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Finite groups with few elements
of prime order

Alireza Khalili Asboei

ABSTRACT. Let G be a finite group and let p be an odd prime. We denote by
m,(G) the number of elements of order p in G. If 5,,(G) denotes the number of
subgroups of order p, then m,(G) = (p — 1)s,(G). Together with Frobenius’
congruence s,(G) =1 (mod p), this shows that the first two possible positive
values of m,(G) are p — 1 and p> — 1.

We first investigate the first threshold and obtain a solvability criterion
for finite groups satisfying 0 < m,(G) < p* — 1. We then study the boundary
value m,(G) = p? — 1. In this case, the group has exactly p + 1 subgroups
of order p, and the conjugation action on these subgroups provides a natural
permutation representation of degree p + 1. This action will be the main
tool in the analysis of the simple case. Finally, we prove that if S is a finite
nonabelian simple group and p > 5, then m,(S) = p? — 1 if and only if
S = PSL,(p). We also show that no finite nonabelian simple group satisfies

m4(S) = 8.
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1. Introduction

Let G be a finite group and let p be a prime. We denote by m,(G) the num-
ber of elements of order p in G. Numerical invariants associated with element
orders have long played an important role in the study of finite groups and have
proved useful in recognition, classification, and solvability problems.
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Let 5,(G) denote the number of subgroups of order p. Since every subgroup
of order p contains exactly p — 1 nonidentity elements and two distinct sub-
groups of order p intersect trivially, one has m,(G) = (p — 1)s,(G). Combined
with Frobenius’ congruence s,(G) = 1 (mod p), this shows that the smallest
positive values of m,(G) are

p—1, p*—1, 2p>—p—1,...
These values naturally motivate the study of finite groups having few elements
of order p.

Recognition of finite groups by numerical invariants has been studied exten-
sively. In particular, the author [1] studied characterizations of PSL,(r) using its
order and the number of its Sylow r-subgroups; in the Mersenne-prime case, ad-
ditional prime-graph information is required. Related structural results based
on the number of involutions were obtained in [2].

The present paper investigates the first two positive values of the invariant
mp(G). Our main result is the following.

Theorem 1.1. Let S be a finite nonabelian simple group and let p > 5 be a prime.
Then my(S) = p* — 1ifand only if S = PSLy(p).

The proof combines elementary counting arguments with Sylow theory, per-
mutation representations, and the Brauer-Reynolds theorem.
2. Preliminaries

Throughout, G denotes a finite group and p denotes an odd prime. We set

Q‘p(G) ={x €G||x| = p} mp(G) = |Qp(G)|
Let
S$p(G)={P<G|IPl=p}  s5,(G)=18,(G)I.

We also denote by n,(G) the number of Sylow p-subgroups of G.
Lemma 2.1. For every finite group G, my(G) = (p — 1)sp(G).

Proposition 2.2. Suppose that p | |G|. Then m,(G) = —1 (mod p). Equiva-
lently, s,(G) =1 (mod p).

Proof. By Frobenius’ theorem [4], the number of solutions of xP = 1 is divis-
ible by p. These solutions are the identity and the elements of order p. Hence
14+ m,(G) =0 (mod p). The second congruence follows from Lemma 2.1. [J

Corollary 2.3. If p | |G|, then m,(G) = (p — 1)(1 + kp) for some integer k > 0.
In particular, the smallest positive values of m,(G) are

p—1, p*-1, 2p*-p-1, 3p*-2p—1,...

Proof. By Proposition 2.2, 5,(G) = 1+kp forsomek > 0. Now apply Lemma 2.1.
O
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Proposition 2.4. The following conditions are equivalent:
@) 0<my(G) < p* -1,
(i) my(G)=p-1;
(iii) G has a unique subgroup of order p.
Proof. Assume that 0 < m,(G) < p? — 1. Then p | |G|, and hence $p(G) =1
(mod p) by Proposition 2.2. Moreover, (p — 1)s,(G) = m,(G) < (p—1)(p+1),
$0 s,(G) < p + 1. Therefore s,(G) = 1, proving (i)=(iii).
If s,(G) = 1, then Lemma 2.1 gives m,(G) = p — 1. Thus (iii)=>(ii). Obvi-
ously, (ii)=(i). O

Proposition 2.5. Theequality m,(G) = p*—1holdsifand onlyifs,(G) = p+1.
Proof. This follows immediately from m,(G) = (p — 1)s,(G). O

We shall use the following consequence of a theorem of Brauer and Reynolds
[3]; see also [1, Corollary 2.2].

Theorem 2.6 (Brauer-Reynolds). Let G be a finite perfect group, and let p be a
prime such that

plIGl,  p*tIGl, ny(G)=p+1,

where np,(G) denotes the number of Sylow p-subgroups of G. Then G has a homo-
morphic image isomorphic to PSL,(p).

3. Groups with few elements of prime order

3.1. The first threshold. We first recall the structural result needed for the
first case. It is a consequence of Burnside’s transfer and normal p-complement
theorems; see [5, Theorems 7.4.3 and 7.4.4]. An explicit formulation for groups
with a unique subgroup of order p is given in [6, Theorem 7].

Lemma 3.1. Let G be a finite group and let p be an odd prime. Suppose that
G has a unique subgroup A of order p. Then G possesses a normal p-nilpotent
subgroup N such that G/N is cyclic and |G /N| divides p — 1. In particular, every
nonabelian composition factor of G has order coprime to p.

Proof. Since A is the unique subgroup of G of order p, it is characteristic in G.
Thus A 2 G and A < 0,(G). Moreover, A is the unique subgroup of O,(G) of
order p; hence, in the notation used in [6], Q(0,(G)) = A.

Set N = Cg(A). By [6, Theorem 7], N = C(Q(0,(G))) is a normal p-
nilpotent subgroup of G. The conjugation action of G on A yields G/N <
Aut(A). Since A = C, and Aut(A4) = C the quotient G/N is cyclic and
|G/N| divides p — 1.

Let K = Op(N), the unique normal Hall p’-subgroup of N. Hence K is
characteristic in N, and since N < G, we have K < G. Moreover, N/K is a p-
group and G /N is cyclic. Therefore every nonabelian composition factor of G
occurs among the composition factors of the p’-group K, and hence has order
coprime to p. ([

p—b
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Theorem 3.2. Let G be a finite group and let p be an odd prime dividing |G|.
Suppose that 0 < mp(G) < p? — 1. If G has no nonabelian composition factor
whose order is coprime to p, then G is solvable.

Proof. By Proposition 2.4, the group G has a unique subgroup of order p.
Lemma 3.1 therefore shows that every nonabelian composition factor of G has
order coprime to p. By hypothesis, no such composition factor exists. Hence
all composition factors of G are cyclic of prime order, and therefore G is solv-
able. 0

We now consider the case m,(G) = p?—1.

Proposition 3.3. Let G be a finite group and let p be an odd prime. Suppose
that m,(G) = p? — 1. Then the conjugation action of G on the set of subgroups
of order p has degree p + 1. Moreover, if K denotes the kernel of this action, then
G/K < Sym(p + 1).

Proof. By Proposition 2.5, one has s,(G) = p + 1. The conjugation action of G
on 8,(G) defines a homomorphism ¢ : G — Sym(8,(G)).

Let K = ker(¢). Then the induced action of G/K on 8,(G) is faithful. Since
|Sp(G)| = p + 1, it follows that G/K < Sym(p + 1). O

3.2. The simple boundary case. Throughout this section, let S be a finite
nonabelian simple group and let p > 5 be a prime.

Lemma 3.4. Suppose that m,(S) = p? — 1. Then the conjugation action of S on
the set 8,(S) of subgroups of order p is faithful. Consequently, S < Sym(p + 1).

Proof. By Proposition 2.5, one has s,(S) = p + 1. Conjugation defines a ho-
momorphism ¢ : S — Sym(8,(S)).

The kernel of ¢ is normal in S. Since S is simple, it is either trivial or equal
to S. The latter case would imply that every subgroup of order p is normal in
S, which is impossible. Thus ker ¢ = 1.

Since |8,(S)| = p + 1, it follows that S < Sym(p + 1). O

Lemma 3.5. Suppose that m,(S) = p?> — 1. Then vp(IS]) = 1. Equivalently,
S|, = p. In particular, p* { |S|.

Proof. By Lemma 3.4, S < Sym(p + 1), and hence |S| divides (p + 1)!. Since
p < p+1 < 2p, the only multiple of p among 1,2, ..., p + 1 is p. Therefore
vp((p+1)!) =1, and hence v,(|S]) < 1.

On the other hand, m,(S) > 0, s0 p | |S|. Thus v,(|S]) = 1. O

Corollary 3.6. Suppose that m(S) = p? — 1. Then every subgroup of order p in
S is a Sylow p-subgroup, and n,(S) = p + 1.

Proof. By Lemma 3.5, |S|, = p. Hence every subgroup of order p is a Sylow p-
subgroup. Since Proposition 2.5 gives 5,(S) = p+1,onehasn,(S) = p+1. O

Theorem 3.7. Let p > 5 be a prime and let S be a finite nonabelian simple group.
Then m,(S) = p* — Lifand only if S = PSL,(p).
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Proof. Assume first that m(S) = p? — 1. By Corollary 3.6, ny(S) = p+1,and
by Lemma 3.5, p? 4 |S|. Moreover, p | |S|, and S is perfect. Hence Theorem 2.6
implies that S has a homomorphic image isomorphic to PSL,(p). Since S is
simple, it follows that S = PSL,(p).

Conversely, let S = PSL,(p) and let P be a Sylow p-subgroup of S. Then
|P| = p and |[Ng(P)| = p(p — 1)/2. Since |S| = p(p? — 1)/2, one obtains
ny(S) = ISI/INs(P)| = p + 1.

Distinct Sylow p-subgroups intersect trivially, and each contains p — 1 non-
identity elements. Therefore m,(S) = (p + 1)(p —1) = p* - 1. O

Proposition 3.8. Let S be a finite nonabelian simple group. Then
m;(S) #3%>—1=8.

Proof. Assume that m;(S) = 8. By Lemma 2.1, s5(S) = 4. Thus conjugation
on the four subgroups of order 3 gives a homomorphism S — Sym(4).

Its kernel is normal in S. It cannot be equal to S, since this would make
every subgroup of order 3 normal in S. Hence the action is faithful, and S <
Sym(4). This isimpossible because Sym(4) has no nonabelian simple subgroup.
Therefore m5(S) # 8. O

4. Open problems

The results of this paper suggest several directions for further research.
(1) Classify finite groups satisfying m,(G) = 2p*— p—1, or more generally,
m,(G) = (p — D)(kp + 1), where k > 2.
(2) Investigate analogous extremal problems for elements of prime-power
order.
(3) Determine whether similar characterization results hold for almost sim-
ple groups.
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