semi-welded links. Suppose then that 𝐶 is a 1-1 virtual
tangle corresponding to a classical curl. Then �(𝐶) splits as 𝐶⊔○. Hence, the
value on a classical curl agrees with the classical case: 𝑄𝑚|𝑛

�(𝐶)(𝑞, 𝑤) = 𝑄𝑚|𝑛
𝐶 (𝑞) =

𝑞(𝑚−𝑛)⋅wr(𝐶)𝐼𝑚+𝑛. If 𝑚 = 𝑛 = 1 and 𝐶 is a virtual curl, then we have by Section
3.4 that 𝑄 1|1

�(𝐶)(𝑞, 𝑤) = 𝑄1|1
𝐶 (𝑞) = 𝑞±1 ⋅ 𝐼2. Here the sign of the exponent is −1

for a left virtual curl and +1 for the right virtual curl. This proves the second
claim. □

The next result shows 𝑓𝑚1|𝑛1
𝐿 (𝑞, 𝑤) and 𝑓𝑚2|𝑛2

𝐿 (𝑞, 𝑤) satisfy the same skein
relation whenever 𝑚1 − 𝑛1 = 𝑚2 − 𝑛2. However, as will be seen in Section
7, it is generally not true that 𝑚1 − 𝑛1 = 𝑚2 − 𝑛2 implies 𝑓𝑚1|𝑛1

𝐿 (𝑞, 𝑤) and
𝑓𝑚2|𝑛2
𝐿 (𝑞, 𝑤) are equal. Below we follow the usual conventions: for a virtual

link diagram 𝐿 = 𝐿+ with a fixed ⊕ crossing 𝑥 of 𝐿, let 𝐿− denote the virtual
link diagram obtained by changing 𝑥 to an ⊖ crossing, and let 𝐿0 the virtual
link diagram obtained by applying the oriented smoothing at 𝑥. See Figure 18.

For 𝑧 ∈ ℤ, write [𝑧]𝑞 ∶=
𝑞𝑧 − 𝑞−𝑧
𝑞 − 𝑞−1 , for the quantum integer.

𝐿+: 𝐿−: 𝐿0:

Figure 18. Local changes to a virtual link diagram 𝐿 in a skein relation.

Theorem 5.8. The invariants 𝑓𝑚|𝑛𝐿 (𝑞), 𝑓𝑚|𝑛
𝐿 (𝑞, 𝑤) satisfy the following skein re-

lations.
(1) 𝑓𝑚|𝑛○ (𝑞) = [𝑚 − 𝑛]𝑞, 𝑞𝑚−𝑛𝑓𝑚|𝑛𝐿+ (𝑞) − 𝑞𝑛−𝑚𝑓𝑚|𝑛𝐿− (𝑞) = (𝑞 − 𝑞−1)𝑓𝑚|𝑛𝐿0 (𝑞).

(2) 𝑓𝑚|𝑛
○ (𝑞, 𝑤) = [𝑚 − 𝑛]𝑞, 𝑞𝑚−𝑛𝑓𝑚|𝑛

𝐿+ (𝑞, 𝑤) − 𝑞𝑛−𝑚𝑓𝑚|𝑛
𝐿− (𝑞, 𝑤) = (𝑞 −

𝑞−1)𝑓𝑚|𝑛
𝐿0 (𝑞, 𝑤).

Proof. Since 𝑓𝑚|𝑛𝐿 (𝑞) is a specialization of 𝑓𝑚|𝑛(𝑞, 𝑤), it suffices to prove (2).
The value of an unknot can be calculated in the usual fashion. First decompose
○ as ↷ ◦ ↷and then multiply the cup and cap maps for 𝑈𝑞(𝔤𝔩(𝑚|𝑛)). Since
�(○) splits, it follows that 𝑄𝑚|𝑛

�(○)(𝑞, 𝑤) = 𝑄𝑚|𝑛
○ (𝑞) = [𝑚 − 𝑛]𝑞. This proves the
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first claim. Next, note that for the positive crossing 𝜎1 ∈ 𝑉𝐵2, and negative
crossing 𝜎−11 , we have that:

𝑄𝑚|𝑛
𝜎1 (𝑞, 𝑤) − 𝑄𝑚|𝑛

𝜎−11
(𝑞, 𝑤) = (𝑞 − 𝑞−1)𝑄𝑚|𝑛

↑⊗↑(𝑞, 𝑤).

This can be seen by a direct calculation with the 𝑅-matrices for 𝑈𝑞(𝔤𝔩(𝑚|𝑛))
given in Section 3.2. Using the fact that wr(𝐿+) − 2 = wr(𝐿−) and wr(𝐿−) + 1 =
wr(𝐿0), we have that:

𝑞2(𝑚−𝑛)𝑓𝑚|𝑛
𝐿+ (𝑞, 𝑤) = 𝑞−(𝑚−𝑛)(𝑤𝑟(𝐿+)−2)𝑄𝑚|𝑛

�(𝐿+)
(𝑞, 𝑤)

= 𝑞−(𝑚−𝑛)𝑤𝑟(𝐿−)
(
𝑄𝑚|𝑛
�(𝐿−)

(𝑞, 𝑤) + (𝑞 − 𝑞−1)𝑄𝑚|𝑛
�(𝐿0)

(𝑞, 𝑤)
)

= 𝑓𝑚|𝑛
𝐿− (𝑞, 𝑤) + (𝑞 − 𝑞−1)𝑞−(𝑚−𝑛)(𝑤𝑟(𝐿0)−1)𝑄𝑚|𝑛

�(𝐿0)
(𝑞, 𝑤)

= 𝑓𝑚|𝑛
𝐿− (𝑞, 𝑤) + (𝑞 − 𝑞−1)𝑞𝑚−𝑛𝑓𝑚|𝑛

𝐿0 (𝑞, 𝑤).

The proof is completed by multiplying the above equation through by 𝑞𝑛−𝑚. □

The last result of this subsection shows how Theorem A specializes to the
case of AC links. Here the rotational category is required whenever (𝑚, 𝑛) ≠
(1, 1).

Corollary 5.9. If 𝐿 is rotationally almost classical, then 𝑓 𝑚|𝑛
𝐿 (𝑞, 𝑤) = 𝑓𝑚|𝑛𝐿 (𝑞).

Proof. Suppose that a diagram of 𝐿 is equivalent as a rotational link to an al-
most classical diagram 𝐾. Viewing 𝐾 as a virtual tangle diagram, 𝐾 is a mor-
phism ∅ → ∅ that has a conservative Alexander numbering. By Theorem 5.3,
𝑄𝑚|𝑛◦�(𝐾) is conjugate to 𝑄𝑚|𝑛(𝐾). But since these are both 1× 1 matrices, it
must be that 𝑄𝑚|𝑛◦�(𝐾) = 𝑄𝑚|𝑛(𝐾). □

5.4. Trace formulas. As in the classical case, the generalized 𝑈𝑞(𝔤𝔩(𝑚|𝑛))
polynomial can be calculated by a trace formula. The trace formulas will typi-
cally result in a faster computation time when the braid width is large. First we
recall the basic ingredients of the classical construction.

For a fixed ribbon Hopf algebra𝔄 and 𝜌 ∶ 𝔄 → End(𝑈) a finite-dimensional
representation of 𝔄, let 𝑄 denote the Reshetikhin-Turaev invariant associated
to 𝔄. The 𝑅-matrix of 𝔄 and 𝜌 give a representation 𝜑 ∶ 𝐵𝑟𝑁 → End(𝑈⊗𝑁) of
the braid group on𝑁-strands. Then for any 𝛽 ∈ 𝐵𝑟𝑁 , the value of 𝑄 on the link
diagram 𝛽 is given by:

𝑄(𝛽) = tr
(
𝜑(𝛽)◦𝜇⊗𝑁

)
. (5.1)

See, for example, [JM19], Theorem 7.31. This is shown diagrammatically in
Figure 19. The map 𝜇 ∶ 𝑈 → 𝑈 is completely determined by the cup and cap
maps of 𝑄, and can be easily calculated from standard techniques (see [JM19],
Lemma B.4). For the vector representation of 𝑈𝑞(𝔤𝔩(𝑚|𝑛)), the 𝑖, 𝑗 entry 𝜇𝑖𝑗 of
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𝜇 ∶ 𝑉 → 𝑉 works out to be:

𝜇𝑖𝑗 =
⎧

⎨
⎩

𝑞−𝑚+𝑛−1+2𝑖 if 𝑖 = 𝑗 ≤ 𝑚
−𝑞3𝑚+𝑛+1−2𝑖 if 𝑖 = 𝑗 > 𝑚

0 else
. (5.2)

Example 5.10. For future use, we compute 𝜇 and 𝜇⊗𝑁 for the vector represen-
tation 𝑉 of 𝑈𝑞(𝔤𝔩(1|1)). With respect to the basis {𝑥1, 𝑥2}, 𝜇 is given by:

(𝑞 0
0 −𝑞) .

Write |𝑖𝑗| for the grading |𝑥𝑖𝑗 | of 𝑥𝑖𝑗 . Then 𝑁 ≥ 1, 𝜇⊗𝑁 ∶ 𝑉⊗𝑁 → 𝑉⊗𝑁 acts on
the basis by:

𝜇⊗𝑁(𝑥𝑖1 ⊗⋯⊗ 𝑥𝑖𝑁 ) = 𝑞𝑁(−1)
∑

𝑗 |𝑖𝑗|𝑥𝑖1 ⊗⋯⊗ 𝑥𝑖𝑁 .

A sketch of the proof of Equation 5.1 for classical braids will be useful for the
virtual case. Let 𝛽 ∈ 𝐵𝑟𝑁 and write 𝛽 =↷𝑁 ◦(𝛽⊗ ↓𝑁)◦ ↷𝑁 , where□𝑁 denotes
𝑁 parallel copies of □. Then since 𝑄 is a monoidal functor, we have:

𝑄(𝛽) = 𝑄(↷𝑁)◦𝑄(𝛽⊗ ↓𝑁)◦𝑄( ↷𝑁)

= 𝑄(↷𝑁)◦
(
𝑄(𝛽) ⊗ id⊗𝑁

)
◦𝑄( ↷𝑁)

= 𝑄(↷𝑁)◦
(
𝜑(𝛽) ⊗ id⊗𝑁

)
◦𝑄( ↷𝑁).

Then it is shown that𝑄(↷𝑁)◦
(
− ⊗ id⊗𝑁

)
◦𝑄( ↷𝑁) coincides with tr(−⊗𝜇⊗𝑁).

β
𝜑(−)◦𝜇⊗𝑁 //

μ μ μ μ

φ β)
tr //

μ μ μ μ

φ β)

Figure 19. Diagrammatic version of (5.1).

Theorem 5.11. For 𝛽 ∈ 𝑉𝐵𝑁 , 𝑄𝑚|𝑛◦�(𝛽) = tr
(
𝜌 𝑚|𝑛
𝑁 (𝛽)◦𝜇⊗𝑁

)
, where 𝜇 is

given by 5.2.

Proof. This essentially follows from the functoriality of � and the proof of
Equation 5.1 for classical braids. As above, write 𝛽 =↷𝑁 ◦(𝛽⊗ ↓𝑁)◦ ↷𝑁 . Then
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since � is a monoidal functor:

𝑄𝑚|𝑛◦�(𝛽) = 𝑄𝑚|𝑛(�(↷𝑁))◦𝑄𝑚|𝑛(�(𝛽⊗ ↓𝑁))◦𝑄𝑚|𝑛(�( ↷𝑁))

= 𝑄𝑚|𝑛(↷𝑁)◦
(
𝑄𝑚|𝑛(�(𝛽)) ⊗ id⊗𝑁

)
◦𝑄𝑚|𝑛( ↷𝑁)

= 𝑄𝑚|𝑛(↷𝑁)◦
(
𝑄𝑚|𝑛(�(𝛽)) ⊗ id⊗𝑁

)
◦𝑄𝑚|𝑛( ↷𝑁).

The last equality follows from the fact that ↷𝑁 and ↷𝑁 contain no crossings.
In this factorization, we see that the effect of any virtual crossings is contained
in the representation 𝑄𝑚|𝑛◦� ∶ 𝑉𝐵𝑁 → 𝐺𝐿((𝑚 + 𝑛)𝑁 , ℂ(𝑞, 𝑤)) of the virtual
braid group. Furthermore, the proof of 5.1 for a classical braid 𝛽 involves only
the parts ↷𝑁 , ↷𝑁 , and id⊗𝑁 . Hence, the proof of 5.1 applies exactly as in the
classical case and the proof is complete. □

Similarly, if 𝛽 ∈ 𝐵𝑟𝑁 and 𝛽′ is the 1-1 tangle obtained from 𝛽 by closing the
strands 2, … ,𝑁, 𝑄(𝛽′) is given by a composition of partial (or operator) traces
(see e.g. [JM19], Section 6.2):

𝑄𝛽′(𝑞) = tr2◦tr3◦⋯◦tr𝑁
(
𝜑(𝛽)◦(id ⊗ 𝜇⊗𝑁−1

)
). (5.3)

This is depicted diagrammatically in Figure 20. The same formula holds for
𝑉𝐵𝑁 .

Theorem 5.12. For 𝛽 ∈ 𝑉𝐵𝑁 and 𝜇 ∶ 𝑉 → 𝑉 as given in 5.2,

𝑄𝑚|𝑛◦�(𝛽′) = tr2◦tr3◦⋯◦tr𝑁
(
𝜌 𝑚|𝑛
𝑁 (𝛽)◦(id ⊗ 𝜇⊗𝑁−1)

)
.

Proof. Write 𝛽′ = (↑ ⊗ ↷𝑁−1)◦(𝛽⊗ ↓𝑁−1)◦(↑ ⊗ ↷𝑁−1). Then since � is a
monoidal functor:
𝑄𝑚|𝑛◦�(𝛽′) = 𝑄𝑚|𝑛(�(↑ ⊗ ↷𝑁−1))◦𝑄𝑚|𝑛(�(𝛽⊗ ↓𝑁−1))◦𝑄𝑚|𝑛(�(↑ ⊗ ↷𝑁−1))

= 𝑄𝑚|𝑛(↑ ⊗ ↷𝑁−1)◦
(
𝑄𝑚|𝑛(�(𝛽)) ⊗ id⊗𝑁−1

)
◦𝑄𝑚|𝑛(↑ ⊗ ↷𝑁−1)

= 𝑄𝑚|𝑛(↑ ⊗ ↷𝑁)◦
(
𝜌 𝑚|𝑛
𝑁 (𝛽) ⊗ id⊗𝑁−1

)
◦𝑄𝑚|𝑛(↑ ⊗ ↷𝑁−1).

The rest of the proof now follows as in the classical case. □

β
𝜑(−)◦(id⊗𝜇⊗𝑁−1)//

μ μ μ

φ β)
tr2◦⋯◦tr𝑁//

μ μ μ

φ β)

Figure 20. Diagrammatic version of (5.3)
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6. The Alexander & generalized Alexander polynomials
The goal of this section is to show that the generalized Alexander polynomial

of a virtual link and the Alexander polynomial of an almost classical link can
be recovered from the extended𝑈𝑞(𝔤𝔩(1|1)) functor. It should be reemphasized
that these facts do not follow immediately from the skein relations in Theorem
5.8. Not all virtual knots can be unknotted by crossing changes and hence the
skein relation does not uniquely determine the invariants. Instead, these results
are obtained using a argument similar to the one given by Kauffman-Saleur
[KS91] for Alexander polynomial of classical links. First, we review the Burau
and generalized Burau representations in Section 6.1. In Section 6.2, we find
another representation of 𝑉𝐵𝑁 by applying the exterior algebra functor. With
these preparations in place, the generalized Alexander polynomial is recovered
in Section 6.3. Finally, the Alexander polynomial of an AC link is realized in
Section 6.4.

6.1. The Burau & generalized Burau representations. Recall the Burau
representation 𝜌𝑁 ∶ 𝑉𝐵𝑟𝑁 → GL(𝑁,ℂ(𝑡)) of the virtual braid group 𝑉𝐵𝑁 .
First, 𝜌2 is defined on generators by:

𝜌2(𝜎1) = (1 − 𝑡 𝑡
1 0) , 𝜌2(𝜎−11 ) = (

0 1
1
𝑡

1 − 1
𝑡
) , 𝜌2(𝜒1) = (0 1

1 0) .

For 𝑁 > 2, the Burau representation is defined on generators by the following
block matrices:

𝜌𝑁(𝜎±1𝑖 ) =
⎛
⎜
⎝

𝐼𝑖−1 0 0
0 𝜌2(𝜎±1𝑖 ) 0
0 0 𝐼𝑁−𝑖−1

⎞
⎟
⎠
, 𝜌𝑁(𝜒𝑖) =

⎛
⎜
⎝

𝐼𝑖−1 0 0
0 𝜌2(𝜒𝑖) 0
0 0 𝐼𝑁−𝑖−1

⎞
⎟
⎠
.

For an almost classical link 𝐿, the Alexander polynomial of 𝐿 is obtained
from the Burau representation as follows. Recall that every virtual link 𝐿 has
a fundamental group 𝜋1(𝐿) obtained via the Wirtinger presentation [Kau99].
Applying the Fox calculus to the relations at each classical crossing yields the
Alexander module of 𝐿 over ℤ[𝑡±]. If 𝐿 is AC, the first elementary ideal ℰ1 is
principal (see e.g. [NNST12, BGH+17]) and a generator of ℰ1 is the Alexander
polynomial ∆𝐿(𝑡), which is well-defined up to a unit of ℤ[𝑡±]. Now, if 𝐿 = 𝛽 for
𝛽 ∈ 𝑉𝐵𝑁 , an argument by Fox calculus shows that 𝜌𝑁(𝛽) − 𝐼𝑁 is also a presen-
tation of the Alexander module of 𝐿. Since ℰ1 is principal, the determinant of
any (𝑁−1)×(𝑁−1)minor of 𝜌𝑁(𝛽)−𝐼𝑁 coincides with∆𝐿(𝑡), up to a multiple
of ±𝑡𝑘 for 𝑘 ∈ ℤ. For definitiveness, let 𝐴11 denote the matrix obtained from
𝜌𝑁(𝛽) by deleting the 𝑁-th row and column. Then, up to units:

∆𝐿(𝑡) = det(𝐴11 − 𝐼𝑁−1). (6.1)

This formulation will be used ahead. Another well-known fact will be needed
below. Observe that det(𝜌𝑁(𝛽)−𝐼𝑁) = 0 for all 𝛽 ∈ 𝑉𝐵𝑁 . Indeed, 𝑣 = (1, … , 1)⊺
is an eigenvector with eigenvalue 1 for 𝜌𝑁(𝜎±𝑖 ) and 𝜌𝑁(𝜒𝑖) for all 1 ≤ 𝑖 ≤ 𝑁−1.
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Then it is also an eigenvector for 𝜌𝑁(𝛽) for all 𝛽 ∈ 𝑉𝐵𝑁 and hence (𝜌𝑁(𝛽) −
𝐼𝑁)𝑣 = 0.

The generalized Burau representation 𝜌𝑁 ∶ 𝑉𝐵𝑁 → GL(𝑁,ℂ(𝑠, 𝑡)) for vir-
tual braids was first defined in Kauffman-Radford [KR03]. It is naturally ob-
tained from the theory of biquandles, in the same way that Kauffman-Saleur
[KS92] initially defined the JKS-invariant for knots in thickened surfaces. For
𝑁 = 2, it is defined on generators by:

𝜌2(𝜎1) = (1 − 𝑠𝑡 𝑠
𝑡 0) , 𝜌2(𝜎−11 ) =

⎛
⎜
⎝

0 1
𝑡1

𝑠
1 − 1

𝑠𝑡

⎞
⎟
⎠
, 𝜌2(𝜒1) = (0 1

1 0) .

For 𝑁 > 2, the generalized Burau representation is defined on generators by
the block matrices:

𝜌𝑁(𝜎±𝑖 ) =
⎛
⎜
⎝

𝐼𝑖−1 0 0
0 𝜌2(𝜎±𝑖 ) 0
0 0 𝐼𝑁−𝑖−1

⎞
⎟
⎠
, 𝜌𝑁(𝜒𝑖) =

⎛
⎜
⎝

𝐼𝑖−1 0 0
0 𝜌2(𝜒𝑖) 0
0 0 𝐼𝑁−𝑖−1

⎞
⎟
⎠
.

Using the �-construction, the generalized Alexander polynomial 𝐺𝐿(𝑠, 𝑡)
can be obtained from 𝜌𝑁 in the same way that ∆𝐿(𝑡) is obtained from 𝜌𝑁 . In
[BC21], it was proved that (after a change of variables) 𝐺𝐿(𝑠, 𝑡) is the multi-
variable Alexander polynomial of the (𝑟 + 1)-component virtual link �(𝐿). In
this case, the components of 𝐿 are assigned to the variable 𝑠 while the 𝜔 com-
ponent goes to the variable 𝑡. Again using Fox calculus, one arrives at a presen-
tation matrix for the Alexander module over ℤ[𝑠±1, 𝑡±1]. The principal minor
which ignores the column corresponding to the generator of the 𝜔 component
then gives the generalized Alexander polynomial. If 𝐿 = 𝛽 for some 𝛽 ∈ 𝑉𝐵𝑁 ,
this coincides by Fox calculus with 𝜌𝑁(𝛽) − 𝐼𝑁 . Hence we have:

𝐺𝐿(𝑠, 𝑡) = det(𝜌𝑁(𝛽) − 𝐼𝑁), (6.2)

which is well-defined up to multiples of ±𝑠𝑗𝑡𝑘 for 𝑗, 𝑘 ∈ ℤ. For further details
on the algebraic aspects, see e.g. [BDG+15], Theorem 4.4 and Corollary 4.8.
The above discussion suffices for what is needed in the subsequent sections.

6.2. The exterior algebra. Consider the case of the Alexander polynomial.
Denote the vector space over ℂ(𝑡) on which the Burau representation acts by
𝑈, with ordered basis 𝑢1, … , 𝑢𝑁 . Recall that the exterior algebra

⋀∗𝑈 has basis
consisting of 1 and elements of the form𝑢𝑎1∧𝑢𝑎2∧⋯∧𝑢𝑎𝑘 where𝑎1 < 𝑎2 < ⋯ <
𝑎𝑘 and 𝑘 ≤ 𝑁. Denote by

⋀∗(𝑓) the induced map of a linear transformation
𝑓 ∶ 𝑈 → 𝑈. Since 𝑉𝐵𝑁 is generated by 𝜎±𝑖 , 𝜒𝑖 for 1 ≤ 𝑖 ≤ 𝑁 − 1 and

⋀∗ is
functorial, it is enough to determine

⋀∗(𝜌2(𝜎1)) and
⋀∗(𝜌2(𝜒1)). First, perform

a change of variables 𝑡 → 𝑞−2 and then make a consistent change of basis. The
change of basis matrix is given by:

(𝑞
−1∕2 0
0 𝑞1∕2) . (6.3)
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Then the Burau representation 𝜌2 ∶ 𝑉𝐵2 → 𝐺𝐿(2, ℂ(𝑞)) is given on generators
by:

𝜌2(𝜎1) =
⎛
⎜
⎝

1 − 1
𝑞2

1
𝑞

1
𝑞

0
⎞
⎟
⎠
, 𝜌2(𝜎−11 ) = (0 𝑞

𝑞 1 − 𝑞2) , 𝜌2(𝜒1) = (
0 𝑞
1
𝑞

0) .

The induced maps
⋀∗(𝜌2(𝜎1)),

⋀∗(𝜌2(𝜎−11 )),⋀∗(𝜌2(𝜒1)) are, respectively, given
by:

⎛
⎜
⎜
⎜
⎜
⎝

1 0 0 0
0 1 − 1

𝑞2
1
𝑞

0

0 1
𝑞

0 0

0 0 0 − 1
𝑞2

⎞
⎟
⎟
⎟
⎟
⎠

,
⎛
⎜
⎜
⎝

1 0 0 0
0 0 𝑞 0
0 𝑞 1 − 𝑞2 0
0 0 0 −𝑞2

⎞
⎟
⎟
⎠

,

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 0 𝑞 0
0 1

𝑞
0 0

0 0 0 −1

⎞
⎟
⎟
⎟
⎠

,

Remark 6.1. Observe that
⋀∗(𝜌2(𝜒1)) is exactly the value of 𝑄1|1

( )
. As ex-

plained in Remark 3.3, our choice for the value of the virtual braiding is forced
by the Burau representation and the change of basis matrix (6.3).

For the generalized Alexander polynomial, the required change of variables
is 𝑠 → 𝑡−1𝑞−2 followed by 𝑡 → 𝑤. Together with the change of basis given in
(6.3), this yields:

𝜌2(𝜎1) =
⎛
⎜
⎝

1 − 1
𝑞2

1
𝑤𝑞𝑤

𝑞
0
⎞
⎟
⎠
, 𝜌2(𝜎−11 ) = ( 0 1

𝑤
𝑞

𝑤𝑞 1 − 𝑞2
) , 𝜌2(𝜒1) = (

0 𝑞
1
𝑞

0) .

The induced maps
⋀∗(𝜌2(𝜎1)),

⋀∗(𝜌2(𝜎−11 )), and
⋀∗(𝜌2(𝜒1)) are, respectively,

given by:

⎛
⎜
⎜
⎜
⎜
⎝

1 0 0 0
0 1 − 1

𝑞2
1
𝑤𝑞

0
0 𝑤

𝑞
0 0

0 0 0 − 1
𝑞2

⎞
⎟
⎟
⎟
⎟
⎠

,

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 0 1

𝑤
𝑞 0

0 𝑤𝑞 1 − 𝑞2 0
0 0 0 −𝑞2

⎞
⎟
⎟
⎟
⎠

,

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 0 𝑞 0
0 1

𝑞
0 0

0 0 0 −1

⎞
⎟
⎟
⎟
⎠

.

Next,
⋀∗𝑈 is identified with 𝑉⊗𝑁 , where 𝑉 is again the vector representa-

tion of 𝑈𝑞(𝔤𝔩(1|1)). Recall that 𝑉 is generated by 𝑥1, 𝑥2 with 𝑥1 even and 𝑥2
odd. First, 1 is identified with 𝑥1 ⊗ 𝑥1 ⊗⋯ ⊗ 𝑥1. The vector 𝑢𝑖 is identified
with the basis vector for 𝑉⊗𝑁 having 𝑥2 in the 𝑖 + 1 (mod 𝑁) position and 𝑥1
elsewhere. Hence, 𝑢1 is identified with 𝑥1⊗𝑥2⊗𝑥1⊗⋯⊗𝑥1, 𝑢2 is identified
with 𝑥1⊗𝑥1⊗𝑥2⊗𝑥1⋯⊗𝑥1, and 𝑢𝑁 is identified with 𝑥2⊗𝑥1⊗𝑥1⊗⋯⊗𝑥1.
In general, the basis element 𝑢𝑖1 ∧ 𝑢𝑖2 ∧⋯∧ 𝑢𝑖𝑘 where 𝑖1 < … < 𝑖𝑁 is identified
with the basis element having 𝑥2 in the the 𝑖𝑗 + 1 (mod 𝑁) position for every
1 ≤ 𝑗 ≤ 𝑘 and 𝑥1 in all other positions. Note that 𝑉⊗𝑁 is ℤ2-graded so that
𝑥𝑎1⊗𝑥𝑎2⊗⋯⊗𝑥𝑎𝑁 is odd if 𝑥2 appears an odd number of times in the 𝑥𝑎𝑖 and
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even otherwise (see Section 3.1). Hence, 𝑢𝑖1 ∧𝑢𝑖2 ∧⋯∧𝑢𝑖𝑘 is odd exactly when
𝑘 is odd.

For 𝑁 = 2, take as an ordered basis for 𝑉⊗2 the set {𝑥1 ⊗ 𝑥1, 𝑥1 ⊗ 𝑥2, 𝑥2 ⊗
𝑥1, 𝑥2⊗𝑥2}. With respect to this basis, the matrix 𝑅̌ for 𝑈𝑞(𝔤𝔩(1|1)) is given by
(see Section 3.2):

𝑅̌ =

⎛
⎜
⎜
⎜
⎝

𝑞 0 0 0
0 𝑞 − 1

𝑞
1 0

0 1 0 0
0 0 0 − 1

𝑞

⎞
⎟
⎟
⎟
⎠

.

Hence, 𝑅̌ = 𝑞 ⋅ ⋀∗(𝜌2(𝜎1)). Similarly, 𝑅̌−1 = 𝑞−1 ⋅ ⋀∗(𝜌2(𝜎−11 )) and 𝑄1|1
𝜒1 (𝑞) =⋀∗(𝜌2(𝜒1)). This proves the following lemma relating the Burau representation

and the virtual 𝑈𝑞(𝔤𝔩(1|1)) functor.

Lemma 6.2. For any 𝛽 ∈ 𝑉𝐵𝑁 , 𝑄1|1
𝛽 (𝑞) = 𝑞𝑤𝑟(𝛽) ⋅ ⋀∗(𝜌𝑁(𝛽)).

The extended𝑈𝑞(𝔤𝔩(1|1)) functor is connected to the generalized Burau rep-
resentation via the �-construction. From Figure 10 and the definition of 𝑄1|1,
we compute:

𝑄1|1�(𝜎1)
(𝑞, 𝑤) =

(
𝑄𝑚|𝑛

( )
⊗ id𝑉

)
◦
(
id𝔽 ⊗𝑄𝑚|𝑛

( ))
◦
(
𝑄𝑚|𝑛

( )
⊗ id𝑉

)

= ((1 0
0 𝑤) ⊗ 𝐼2) ◦

⎛
⎜
⎜
⎜
⎝

𝐼1 ⊗

⎛
⎜
⎜
⎜
⎝

𝑞 0 0 0
0 𝑞 − 1

𝑞
1 0

0 1 0 0
0 0 0 − 1

𝑞

⎞
⎟
⎟
⎟
⎠

⎞
⎟
⎟
⎟
⎠

◦ ((1 0
0 𝑤−1) ⊗ 𝐼2)

=

⎛
⎜
⎜
⎜
⎝

𝑞 0 0 0
0 𝑞 − 1

𝑞
1
𝑤

0
0 𝑤 0 0
0 0 0 − 1

𝑞

⎞
⎟
⎟
⎟
⎠

= 𝑞 ⋅
⋀

∗(𝜌2(𝜎1)).

Likewise, 𝑄1|1
�(𝜎−11 )(𝑞, 𝑤) = 𝑞−1⋀∗(𝜌2(𝜎1)) and 𝑄1|1

�(𝜒1)
(𝑞, 𝑤) = ⋀∗(𝜌2(𝜒1)).

This proves:

Lemma 6.3. For any 𝛽 ∈ 𝑉𝐵𝑁 , 𝑄1|1
�(𝛽)(𝑞, 𝑤) = 𝑞𝑤𝑟(𝛽) ⋅ ⋀∗(𝜌𝑁(𝛽)).

6.3. Recovery of the generalized Alexander polynomial. First recall the
following well-known formula for an 𝑟 × 𝑟 matrix 𝐴:

det(𝑧 ⋅ 𝐼𝑟 − 𝐴) =
𝑟∑

𝑘=0
𝑧𝑟−𝑘(−1)𝑘tr

(⋀
𝑘𝐴
)
. (6.4)
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For 𝛽 ∈ 𝑉𝐵𝑁 , set 𝑧 = 1 and𝐴 = 𝜌𝑁(𝛽) in the above formula. After rearranging,
the result is:

det(𝜌𝑁(𝛽) − 𝐼𝑁) = (−1)𝑁
𝑁∑

𝑘=0
(−1)𝑘tr

(⋀
𝑘𝜌𝑁(𝛽)

)
.

By Equation (6.2), the left-hand side is𝐺𝛽(𝑤−1𝑞−2, 𝑤). In block form, the right-
hand side is:

(−1)𝑁tr

⎛
⎜
⎜
⎜
⎜
⎝

1 0 0 ⋯ 0
0 −𝜌𝑁(𝛽) 0 ⋯ 0
0 0 ⋀2 𝜌𝑁(𝛽) ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ (−1)𝑁⋀𝑁 𝜌𝑁(𝛽)

⎞
⎟
⎟
⎟
⎟
⎠

. (6.5)

Recall from Example 5.10 that 𝜇⊗𝑁(𝑥𝑖1⊗⋯⊗𝑥𝑖𝑁 ) = 𝑞𝑁(−1)
∑

𝑗 |𝑖𝑗|𝑥𝑖1⊗⋯⊗𝑥𝑖𝑁 .
Then (6.5) is:

(−1)𝑁𝑞−𝑁tr
(⋀

∗𝜌𝑁(𝛽)◦𝜇⊗𝑁
)
. (6.6)

Combining (6.6) with Lemma 6.3 and Theorem 5.11 gives the following result.

Theorem 6.4. For 𝛽 ∈ 𝑉𝐵𝑁 and 𝐿 = 𝛽, the following formula holds for the
GAP:

𝐺𝛽(𝑤−1𝑞−2, 𝑤) = det(𝜌𝑁(𝛽) − 𝐼𝑁) = (−1)𝑁𝑞−𝑁−𝑤𝑟(𝛽)𝑄1|1
�(𝛽)

(𝑞, 𝑤).

6.4. Recovery of the Alexander polynomial. By Theorem 3.4, we know that
𝑄1|1
𝑇 (𝑞) is a diagonal matrix for any 1-1-tangle 𝑇. The first step is to show that

𝑄1|1
𝑇 (𝑞) is actually scalar multiple of the identity matrix. This is also true in the

classical case, but unfortunately the classical proof does not apply. This is again
due to the fact that the matrix assigned to a virtual crossing is not a𝑈𝑞(𝔤𝔩(1|1))-
module homomorphism. Our argument proceeds by a sequence of lemmas.

Lemma 6.5. Let 𝑇 be 1-1 virtual tangle 𝑇 and write 𝑄1|1
𝑇 (𝑞) = (𝛼1 0

0 𝛼2
). Define

a virtual link diagram 𝑆 ∶ ∅ → ∅ by 𝑆 =↶ ◦(↓ ⊗ 𝑇)◦ ↶. Then:

𝑄1|1
𝑆 (𝑞) = 1

𝑞 (𝛼1 − 𝛼2).

Proof. The proof is by direct calculation:

𝑄1|1
𝑆 (𝑞) = 𝑄1|1

↶(𝑞)◦𝑄1|1
↓⊗𝑇(𝑞)◦𝑄

1|1↶(𝑞)

=
(
1 0 0 1

) ⎛⎜
⎜
⎝

𝛼1 0 0 0
0 𝛼2 0 0
0 0 𝛼1 0
0 0 0 𝛼2

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

𝑞−1
0
0

−𝑞−1

⎞
⎟
⎟
⎠

= 1
𝑞 (𝛼1 − 𝛼2).
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□

Lemma 6.6. For any virtual link 𝐿, 𝑄1|1
𝐿 (𝑞) = 0.

Proof. Write 𝐿 = 𝛽 for some 𝛽 ∈ 𝑉𝐵𝑁 . Recall that 𝑄1|1
�(𝐿)(𝑞, 1) = 𝑄1,1

𝑇 (𝑞). By
Theorem 6.4,

det(𝜌𝑁(𝛽) − 𝐼𝑁) = (−1)𝑁𝑞−𝑁−𝑤𝑟(𝛽)𝑄1|1
𝛽
(𝑞).

As discussed in Section 6.1, det(𝜌𝑁(𝛽) − 𝐼𝑁) = 0 for all 𝛽 ∈ 𝑉𝐵𝑁 . Hence,
𝑄1|1
𝐿 (𝑞) = 0 as well. □

Theorem 6.7. For any 1-1 virtual tangle,𝑄1|1
𝑇 (𝑞) is a scalar multiple of the iden-

tity matrix.

Proof. Suppose that𝑄1|1
𝑇 (𝑞) = (𝛼1 0

0 𝛼2
). Combining the two previous lemmas

gives 0 = 1
𝑞
(𝛼1 − 𝛼2), and hence 𝛼1 = 𝛼2. □

In particular, this shows that there is a well-defined AP for any virtual 1-1
tangle. Another corollary is yet another proof of the Silver-Williams Theorem.

Corollary 6.8. If 𝐿 is almost classical, then 𝑄1|1
�(𝐿)(𝑞, 𝑤) = 0.

Proof. �(𝐿) is the split link 𝐿 ⊔ ○. Hence, 𝑄1|1
�(𝐿)(𝑞, 𝑤) = 𝑄1|1

𝐿 (𝑞) = 0. □

With these lemmas in place, we are ready to prove the main result of this
subsection.

Theorem 6.9. Let 𝐿 = 𝛽 for some almost classical 𝛽 ∈ 𝑉𝐵𝑁 and let 𝛽′ be the
partial closure, as in Figure 5. Then:

𝑄1|1
𝛽′ (𝑞, 𝑤) = 𝑄1|1

𝛽′ (𝑞) = 𝑞𝑤𝑟(𝛽)+𝑁−1(−1)𝑁−1∆𝐿(𝑞−2) (
1 0
0 1) .

Proof. Since 𝛽 is AC, 𝛽′ is an AC 1-1 virtual tangle. Then by Corollary 4.9,
�(𝛽′) splits as 𝛽′ ⊔ ○. This proves the first equality. For the second equality,
Theorem 6.7 states that 𝑄1|1

𝛽′ (𝑞) is a scalar multiple of 𝐼2. Hence, by Equation

(6.1), it suffices to show that the (1, 1) entry of 𝑄1|1
𝛽′ (𝑞) is the first principal minor

of 𝜌𝑁(𝛽) − 𝐼𝑁 . By Theorem 5.12 and Lemma 6.2,

𝑄1|1
𝛽′ (𝑞) = 𝑞𝑤𝑟(𝛽) ⋅ tr2◦tr3◦⋯◦tr𝑁

(⋀
∗𝜌𝑁(𝛽)◦(id ⊗ 𝜇⊗(𝑁−1))

)
. (6.7)

The composition of trace maps can be calculated as follows. Let

𝐶 ∈ End(𝑉⊗𝑁) ≅ (𝑉⊗𝑁)∗ ⊗𝑉⊗𝑁 .
In tensor notation, the entries of the matrix of 𝐶 with respect to the bases for
𝑉⊗𝑁 , (𝑉⊗𝑁)∗ are:

𝐶𝑖1𝑖2⋯𝑖𝑁
𝑗1𝑗2⋯𝑗𝑁

,
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where 𝑖𝑘, 𝑗𝑘 ∈ {1, 2} for all 𝑘. The above isomorphism identifies 𝐶 with the
tensor: ∑

𝑖𝑘 ,𝑗𝑘
𝐶𝑖1𝑖2⋯𝑖𝑁
𝑗1𝑗2⋯𝑗𝑁

⋅ 𝑥𝑗1 ⊗⋯⊗ 𝑥𝑗𝑁 ⊗ 𝑥𝑖1 ⊗⋯⊗ 𝑥𝑖𝑁 ,

where 𝑥1, 𝑥2 is the dual basis for 𝑉∗. Then tr2◦⋯◦tr𝑁(𝐶) is given by:

∑

𝑖1,𝑗1

2∑

𝑖2=1
⋯

2∑

𝑖𝑁=1
𝐶𝑖1𝑖2⋯𝑖𝑁
𝑗1𝑖2⋯𝑖𝑁

⋅ 𝑥𝑗1 ⊗ 𝑥𝑖1 .

The (1, 1) entry of the corresponding matrix in End(𝑉) is:
2∑

𝑖2=1
⋯

2∑

𝑖𝑁=1
𝐶1 𝑖2⋯𝑖𝑁
1 𝑖2⋯𝑖𝑁

. (6.8)

Now, set 𝐶 = ⋀∗𝜌𝑁(𝛽)◦(id ⊗ 𝜇⊗(𝑁−1)). The terms of the above sum cor-
respond to certain diagonal entries of

⋀∗𝜌𝑁(𝛽)◦(id ⊗ 𝜇⊗(𝑁−1)). By 5.10, id ⊗
𝜇⊗(𝑁−1) is a diagonal matrix whose entries are ±𝑞𝑁−1, so that the diagonal en-
tries of

⋀∗𝜌𝑁(𝛽)◦(id ⊗ 𝜇⊗(𝑁−1)) are those of
⋀∗𝜌𝑁(𝛽) multiplied by ±𝑞𝑁−1.

The diagonal entries of
⋀∗𝜌𝑁(𝛽) are the principal 𝑘 × 𝑘 minors of 𝜌𝑁(𝛽). The

identification of
⋀∗𝑈 with 𝑉⊗𝑁 implies that (6.8) adds up only those princi-

pal 𝑘 × 𝑘 minors not involving the last row or column of 𝜌𝑁(𝛽). Indeed, the
indices of the term 𝐶1 𝑖2⋯𝑖𝑁

1 𝑖2⋯𝑖𝑁
imply that 𝑢𝑁 is excluded, since the basis elements

𝑢𝑎1 ∧⋯ ∧ 𝑢𝑁 of
⋀∗𝑈 correspond to basis elements of 𝑉⊗𝑁 that start with 𝑥2.

Hence, (6.8) is 𝑞𝑁−1 times the sum of (±) the principal 𝑘×𝑘minors of 𝜌𝑁(𝛽) that
do not involve the last row or column of 𝜌𝑁(𝛽). The minors that do not involve
the last row or column are the same as the 𝑘×𝑘 minors of the (𝑁−1)× (𝑁−1)
submatrix obtained from 𝜌𝑁(𝛽) by deleting its last row and column. Recall from
Section 6.1 that this submatrix is denoted 𝐴11.

It only remains to determine the ± signs in the sum (6.8). First observe that:

(id⊗𝜇⊗𝑁−1)(𝑥1⊗𝑥𝑎1 ⊗⋯⊗𝑥𝑎𝑁−1) = (−1)
∑𝑁−1

𝑖=1 |𝑎𝑖|𝑞𝑁−1𝑥1⊗𝑥𝑎1 ⊗⋯⊗𝑥𝑎𝑁−1 .

Now, a principal 𝑘 × 𝑘 minor of 𝐴11 corresponds to a choice of 𝑘 basis vectors
𝑢𝑏1 , … , 𝑢𝑏𝑘 with 𝑏1 < ⋯ < 𝑏𝑘 and 𝑘 < 𝑁. If the corresponding basis element

of 𝑉⊗𝑁 is denoted by 𝑥𝑎1 ⊗⋯⊗ 𝑥𝑎𝑁−1 , then (−1)
∑𝑁−1

𝑖=1 |𝑎𝑖| = −1 when 𝑘 is odd
and 1 when 𝑘 is even. This implies that (6.8) is equal to:

𝑞𝑁−1
(
1 − tr(𝐴11) + tr

(⋀
2𝐴11

)
−⋯+ (−1)𝑁−1tr

(⋀
𝑁−1𝐴11

))
.

By Equation (6.4), it follows that:

𝑞𝑁−1
𝑁−1∑

𝑘=1
(−1)𝑘tr

(⋀
𝑘𝐴11

)
= (−1)𝑁−1𝑞𝑁−1 det(𝐴11 − 𝐼𝑁−1) = (−1)𝑁−1𝑞𝑁−1∆𝛽(𝑞

−2).

Combining this expression with Equation 6.7 gives the desired conclusion. □
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7. Calculations & examples
Code for computing the virtual 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor and semi-welded

𝑈𝑞(𝔤𝔩(𝑚|𝑛)) functor of virtual tangle diagrams has been implemented in Math-
ematica [Inc]. A notebook explaining the code and containing all of the follow-
ing examples is available here:
https://github.com/micah-chrisman/virtual-knots/blob/main/gen_

glmn_final.nb

7.1. GAP of the virtual trefoil. The �-construction was illustrated in Fig-
ure 11 with the left-handed virtual trefoil. Let’s verify Theorem 6.4 in this sim-
plest case. As a virtual braid, the virtual trefoil is 𝛽 = 𝜒1𝜎−21 ∈ VB2. The middle
expression in Theorem 6.4 is:

det(𝜌(𝛽) − 𝐼2) = − 1
𝑠2𝑡2 +

1
𝑠2𝑡 +

1
𝑠𝑡2 −

1
𝑠 −

1
𝑡 + 1,

which agrees exactly with Green’s table [Gre04]. The change of variables 𝑠 →
𝑤−1𝑞−2, 𝑡 → 𝑤 gives:

−𝑞4 + 𝑞4𝑤 + 𝑞2
𝑤 − 𝑞2𝑤 − 1

𝑤 + 1.

This matches the right hand side of the formula in Theorem 6.4, which is given
by:

(−1)2𝑞−2−(−2)𝑄1|1
�(𝛽)

(𝑞, 𝑤) = 𝑞4𝑤 − 𝑞4 − 𝑞2𝑤 + 𝑞2
𝑤 − 1

𝑤 + 1.

7.2. Almost classical knots& the Alexander polynomial. The virtual knot
𝐾 = 4.105 from Green’s table is almost classical. A diagram of 𝐾 is shown at the
top of Figure 21. As a closed braid,𝐾 = 𝛽where𝛽 = 𝜒1𝜎−11 𝜒1𝜎−12 𝜒1𝜎−11 𝜒1𝜎−12 ∈
VB3. Calculating the virtual and generalized 𝑈𝑞(𝔤𝔩(1|1)) polynomials directly
gives the expected values:

𝑄1|1
�(𝐾)(𝑞, 𝑤) = 𝑄1|1

𝐾 (𝑞) = 0.

The bottom of Figure 21 shows a 1-1 virtual tangle 𝑇 whose left closure is 4.105.
Calculating the virtual and extended 𝑈𝑞(𝔤𝔩(1|1)) invariants directly from the
definition yields:

𝑄1|1
�(𝐾)(𝑡

−1∕2, 𝑤) = 𝑄1|1
𝐾 (𝑡−1∕2) = (1 − 2

𝑡
+ 2

𝑡2
) (1 0
0 1) .

According to [BGH+17], Table 2, the Alexander polynomial of 4.105 is ∆𝐾(𝑡) =
1 − 2𝑡 + 2𝑡2. Here we have followed the orientation conventions of Kauffman-
Saleur [KS91], which are opposite of that in [BGH+17]. This has the effect
of switching the positive and negative push-offs when calculating the Seifert
matrices, which in turn has the effect of exchanging 𝑡 with 𝑡−1 in the Alexander
polynomial. The reader can verify this by checking the Seifert matrices for 4.105
given in [BCG20], Table 3.

https://github.com/micah-chrisman/virtual-knots/blob/main/gen_glmn_final.nb
https://github.com/micah-chrisman/virtual-knots/blob/main/gen_glmn_final.nb
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Figure 21. ↺ The AC knot 4.105 (top) and a 1-1 AC tangle
whose closure is 4.105 (bottom).

7.3. Same 𝒇 𝟏|𝟏, different 𝒇 𝟐|𝟐. The virtual knots 𝐾1 = 3.5 and 𝐾2 = 4.106
have the same generalized Alexander polynomial and hence the same general-
ized𝑈𝑞(𝔤𝔩(1|1)) polynomials. Tangle decompositions of 3.5 and 4.106 are given
in Figure 22. Then:

𝑄1|1
�(𝐾1)

(𝑞, 𝑤) = 𝑞3𝑤2 − 1
𝑞3𝑤2 − 𝑞3 + 1

𝑞3 − 𝑞𝑤2 + 1
𝑞𝑤2 + 𝑞 − 1

𝑞 = 𝑄1|1
�(𝐾2)

(𝑞, 𝑤).

However, calculating their extended 𝑈𝑞(𝔤𝔩(2|2)) invariants gives:

𝑄2|2
�(𝐾1)

(𝑞, 𝑤) = 𝑞5𝑤2 − 1
𝑞5𝑤2 + 𝑞3𝑤2 − 1

𝑞3𝑤2 − 4𝑞3 + 4
𝑞3 − 𝑞𝑤2 + 𝑞

𝑤2 +
1
𝑞𝑤2 −

𝑤2

𝑞 + 4𝑞 − 4
𝑞 ,

𝑄2|2
�(𝐾2)

(𝑞, 𝑤) = −𝑞9𝑤2 + 𝑞9 + 𝑞7𝑤2 − 2𝑞7 + 3𝑞5𝑤2 − 𝑞5
𝑤2 + 3𝑞5 − 𝑞3𝑤2 + 𝑞3

𝑤2 −
2

𝑞3𝑤2 − 8𝑞3

+ 1
𝑞3 − 2𝑞𝑤2 + 3𝑞

𝑤2 −
1
𝑞𝑤2 + 3𝑞 + 2

𝑞 .

7.4. Same 𝒇 𝟐|𝟎, but different 𝒇 𝟑|𝟏. The phenomenon exhibited in the pre-
vious section for 𝑚 = 𝑛 = 1 also holds for various values of 𝑚 − 𝑛. For 𝐾 a
classical link diagram, 𝑓2|0𝐾 (𝑞)∕[2]𝑞 is the Jones polynomial of 𝐾, and hence, so
is 𝑓𝑚|𝑛𝐾 (𝑞)∕[2]𝑞 whenever 𝑚 − 𝑛 = 2. However, this is not generally the case
for virtual link diagrams. As a first example, consider the 2-component virtual
links 2-4-48 and 2-4-91 from Bartholomew’s virtual link table [Bar22]. Braid
representations 𝛽1, 𝛽2, respectively, for these virtual links are given at the top
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3.5:

4.106:

Figure 22. ↺ Two knots having the same generalized
𝑈𝑞(𝔤𝔩(1|1)) polynomials but different generalized 𝑈𝑞(𝔤𝔩(2|2))
polynomials.

of Figure 23. We have:

𝑓 2|0
𝛽1

(𝑞, 𝑤) = 𝑞8 − 𝑞7 − 2𝑞6 + 𝑞5 + 𝑞4 − 𝑞3 + 1
𝑞2 + 2𝑞 + 1

𝑞 + 1 = 𝑓 2|0
𝛽2

(𝑞, 𝑤)

However, the 𝑈𝑞(𝔤𝔩(3|1)) invariants are different:

𝑓 3|1
𝛽1
(𝑞, 𝑤) = −𝑞18𝑤 + 𝑞18 − 𝑞16

𝑤 + 𝑞16 + 𝑞15 − 𝑞14𝑤2 + 𝑞14𝑤 − 𝑞14
𝑤 + 𝑞13 − 2𝑞12

𝑤 + 4𝑞11𝑤

− 𝑞11 + 𝑞10
𝑤2 −

𝑞10
𝑤 − 𝑞10 − 2𝑞9 + 𝑞8𝑤2 + 𝑞8

𝑤2 − 𝑞8𝑤 + 𝑞7 + 𝑞6
𝑤2 +

𝑞6
𝑤 − 6𝑞6 − 4𝑞5𝑤

+ 2𝑞5 − 𝑞4
𝑤2 − 𝑞4𝑤 + 𝑞4

𝑤 + 6𝑞4 − 𝑞2
𝑤2 − 𝑞2𝑤 + 𝑞2 + 1

𝑞2 + 3𝑞 + 1
𝑞 −

1
𝑤2 + 1,

𝑓 3|1
𝛽2
(𝑞, 𝑤) = −𝑞18𝑤 + 𝑞18 − 𝑞16

𝑤 + 𝑞16 + 𝑞15 − 𝑞14
𝑤 + 𝑞13 − 𝑞12

𝑤 + 2𝑞11𝑤 − 𝑞11 − 𝑞10𝑤

− 𝑞10
𝑤 + 2𝑞9

𝑤 − 2𝑞9 + 𝑞8
𝑤 + 𝑞8 + 𝑞7 − 6𝑞6 − 2𝑞5𝑤 + 2𝑞5 + 𝑞4

𝑤

+ 5𝑞4 − 2𝑞3
𝑤 − 𝑞2𝑤 − 𝑞2

𝑤 + 1
𝑞2 + 3𝑞 + 1

𝑞 + 1.

Note that the same thing happens for 2-4-67 and 2-4-100. Braid words 𝛽3, 𝛽4 for
these virtual links can be found in the accompanying Mathematica notebook
above. The common value of the 𝑈𝑞(𝔤𝔩(2|0)) is:

𝑓 2|0
𝛽3

(𝑞, 𝑤) = − 1
𝑞8 −

2
𝑞7 +

3
𝑞6 +

4
𝑞5 −

2
𝑞4 +𝑞

3+ 1
𝑞3 +

1
𝑞2 +𝑞−

3
𝑞 +1 = 𝑓 2|0

𝛽4
(𝑞, 𝑤).
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Again, the 𝑈𝑞(𝔤𝔩(3|1)) invariants are distinct:

𝑓 3|1
𝛽3
(𝑞, 𝑤) = −𝑞15𝑤3 + 𝑞15𝑤2 + 𝑞14𝑤2 − 𝑞14𝑤 + 𝑞12𝑤2 − 2𝑞12𝑤 + 𝑞12 − 𝑞11𝑤2 − 𝑞11

+ 𝑞10𝑤2 + 6𝑞10𝑤 + 𝑞10 + 𝑞9𝑤3 + 𝑞9
𝑤2 − 3𝑞9𝑤 − 2𝑞9

𝑤 − 3𝑞9 − 3𝑞8𝑤2 − 4𝑞8𝑤

+ 𝑞8 − 1
𝑞8 + 2𝑞7𝑤2 + 𝑞7

𝑤2 + 7𝑞7𝑤 − 𝑞7
𝑤 + 3𝑞7 − 2

𝑞7 − 3𝑞6𝑤2 − 4𝑞6𝑤 − 3𝑞6

+ 1
𝑞6 − 4𝑞5𝑤2 + 1

𝑞5𝑤2 +
2𝑤
𝑞5 + 3𝑞5 + 2

𝑞5 + 5𝑞4𝑤2 + 12𝑞4𝑤 + 2𝑤
𝑞4 − 𝑞4 + 2𝑞3𝑤2

− 2𝑞3
𝑤2 + 1

𝑞3𝑤2 − 7𝑞3𝑤 + 𝑞3
𝑤 − 2𝑤

𝑞3 − 𝑞3 − 2
𝑞3 − 𝑞2𝑤2 − 5𝑞2𝑤 + 4𝑤

𝑞2 + 3𝑞2 + 2
𝑞2

+ 𝑞𝑤2 − 2𝑞
𝑤2 −

𝑤2

𝑞 + 3𝑞𝑤 − 1
𝑞𝑤 − 3𝑤

𝑞 + 5
𝑞 − 𝑤2 − 8𝑤 + 2,

𝑓 3|1
𝛽4
(𝑞, 𝑤) = −𝑞13𝑤 + 𝑞13 − 𝑞12𝑤 − 𝑞12

𝑤 + 𝑞12 + 3𝑞11 + 𝑞10
𝑤2 + 2𝑞10𝑤 − 𝑞10

𝑤 − 3𝑞9
𝑤2 − 2𝑞9𝑤

− 2𝑞9
𝑤 − 3𝑞9 + 2𝑞8

𝑤2 − 1
𝑞8𝑤2 − 2𝑞8𝑤 + 4𝑞8

𝑤 + 3𝑞8 − 1
𝑞8 +

1
𝑞7𝑤2 + 4𝑞7𝑤 − 2𝑞7

𝑤

+ 2
𝑞7𝑤 + 4𝑞7 − 2

𝑞7 −
𝑞6
𝑤2 − 2𝑞6𝑤 − 2𝑞6

𝑤 + 1
𝑞6𝑤 − 5𝑞6 + 2

𝑞6 −
𝑞5
𝑤2 −

1
𝑞5𝑤2 +

4𝑞5
𝑤

− 1
𝑞5𝑤 + 𝑞5 + 1

𝑞5 −
𝑞4
𝑤2 +

1
𝑞4𝑤2 + 4𝑞4𝑤 − 2𝑞4

𝑤 + 𝑤
𝑞4 +

3
𝑞4𝑤 − 𝑞4 + 2𝑞3

𝑤2 + 1
𝑞3𝑤2

− 3𝑞3𝑤 + 𝑞3
𝑤 − 𝑤

𝑞3 −
3
𝑞3𝑤 − 8𝑞3 − 1

𝑞3 −
3𝑞2
𝑤2 + 1

𝑞2𝑤2 − 𝑞2𝑤 + 8𝑞2
𝑤 + 𝑤

𝑞2 −
6
𝑞2𝑤

+ 7𝑞2 + 𝑞
𝑤2 −

4𝑞
𝑤 + 2

𝑞𝑤 + 2𝑞 + 6
𝑞 +

1
𝑤2 − 2𝑤 − 4

𝑤 .

2-4-48: 2-4-91:

Figure 23. ↺ Braids whose closures have the same gen-
eralized 𝑈𝑞(𝔤𝔩(2|0)) polynomials but different generalized
𝑈𝑞(𝔤𝔩(3|1)) polynomials.

7.5. Trivial GAP, but non-trivial 𝒇 𝟐|𝟐, 𝒇 𝟑|𝟑. The virtual knot 𝐾 = 5.114 is
not almost classical but has trivial generalized Alexander polynomial. A virtual
braid 𝛽 for 5.114 is shown in Figure 24. The extended 𝑈𝑞(𝔤𝔩(𝑚|𝑚) invariants
for 𝑚 > 1 can detect that 𝐾 is not almost classical in the rotational category:
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𝑓 2|2
𝛽

(𝑞, 𝑤) = 2𝑞14𝑤 − 2𝑞14 − 4𝑞12𝑤 + 2𝑞12
𝑤 + 4𝑞12 + 𝑞11𝑤 − 5𝑞11 − 4𝑞10

𝑤

− 2𝑞9𝑤 + 𝑞9
𝑤 + 14𝑞9 + 4𝑞8𝑤 − 6𝑞8 − 2𝑞7

𝑤 − 12𝑞7 − 2𝑞6𝑤 + 4𝑞6
𝑤

+ 8𝑞6 + 2𝑞5𝑤 + 2𝑞5 − 2𝑞4
𝑤 − 6𝑞4 − 𝑞3𝑤 + 2𝑞3

𝑤 + 𝑞3 + 2𝑞2 − 𝑞
𝑤 ,

𝑓 3|3
𝛽

(𝑞, 𝑤) = 2𝑞22𝑤 − 2𝑞22 − 2𝑞20𝑤 + 2𝑞20
𝑤 + 2𝑞20 − 4𝑞19 + 2𝑞18𝑤 − 2𝑞18

𝑤

+ 4𝑞17 − 6𝑞16𝑤 + 2𝑞16
𝑤 + 4𝑞16 + 𝑞15𝑤 − 5𝑞15 + 2𝑞14𝑤 − 6𝑞14

𝑤

− 4𝑞14 − 𝑞13𝑤 + 𝑞13
𝑤 + 22𝑞13 + 2𝑞12

𝑤 − 6𝑞12 − 𝑞11𝑤 − 𝑞11
𝑤 − 21𝑞11

+ 4𝑞10𝑤 + 14𝑞10 − 𝑞9
𝑤 + 4𝑞9 + 4𝑞8

𝑤 − 12𝑞8 + 𝑞7𝑤 − 3𝑞7 − 2𝑞6𝑤

+ 6𝑞6 + 𝑞5𝑤 + 𝑞5
𝑤 + 2𝑞5 − 2𝑞4

𝑤 − 4𝑞4 − 𝑞3𝑤 + 𝑞3
𝑤 + 𝑞3 + 2𝑞2 − 𝑞

𝑤 .

It is interesting to note that 5.114 also has trivial graded genus. However,
5.114 is not slice as it has nontrivial Rasmussen invariant [BC21]. The next
subsection we give further evidence that 𝑓𝑚|𝑚 is a virtual slice obstruction.

5.114:

Figure 24. ↺ A braid whose closure has trivial generalized
Alexander polynomial but nontrivial generalized 𝑈𝑞(𝔤𝔩(2|2))
and 𝑈𝑞(𝔤𝔩(3|3)) polynomials.

7.6. Is 𝒇𝒎|𝒎 a virtual slice obstruction? Recall two virtual knots 𝐾,𝐾∗ are
said to be (virtually) concordant if they may be obtained from one another by
a connected sequence of extended Reidemeister moves, births, deaths, saddles
such that:

#(births) − #(saddles) + #(deaths) = 0.
A virtual knot that is concordant to the unknot is said to be (virtually) slice.
For many examples of slice virtual knots, see [BCG19, Chr22]. Some virtual
slice obstructions are the odd writhe, the various index polynomials, the graded
genus, the generalized Alexander polynomial, the Rasmussen invariant, and
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the extended Milnor invariants. There are exactly thirteen slice virtual knots
having classical crossing number at most four [BCG19]. Our next result follows
from direct calculation, which is included in the accompanying Mathematica
notebook. To conserve space, the virtual tangle decompositions of these virtual
knots has been omitted in this version. They can be found in the Mathematica
notebook, or alternatively, in the first arXiv version of this paper.

Theorem 7.1. If 𝐾 is any one of the slice virtual knots 4.8, 4.55, 4.56, 4.58, 4.59,
4.71, 4.72, 4.75, 4.76, 4.77, 4.90, 4.98, 4.99, then:

𝑄1|1
�(𝐾)(𝑞, 𝑤) = 𝑄2|2

�(𝐾)(𝑞, 𝑤) = 𝑄3|3
�(𝐾)(𝑞, 𝑤) = 𝑄4|4

�(𝐾)(𝑞, 𝑤) = 𝑄5|5
�(𝐾)(𝑞, 𝑤) = 0.

On the other hand, the generalized 𝑈𝑞(𝔤𝔩(𝑚|𝑛)) polynomials are generally
non-zero when 𝑚 ≠ 𝑛 and 𝑛 ≥ 1. For example, this is the case for the
𝑈𝑞(𝔤𝔩(2|1)) invariants of all slice virtual knots having crossing number 4. We
give just two illustrations:

𝑓 2|1
4.8 (𝑞, 𝑤) = −𝑞4𝑤 + 2𝑞3𝑤 + 2

𝑞3𝑤 − 2
𝑞3 + 2𝑞2𝑤 − 𝑞2

𝑤 − 1
𝑞2𝑤 − 4𝑞𝑤

+ 2𝑞
𝑤 − 4

𝑞𝑤 + 2𝑤
𝑞 − 2𝑞 + 4

𝑞 − 𝑤 + 2
𝑤 + 1,

𝑓 2|1
4.72(𝑞, 𝑤) = 𝑞7 − 2𝑞5

𝑤 − 𝑞5 + 4𝑞3
𝑤 − 𝑞2

𝑤 − 1
𝑞2𝑤 − 2𝑞

𝑤 − 𝑞 + 1
𝑞 +

2
𝑤 + 1.

Since the generalized Alexander polynomial𝑓 1|1(𝑞, 𝑤) is a virtual slice obstruc-
tion, the observations in this subsection and the previous one lead to the follow-
ing conjecture.

Conjecture 7.2. For all𝑚 ≥ 1, if 𝐾 is a slice virtual knot, then 𝑓 𝑚|𝑚
𝐾 (𝑞, 𝑤) = 0.

Remark 7.3. It is important to emphasize that here we mean it is a slice obstruc-
tion in the virtual category, not in the rotational category, even though 𝑓𝑚|𝑚 is
a rotational invariant for 𝑚 > 1.

7.7. Virtual knots of unknown slice status. There are 92800 virtual knots
having classical crossing number at most six. Of these, 1321 are slice, 91475
are not slice, and four are of unknown slice status [Chr22]. Gauss diagrams
for these last four are shown in Figure 25. We will show that if Conjecture 7.2
holds up to 𝑚 = 2, then two of these, 𝐾1 = 6.31445 and 𝐾2 = 6.62002, are not
slice.

Consider first the virtual knot 𝐾1 = 6.31445. A diagram is given at the top
of Figure 26. This virtual knot has trivial graded genus, generalized Alexan-
der polynomial, and Rasmussen invariant. Furthermore, the extended Milnor
invariants vanish up to order at least nine [Chr22]. We will use the skein re-
lation in Theorem 5.8 to show that 𝑓 2|2

𝐾 (𝑞, 𝑤) is non-vanishing. Observe that
changing the circled⊖ crossing in Figure 26 to a⊕ crossing yields a diagram ro-
tationally equivalent to the unknot. The switched crossing is depicted as a pink
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arrow in Figure 25. Smoothing at the circled crossing yields the 2-component
link 𝐿 shown at the bottom of Figure 26. Then the skein relation implies that:

𝑓 2|2
𝐾1 (𝑞, 𝑤) = 𝑓 2|2

○ (𝑞, 𝑤) − (𝑞 − 1
𝑞
) 𝑓 2|2

𝐿 (𝑞, 𝑤)

= 𝑞−9𝑤−2(𝑞 − 1)3(𝑞 + 1)3
(
𝑞2 + 1

)
(1 − 𝑞𝑤)

(
𝑞7𝑤 − 𝑞6 + 4𝑞4𝑤 − 2𝑞4 − 2𝑞2 + 𝑞𝑤 − 1

)
.

6.31445 6.52373 6.62002 6.86951

Figure 25. Four virtual knots of unknown slice status.

6.31445:

6.31445 (smoothed):

Figure 26. ↺ The virtual knot 6.31445 and the same virtual
knot with the pink circled crossing smoothed and simplified.

Next, consider the virtual knot 𝐾2 = 6.62002. A virtual tangle decomposi-
tion is shown in Figure 27. This knot also has trivial graded genus, general-
ized Alexander polynomial, and Rasmussen invariant. The extended Milnor
invariants of 𝐾2 vanish up to order at least seven. To show that its generalized
𝑈𝑞(𝔤𝔩(2|2)) invariant is nontrivial, we again use the skein relation in Theorem
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5.8. Let 𝐾⊕
2 be the virtual knot diagram obtained from 𝐾2 by switching the cir-

cled⊖ crossing to a⊕ crossing. In Figure 25, this corresponds to switching the
direction and sign of the pink arrow. It is easy to see that 𝐾⊕

2 is equivalent in
the virtual category to 4.77. Indeed, after performing the obvious Reidemeis-
ter 2 move, the resulting diagram has the same Gauss diagram as 4.77. Hence,
if Conjecture 7.2 holds up to 𝑚 = 2, then 𝑓 2|2

𝐾⊕
2
(𝑞, 𝑤) = 0. Smoothing at the

crossing returns a link that is rotationally equivalent to the link 𝐿 shown at the
bottom of Figure 26. Hence:

𝑓 2|2
𝐾2 (𝑞, 𝑤) = 𝑓 2|2

𝐾⊕2
(𝑞, 𝑤) − (𝑞 − 1

𝑞
) 𝑓 2|2

𝐿 (𝑞, 𝑤)

= 𝑞−9𝑤−2(𝑞 − 1)3(𝑞 + 1)3
(
𝑞2 + 1

)
(1 − 𝑞𝑤)

(
𝑞7𝑤 − 𝑞6 + 4𝑞4𝑤 − 2𝑞4 − 2𝑞2 + 𝑞𝑤 − 1

)
.

6.62002:

Figure 27. ↺ The virtual knot 6.62002. The pink circled
crossing is used the skein relation calculation of its generalized
𝑈𝑞(𝔤𝔩(2|2)) polynomial.

For the remaining two virtual knots in Figure 25, 6.52373 and 6.86951, the
skein relation does not reduce the calculation of 𝑓 2|2 to an easily computable
virtual link. In each case, we obtained a virtual tangle diagram having width 8
after either smoothing or switching a crossing. Hence, the calculation involves
some matrices of dimension 48×48 = 65536×65536. Up to this point in the pa-
per, computation time has ranged from nearly instantaneous to approximately
15 minutes. However, 6.52373 and 6.86951 proved to be beyond our immedi-
ately available resources.
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