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A restriction problem for mod-𝒑
representations of 𝐒𝐋𝟐(𝑭)

Arpan Das

Abstract. Let 𝑝 be a prime and 𝐹 a non-archimedean local field of residue
characteristic 𝑝. In this paper, we study the restriction of smooth irreducible
𝔽̄𝑝-representations of SL2(𝐹) to its Borel subgroup. In essence, we show that
the action of SL2(𝐹) on its irreducibles is controlled by the action of the Borel
subgroup. The results of this paper constitute the SL2-analogue of a work of
Paškūnas [18].
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1. Introduction
1.1. Background. Let 𝑝 be a prime number and 𝐹 a non-archimedean local
field of residue characteristic 𝑝. We also fix an algebraically closed field 𝔽̄𝑝
of characteristic 𝑝. The subject of mod 𝑝 representations of 𝑝-adic groups be-
gan with the seminal work of Barthel and Livne [4] in 1994. A key classifi-
cation result they proved constitutes subdividing the smooth irreducible 𝔽̄𝑝-
representations (with central character) of GL2(𝐹) into four classes. These are
called characters, principal series, Steinberg representations (a.k.a. special se-
ries), and supersingular representations. Although the first three types of rep-
resentation are studied well beyond GL2, the last type, i.e. supersingulars, are
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rather mysterious. But when 𝐹 = ℚ𝑝, Breuil[7] gave a complete classification
of the supersingulars ofGL2(ℚ𝑝)with explicitmodels for these representations.
A similar classification of supersingulars for SL2(ℚ𝑝) was also obtained in [1]
and [10].
In 2007, Paškūnas proved the following theoremwhich showed that in a cer-

tain sense the action ofGL2(𝐹) on its mod 𝑝 irreducible representations is con-
trolled by the action of its Borel subgroup 𝐵. An interesting feature of this re-
sult of Paškūnas is that although it is a significant non-trivial result about the
mysterious supersingulars, the proof does not use anything other than the very
definition of supersingulars and some natural technical results about the way
the supersingulars are parameterized.

Theorem 1.1 ([18, Theorem 1.1]). Let 𝜋 and 𝜋′ be smooth representations of
GL2(𝐹) over 𝔽̄𝑝, and 𝐵 denote the Borel subgroup of upper triangular matrices
in GL2(𝐹). Suppose 𝜋 is irreducible with a central character. Then the following
hold :

(1) If 𝜋 is a principal series representation then 𝜋|𝐵 is of length 2; otherwise
𝜋|𝐵 is irreducible.

(2) If 𝜋 ≠ St, the Steinberg representation, then

Hom𝐵(𝜋, 𝜋
′) ≅ HomGL2(𝐹)

(𝜋, 𝜋′);

otherwise we have

Hom𝐵(St, 𝜋
′) ≅ HomGL2(𝐹)

(Ind
GL2(𝐹)

𝐵
(1), 𝜋′).

When𝐹 = ℚ𝑝 and𝜋′ is irreducible as well, Berger [5] proved the above theo-
rem using the arithmetic of (𝜑, Γ)-modules, and also the explicit models for the
supersingulars of GL2(ℚ𝑝) (see [7]). The restriction of mod 𝑝 representations
to Borel subgroup plays a crucial role in the work of Colmez [11] on 𝑝-adic rep-
resentations of GL2(ℚ𝑝). The theorem of Paškūnas generalized Berger’s result
by using only representation-theoretic methods.

1.2. Our results. In the present paper, we consider the SL2-analogue of The-
orem 1.1. In particular, our main result for non-supersingular representations
is the following theorem.

Theorem 1.2 (Theorem 5.8). Let 𝐺𝑆 ∶= SL2(𝐹), and 𝐵𝑆 its Borel subgroup.
Let 𝜂 be a smooth 𝔽̄𝑝-character of 𝐵𝑆 . Given a smooth 𝔽̄𝑝-representation 𝜋 of
𝐺𝑆 , the restriction map induces an isomorphism between the following spaces of
intertwiners :

Hom𝐺𝑆
(Ind

𝐺𝑆
𝐵𝑆
(𝜂), 𝜋) ≅ Hom𝐵𝑆

(𝑉𝜂, 𝜋|𝐵𝑆 ).

Here, 𝑉𝜂 is the kernel of the map Ind
𝐺𝑆
𝐵𝑆
(𝜂) → 𝜂 that evaluates every function at

the identity matrix.

Then, as a consequence of the above result, we prove the following theorem,
which is similar to part (2) of Theorem 1.1.
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Theorem 1.3 (Corollary 5.9, Corollary 5.10). Let 𝜋 be a smooth representation
of 𝐺𝑆 over 𝔽̄𝑝. If 𝜂 ≠ 1 is a smooth 𝔽̄𝑝-character of 𝐵𝑆 , then

Hom𝐵𝑆
(Ind

𝐺𝑆
𝐵𝑆
(𝜂), 𝜋′) ≅ Hom𝐺𝑆

(Ind
𝐺𝑆
𝐵𝑆
(𝜂), 𝜋′);

Otherwise we have the following isomorphism

Hom𝐵𝑆
(St𝑆|𝐵𝑆 , 𝜋) ≅ Hom𝐺𝑆

(Ind
𝐺𝑆
𝐵𝑆
(1), 𝜋),

where St𝑆 ∶=
Ind

𝐺𝑆
𝐵𝑆
(1)

1
is the mod 𝑝 Steinberg representation. The latter isomor-

phism cannot be improved by replacing Ind𝐺𝑆
𝐵𝑆
(1) with St𝑆 .

We let 𝐾0 and 𝐾1 denote the maximal compact subgroups of SL2(𝐹). Then,
ourmain result for the supersingular representations of SL2(𝐹) is the following.

Theorem 1.4 (Theorem 6.10, Theorem 6.11). Let 𝐾 ∈ {𝐾0, 𝐾1}, let 𝜋 be a 𝐾-
supersingular representation, and𝜋′ a smooth representation of𝐺𝑆 over 𝔽̄𝑝. Then,
we have :

(1) 𝜋|𝐵𝑆 is an irreducible 𝐵𝑆-representation.
(2) The restriction map gives an isomorphism :

Hom𝐺𝑆
(𝜋, 𝜋′) ≅ Hom𝐵𝑆

(𝜋, 𝜋′).

A small subtlety must be pointed out here. We have stated our main result
by breaking it into two parts, for non-supersingulars and supersingulars. This
is because Theorem 1.1 implicitly assumes that smooth irreducibles of GL2(𝐹)
(admitting central characters) are classified into four types; however, such a
classification for SL2(𝐹) is available only with the condition of admissibility
(see [1, Théorème 0.6]).
We mention that in our initial attempt to prove the result for supersingulars

of SL2(𝐹), we considered only admissible supersingulars. Such a result would
have been slightly less valuable owing to some recent results on the existence
of smooth irreducible non-admissible 𝔽̄𝑝-representations (for example [16] and
[12]). It was suggested to the author by Peng Xu that this admissibility condi-
tion can be removed by proving an analogue of [4, Proposition 32]. The author
thanks Peng Xu for this suggestion; in fact, the methods we have used to prove
the following Proposition are very close to the recent work of Xu [19] on the
related rank 1 quasi-split semisimple group 𝑈(2, 1). It was pointed out in the
introduction of Xu’s paper [19] that other than 𝑈(2, 1), the only other exam-
ple for which an analogue of this theorem is known is GL2(𝐹) (more precisely,
smooth irreducibles of GL2(𝐹) having central characters; see [4, Proposition
32]). We have therefore proved the following result which may be of indepen-
dent interest (see [3, Question 8]), providing a third example SL2 for which
Hecke eigenvalues exist:

Proposition 1.5 (Proposition 4.14). Let 𝜎 be a smooth irreducible 𝔽̄𝑝-represent-
ation of 𝐾0, and let 𝜋 be a smooth irreducible 𝔽̄𝑝-representation of 𝐺𝑆 . If 𝜑 ∈
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Hom𝐺𝑆
(ind

𝐺𝑆
𝐾0
(𝜎), 𝜋) is non-zero, the End𝔽̄𝑝[𝐺𝑆](ind

𝐺𝑆
𝐾0
(𝜎))-right-submodule of

Hom𝐺𝑆
(ind

𝐺𝑆
𝐾0
(𝜎), 𝜋) generated by 𝜑 is of finite dimension.

Finally, we mention that there is some consensus that the restriction the-
orem of Paškūnas may be true for other semisimple 𝑝-adic groups of rank 1.
This was announced as a forthcoming joint work by Abdellatif and Hauseux
[2]. However, they have considered only admissible supersingular represen-
tations. In the present paper, we focus on the split semisimple rank 1 group
SL2(𝐹), since we are able make use of several finer structural results (for exam-
ple Propositions 4.9, 4.10, and 4.11) to push the main result beyond admissible
representations. The analogues of some of these crucial results (for example
Proposition 4.11) may not be true for general classes of 𝑝-adic groups (see [19,
Theorem 5.1]).

1.3. Organization of the paper. Our paper is organized as follows : In Sec-
tion 2, we set up the notations, and state some standard facts about smooth
representations of locally profinite groups. In Section 3, we recall themain the-
oremofCarter-Lusztig theory specialized to SL2(𝔽𝑞). In Section 4, wefirst recall
some standard results about the structure of the spherical Hecke algebra. Then
we prove certain structural results related to the action of Iwahori Hecke alge-
bras on the isotypic components of the compact inductions of weights. Using
these structural results, we then prove certain important finite-dimensionality
results (Proposition 4.11 and Proposition 4.14). In Section 5, we prove The-
orem 1.2 and Theorem 1.3 for non-supersingulars. Finally, in Section 6, we
prove Theorem 1.4 for supersingulars.

2. Generalities and notations
We recall some standard facts from the theory of mod 𝑝 representations of

locally profinite groups in Section 2.1. For more details, the reader can see [4,
Section 2].

2.1. Compact induction and Hecke algebras. We will take 𝑝 to be a prime
throughout, and 𝔽̄𝑝 a fixed algebraic closure of the finite field 𝔽𝑝 with 𝑝 el-
ements. All representations in this article, unless otherwise mentioned, are
considered over 𝔽̄𝑝. We recall some general results. Just for this subsection,
we let 𝐺 be any locally profinite group, and 𝐻 some closed subgroup. Recall
that a representation 𝜋 of 𝐺 is called smooth if every vector 𝑣 ∈ 𝜋 is fixed by
some compact open subgroup of𝐺. A representation 𝜋 of𝐺 is called admissible
if for every compact open subgroup 𝐾 of 𝐺, the space of invariants 𝜋𝐾 is finite
dimensional.
Let 𝜎 be a smooth 𝔽̄𝑝-representation of 𝐻. We consider the following space

of functions :

IND𝐺
𝐻(𝜎) ∶= {𝑓 ∶ 𝐺 → 𝜎 | 𝑓(ℎ𝑔) = 𝜎(ℎ)(𝑓(𝑔)), ∀𝑔 ∈ 𝐺, ℎ ∈ 𝐻}.
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Then,𝐺 acts on IND𝐺
𝐻(𝜎) via (𝑔⋅𝑓)(𝑔′) ∶= 𝑓(𝑔′𝑔). The smooth part of IND𝐺

𝐻(𝜎),
that is, vectors that have open stabilizers, is denoted by Ind𝐺𝐻(𝜎), and this sub-
representation is called the smooth induction of 𝜎. The subrepresentation of
Ind𝐺𝐻(𝜎) consisting of functions 𝑓 such that the image of its support Supp(𝑓)
inside 𝐻∖𝐺 is compact (equivalently, finite, whenever 𝐻 is also open) is de-
noted by c-Ind𝐺𝐻(𝜎) or ind

𝐺
𝐻(𝜎), and is called the compact induction of 𝜎.

In practice, whenever we use compact induction the subgroup𝐻 is typically
considered to be open as well. So, for the remaining part of this subsection we
take 𝐻 to be an open subgroup of 𝐺. Then, by virtue of the 𝐻-linearity, the
support of any 𝑓 ∈ ind𝐺𝐻(𝜎) can be written as a finite disjoint union of right
𝐻-cosets. We define some standard functions in ind𝐺𝐻(𝜎). For 𝑔 ∈ 𝐺 and 𝑣 ∈ 𝜎

we define :

[𝑔, 𝑣](𝑥) ∶= {
𝜎(𝑥𝑔)(𝑣) if𝑥 ∈ 𝐻𝑔−1

0 otherwise
.

It can be checked that 𝑔 ⋅ [𝑔′, 𝑣] = [𝑔𝑔′, 𝑣] and [𝑔ℎ, 𝑣] = [𝑔, 𝜎(ℎ)(𝑣)] for every
𝑔, 𝑔′ ∈ 𝐺 and ℎ ∈ 𝐻. Also, any 𝑓 ∈ ind𝐺𝐻(𝜎) can be written as

𝑓 =
∑

𝐻𝑔∈Supp(𝑓)
[𝑔−1, 𝑓(𝑔)].

We define ℍ𝔽̄𝑝
(𝐺,𝐻, 𝜎) to be the 𝔽̄𝑝-algebra of functions Φ ∶ 𝐺 → End𝔽̄𝑝(𝜎)

which satisfy the following conditions:
(1) Φ(ℎ𝑔ℎ′) = 𝜎(ℎ)◦Φ(𝑔)◦𝜎(ℎ′) for all ℎ, ℎ′ ∈ 𝐻 and 𝑔 ∈ 𝐺.
(2) For each 𝑣 ∈ 𝜎, the map 𝑔 ↦ Φ(𝑔)(𝑣) ∶ 𝐺 → 𝜎 is locally constant with

the image of its support in𝐻∖𝐺 being compact.
We equip ℍ𝔽̄𝑝

(𝐺,𝐻, 𝜎) with the convolution product :

(Φ1 ⋆ Φ2)(𝑔) ∶=
∑

𝑥

Φ1(𝑥)Φ2(𝑥
−1𝑔),

where 𝑥 varies over a system of representatives of𝐺∕𝐻 in𝐺. We can check that
this sum is independent of the choice of representatives, and that the sum is
finite when evaluated on some vector in 𝜎.
On the other hand, we have the 𝔽̄𝑝-algebra

ℋ𝔽̄𝑝
(𝐺,𝐻, 𝜎) ∶= End𝔽̄𝑝[𝐺](ind

𝐺
𝐻(𝜎))

of 𝐺-intertwiners. Then, the map

𝜂 ∶ ℍ𝔽̄𝑝
(𝐺,𝐻, 𝜎) → ℋ𝔽̄𝑝

(𝐺,𝐻, 𝜎),

given by :

𝜂(Φ)(𝑓)(𝑔) ∶=
∑

𝑥∈𝐺∕𝐻

Φ(𝑥)𝑓(𝑥−1𝑔),
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for Φ ∈ ℍ𝔽̄𝑝
(𝐺,𝐻, 𝜎), 𝑓 ∈ ind𝐺𝐻(𝜎), and 𝑔 ∈ 𝐺, is an isomorphism of algebras

with inverse given by :

𝜂−1(𝑇)(𝑔)(𝑣) = 𝑇([1, 𝑣])(𝑔),

for 𝑇 ∈ ℋ𝔽̄𝑝
(𝐺,𝐻, 𝜎), 𝑔 ∈ 𝐺, 𝑣 ∈ 𝜎.

In the present article we will be dealing with the situation when 𝜎 is finite
dimensional. For this we make some observations. At first, note that in this
case ℍ𝔽̄𝑝

(𝐺,𝐻, 𝜎) consists of functions Φ ∶ 𝐺 → End𝔽̄𝑝(𝜎) which are locally
constant with the image of the support in𝐻∖𝐺 compact, and satisfying the con-
dition (1) above. Also, the support of Φ can be written as a finite disjoint union
of double cosets in 𝐻∖𝐺∕𝐻. If 𝑇Φ ∈ ℋ𝔽̄𝑝

(𝐺,𝐻, 𝜎) denotes the endomorphism
associated to Φ by the above isomorphism 𝜂, then it is easy to check that

𝑇Φ([𝑔, 𝑣]) =
∑

𝑦𝐻∈𝐺∕𝐻

[𝑔𝑦, Φ(𝑦−1)(𝑣)],

for any standard function [𝑔, 𝑣] ∈ ind𝐺𝐻(𝜎). Finally, when Φ is supported only
on one double coset, say 𝐻𝑔0𝐻, we can write 𝐻𝑔0𝐻 as a finite union of right
𝐻-cosets because of the support condition on Φ. So, we can write 𝐻𝑔−1

0
𝐻 =

⨆𝑚

𝑖=1
𝑘𝑖𝑔

−1
0
𝐻, and replacing 𝑦𝐻 by 𝑘𝑖𝑔−10 𝐻 we have:

𝑇Φ([𝑔, 𝑣]) =

𝑚∑

𝑖=1

[𝑔𝑘𝑖𝑔
−1
0
, Φ(𝑔0)𝜎(𝑘

−1
𝑖
)𝑣]. (2.1)

Finally, we mention the Frobenius reciprocity for compact induction : Let 𝐺
be a locally profinite group, and 𝐻 an open subgroup 𝐺. Let 𝜋 be a smooth
representation of 𝐺, and 𝜎 a smooth representation of𝐻. Then, the map

𝜓 ↦ [𝑤 ↦ 𝜓([1, 𝑤]) ∶ Hom𝐺(ind
𝐺
𝐻(𝜎), 𝜋) → Hom𝐻(𝜎, 𝜋|𝐻)

is an isomorphism of vector spaces. The inverse is given by

𝜑 ↦ [𝑓 ↦
∑

𝑔∈𝐻∖𝐺

𝜋(𝑔−1)𝜑(𝑓(𝑔))] ∶ Hom𝐻(𝜎, 𝜋|𝐻) → Hom𝐺(ind
𝐺
𝐻(𝜎), 𝜋).

The proofs of all the facts mentioned in this subsection are fairly routine and
can be found in [4].

2.2. Notations. Let 𝐹 be a non-archimedean local field of residual character-
istic𝑝, with𝒪𝐹 its ring of integers, 𝔭𝐹 itsmaximal ideal,𝜛𝐹 a fixed uniformizer,
and 𝑘𝐹 ∶= 𝒪𝐹∕𝔭𝐹 the residue field of cardinality say 𝑞 = 𝑝𝑛. Borrowing the
notations of [1], we set 𝐺𝑆 ∶= SL2(𝐹). The corresponding standard maximal

compact subgroups are𝐾0 ∶= SL2(𝒪𝐹), and𝐾1 ∶= (
1 0

0 𝜛𝐹

)𝐾0 (
1 0

0 𝜛−1
𝐹

). Let

𝐼𝑆 denote the Iwahori subgroup, and 𝐼𝑆(1) the pro-𝑝-Iwahori subgroup of 𝐺𝑆.
We have

𝐼𝑆 = (
𝒪×
𝐹

𝒪𝐹

𝔭𝐹 𝒪×
𝐹

) ∩ 𝐾0, 𝐼𝑆(1) = (
1 + 𝔭𝐹 𝒪𝐹

𝔭𝐹 1 + 𝔭𝐹
) ∩ 𝐾0.
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We denote by 𝐵𝑆 the Borel subgroup (of upper triangular matrices) in 𝐺𝑆, and
by 𝑇𝑆 we denote the diagonal matrices in 𝐵𝑆. We also denote by 𝑈𝑆(𝔭

𝑛
𝐹
) (resp.

𝑈̄𝑆(𝔭
𝑛
𝐹
)) the upper unipotent (resp. lower unipotent)matriceswith the top right

(resp. bottom left) entry in 𝔭𝑛
𝐹
, for 𝑛 ∈ ℤ. We set

𝛼0 ∶= (
𝜛−1
𝐹

0

0 𝜛𝐹
) ,𝑤0 ∶= (

0 −1

1 0
) , 𝛽0 ∶= 𝛼0𝑤0 = (

0 −𝜛−1
𝐹

𝜛𝐹 0
) .

Finally, for a tuple 𝜆 = (𝜆0, ..., 𝜆𝑚−1) ∈ 𝑘𝑚
𝐹
, we set

𝐴(𝜆) ∶=

𝑚−1∑

𝑖=0

[𝜆𝑖]𝜛
𝑖
𝐹
∈ 𝒪𝐹

where [⋅] ∶ 𝔽×𝑞 → 𝒪×
𝐹
denotes themultiplicative lift, and we set [0] ∶= 0.

3. Carter-Lusztig theory for 𝐒𝐋𝟐(𝔽𝒒)

For this sectionwe takeΓ to be SL2(𝔽𝑞),𝐵 as the subgroup of upper triangular
matrices,𝑈 as the subgroup of upper unipotent matrices, and 𝑇 as the diagonal
matrices in 𝐵. In this section we recall the theory of mod 𝑝 representations of
SL2(𝔽𝑞). We do this using the very elegant theory of Carter and Lusztig which
gives a uniform construction of all mod 𝑝 irreducibles of finite groups with a
split 𝐵𝑁-pair. For our purpose we specialize this theory to the group Γ as that is
whatwe need in this paper. Wewill present themain results without proof. The
interested reader can see the beautiful paper of Carter and Lusztig [9], where
the proofs are of fairly elementary nature.
Given a character 𝜒 ∶ 𝑇 → 𝔽̄×𝑝 , we can consider it to be a character, denoted

again by 𝜒, of 𝐵 by setting 𝜒|𝑈 = 1. Then, we define a function 𝜑𝜒 ∈ IndΓ𝐵(𝜒)
such that 𝜑|𝐵𝑤0𝑈

= 0 and 𝜑(𝐼2) = 1, where 𝐼2 denotes the identity matrix. We
have that 𝜑𝜒 generates Ind

Γ
𝐵(𝜒) as 𝔽̄𝑝[Γ]-module. Next, we define an 𝔽̄𝑝[Γ]-

module endomorphism 𝑇𝑤0
of IndΓ𝑈(1) = {𝑓 ∶ 𝑈∖Γ → 𝔽̄𝑝} by

𝑇𝑤0
(𝑓)(𝑈𝑔) ∶=

∑

𝑈𝑔′⊂𝑈𝑤−1
0
𝑈𝑔

𝑓(𝑈𝑔′) for 𝑓 ∈ IndΓ𝑈(1).

Then, 𝑇𝑤0
restricts to a map 𝑇𝑤0

∶ IndΓ𝐵(𝜒) → IndΓ𝐵(𝜒𝑤0). Also IndΓ𝐵(𝜒)𝑈 is of
dimension 2, and generated by the functions 𝜑𝜒 and 𝑇𝑤0

𝜑𝜒𝑤0 . Note that 𝑇𝑤0
∶

IndΓ𝐵(𝜒𝑤0) → IndΓ𝐵(𝜒). So, 𝑇2𝑤0
∶ IndΓ𝐵(𝜒) → IndΓ𝐵(𝜒) for any character 𝜒 of 𝐵.

It can be shown (see [9, Proposition 3.15]) that

𝑇𝑤0
𝜑𝜒 =

∑

𝜆∈𝔽𝑞

(
1 𝜆

0 1
)𝑤−1

0
⋅ 𝜑𝜒𝑤0 . (3.1)
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We also have : 𝑇2𝑤0
= {

0, 𝜒 ≠ 1

−𝑇𝑤0
, 𝜒 = 1

. Next, for a character 𝜒 of 𝐵, we set

𝐽0(𝜒) ∶= {
∅, 𝜒 ≠ 1

{1}, 𝜒 = 1
.

Then, for each subset 𝐽 ⊂ 𝐽0(𝜒), we define an intertwiner Θ𝐽
𝑤0

∶ IndΓ𝐵(𝜒) →
IndΓ𝐵(𝜒𝑤0) as follows :

Θ𝐽
𝑤0
∶= {

𝑇𝑤0
, 𝐽 = ∅

𝐼𝑑 + 𝑇𝑤0
, 𝐽 = {1}.

We set 𝑓𝐽𝜒 = Θ𝐽
𝑤0
𝜑𝜒. Now we can state the main theorem of Carter-Lusztig

theory.

Theorem3.1 ([9, Corollary 6.5, Theorem 7.1, Corollary 7.2, and Theorem 7.4]).
For each pair (𝜒, 𝐽 ⊂ 𝐽0(𝜒)), the only 𝑈−invariant vectors in Θ𝐽

𝑤0
(Ind

Γ
𝐵(𝜒)) are

scalar multiples of 𝑓𝐽𝜒 . The module Θ𝐽
𝑤0
(Ind

Γ
𝐵(𝜒)) is an irreducible submodule of

Ind
Γ
𝐵(𝜒

𝑤0) generated by 𝑓𝐽𝜒 , and the subgroup 𝐵 acts on the line 𝔽̄𝑝 ⋅ 𝑓𝐽𝜒 via the
character 𝜒. For distinct pairs (𝜒, 𝐽) the corresponding modules Θ𝐽

𝑤0
(Ind

Γ
𝐵(𝜒))

are non-isomorphic. The modules Θ𝐽
𝑤0
(Ind

Γ
𝐵(𝜒)) for 𝐽 ⊂ 𝐽0(𝜒) are the only irre-

ducible submodules of IndΓ𝐵(𝜒𝑤0). Every irreducible 𝔽̄𝑝[Γ]-module is isomorphic
to Θ𝐽

𝑤0
(Ind

Γ
𝐵(𝜒)) for some pair (𝜒, 𝐽).

Remark 3.2. (1) Note that if 𝜎 is a mod 𝑝 irreducible representation of SL2(𝒪𝐹),

then every vector in 𝜎 is fixed by 𝐾0(1) ∶= (
1 + 𝔭𝐹 𝔭𝐹
𝔭𝐹 1 + 𝔭𝐹

) ∩ 𝐾0, as 𝐾0(1) is

a pro-𝑝-group and normal in 𝐾0. Hence, we can consider 𝜎 to be a represen-
tation of 𝐾0∕𝐾0(1) ≃ SL2(𝑘𝐹)(via the mod 𝑝 reduction map). Therefore, mod
𝑝 irreducibles of 𝐾0 and SL2(𝔽𝑞) are essentially same, and they are called Serre
weights or simplyweights of SL2(𝔽𝑞) or SL2(𝒪𝐹). The irreducibles of𝐾1 are then

the conjugate representations 𝜎𝛼, where 𝛼 = (
1 0

0 𝜛𝐹

). Hence, we can think

of the generating vectors 𝑓𝐽𝜒 as vectors fixed by 𝐼𝑆(1) on which 𝐼𝑆 acts by the
character 𝜒◦redp. Also, note that 𝑓𝐽𝜒 is an eigenvector of the operator 𝑇𝑤0

.
(2) The traditional way in which mod 𝑝 irreducibles of SL2(𝔽𝑞) are realized

is by using the symmetric powers. Let 𝑟 ∈ {0, … , 𝑞−1}. We write 𝑟 = 𝑟0+𝑟1𝑝+

⋯+𝑟𝑛−1𝑝
𝑛−1, and denote (𝑟0, … , 𝑟𝑛−1) by 𝑟. Let 𝜎𝑟𝑙 ∶= Sym𝑟𝑙 𝔽̄2𝑝 =

𝑟𝑙⨁

𝑖=0

𝔽̄𝑝𝑋
𝑟𝑙−𝑖𝑌𝑖

denote the representation of SL2(𝔽𝑞) on which the action of a matrix (
𝑎 𝑏

𝑐 𝑑
) ∈

SL2(𝔽𝑞) is given by

(
𝑎 𝑏

𝑐 𝑑
) ⋅ (𝑋𝑟𝑙−𝑖𝑌𝑖) ∶= (𝑎𝑋 + 𝑐𝑌)𝑟𝑙−𝑖(𝑐𝑋 + 𝑑𝑌)𝑖.
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Let 𝜎𝑟 ∶= 𝜎𝑟0 ⊗ 𝜎𝑟1 ⊗ ⋯ ⊗ 𝜎𝑟𝑛−1 , and on this space we define the action of

(
𝑎 𝑏

𝑐 𝑑
) ∈ SL2(𝔽𝑞) by

(
𝑎 𝑏

𝑐 𝑑
) ⋅

⎛

⎜

⎝

𝑛−1⨂

𝑙=0

𝑋𝑟𝑙−𝑖𝑙𝑌𝑖𝑙
⎞

⎟

⎠

∶=

𝑛−1⨂

𝑙=0

((
𝑎𝑝

𝑙

𝑏𝑝
𝑙

𝑐𝑝
𝑙

𝑑𝑝
𝑙) ⋅ 𝑋

𝑟𝑙−𝑖𝑙𝑌𝑖𝑙)

We write 𝜎𝑟 as Sym
𝑟0 𝔽̄2𝑝 ⊗ (Sym

𝑟1 𝔽̄2𝑝)
Fr ⊗ ⋯ ⊗ (Sym

𝑟𝑛−1 𝔽̄2𝑝)
Fr

𝑛−1

, where the
notation Fr𝑖 indicates that the action on the 𝑖-th component is twisted by the
𝑖-th power of the standard Frobenius.
(3) For 𝜒 ≠ 1 clearlyΘ∅

𝑤0
(Ind

Γ
𝐵(𝜒)) are non-trivial weights of 𝐾0. In fact, one

can show that if 𝜒 is the 𝑟-th power map on 𝔽×𝑞 for some 0 ≤ 𝑟 ≤ 𝑞 − 1, then
writing 𝑟 = 𝑟0 + 𝑟1𝑝 +⋯+ 𝑟𝑛−1𝑝

𝑛−1, we have

Θ
∅
𝑤0
(Ind

Γ
𝐵(𝜒)) ≅ Sym

𝑟0 𝔽̄2𝑝 ⊗ (Sym
𝑟1 𝔽̄2𝑝)

Fr ⊗⋯⊗ (Sym
𝑟𝑛−1 𝔽̄2𝑝)

Fr
𝑛−1

.

For 𝜒 = 1, we can show that the irreducible representationΘ∅
𝑤0
(Ind

Γ
𝐵(1) is non-

trivial. In fact, in this case we have

Θ
∅
𝑤0
(Ind

Γ
𝐵(1)) ≅ Sym

𝑝−1
𝔽̄2𝑝 ⊗ (Sym

𝑝−1
𝔽̄2𝑝)

Fr ⊗⋯⊗ (Sym
𝑝−1

𝔽̄2𝑝)
Fr

𝑛−1

.

This is proved for the groupGL2(𝔽𝑞) in Proposition 3.2.2 of Paškūnas’ book [17].
The corresponding proof for SL2(𝔽𝑞) can be reproduced line-by-line with obvi-
ous changes. The representationΘ∅

𝑤0
(Ind

Γ
𝐵(1)) is the so called mod 𝑝 Steinberg

representation.

4. Hecke algebras and eigenvalues
In this section we recall some familiar structural results about the spherical

and Iwahori Hecke algebras, and prove a certain finiteness result analogous to
[4, Proposition 32].

4.1. Spherical Hecke Algebras. In this article we will typically use the nota-
tion 𝜎𝜒,𝐽 or 𝜎𝜒 (where𝜒 is a character of 𝔽×𝑞 ) or 𝜎𝑟 or simply 𝜎 to denote weights
of𝐾0, whichever best suits the context. Given aweight 𝜎𝜒,𝐽 of𝐾0, it is of interest
to know the structure of the spherical Hecke algebraℋ𝔽̄𝑝

(𝐺𝑆, 𝐾0, 𝜎𝜒,𝐽). It turns
out that we have

ℋ𝔽̄𝑝
(𝐺𝑆, 𝐾0, 𝜎𝜒,𝐽) = 𝔽̄𝑝[𝜏],

for a single Hecke operator 𝜏 ∈ ℋ𝔽̄𝑝
(𝐺𝑆, 𝐾0, 𝜎𝜒,𝐽). The action of this operator 𝜏

can be explicitly computed on the standard function𝜑 ∶= [1, 𝑓𝐽𝜒] that generates
ind

𝐺𝑆
𝐾0
(𝜎𝜒,𝐽) as follows :

𝜏(𝜑) =
∑

𝜆∈𝑘2
𝐹

(
1 𝐴(𝜆)

0 1
) 𝛼−1

0
𝜑, (4.1)
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whenever 𝜎𝜒,𝐽 ≠ 1, and

𝜏(𝜑) =
∑

𝜆∈𝑘2
𝐹

(
1 𝐴(𝜆)

0 1
) 𝛼−1

0
𝜑 +

∑

𝜇∈𝑘𝐹

(
1 0

𝜛𝐹𝐴(𝜇) 1
) 𝛼0𝜑, (4.2)

whenever 𝜎𝜒,𝐽 = 1.
All the above results can be found in [1, Section 3.2]. The explicit formula

for the action of 𝜏 on 𝜑 above is deduced from [1, Corollaire 3.12], which in
turn is derived using the equation (2.1) of Subsection 2.1. At last, we give the
following definition motivated by the action of 𝜏.

Definition 4.1. Let 𝜋 be a smooth representation of 𝐺𝑆. We define the map

𝒮 ∶=

⎡
⎢
⎢

⎣

𝑣 ↦
∑

𝜆∈𝑘2
𝐹

(
1 𝐴(𝜆)

0 1
) 𝛼−1

0
⋅ 𝑣

⎤
⎥
⎥

⎦

∶ 𝜋 → 𝜋.

4.2. Iwahori-Hecke algebras. In this subsection we will recall some general
structural results about the Iwahori-Hecke algebras.
Let 𝜋 be a smooth representation of 𝐺𝑆. We know by Frobenius reciprocity

that
Hom𝐺𝑆

(ind
𝐺𝑆

𝐼𝑆(1)
(1), 𝜋) ≃ 𝜋𝐼𝑆(1).

As a result, 𝜋𝐼𝑆(1) carries a natural right action of ℋ(𝐺𝑆, 𝐼𝑆(1), 1), the pro-𝑝-
Iwahori Hecke algebra. We have the following Proposition.

Proposition 4.2. Let 𝜋 be a smooth representation of 𝐺𝑆 , and 𝑣 ∈ 𝜋𝐼𝑆(1).
Let 𝑇𝑔 ∈ ℋ(𝐺𝑆, 𝐼𝑆(1), 1) be the operator corresponding to the function Φ𝑔 ∈

ℍ𝔽̄𝑝
(𝐺𝑆, 𝐼𝑆(1), 1) which is supported on 𝐼𝑆(1)𝑔𝐼𝑆(1) and such that Φ𝑔(𝑔) = 1.

Then, we have
𝑣 | 𝑇𝑔 =

∑

𝑖∈𝐼𝑆(1)∕(𝐼𝑆(1)∩(𝑔
−1𝐼𝑆(1)𝑔))

𝑖𝑔−1 ⋅ 𝑣.

In particular, for 𝑔 ∈ {𝑤0, 𝑤
−1
0
𝛼−1
0
}, we have

𝑣 | 𝑇𝑤0
=

∑

𝜆∈𝑘𝐹

(
1 [𝜆]

0 1
)𝑤−1

0
⋅ 𝑣

and
𝑣 | 𝑇𝑤−1

0
𝛼−1
0
=

∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
⋅ 𝑣.

Proof. Using [4, Proposition 6] (or by the explicit bijection between the con-
volution and endomorphism algebras, and Frobenius reciprocity, mentioned in
subsection 2.1), we have

𝑓 | 𝑇𝑔 =
∑

𝑔′∈𝐼𝑆(1)∖𝐺𝑆

Φ𝑔(𝑔
′)(𝑔′)−1 ⋅ 𝑓.

Since the above sum is supported only on 𝐼𝑆(1)𝑔𝐼𝑆(1), we decompose this dou-
ble coset into 𝐼𝑆(1)𝑔𝑖−11 ⊔ ⋯ ⊔ 𝐼𝑆(1)𝑔𝑖

−1
𝑛 . Note that 𝐼𝑆(1)𝑔𝑖−1 = 𝐼𝑆(1)𝑔𝑗

−1 if
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and only if 𝑖−1𝑗 ∈ 𝑔−1𝐼𝑆(1)𝑔, whence we can take 𝑖1, … , 𝑖𝑛 as representatives of
𝐼𝑆(1)∕(𝐼𝑆(1) ∩ (𝑔

−1𝐼𝑆(1)𝑔)). These reductions allow us to write the above sum
as

𝑓 | 𝑇𝑔 =
∑

𝑖∈𝐼𝑆(1)∕(𝐼𝑆(1)∩(𝑔
−1𝐼𝑆(1)𝑔))

𝑖𝑔−1 ⋅ 𝑓.

The formulas for 𝑔 = 𝑤0 and 𝑔 = 𝑤−1
0
𝛼−1
0

are obtained by noting that the
Iwahori decomposition 𝐼𝑆(1) = 𝑈𝑆(𝒪𝐹)×𝑇𝑆(1+𝔭𝐹)×𝑈̄𝑆(𝔭𝐹) gives the following
isomorphisms :

𝐼𝑆(1)∕(𝐼𝑆(1) ∩ (𝑤
−1
0
𝐼𝑆(1)𝑤0)) ≃ 𝑈𝑆(𝒪𝐹)∕𝑈𝑆(𝔭𝐹)

and
𝐼𝑆(1)∕(𝐼𝑆(1) ∩ (𝛼0𝑤0𝐼𝑆(1)𝑤

−1
0
𝛼−1
0
)) ≃ 𝑈̄𝑆(𝔭𝐹)∕𝑈̄𝑆(𝔭

2
𝐹
).

□

A similar result can be proved for Iwahori-Hecke algebras as well.

Proposition 4.3. Let 𝜋 be a smooth representation of 𝐺𝑆 , and suppose 𝜒 is a
smooth character of 𝐼𝑆 . Let 𝑔 ∈ 𝐺𝑆 be an element normalizing 𝑇𝑆 . Let 𝑣 ∈ 𝜋(𝐼𝑆 ,𝜒)

(the subspace of elements on which 𝐼𝑆 acts by 𝜒, i.e. the (𝐼𝑆, 𝜒)-isotypic com-
ponent), and 𝑇𝑔 ∈ ℋ(𝐺𝑆, 𝐼𝑆, 𝜒) be the operator corresponding to the function
Φ𝑔 ∈ ℍ𝔽̄𝑝

(𝐺𝑆, 𝐼𝑆, 𝜒) which is supported on 𝐼𝑆𝑔𝐼𝑆 and such that Φ𝑔(𝑔) = 1. Then,
we have

𝑣 | 𝑇𝑔 =
∑

𝑖∈𝐼𝑆(1)∕(𝐼𝑆(1)∩(𝑔
−1𝐼𝑆(1)𝑔))

𝑖𝑔−1 ⋅ 𝑣.

In particular, for 𝑔 ∈ {𝑤0, 𝑤
−1
0
𝛼−1
0
}, we have

𝑣 | 𝑇𝑤0
=

∑

𝜆∈𝑘𝐹

(
1 [𝜆]

0 1
)𝑤−1

0
⋅ 𝑣

and

𝑣 | 𝑇𝑤−1
0
𝛼−1
0
=

∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
⋅ 𝑣.

Proof. Here, we only point out some further reductions. At first, note thatΦ𝑔 is
supported on 𝐼𝑆𝑔𝐼𝑆 = 𝐼𝑆𝑔𝐼𝑆(1). Now, using [4, Proposition 6] (or by the explicit
bijection between the convolution and endomorphism algebras, and Frobenius
reciprocity, mentioned in subsection 2.1), we have

𝑓 | 𝑇𝑔 =
∑

𝑔′∈𝐼𝑆∖𝐺𝑆

Φ𝑔(𝑔
′)(𝑔′)−1 ⋅ 𝑓 =

∑

𝑔′∈𝐼𝑆(1)∖𝐺𝑆

Φ𝑔(𝑔
′)(𝑔′)−1 ⋅ 𝑓.

Here, the second equality follows from the fact that

Φ𝑔(𝑡𝑔
′)(𝑡𝑔′)−1 ⋅ 𝑓 = Φ𝑔(𝑔

′)(𝑔′)−1 ⋅ 𝑓

for all 𝑡 ∈ 𝑇𝑆(𝒪
×
𝐹
). Therefore, the above sum is supported on 𝐼𝑆(1)𝑔𝐼𝑆(1). The

remaining proof is same as that of the pro-𝑝-Iwahori Hecke algebra case. □
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Definition 4.4. We define the following maps :

𝒮1 ∶=
⎡
⎢

⎣

𝑣 ↦
∑

𝜆∈𝑘𝐹

(
1 [𝜆]

0 1
)𝑤−1

0
⋅ 𝑣
⎤
⎥

⎦

∶ 𝜋 → 𝜋

and

𝒮2 ∶=
⎡
⎢

⎣

𝑣 ↦
∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
⋅ 𝑣
⎤
⎥

⎦

∶ 𝜋 → 𝜋.

We write down the following Lemma whose proof is now clear.

Lemma4.5. Let𝜋 be a smooth representation of𝐺𝑆 . If𝑣 ∈ 𝜋𝐼𝑆(1), then𝒮1𝑣, 𝒮2𝑣 ∈
𝜋𝐼𝑆(1), and hence we have 𝒮𝑣 = (𝒮1◦𝒮2)(𝑣) ∈ 𝜋𝐼𝑆(1).

4.3. Action ofℋ(𝑮𝑺, 𝑰𝑺, 𝝌 ) on (𝐢𝐧𝐝
𝑮𝑺
𝑲𝟎
(𝝈))(𝑰𝑺,𝝌 ). At first, we recall some basic

results about the (𝐼𝑆, 𝜒)-isotypic component of ind
𝐺𝑆
𝐾0
(𝜎). Let𝜎 be aweight of𝐾0,

and 𝑓𝑛 ∈ (ind
𝐺𝑆
𝐾0
(𝜎))𝐼𝑆(1) denote the function, supported on 𝐾0𝛼−𝑛0 𝐼𝑆(1) (note

that 𝐺𝑆 = ⊔𝑛∈ℤ𝐾0𝛼
−𝑛
0
𝐼𝑆(1); see [1, Proposition 3.32]), which is defined as fol-

lows :

𝑓𝑛(𝛼
−𝑛
0
) ∶= {

𝑤0 ⋅ 𝑣𝜎, 𝑛 > 0

𝑣𝜎, 𝑛 ≤ 0
.

Here, 𝑣𝜎 ∈ 𝜎𝐼𝑆(1) is the unique vector that generates𝜎 (seeCarter-Lusztig theory
i.e. Theorem 3.1). We recall the following.

Proposition 4.6. (1) The family of functions (𝑓𝑛 | 𝑛 ∈ ℤ) forms an 𝔽̄𝑝-basis
of (ind𝐺𝑆

𝐾0
(𝜎))𝐼𝑆(1).

(2) The Iwahori subgroup 𝐼𝑆 acts on 𝑓𝑛 as follows :

𝑖 ⋅ 𝑓𝑛 = {
𝜒𝜎(𝑖)𝑓𝑛, 𝑛 ≤ 0

𝜒
𝑤0

𝜎 (𝑖)𝑓𝑛, 𝑛 > 0
,

where 𝑖 ∈ 𝐼𝑆 , and 𝜒𝜎 denotes the character by which 𝐼𝑆 acts on 𝔽̄𝑝 ⋅ 𝑣𝜎.

Proof. See [1, Proposition 3.33]. □

Now, let 𝜒 be a character of 𝐼𝑆. Then 𝜒|𝐼𝑆(1) = 1 as 𝐼𝑆(1) is pro-𝑝. We can
therefore consider 𝜒 as a character of 𝐼𝑆∕𝐼𝑆(1) ≃ 𝑘×

𝐹
. Consider the isotypic

component (ind𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒); let 𝑓 be a non-zero function in this subspace. Then,

𝑓 is fixed by 𝐼𝑆(1). So, we write 𝑓 =
∑

𝑛
𝜆𝑛𝑓𝑛, where 𝜆𝑛’s are zero for all but

finitely many 𝑛’s. The fact that 𝐼𝑆 acts on 𝑓 by 𝜒 implies, for every 𝑖 ∈ 𝐼𝑆, we
have ∑

𝑛

𝜆𝑛𝜒(𝑖)𝑓𝑛 = 𝜒(𝑖)𝑓 = 𝑖 ⋅ 𝑓 =
∑

𝑛

𝜆𝑛(𝑖 ⋅ 𝑓𝑛) =
∑

𝑛

𝜆𝑛𝜒𝑛(𝑖)𝑓𝑛,

where, by Proposition 4.6, 𝜒𝑛(𝑖) = 𝜒𝜎(𝑖) if 𝑛 ≤ 0 or 𝜒(𝑖) = 𝜒
𝑤0

𝜎 (𝑖) if 𝑛 > 0. Since
𝜆𝑛 is non-zero for some 𝑛, and 𝑖 ∈ 𝐼𝑆 was arbitrary, we have 𝜒 = 𝜒𝜎 or 𝜒 = 𝜒

𝑤0

𝜎 .
We have shown the following.
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Proposition 4.7. The isotypic component (ind𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒) is non-zero if and only

if 𝜒 = 𝜒𝜎 or 𝜒 = 𝜒
𝑤0

𝜎 .

As an immediate consequence of the above computation, we also obtain the
following.

Proposition 4.8. (1) If 𝜒𝜎 = 𝜒
𝑤0

𝜎 , then

(ind
𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒𝜎) = (ind

𝐺𝑆
𝐾0
(𝜎))𝐼𝑆(1) = ⟨𝑓𝑛 | 𝑛 ∈ ℤ⟩.

(2) If 𝜒𝜎 ≠ 𝜒
𝑤0

𝜎 , then

(ind
𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒𝜎) = ⟨𝑓𝑛 | 𝑛 ≤ 0⟩,

and
(ind

𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒

𝑤0
𝜎 ) = ⟨𝑓𝑛 | 𝑛 > 0⟩.

Next, we compute the right action ofℋ(𝐺𝑆, 𝐼𝑆, 𝜒) on (ind
𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒). For the

isotypic component to be non-zero we take 𝜒 ∈ {𝜒𝜎, 𝜒
𝑤0

𝜎 }.
At first, we consider the situation when 𝜒 = 𝜒𝜎 = 𝜒

𝑤0

𝜎 .

Proposition 4.9. Let 𝜒𝜎 = 𝜒
𝑤0

𝜎 , so that (ind𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒𝜎) = ⟨𝑓𝑛 | 𝑛 ∈ ℤ⟩. Con-

sider the operators 𝑇𝑤0
, 𝑇𝑤−1

0
𝛼−1
0
∈ ℋ(𝐺𝑆, 𝐼𝑆, 𝜒𝜎). Then, we have the following:

(1) Let 𝑛 ≥ 0, then

𝑓−𝑛 | 𝑇𝑤0
= 𝑎−𝑛 ⋅ 𝑓−𝑛 and 𝑓−𝑛 | 𝑇𝑤−1

0
𝛼−1
0
= 𝑓𝑛+1.

(2) Let 𝑛 ≥ 1, then

𝑓𝑛 | 𝑇𝑤0
= 𝑓−𝑛 and 𝑓𝑛 | 𝑇𝑤−1

0
𝛼−1
0
= 𝑏𝑛 ⋅ 𝑓𝑛.

Where 𝑎𝑛’s and 𝑏𝑛’s are scalars.

Proof. We use Proposition 4.2. First we compute the functions 𝑓𝑛 | 𝑇𝑤0
for 𝑛 ≥

1. Then, 𝑥 ∈ Supp(𝑓𝑛 | 𝑇𝑤0
) ⟹ 𝑥𝑢𝑤−1

0
∈ 𝐾0𝛼

−𝑛
0
𝐼𝑆(1) for some 𝑢 ∈ 𝑈𝑆(𝒪𝐹).

So, the support of 𝑓𝑛 | 𝑇𝑤0
is contained in 𝐾0𝛼−𝑛0 𝐼𝑆(1)𝑤0𝑈𝑆(𝒪𝐹) = 𝐾0𝛼

𝑛
0
𝐼𝑆(1).

Hence, we compute

(𝑓𝑛 | 𝑇𝑤0
)(𝛼𝑛

0
) =

∑

𝜆∈𝑘𝐹

𝑓𝑛 (𝛼
𝑛
0
(
1 [𝜆]

0 1
)𝑤−1

0
)

= 𝑓𝑛(𝛼
𝑛
0
𝑤−1
0
) = 𝑤−1

0
⋅ 𝑓𝑛(𝛼

−𝑛
0
) = 𝑣𝜎,

where the second equality follows from the fact that𝛼𝑛
0
(
1 [𝜆]

0 1
)𝑤0 ∈ 𝐾0𝛼

𝑛
0
𝐼𝑆(1)

for 𝜆 ≠ 0; this is easy to prove by elementary row and column elimination tech-
niques. We conclude that, for 𝑛 ≥ 1, we have

𝑓𝑛 | 𝑇𝑤0
= 𝑓−𝑛.
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Now, we consider 𝑓−𝑛 | 𝑇𝑤0
for 𝑛 ≥ 1. At first, we note that its support is con-

tained in

𝐾0𝛼
𝑛
0
𝐼𝑆(1)𝑤0𝑈𝑆(𝒪𝐹) = 𝐾0𝛼

𝑛
0
𝑈𝑆(𝒪𝐹)𝑤0𝑈𝑆(𝒪𝐹) ⊂ 𝐾0𝛼

−𝑛
0
𝐼𝑆(1) ∪ 𝐾0𝛼

𝑛
0
𝐼𝑆(1),

where the containment follows by computing the normal form of a matrix of
the form

(
𝜛−𝑛
𝐹

0

0 𝜛𝑛
𝐹

) (
1 𝑥

0 1
) (
0 −1

1 0
)

depending of the valuation of 𝑥 being 1 or ≥ 1. So, we compute

(𝑓−𝑛 | 𝑇𝑤0
)(𝛼−𝑛

0
) =

∑

𝜆∈𝑘𝐹

𝑓−𝑛 (𝛼
−𝑛
0
(
1 [𝜆]

0 1
)𝑤−1

0
)

=
∑

𝜆∈𝑘𝐹

(
1 [𝜆]𝜛2𝑛

𝐹

0 1
)𝑤−1

0
⋅ 𝑓−𝑛(𝛼

𝑛
0
)

=
∑

𝜆∈𝑘𝐹

𝑤−1
0
(

1 0

−[𝜆]𝜛2𝑛
𝐹

1
) ⋅ 𝑓−𝑛(𝛼

𝑛
0
)

=
∑

𝜆∈𝑘𝐹

𝑤−1
0
⋅ 𝑣𝜎 = 0.

Hence, for 𝑛 ≥ 1, the function 𝑓−𝑛 | 𝑇𝑤0
is supported on 𝐾0𝛼𝑛0 𝐼𝑆(1), so we have

𝑓−𝑛 | 𝑇𝑤0
= 𝑎−𝑛𝑓−𝑛.

Finally, for 𝑛 = 0 it is clear that 𝑓0 | 𝑇𝑤0
is supported on 𝐾0, and so

𝑓0 | 𝑇𝑤0
= 𝑎0𝑓0.

Next, we consider the functions 𝑓−𝑛 | 𝑇𝑤−1
0
𝛼−1
0
for 𝑛 ≥ 0. Here also, 𝑥 ∈

Supp(𝑓−𝑛 | 𝑇𝑤−1
0
𝛼−1
0
) ⟹ 𝑥 ∈ 𝐾0𝛼

𝑛
0
𝐼𝑆(1)𝑤

−1
0
𝛼−1
0
𝑈̄𝑆(𝔭𝐹) = 𝐾0𝛼

−(𝑛+1)

0
𝐼𝑆(1).

Therefore, we compute

(𝑓−𝑛 | 𝑇𝑤−1
0
𝛼−1
0
)(𝛼

−(𝑛+1)

0
) =

∑

𝜇∈𝑘𝐹

𝑓−𝑛 (𝛼
−(𝑛+1)

0
(

1 0

[𝜇]𝜛𝐹 1
) 𝛼0𝑤0)

= 𝑓−𝑛(𝛼
−𝑛
0
𝑤0) = 𝑤0 ⋅ 𝑣𝜎,

where the second equality follows from :

𝛼
−(𝑛+1)

0
(

1 0

[𝜇]𝜛𝐹 1
) 𝛼0𝑤0 ∈ 𝐾0𝛼

−(𝑛+1)

0
𝐼𝑆(1)

for 𝜇 ≠ 0; this again is easy to prove using elementary row and column elimi-
nations to reduce the matrix to its normal form. Hence, for 𝑛 ≥ 0, we have

𝑓−𝑛 | 𝑇𝑤−1
0
𝛼−1
0
= 𝑓𝑛+1.

Finally, we consider the function 𝑓𝑛 | 𝑇𝑤−1
0
𝛼−1
0
for 𝑛 ≥ 1. Note that its support is

contained in

𝐾0𝛼
−𝑛
0
𝐼𝑆(1)𝑤

−1
0
𝛼−1
0
𝑈̄𝑆(𝔭𝐹) ⊂ 𝐾0𝛼

𝑛−1
0

𝐼𝑆(1) ∪ 𝐾0𝛼
−𝑛
0
𝐼𝑆(1).
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The above containment can be proved by noting that

𝐾0𝛼
−𝑛
0
𝐼𝑆(1)𝑤

−1
0
𝛼−1
0
𝑈̄𝑆(𝔭𝐹) = 𝐾0𝛼

𝑛
0
𝑈𝑆(𝔭𝐹)𝛼

−1
0
𝑈̄𝑆(𝔭𝐹),

and computing the normal form of a matrix of the form

(
𝜛−𝑛
𝐹

0

0 𝜛𝑛
𝐹

) (
1 𝑥

0 1
) (
𝜛𝐹 0

0 𝜛−1
𝐹

)

for 𝑥 ∈ 𝔭𝐹 depending on the valuation of 𝑥 being 1 or ≥ 1. So, we compute

(𝑓𝑛 | 𝑇𝑤−1
0
𝛼−1
0
)(𝛼𝑛−1

0
) =

∑

𝜇∈𝑘𝐹

𝑓𝑛 (𝛼
𝑛−1
0

(
1 0

[𝜇]𝜛𝐹 1
) 𝛼0𝑤0)

=
∑

𝜇∈𝑘𝐹

(
1 0

[𝜇]𝜛2𝑛−1
𝐹

1
) ⋅ 𝑓𝑛(𝛼

𝑛
0
𝑤0)

=
∑

𝜇∈𝑘𝐹

(
1 0

[𝜇]𝜛2𝑛−1
𝐹

1
)𝑤0 ⋅ 𝑓𝑛(𝛼

−𝑛
0
)

= −
∑

𝜇∈𝑘𝐹

(
1 0

[𝜇]𝜛2𝑛−1
𝐹

1
) ⋅ 𝑣𝜎

= −
∑

𝜇∈𝑘𝐹

𝑣𝜎 = 0.

Hence, we conclude that (𝑓𝑛 | 𝑇𝑤−1
0
𝛼−1
0
)(𝛼𝑛−1

0
) is supported on 𝐾0𝛼−𝑛0 𝐼𝑆(1), and

therefore, for 𝑛 ≥ 1, we have

𝑓𝑛 | 𝑇𝑤−1
0
𝛼−1
0
= 𝑏𝑛𝑓𝑛

where 𝑏𝑛’s are scalars. This completes the proof of the proposition. □

Next, we will consider the situation where 𝜒𝜎 ≠ 𝜒
𝑤0

𝜎 . We consider the op-
erators 𝑇𝛼0,𝜒𝜎 , 𝑇𝛼−10 ,𝜒𝜎

of ℋ(𝐺𝑆, 𝐼𝑆, 𝜒𝜎), and the operators 𝑇
𝛼0,𝜒

𝑤0
𝜎
, 𝑇

𝛼−1
0
,𝜒
𝑤0
𝜎
of

ℋ(𝐺𝑆, 𝐼𝑆, 𝜒
𝑤0

𝜎 ).

Proposition 4.10. Let 𝜒𝜎 ≠ 𝜒
𝑤0

𝜎 . Then :
(1) For 𝑛 ≥ 0, we have 𝑓−𝑛 | 𝑇𝛼−1

0
,𝜒𝜎

= 0 and 𝑓−𝑛 | 𝑇𝛼0,𝜒𝜎 = 𝑓−(𝑛+1).
(2) For 𝑛 ≥ 1, we have 𝑓𝑛 | 𝑇𝛼0,𝜒𝑤0𝜎 = 0 and 𝑓𝑛 | 𝑇𝛼−1

0
,𝜒
𝑤0
𝜎
= 𝑓𝑛+1.

Proof. Recall that by Proposition 4.3 we have

𝑓 | 𝑇𝑔 =
∑

𝑖∈𝐼𝑆(1)∕(𝐼𝑆(1)∩(𝑔
−1𝐼𝑆(1)𝑔))

𝑖𝑔−1 ⋅ 𝑓

for 𝑓 ∈ (ind
𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒) and 𝑇𝑔 ∈ ℋ(𝐺𝑆, 𝐼𝑆, 𝜒). Now, taking 𝑔 ∈ {𝛼0, 𝛼

−1
0
} and

observing that the Iwahori decomposition gives

𝐼𝑆(1)∕(𝐼𝑆(1) ∩ (𝛼
−1
0
𝐼𝑆(1)𝛼0)) ≃ 𝑈𝑆(𝒪𝐹)∕𝑈𝑆(𝔭

2
𝐹
)
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and
𝐼𝑆(1)∕(𝐼𝑆(1) ∩ (𝛼0𝐼𝑆(1)𝛼

−1
0
)) ≃ 𝑈̄𝑆(𝔭𝐹)∕𝑈̄𝑆(𝔭

3
𝐹
),

we obtain

𝑓 | 𝑇𝛼0 =
∑

𝜆∈𝑘2
𝐹

(
1 𝐴(𝜆)

0 1
) 𝛼−1

0
⋅ 𝑓 and 𝑓 | 𝑇𝛼−1

0
=

∑

𝜇∈𝑘2
𝐹

(
1 0

𝜛𝐹𝐴(𝜇) 1
) 𝛼0 ⋅ 𝑓.

Atfirst, we consider thefirst statement. We compute the support of𝑓−𝑛 | 𝑇𝛼−1
0
,𝜒𝜎
;

note that the support is contained in 𝐾0𝛼𝑛0 𝐼𝑆(1)𝛼
−1
0
𝑈̄𝑆(𝔭𝐹).

When 𝑛 = 0, this is contained in the double coset 𝐾0𝛼−10 𝐼𝑆(1), hence

𝑓0 | 𝑇𝛼−1
0
,𝜒𝜎

= 0,

since by Proposition 4.8, the function 𝑓0 | 𝑇𝛼−1
0
,𝜒𝜎

is contained in ⟨𝑓𝑛 | 𝑛 ≤ 0⟩

which is supported on ∪𝑘≥0𝐾0𝛼𝑘0 𝐼𝑆(1).
When 𝑛 ≥ 1, we have

𝐾0𝛼
𝑛
0
𝐼𝑆(1)𝛼

−1
0
𝑈̄𝑆(𝔭𝐹) ⊂ 𝐾0𝛼

𝑛−1
0

𝐼𝑆(1) ∪ 𝐾0𝛼
−𝑛
0
𝐼𝑆(1) ∪ 𝐾0𝛼

−(𝑛+1)

0
𝐼𝑆(1).

This containment follows by observing that for 𝑎 ∈ 𝒪𝐹 the matrix

(
𝜛−𝑛
𝐹

0

0 𝜛𝑛
𝐹

) (
1 𝑎

0 1
) (
𝜛𝐹 0

0 𝜛−1
𝐹

) = (
𝜛−𝑛+1
𝐹

𝑎𝜛−𝑛−1
𝐹

0 𝜛𝑛−1
𝐹

)

has 𝛼−(𝑛+1)
0

as its normal form when 𝑎 ∈ 𝒪×
𝐹
, and 𝛼−𝑛

0
as its normal form when

𝑎 ∈ 𝔭𝐹 ⧵ 𝔭
2
𝐹
. If 𝑎 ∈ 𝔭2

𝐹
, then the normal form is 𝛼𝑛−1

0
. So, we only need to

compute

(𝑓−𝑛 | 𝑇𝛼−1
0
,𝜒𝜎
)(𝛼𝑛−1

0
) =

∑

𝜇∈𝑘2
𝐹

𝑓−𝑛 (𝛼
𝑛−1
0

(
1 0

𝜛𝐹𝐴(𝜇) 1
) 𝛼0)

=
∑

𝜇∈𝑘2
𝐹

(
1 0

𝜛2𝑛−1
𝐹

𝐴(𝜇) 1
) ⋅ 𝑓−𝑛(𝛼

𝑛
0
)

=
∑

𝜇∈𝑘2
𝐹

𝑣𝜎 = 0.

Now, the support of 𝑓−𝑛 | 𝑇𝛼0,𝜒𝜎 is contained in

𝐾0𝛼
𝑛
0
𝐼𝑆(1)𝛼0𝑈𝑆(𝒪𝐹) = 𝐾0𝛼

𝑛+1
0

𝐼𝑆(1).

So, we compute

(𝑓−𝑛 | 𝑇𝛼0,𝜒𝜎)(𝛼
𝑛+1
0

) =
∑

𝜆∈𝑘2
𝐹

𝑓−𝑛 (𝛼
𝑛+1
0

(
1 𝐴(𝜆)

0 1
) 𝛼−1

0
) = 𝑓−𝑛(𝛼

𝑛
0
) = 𝑣𝜎,

since, for 𝜆 ≠ (0, 0) we have

𝛼𝑛+1
0

(
1 𝐴(𝜆)

0 1
) 𝛼−1

0
= (

𝜛−𝑛
𝐹

𝜛
−(𝑛+2)

𝐹
𝐴(𝜆)

0 𝜛𝑛
𝐹

) ,
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whose normal form is 𝛼−(𝑛+2)
0

when 𝐴(𝜆) ∈ 𝒪×
𝐹
, and 𝛼−(𝑛+1)

0
when 𝐴(𝜆) ∈

𝔭𝐹 ⧵ 𝔭
2
𝐹
, and that in turn implies that for 𝜆 ≠ (0, 0) we have

𝛼𝑛+1
0

(
1 𝐴(𝜆)

0 1
) 𝛼−1

0
∈ 𝐾0𝛼

−(𝑛+1)

0
𝐼𝑆(1) ∪ 𝐾0𝛼

−(𝑛+2)

0
𝐼𝑆(1).

This completes the proof of the first part.
We now turn to the second part. For 𝑛 ≥ 1 we first compute the support

of 𝑓𝑛 | 𝑇𝛼0,𝜒𝑤0𝜎 which is contained in 𝐾0𝛼−𝑛0 𝐼𝑆(1)𝛼0𝑈𝑆(𝒪𝐹) ⊂ 𝐾0𝛼
−(𝑛−1)

0
𝐼𝑆(1) ∪

𝐾0𝛼
𝑛
0
𝐼𝑆(1) ∪ 𝐾0𝛼

𝑛−1
0

𝐼𝑆(1). However, 𝑓𝑛 | 𝑇𝛼0,𝜒𝑤0𝜎 is contained in ⟨𝑓𝑛 | 𝑛 ≥ 1⟩ by
Proposition 4.8, and hence supported on ∪𝑘≥1𝐾0𝛼−𝑘0 𝐼𝑆(1). So, we compute

(𝑓𝑛 | 𝑇𝛼0,𝜒
𝑤0
𝜎
)(𝛼

−(𝑛−1)

0
) =

∑

𝜆∈𝑘2
𝐹

𝑓𝑛 (𝛼
−𝑛+1
0

(
1 𝐴(𝜆)

0 1
) 𝛼−1

0
)

=
∑

𝜆∈𝑘2
𝐹

𝑓𝑛(𝛼
−𝑛
0
)
∑

𝜆∈𝑘2
𝐹

𝑤0 ⋅ 𝑣𝜎 = 0.

Hence, we conclude, for 𝑛 ≥ 1, we have

𝑓𝑛 | 𝑇𝛼0,𝜒
𝑤0
𝜎
= 0.

Finally, we compute 𝑓𝑛 | 𝑇𝛼−1
0
,𝜒
𝑤0
𝜎
. At first, note that its support is contained in

𝐾0𝛼
−𝑛
0
𝐼𝑆(1)𝛼

−1
0
𝑈̄𝑆(𝔭𝐹) = 𝐾0𝛼

−(𝑛+1)

0
𝐼𝑆(1), hence we compute

(𝑓𝑛 | 𝑇𝛼−1
0
,𝜒
𝑤0
𝜎
)(𝛼

−(𝑛+1)

0
) =

∑

𝜇∈𝑘2
𝐹

𝑓𝑛 (𝛼
−(𝑛+1)

0
(

1 0

𝜛𝐹𝐴(𝜇) 1
) 𝛼0)

= 𝑓𝑛(𝛼
−𝑛
0
) = 1;

the second equality follows from the fact that for 𝜇 ≠ (0, 0) we have

𝛼
−(𝑛+1)

0
(

1 0

𝜛𝐹𝐴(𝜇) 1
) 𝛼0 ∈ 𝐾0𝛼

𝑛
0
𝐼𝑆(1) ∪ 𝐾0𝛼

𝑛+1
0

𝐼𝑆(1),

which in turn follows by computing the normal form of the above matrix when
valuation of 𝐴(𝜇) is 0 or 1. Therefore, we have

𝑓𝑛 | 𝑇𝛼−1
0
,𝜒
𝑤0
𝜎
= 𝑓𝑛+1

for 𝑛 ≥ 1. This completes the proof of the second part, and the proposition. □

4.4. Finiteness results. Wenow prove two results which are analogous to [4,
Proposition 18 and 32]. The proof of the following codimensionality result is
almost similar to that of [19, Corollary 3.3].

Proposition 4.11. Let 𝜒 ∈ {𝜒𝜎, 𝜒
𝑤0

𝜎 }. Any non-zeroℋ(𝐺𝑆, 𝐼𝑆, 𝜒)-submodule of
(ind

𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒) has finite codimension.
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Proof. Let 𝑀 be a non-zero ℋ(𝐺𝑆, 𝐼𝑆, 𝜒)-submodule of (ind
𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒), and

take a non-zero 𝑓 ∈ 𝑀.
At first, we consider the situation where 𝜒𝜎 ≠ 𝜒

𝑤0

𝜎 . Let 𝜒 = 𝜒𝜎. We write

𝑓 =
∑

0≤𝑘≤𝑚

𝑐𝑘𝑓−𝑘

for some 0 ≤ 𝑚, and some 𝑐𝑘 ∈ 𝔽̄𝑝 with 0 ≤ 𝑘 ≤ 𝑚. We further assume
𝑐𝑚 ≠ 0. We show that the subspace𝑀′ spanned by𝑀 and the set of functions
{𝑓0, 𝑓−1, … , 𝑓−𝑚} is the whole space (ind

𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒). This clearly means 𝑀 is

of finite codimension. Therefore, it suffices to show that 𝑓−𝑘 ∈ 𝑀′ for every
𝑘 ≥ 𝑚+1. Now, applying the operator 𝑇𝛼0,𝜒𝜎 to 𝑓 we have, by Proposition 4.10,
that

𝑓′ ∶= 𝑓 | 𝑇𝛼0,𝜒𝜎 =
∑

0≤𝑘≤𝑚

𝑐𝑘𝑓−(𝑘+1) ∈ 𝑀,

and hence 𝑓−(𝑚+1) ∈ 𝑀′. Applying 𝑇𝛼0,𝜒𝜎 repeatedly we obtain 𝑓−𝑘 ∈ 𝑀′ for
all 𝑘 ≥ 𝑚 + 1 as required.
Next, we let 𝜒 = 𝜒

𝑤0

𝜎 .We write

𝑓 =
∑

1≤𝑘≤𝑚

𝑐𝑘𝑓𝑘

as before with some 𝑚 ≥ 1 and some 𝑐𝑘 ∈ 𝔽̄𝑝 for 1 ≤ 𝑘 ≤ 𝑚. Assume 𝑐𝑚 ≠ 0.
Here, by applying the operator𝑇

𝛼−1
0
,𝜒
𝑤0
𝜎
, we can show similarly that the subspace

𝑀′ spanned by𝑀 and {𝑓1, … , 𝑓𝑚} is (ind
𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒).

We now turn to the situation where 𝜒 = 𝜒𝜎 = 𝜒
𝑤0

𝜎 . We write

𝑓 =
∑

𝑛≤𝑘≤𝑚

𝑐𝑘𝑓𝑘

for some 𝑛,𝑚 ∈ ℤ and 𝑐𝑘 ∈ 𝔽̄𝑝 for 𝑛 ≤ 𝑘 ≤ 𝑚. We assume 𝑐𝑛𝑐𝑚 ≠ 0, and that
𝑛,𝑚 > 0. We show that the subspace𝑀′ spanned by𝑀 and {𝑓−𝑚+1, … , 𝑓𝑚} is
(ind

𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒) = ind

𝐺𝑆
𝐾0
(𝜎)𝐼𝑆(1). Therefore, we need to show that 𝑓𝑘 ∈ 𝑀′ for

𝑘 ≥ 𝑚 + 1 and 𝑘 ≤ −𝑚. We consider 𝑓′ ∶= 𝑓 | 𝑇𝑤0
∈ 𝑀. By Proposition 4.9,

we have
𝑓′ = 𝑓 | 𝑇𝑤0

=
∑

𝑛≤𝑘≤𝑚

𝑐𝑘𝑓−𝑘.

Since 𝑐𝑚 ≠ 0, we have 𝑓−𝑚 ∈ 𝑀′. Again, consider 𝑓′′ ∶= 𝑓′ | 𝑇𝑤−1
0
𝛼−1
0
∈ 𝑀. By

Proposition 4.10, we have

𝑓′′ = 𝑓′ | 𝑇𝑤−1
0
𝛼−1
0
=

∑

𝑛≤𝑘≤𝑚

𝑐𝑘𝑓𝑘+1.

So, we have 𝑓𝑚+1 ∈ 𝑀′. We again apply 𝑇𝑤0
and then 𝑇𝑤−1

0
𝛼−1
0
repeatedly to

obtain 𝑓𝑘 ∈ 𝑀′ for 𝑘 ≥ 𝑚 + 1 and 𝑘 ≤ −𝑚. On the other hand, if both
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𝑛,𝑚 ≤ 0, then we apply 𝑇𝑤−1
0
𝛼−1
0
to 𝑓 to obtain

𝑓 | 𝑇𝑤−1
0
𝛼−1
0
=

∑

𝑛≤𝑘≤𝑚

𝑐𝑘𝑓−𝑘+1 ∈ 𝑀

and we are in the previous case.
Finally, we consider the case when 𝑛 ≤ 0 and𝑚 ≥ 1. Here also, we assume

𝑐𝑛𝑐𝑚 ≠ 0. At first, we show that 𝑓 | 𝑇𝑤0
and 𝑓 | 𝑇𝑤−1

0
𝛼−1
0
cannot both be zero. So,

let 𝑓 | 𝑇𝑤−1
0
𝛼−1
0
= 0. This implies, by Proposition 4.9, the following :

∑

𝑛≤𝑘≤0

𝑐𝑘𝑓−𝑘+1 +
∑

1≤𝑘≤𝑚

𝑐𝑘𝑏𝑘𝑓𝑘 = 0.

Now, since 𝑐𝑛 ≠ 0, this implies −𝑛 + 1 ≤ 𝑚 i.e. 𝑛 > −𝑚. But then applying
Proposition 4.9 again, we get

𝑓 | 𝑇𝑤0
=

∑

1≤𝑘≤𝑚

𝑐𝑘𝑓−𝑘 +
∑

𝑛≤𝑘≤0

𝑐𝑘𝑎𝑘𝑓𝑘,

which is non-zero as 𝑐𝑚 ≠ 0. Therefore, by considering any one of the non-zero
functions 𝑓 | 𝑇𝑤0

or 𝑓 | 𝑇𝑤−1
0
𝛼−1
0
we reduce to the case considered before where

the basis functions appearing in the presentation of 𝑓 are all indexed by positive
integers or all indexed by non-positive integers. This completes the proof of the
proposition. □

Remark 4.12. We mention that in [1, Subsection 3.7.3], Abdellatif constructs a
“counterexample" to the above proposition. However, it was mentioned in [14,
Remark 3.2] of Kozioł’s recent paper that this “counterexample" is incorrect.
The author would like to thank Peng Xu for pointing out this remark in Kozioł’s
paper.

Remark 4.13. The above codimensionality result is not true in general. For ex-
ample, it fails for higher rank groups likeGL3(𝐹); see [19, Theorem 5.1]. In fact,
the [4, Proposition 18] is sensitive to the fact that the irreducible representation
of GL2(𝐹) under consideration admits central characters. This requires some
explanation. Firstly, note that the analogous result forGL2(𝐹), viz. [4, Proposi-
tion 18], relies essentially on the assumption that the irreducible representation
under consideration admits a central character. Indeed, in the case where the
relevant Iwahori character factors through the determinant, the proof uses [4,
Lemma 10] to twist by a character of GL2 and thereby reduce to the trivial-
central-character case treated in Propositions 16 and 17 of loc. cit. Since this
twisting argument is unavailable for irreducible representations without cen-
tral character, the proof of Proposition 18 does not extend verbatim to that set-
ting. We finally note that smooth irreducible mod p representations of GL2(𝐹)
exists, as shown by Daniel Le in [15].

We nowprove themain Theoremof this section, which is the SL(2)-analogue
of [4, Proposition 32]. The proof is almost entirely similar to the one in [4], so
we just add a few extra lines of details.
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Proposition 4.14. Let 𝜎 be a weight of 𝐾0, and let 𝜋 be a smooth irreducible
representation of 𝐺𝑆 . If 𝜑 ∈ Hom𝐺𝑆

(ind
𝐺𝑆
𝐾0
(𝜎), 𝜋) is a non-zero intertwiner, then

theℋ(𝐺𝑆, 𝐾0, 𝜎)-submodule generated by 𝜑 is of finite dimension.

Proof. As 𝜑 is non-zero and 𝜋 is irreducible, 𝜑 is surjective. But, it cannot
be injective as ind𝐺𝑆

𝐾0
(𝜎) is not irreducible (see [1, Théorème 3.18]). Therefore,

since 𝐼𝑆(1) is pro-p, we have ker(𝜑)𝐼𝑆(1) ≠ 0. Now, given any non-zero 𝑣 ∈

ker(𝜑)𝐼𝑆(1), the 𝐼𝑆-subrepresentation 𝔽̄𝑝[𝐼𝑆] ⋅ 𝑣 ⊂ ker(𝜑)𝐼𝑆(1) (note that 𝐼𝑆(1) is
normal in 𝐼𝑆) is finite dimensional, as it can be considered as a representation
of 𝐼𝑆∕𝐼𝑆(1). But 𝐼𝑆∕𝐼𝑆(1) is a finite abelian group of order coprime to 𝑝. So,
we can write 𝔽̄𝑝[𝐼𝑆] ⋅ 𝑣 as a finite sum of characters. We may replace 𝑣 by one
such non-zero vectors from one of these characters. Hence, we may assume
ker(𝜑)(𝐼𝑆 ,𝜒) ≠ 0. By Proposition 4.7, it is forced that such a 𝜒 ∈ {𝜒𝜎, 𝜒

𝑤0

𝜎 }. By
Frobenius reciprocity, this means Hom𝐺𝑆

(ind
𝐺𝑆
𝐼𝑆
(𝜒), ker(𝜑)) ≠ 0. We may also

assume that 𝜒 = 𝜒𝜎. This is because if 0 ≠ 𝑓 ∈ ker(𝜑)(𝐼𝑆 ,𝜒
𝑤0
𝜎 ), then we may

write 𝑓 in the form
∑

1≤𝑘≤𝑛
𝑐𝑘𝑓𝑘, where 𝑐𝑘 is not zero for some 𝑘. Now, using

Proposition 4.3, and Proposition 4.9, we have

𝑓′ ∶= 𝑓 | 𝑇𝑤0
=

∑

𝜆∈𝑘𝐹

(
1 [𝜆]

0 1
)𝑤−1

0
⋅ 𝑓 =

∑

1≤𝑘≤𝑛

𝑐𝑘𝑓−𝑘

is a non-zero function in ker(𝜑)(𝐼𝑆 ,𝜒𝜎).
Now, consider the map

𝜑∗ ∶= [𝑇 ↦ 𝜑◦𝑇] ∶ Hom𝐺𝑆
(ind

𝐺𝑆
𝐼𝑆
(𝜒𝜎), ind

𝐺𝑆
𝐾0
(𝜎)) → Hom𝐺𝑆

(ind
𝐺𝑆
𝐼𝑆
(𝜒𝜎), 𝜋).

Clearly, 𝜑∗(Hom𝐺𝑆
(ind

𝐺𝑆
𝐼𝑆
(𝜒𝜎), ker(𝜑))) = 0. Since, by Proposition 4.11,

Hom𝐺𝑆
(ind

𝐺𝑆
𝐼𝑆
(𝜒𝜎), ker(𝜑)) ≃ ker(𝜑)(𝐼𝑆 ,𝜒𝜎)

is a non-zero submodule of

Hom𝐺𝑆
(ind

𝐺𝑆
𝐼𝑆
(𝜒𝜎), ind

𝐺𝑆
𝐾0
(𝜎)) ≃ (ind

𝐺𝑆
𝐾0
(𝜎))(𝐼𝑆 ,𝜒𝜎),

it is of finite codimension. Noting that clearly 𝜑∗ is also aℋ(𝐺𝑆, 𝐼𝑆, 𝜒𝜎)-module
homomorphism, we conclude that the image of 𝜑∗ is a finite dimensional sub-
module of Hom𝐺𝑆

(ind
𝐺𝑆
𝐼𝑆
(𝜒𝜎), 𝜋). Also, we consider the map

Φ∗ ∶= [𝑇 ↦ 𝜑◦𝑇] ∶ Hom𝐺𝑆
(ind

𝐺𝑆
𝐾0
(𝜎), ind

𝐺𝑆
𝐾0
(𝜎)) → Hom𝐺𝑆

(ind
𝐺𝑆
𝐾0
(𝜎), 𝜋).

Let 𝛿0 ∈ Hom𝐾0
(ind

𝐾0
𝐼𝑆
(𝜒𝜎), 𝜎) be the intertwiner corresponding (by Frobe-

nius reciprocity) to the intertwiner in Hom𝐼𝑆
(𝜒𝜎, 𝜎) that carries 1 ↦ 𝑣𝜎. Since,

𝛿0 is non-zero and 𝜎 is an irreducible 𝐾0 representation, we conclude that 𝛿0 is
surjective. Applying the functor ind𝐺𝑆

𝐾0
(−) to 𝛿0 we get

𝛿 ∈ Hom𝐺𝑆
(ind

𝐺𝑆
𝐼𝑆
(𝜒𝜎), ind

𝐺𝑆
𝐾0
(𝜎)).
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This 𝛿 is also a surjection as ind𝐺𝑆
𝐾0
(−) is an exact functor (see, for example, [8,

Exercise 1, Subsection 2.5]). Now, 𝛿 induces the following maps:

𝛿∗ ∶= [𝑇 ↦ 𝑇◦𝛿] ∶ Hom𝐺𝑆
(ind

𝐺𝑆
𝐾0
(𝜎), 𝜋) → Hom𝐺𝑆

(ind
𝐺𝑆
𝐼𝑆
(𝜒𝜎), 𝜋),

and
∆∗ ∶= [𝑇 ↦ 𝑇◦𝛿] ∶ Hom𝐺𝑆

(ind
𝐺𝑆
𝐾0
(𝜎), ind

𝐺𝑆
𝐾0
(𝜎)) → Hom𝐺𝑆

(ind
𝐺𝑆
𝐼𝑆
(𝜒𝜎), ind

𝐺𝑆
𝐾0
(𝜎)).

But, as 𝛿 is surjective, both 𝛿∗ and ∆∗ are injective. And, clearly from the defi-
nitions of the maps 𝜑∗, Φ∗, 𝛿∗, and ∆∗, the following square is commutative:

Hom𝐺𝑆
(ind

𝐺𝑆
𝐾0
(𝜎), ind

𝐺𝑆
𝐾0
(𝜎)) Hom𝐺𝑆

(ind
𝐺𝑆
𝐾0
(𝜎), 𝜋)

Hom𝐺𝑆
(ind

𝐺𝑆
𝐼𝑆
(𝜒𝜎), ind

𝐺𝑆
𝐾0
(𝜎)) Hom𝐺𝑆

(ind
𝐺𝑆
𝐼𝑆
(𝜒𝜎), 𝜋)

Φ∗

∆∗ 𝛿∗

𝜑∗

Therefore, we conclude that the imageΦ∗(End𝐺𝑆 (ind
𝐺𝑆
𝐾0
(𝜎))) ofΦ∗, which is the

submodule generated by 𝜑, is finite dimensional. This completes the proof. □

5. The case of non-supersingular representations
At first, we recall the theory of mod 𝑝 principal series representations of 𝐺𝑆.

We start with a smooth 𝔽̄𝑝 character 𝜂 of 𝐵𝑆. As the abelianization of 𝐵𝑆 is the
torus 𝑇𝑆 ≅ 𝐹×, we can consider this 𝜂 as a smooth character of 𝑇𝑆 or 𝐹×. We
then have a short exact sequence of 𝐵𝑆 representations :

0 → 𝑉𝜂 → Ind𝐺𝑆
𝐵𝑆
(𝜂) → 𝜂 → 0,

where the map Ind𝐺𝑆
𝐵𝑆
(𝜂) → 𝜂 is evaluation at the identity matrix, and 𝑉𝜂 is the

kernel of this map. We mention the following standard facts :
(1) 𝑉𝜂 is an irreducible representation of 𝐵𝑆.
(2) The above short exact sequence splits if and only if 𝜂 = 1, the trivial

character.
(3) Ind𝐺𝑆

𝐵𝑆
(𝜂) is an irreducible representation of 𝐺𝑆 if and only if 𝜂 ≠ 1. In

this case, these representations are called principal series of 𝐺𝑆.
(4) The𝐺𝑆 representation Ind

𝐺𝑆
𝐵𝑆
(1) is indecomposable and of length 2, with

the trivial representation 1 as its only subrepresentation and the Stein-

berg representation St𝑆 ∶=
Ind𝐺𝑆

𝐵𝑆
(1)

1
as the only quotient. Hence we have

a non-split exact sequence 0 → 1 → Ind𝐺𝑆
𝐵𝑆
(1) → St𝑆 → 0 of 𝐺𝑆 repre-

sentations.
(5) As 𝐺𝑆 = 𝐵𝑆𝐼𝑆(1) ⊔ 𝐵𝑆𝛽0𝐼𝑆(1) (see [1, Lemme 1.7]), the pro-𝑝-Iwahori

invariants (Ind𝐺𝑆
𝐵𝑆
(𝜂))𝐼𝑆(1) has dimension 2 over 𝔽̄𝑝. It is generated by the

functions 𝓁1,𝜂, supported on 𝐵𝑆𝐼𝑆(1) and taking value 1 at 𝐼2, and 𝓁2,𝜂,
supported on 𝐵𝑆𝛽0𝐼𝑆(1) and taking value 1 at 𝛽0.
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The proofs of all these facts can be found in [1, Section 3.4].

Lemma 5.1. Let 𝜋 be a smooth representation of 𝐺𝑆 , and 𝔽̄𝑝𝑣 be a line which is
𝐵𝑆-stable. Then 𝐺𝑆 , and hence 𝐵𝑆 , acts trivially on this line. Hence, for 𝜂 ≠ 1 we
haveHom𝐵𝑆

(𝜂, 𝜋) = 0.

Proof. By smoothness we have some positive integer𝑚 such that 𝑈̄𝑆(𝔭
𝑚
𝐹
) fixes

𝑣. Consider any arbitrary lower unipotent matrix 𝑢̄(𝑥) ∈ 𝑈̄𝑆 for some 𝑥 ∈ 𝐹.
There is some 𝑘 ∈ ℤ such that 𝑦 ∶= 𝑥𝜛2𝑘

𝐹
∈ 𝔭𝑚

𝐹
. Then 𝑢̄(𝑥) = 𝛼𝑘

0
𝑢̄(𝑦)𝛼−𝑘

0

fixes 𝑣. The upper and lower unipotent matrices generate 𝐺𝑆, and the upper
unipotents being the derived subgroup of 𝐵𝑆 act trivially on 𝔽̄𝑝𝑣. Therefore, we
have that 𝐺𝑆 acts trivially on 𝔽̄𝑝𝑣. □

We have the following immediate corollary, which also follows from the fact
that the abelianization of SL2(𝑘) for any infinite field 𝑘 is trivial.

Corollary 5.2. The trivial character is the only smooth 𝔽̄𝑝-character of 𝐺𝑆 .

Corollary 5.3. Given a smooth representation 𝜋 of 𝐺𝑆 , the restriction map in-
duces an isomorphism between the following spaces :

Hom𝐺𝑆
(1, 𝜋) ≅ Hom𝐵𝑆

(1, 𝜋|𝐵𝑆 ).

Proof. The existence of a non-zero intertwiner in Hom𝐵𝑆
(1, 𝜋|𝐵𝑆 ) is equivalent

to the existence of a 𝐵𝑆-stable line in 𝜋. Therefore, the lemma applies and we
can extend such an intertwiner trivially to a 𝐺𝑆-intertwiner. □

Corollary 5.4. Let 𝜋 be a smooth representation of 𝐺𝑆 . Suppose 𝜂 ≠ 1, and
𝜑 ∈ Hom𝐵𝑆

(Ind
𝐺𝑆
𝐵𝑆
(𝜂), 𝜋) be non-zero. Then 𝜑 is an injection.

Proof. The proof is same as that of [18, Corollary 5.2]. We will reproduce it to
make the article self-contained. So let 0 ≠ 𝜑 ∈ Hom𝐵𝑆

(Ind
𝐺𝑆
𝐵𝑆
(𝜂), 𝜋), and sup-

pose ker𝜑 ≠ 0. We claim at first that ker𝜑 = 𝑉𝜂. Otherwise, since Ind
𝐺𝑆
𝐵𝑆
(𝜂)

as a 𝐵𝑆-representation has length 2, we must have Ind𝐺𝑆
𝐵𝑆
(𝜂) = ker𝜑 ⊕ 𝑉𝜂.

This implies ker𝜑 ≅ 𝜂 as 𝐵𝑆-representations. But this is not possible because
Hom𝐵𝑆

(𝜂, Ind
𝐺𝑆
𝐵𝑆
(𝜂)) = 0 as 𝜂 ≠ 1, by Lemma 5.1. But if ker𝜑 = 𝑉𝜂, then 𝜑

induces a map 𝜑̄ ∈ Hom𝐵𝑆
(𝜂, 𝜋). By Lemma 5.1, 𝜑̄ = 0, and hence 𝜑 = 0, a

contradiction. Hence, ker𝜑 = 0. □

Corollary 5.5. Let 𝜂 ≠ 1. Then the restriction map induces as isomorphism

Hom𝐺𝑆
(Ind

𝐺𝑆
𝐵𝑆
(𝜂), Ind

𝐺𝑆
𝐵𝑆
(𝜂)) ≅ Hom𝐵𝑆

(Ind
𝐺𝑆
𝐵𝑆
(𝜂), Ind

𝐺𝑆
𝐵𝑆
(𝜂)).

Proof. Here also the proof is similar to that in [18, Corollary 5.3]. We show that
End𝐵𝑆 (Ind

𝐺𝑆
𝐵𝑆
(𝜂)) is a one dimensional space. For this, let 𝜑1 and 𝜑2 be two non-

zero intertwiners in End𝐵𝑆 (Ind
𝐺𝑆
𝐵𝑆
(𝜂)). Then, by the previous Corollary, their re-

strictions to𝑉𝜂 gives two non-zeromaps in End𝐵𝑆 (𝑉𝜂).Note that Img(𝜑𝑖) = 𝑉𝜂,
otherwise by the length 2 condition (as in the proof of the previous Corollary)
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we will have that 𝑉𝜂 has dimension 1, which is false. But End𝐵𝑆 (𝑉𝜂) is one di-
mensional as 𝑉𝜂 is an irreducible 𝐵𝑆-representation (see [6, Proposition 2.11];
the proof works over any algebraically closed field). Hence, 𝜑1|𝑉𝜂 = 𝜆𝜑2|𝑉𝜂 for
some 𝜆 ∈ 𝔽̄×𝑝 . But then 𝜑1 − 𝜆𝜑2 ∈ End𝐵𝑆 (Ind

𝐺𝑆
𝐵𝑆
(𝜂)) is not an injection, and

hence must be identically zero. □

We now prove a useful lemma, analogous to [20, Lemma 5.3], which is, in
essence, a rather elegant application of Carter-Lusztig theory.

Lemma 5.6. Let𝜋 be a smooth representation of𝐺𝑆 , and 0 ≠ 𝑣 ∈ 𝜋𝐼𝑆(1). Suppose
𝐼𝑆 acts on 𝑣 by a character. Then, either 𝒮𝑣 = 0, or 𝒮𝑣 generates a non-trivial
weight of 𝐾0 = SL2(𝒪𝐹).

Proof. Suppose 𝒮𝑣 ≠ 0. We set 𝑣′ ∶= 𝒮2𝑣 so that 𝒮𝑣 = 𝒮1𝑣
′. Since 𝒮𝑣 ≠ 0

and 𝒮 = 𝒮1𝒮2 we must have 𝑣′ ≠ 0. Now, we recall that 𝐼𝑆 = 𝑇𝑆(𝒪
×
𝐹
)𝐼𝑆(1), and

since 𝐼𝑆(1) is a pro-𝑝-group any character of 𝐼𝑆 is trivial on 𝐼𝑆(1). Hence, any
character of 𝐼𝑆 can be considered as a character of 𝑇𝑆(𝒪×

𝐹
). Therefore, if 𝐼𝑆 acts

on 𝑣 by a character 𝜒, and as 𝐼𝑆(1) fixes 𝑣′ by Lemma 4.5, 𝐼𝑆 will act on 𝑣′ via
the character 𝜒𝑤0 , and therefore 𝐼𝑆 will act on 𝒮𝑣 by 𝜒.
We now consider the 𝐾0-representation 𝜅 = 𝔽̄𝑝[𝐾0] ⋅ 𝑣

′. By Frobenius reci-
procity the 𝐼𝑆-intertwiner (1 ↦ 𝑣′) ∶ 𝜒𝑤0 → 𝜋 corresponds to the𝐾0-intertwiner
ind

𝐾0
𝐼𝑆
(𝜒𝑤0) → 𝜋 that takes the generator 𝜑𝜒𝑤0 = [1, 1] ∈ ind

𝐾0
𝐼𝑆
(𝜒𝑤0) to 𝑣′. So

we obtain 𝜅 as a quotient of ind𝐾0
𝐼𝑆
(𝜒𝑤0) = Ind

𝐾0
𝐼𝑆
(𝜒𝑤0); this equality is evident

from the fact that 𝐾0 is compact. This intertwiner maps 𝔽̄𝑝[𝐾0] ⋅ (𝒮1𝜑𝜒𝑤0 ) onto
𝔽̄𝑝[𝐾0] ⋅ (𝒮𝑣).
Now, note that any character 𝜒 of 𝑇𝑆(𝒪×

𝐹
) ≅ 𝒪×

𝐹
can be considered as a char-

acter of 𝑘×
𝐹
since 𝜒|1+𝔭𝐹 = 1, and 𝒪×

𝐹
∕(1 + 𝔭𝐹) ≅ 𝑘𝐹 . Consider the natural

map (𝑓 ↦ 𝑓 ∶= [𝑘 ↦ 𝑓(𝑘mod𝔭𝐹)]) ∶ Ind
Γ
𝐵(𝜒

𝑤0) → Ind
𝐾0
𝐼𝑆
(𝜒𝑤0). This

is a 𝐾0-intertwiner, with 𝐾0 acting on Ind
Γ
𝐵(𝜒

𝑤0) via mod 𝑝 reduction. This
action is obviously smooth as the level one congruence subgroup fixes every-
thing. And, the irreducible representation 𝔽̄𝑝[𝐾0] ⋅ (𝑇𝑤0

𝜑𝜒) is mapped onto
𝔽̄𝑝[𝐾0] ⋅ (𝒮1𝜑𝜒𝑤0 ); note the use of equation (3.1). Therefore, by Carter-Lusztig
theory (Theorem 3.1, and Remark 3.2), the𝐾0-representation 𝔽̄𝑝[𝐾0] ⋅(𝒮1𝜑𝜒𝑤0 ),
and hence 𝔽̄𝑝[𝐾0] ⋅ (𝒮𝑣) is a non-trivial weight of 𝐾0. This completes the proof
of the lemma. □

Remark 5.7. The above lemma is the analogue of [18, Lemma 4.1]. However, in
case of SL2(𝐹) we have to deal with the possibility of 𝒮2𝑣 = 0 (which obviously
implies 𝒮𝑣 = 0). This situation does not arise in case of GL2(𝐹). In fact, in the
GL2(𝐹) argument, starting from a non-zero vector 𝑣 ∈ 𝜋𝐼1 on which 𝐼 acts via
a character, Paškūnas forms a single averaged vector

𝑤𝑗 =
∑

𝜆∈𝔽𝑞

𝜆𝑗 (
1 [𝜆]

0 1
) 𝑡𝑣,
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and shows that for a suitable 𝑗, this 𝑤𝑗 is non-zero, lies in 𝜋𝐼1 , and generates
an irreducible 𝐾-subrepresentation. The only exceptional case in that proof is
𝑤0 = 0, and there [18, Lemma 3.4] rewrites Π𝑣 as an explicit sum of translates
of 𝑣, after which the argument continues with the remaining 𝑤𝑗 for 1 ≤ 𝑗 ≤

𝑞 − 1. However, in the SL2 setting, the corresponding Hecke operator on 𝜋𝐼𝑆(1)
factors as 𝒮 = 𝒮1◦𝒮2, so one must first pass from 𝑣 to 𝑣′ ∶= 𝒮2𝑣. The new
case 𝒮2𝑣 = 0 has no counterpart in the GL2 case since the analogue of the
operator 𝒮2 in this case is just the group element Π ∈ GL2(𝐹) which never
kills a non-zero vector. Consequently, the GL2-style averaging argument can
not even be started. Therefore, the SL2 proof splits into two stages, and this is
the reason why it becomesmuchmore delicate that theGL2 counterpart which
is [18, Theorem 4.4]. This situation also arises in [20].

The main theorem of this section is the following.

Theorem 5.8. Given a smooth representation 𝜋 of 𝐺𝑆 , and a smooth character
𝜂 of 𝐵𝑆 , the restriction map induces an isomorphism between the following spaces
of intertwiners :

Hom𝐺𝑆
(Ind

𝐺𝑆
𝐵𝑆
(𝜂), 𝜋) ≅ Hom𝐵𝑆

(𝑉𝜂, 𝜋|𝐵𝑆 ).

Proof. We show at first that the restriction map is injective. Thus we let 𝜑 ∈

Hom𝐺𝑆
(Ind𝐺𝑆

𝐵𝑆
(𝜂), 𝜋) vanish on 𝑉𝜂. Then it factors through

Ind𝐺𝑆
𝐵𝑆
(𝜂)

𝑉𝜂
≅ 𝜂 as a 𝐵𝑆-

intertwiner. So if 𝜂 ≠ 1, by the Lemma 5.1 we have 𝜑 = 0.We therefore assume
𝜂 = 1; now, if𝜑 ≠ 0, we get a non-zero𝐵𝑆-intertwiner inHom𝐵𝑆

(1, 𝜋|𝐵𝑆 ), which
by Corollary 5.3 lifts trivially to a 𝐺𝑆-intertwiner in Hom𝐺𝑆

(1, 𝜋). Hence, the
image of 𝜑 is a line in 𝜋 on which 𝐺𝑆 acts trivially. Consequently, we have 1 as
a quotient of Ind𝐺𝑆

𝐵𝑆
(1), which is false.

Recall that the space (Ind𝐺𝑆
𝐵𝑆
(𝜂))𝐼𝑆(1) is two dimensional, generated by the

functions 𝓁1,𝜂 and 𝓁2,𝜂, supported on 𝐵𝑆𝐼𝑆(1) and 𝐵𝑆𝑤0𝐼𝑆(1) respectively. Also
it can be shown easily that 𝐼𝑆 acts on 𝓁1,𝜂 by the character 𝜂+ ∶= 𝜂|𝑇𝑆(𝒪

×
𝐹
), and

on 𝓁2,𝜂 by the character 𝜂− ∶= (𝜂|𝑇𝑆(𝒪
×
𝐹
))
𝑤0 (see [1, Lemme 2.10]). Now, by

Lemma 4.5, we know that 𝒮𝓁2,𝜂 is a linear combination of 𝓁1,𝜂 and 𝓁2,𝜂. It is
easy to see that 𝒮𝓁2,𝜂(𝐼2) = 0. Next, we check that :

𝒮𝓁2,𝜂(𝛽0) =
∑

𝜆∈𝑘2
𝐹

𝓁2,𝜂 (𝛽0 (
1 𝐴(𝜆)

0 1
) 𝛼−1

0
) = 𝜂(𝛼0),

since for 𝐴(𝜆) ≠ 0 we have

𝑤0 (
1 𝐴(𝜆)𝜛−2

𝐹

0 1
) = (

𝐴(𝜆)−1𝜛2
𝐹

−1

0 𝐴(𝜆)𝜛−2
𝐹

) (
1 0

𝐴(𝜆)−1𝜛2
𝐹

1
)

∈ 𝐵𝑆𝐼𝑆(1).

In other words we have 𝒮𝓁2,𝜂 = 𝜂(𝛼0)𝓁2,𝜂. Therefore, by Lemma 5.6, we have
that 𝔽̄𝑝[𝐾0] ⋅ 𝓁2,𝜂 = 𝔽̄𝑝[𝐾0] ⋅ (𝒮𝓁2,𝜂) is a non-trivial weight of 𝐾0.
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Wenow show that the restrictionmap is surjective. So let 𝜓 ∈ Hom𝐵𝑆
(𝑉𝜂, 𝜋)

be non-zero. The map 𝓁2,𝜂 is supported on 𝐵𝑆𝛽0𝐼𝑆(1) and hence it lies in 𝑉𝜂.
Therefore, as𝑉𝜂 is irreducible, 𝓁2,𝜂 generates it as an 𝔽̄𝑝[𝐵𝑆]-module, and hence
𝜓(𝓁2,𝜂) ≠ 0. Now, 𝜓(𝓁2,𝜂) is fixed by 𝐵𝑆 ∩ 𝐼𝑆(1). Also, 𝜓(𝒮𝓁2,𝜂) = 𝒮𝜓(𝓁2,𝜂) =

𝜂(𝛼0)𝜓(𝓁2,𝜂), that is

𝜓(𝓁2,𝜂) = 𝜂(𝛼0)
−1𝒮𝜓(𝓁2,𝜂) (5.1)

Now by smoothness the vector 𝜓(𝓁2,𝜂) is fixed by 𝑈̄𝑆(𝔭
2𝑘+1
𝐹

) for some large 𝑘.
We show that 𝑈̄𝑆(𝔭

2𝑘−1
𝐹

) fixes 𝜓(𝓁2,𝜂) by showing that it fixes 𝒮𝜓(𝓁2,𝜂). For this,
at first we verify the following claim.

Claim. 𝑈𝑆(𝔭
2𝑘−1
𝐹

) fixes 𝒮2𝜓(𝓁2,𝜂).

Proof of the Claim : Take some 𝑏 ∈ 𝔭2𝑘−1
𝐹

. Then we have :

(
1 𝑏

0 1
) 𝒮2𝜓(𝓁2,𝜂) =

∑

𝜇∈𝑘𝐹

𝑤0 (
1 0

−𝑏 1
) (
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝜓(𝓁2,𝜂)

=
∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹(1 − [𝜇]𝜛𝐹𝑏)

−1

0 1
) (
(1 − [𝜇]𝜛𝐹𝑏)

−1 0

0 (1 − [𝜇]𝜛𝐹𝑏)
)

(
1 0

−𝑏(1 − [𝜇]𝜛𝐹𝑏)
−1 1

) 𝛼−1
0
𝜓(𝓁2,𝜂)

=
∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹(1 − [𝜇]𝜛𝐹𝑏)

−1

0 1
) 𝛼−1

0
𝜓(𝓁2,𝜂)

=
∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹

0 1
) (

1 ∗ 𝜛2
𝐹

0 1
) 𝛼−1

0
𝜓(𝓁2.𝜂)

=
∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝜓(𝓁2,𝜂) = 𝒮2𝜓(𝓁2,𝜂). □

Now, if 𝑏 ∈ 𝔭2𝑘−1
𝐹

then we have

(
1 0

𝑏 1
) 𝒮𝜓(𝓁2,𝜂) = (

1 0

𝑏 1
) 𝒮1(𝒮2𝜓(𝓁2,𝜂))

=
∑

𝜆∈𝑘𝐹

(
1 0

𝑏 1
) (
1 [𝜆]

0 1
)𝑤−1

0
𝒮2𝜓(𝓁2,𝜂)

=
∑

𝜆∈𝑘𝐹

(
1 [𝜆](1 + [𝜆]𝑏)−1

0 1
)𝑤−1

0
𝒮2𝜓(𝓁2,𝜂)

=
∑

𝜆∈𝑘𝐹

(
1 [𝜆] + 𝑏′

𝜆

0 1
)𝑤−1

0
𝒮2𝜓(𝓁2,𝜂)
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=
∑

𝜆∈𝑘𝐹

(
1 [𝜆]

0 1
)𝑤−1

0

∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹 + 𝑏′

𝜆

0 1
) 𝛼−1

0
𝜓(𝓁2,𝜂)

=
∑

𝜆∈𝑘𝐹

(
1 [𝜆]

0 1
)𝑤−1

0

∑

𝜇∈𝑘𝐹

𝑤0 (
1 [𝜇]𝜛𝐹

0 1
) (

1 ∗ 𝜛2
𝐹

0 1
) 𝛼−1

0
𝜓(𝓁2,𝜂)

= (𝒮1◦𝒮2)(𝜓(𝓁2,𝜂))

= 𝒮𝜓(𝓁2,𝜂).

Here ∗ 𝜛2
𝐹
denotes an element of 𝔭2

𝐹
, and in the fourth equality above 𝑏′

𝜆
is a

element of 𝔭2𝑘−1
𝐹

⊂ 𝔭𝐹 . We apply the above several times to deduce finally that
𝑈̄𝑆(𝔭𝐹) fixes 𝒮𝜓(𝓁2,𝜂), and hence 𝜓(𝓁2,𝜂). By applying the Iwahori decomposi-
tion 𝐼𝑆(1) = 𝑈𝑆(𝒪𝐹) × 𝑇𝑆(1 + 𝔭𝐹) × 𝑈̄𝑆(𝔭𝐹), we have that 𝜓(𝓁2,𝜂) is fixed by
𝐼𝑆(1). Now, as 𝐼𝑆 = 𝑇𝑆(𝒪

×
𝐹
)𝐼𝑆(1) acts on 𝓁2,𝜂 by 𝜂−, therefore 𝐼𝑆 acts on 𝜓(𝓁2,𝜂)

by 𝜂− as well. By appealing to Lemma 5.6 and Carter-Lusztig theory (Theorem
3.1 and Remark 3.2), we have 𝔽̄𝑝[𝐾0] ⋅ 𝓁2,𝜂 ≅ 𝔽̄𝑝[𝐾0] ⋅ (𝜓(𝓁2,𝜂)), as weights of
𝐾0, since the weights are uniquely determined by the character given via the
action of 𝐼𝑆. Also by Lemma 5.6, these weights are non-trivial.
Set 𝜎 ∶= 𝔽̄𝑝[𝐾0] ⋅ (𝜓(𝓁2,𝜂)) ⊂ 𝜋; then, by Frobenius reciprocity 𝔽̄𝑝[𝐺𝑆] ⋅

(𝜓(𝓁2,𝜂)) is a quotient of ind
𝐺𝑆
𝐾0
(𝜎), and by equation (5.1) it is therefore a quotient

of
ind

𝐺𝑆
𝐾0
(𝜎)

(𝜏𝜎 − 𝜂(𝛼0) ⋅ Id)(ind
𝐺𝑆
𝐾0
(𝜎))

≅ Ind
𝐺𝑆
𝐵𝑆
(𝜂),

where the above isomorphism of 𝐺𝑆-representations is by [1, Théorème 3.18].
Hence, 𝔽̄𝑝[𝐺𝑆] ⋅ (𝜓(𝓁2,𝜂)) is isomorphic to Ind

𝐺𝑆
𝐵𝑆
(𝜂) if 𝜂 ≠ 1, or 𝔽̄𝑝[𝐺𝑆] ⋅ (𝜓(𝓁2,𝜂))

is isomorphic to 𝑉1 when 𝜂 = 1. In both cases, up to scalar multiples, there is
only one intertwiner by Corollary 5.5; we consider the one whose restriction to
𝑉𝜂 coincides with 𝜓. This proves that the restriction map is surjective. □

The proof of the following corollary is similar to that of [18, Corollary 5.5].

Corollary 5.9. Let 𝜂 ≠ 1 and let 𝜋 be a smooth representation of 𝐺𝑆 . Then we
have

Hom𝐺𝑆
(Ind

𝐺𝑆
𝐵𝑆
(𝜂), 𝜋) ≅ Hom𝐵𝑆

(Ind
𝐺𝑆
𝐵𝑆
(𝜂), 𝜋).

Proof. Clearly, the restriction map is an injection as Ind𝐺𝑆
𝐵𝑆
(𝜂) is an irreducible

𝐺𝑆-representation. Now, let 0 ≠ 𝜓 ∈ Hom𝐵𝑆
(Ind

𝐺𝑆
𝐵𝑆
(𝜂), 𝜋). Then by Corollary

5.4, the following composition of 𝐵𝑆-intertwiners is zero : Ind
𝐺𝑆
𝐵𝑆
(𝜂) → 𝜋 →

𝜋

𝔽̄𝑝[𝐺𝑆]⋅(𝜓(𝑉𝜂))
.Hence, the image of𝜓 is contained in 𝔽̄𝑝[𝐺𝑆]⋅(𝜓(𝑉𝜂)). Thismeans

we can consider 𝜓|𝑉𝜂 to be a non-zero element of the space of 𝐵𝑆-intertwiners
Hom𝐵𝑆

(𝑉𝜂, 𝔽̄𝑝[𝐺𝑆] ⋅ (𝜓(𝑉𝜂))). By Theorem 5.8, we have that 𝔽̄𝑝[𝐺𝑆] ⋅ (𝜓(𝑉𝜂)) is
a quotient of Ind𝐺𝑆

𝐵𝑆
(𝜂), and as Ind𝐺𝑆

𝐵𝑆
(𝜂) is an irreducible 𝐺𝑆-representation, it is
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in fact isomorphic to 𝔽̄𝑝[𝐺𝑆] ⋅ (𝜓(𝑉𝜂)). Hence, by Corollary 5.5, 𝜓 is 𝐺𝑆-linear
as well. □

Finally, we note the following corollary which is immediate from Theorem
5.8, by noting that St𝑆|𝐵𝑆 ≅ 𝑉1 as 𝐵𝑆-representations. The later follows from
the facts stated in the beginning of this Section.

Corollary 5.10. Let 𝜋 be a smooth representation of 𝐺𝑆 . Then, we have

Hom𝐺𝑆
(Ind

𝐺𝑆
𝐵𝑆
(1), 𝜋) ≅ Hom𝐵𝑆

(St𝑆, 𝜋).

Remark 5.11. Letting 𝜋 = Ind
𝐺𝑆
𝐵𝑆
(1), we can see that the above result cannot be

improved if we replace Ind𝐺𝑆
𝐵𝑆
(1) with St𝑆.

6. The case of Supersingular representations
6.1. Definition of supersingular representations. Recall that in Subsec-
tion 4.1 we mentioned the fact that the spherical Hecke algebra

ℋ(𝐺𝑆, 𝐾0, 𝜎) = 𝔽̄𝑝[𝜏]

for an operator 𝜏 whose action on the standard functions was given by an ex-
plicit formula. We set

𝜏𝜎 ∶= {
𝜏, 𝜎 ≠ 1

𝜏 + Id, 𝜎 = 1
.

We still have
ℋ(𝐺𝑆, 𝐾0, 𝜎) = 𝔽̄𝑝[𝜏𝜎].

In a similar manner we can show that the spherical Hecke algebra with re-
spect to the other maximal compact subgroup 𝐾1, denoted ℋ(𝐺𝑆, 𝐾1, 𝜎

𝛼) is
generated as a polynomial algebra in one variable. More precisely, we have
ℋ(𝐺𝑆, 𝐾1, 𝜎

𝛼) = 𝔽̄𝑝[𝜏
1
𝜎𝛼
], where the operator 𝜏1

𝜎𝛼
is the analogue of 𝜏𝜎. Here,

we use the notation 𝛼 for the matrix diag(1,𝜛𝐹) ∈ GL2(𝐹), and 𝜎𝛼 denotes the
twist of 𝜎 by the inner automorphism given by 𝛼. We now give the following
definition.

Definition 6.1. (1) A smooth irreducible 𝔽̄𝑝[𝐺𝑆]-module 𝜋 is said to be
supersingular with respect to𝐾0 or simply𝐾0-supersingular if it is

a quotient of the 𝔽̄𝑝[𝐺𝑆]-module
ind

𝐺𝑆
𝐾0
(𝜎)

𝜏𝜎(ind
𝐺𝑆
𝐾0
(𝜎))

.

(2) A smooth irreducible 𝔽̄𝑝[𝐺𝑆]-module 𝜋 is said to be supersingular
with respect to 𝐾1 or simply 𝐾1-supersingular if it is a quotient of

the 𝔽̄𝑝[𝐺𝑆]-module
ind

𝐺𝑆
𝐾1
(𝜎𝛼)

𝜏1
𝜎𝛼
(ind

𝐺𝑆
𝐾1
(𝜎𝛼))

.

We have following result which is proved in [1, Proposition 3.20].
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Proposition 6.2. If 𝜋 is supersingular with respect to 𝐾0, and a quotient of the

𝔽̄𝑝[𝐺𝑆]-module
ind

𝐺𝑆
𝐾0
(𝜎)

(𝜏𝜎−𝜆⋅Id)(ind
𝐺𝑆
𝐾0
(𝜎))

, then 𝜆 = 0.

We also note the following result which follows from using [1, Proposition
3.23], with the definition above.

Proposition 6.3. Let 𝜋 be a smooth irreducible 𝔽̄𝑝-representation of 𝐺𝑆 . Then,
𝜋 is 𝐾0-supersingular if and only if 𝜋𝛼 is 𝐾1-supersingular.

6.2. Some key Lemmas.

Lemma 6.4. Let 𝜋 be a𝐾0-supersingular representation of𝐺𝑆 , and 𝜎 a weight of
𝐾0. Suppose 𝜑 be a non-zero 𝐺𝑆−intertwiner from ind

𝐺𝑆
𝐾0
(𝜎) to 𝜋. Then, for large

enough 𝑘 ≥ 1, we have 𝜑◦𝜏𝑘𝜎 = 0.

Proof. By Proposition 4.14, the right ℋ ∶= ℋ(𝐺𝑆, 𝐾0, 𝜎)-submodule 𝜑◦ℋ
generated by𝜑 is finite dimensional. So, if we take the image 𝜏̄𝜎(∶= 𝑛 ↦ 𝑛◦𝜏𝜎 ∶

𝜑◦ℋ → 𝜑◦ℋ) of 𝜏𝜎 in End𝔽̄𝑝(𝜑◦ℋ), then for the minimal polynomial𝑚(𝑋) of
𝜏̄𝜎, we have 𝜑◦𝑚(𝜏𝜎) = 0.
Now, suppose that 𝑚(𝑋) is the polynomial with minimal degree such that

𝜑◦𝑚(𝜏𝜎) = 0. Let 𝜆 be any root of 𝑚(𝑋) in 𝔽̄𝑝, and let 𝑚(𝑋) = (𝑋 − 𝜆)𝑚′(𝑋).
Then 𝜑′ ∶= 𝜑◦𝑚′(𝜏𝜎) ∶ ind

𝐺𝑆
𝐾0
(𝜎) ↠ 𝜋, which induces a surjection

ind
𝐺𝑆
𝐾0
(𝜎)

(𝜏𝜎 − 𝜆 ⋅ id)(ind
𝐺𝑆
𝐾0
(𝜎))

↠ 𝜋.

By Proposition 6.2, wemust have 𝜆 = 0. Hence,𝑚(𝑋) = 𝑋𝑘 for some 𝑘 ≥ 1. □

Remark 6.5. The proof of the above lemma would have been simpler if 𝜋 were
also admissible (meaning 𝜋𝐾 is finite dimensional for every compact open
subgroup 𝐾 of 𝐺𝑆). In such case, it suffices to show that the vector space
Hom𝐺𝑆

(ind
𝐺𝑆
𝐾0
(𝜎), 𝜋) ≅ Hom𝐾0

(𝜎, 𝜋) is finite dimensional. For this, one simply
shows that Hom𝐼𝑆(1)

(𝜎, 𝜋) is finite dimensional. This can be proved by induc-
tion on the dimensions of finite dimensional smooth representations of 𝐼𝑆(1).
To see this, at first we note that 𝜎 has a unique line fixed by 𝐼𝑆(1), so we have
the short exact sequence

0 → 1𝐼𝑆(1) → 𝜎 → 𝜎∕1𝐼𝑆(1) → 0

of 𝐼𝑆(1)-representations. Applying, the Hom𝐼𝑆(1)
(−, 𝜋) functor we get

0 → Hom𝐼𝑆(1)
(𝜎∕1𝐼𝑆(1), 𝜋) → Hom𝐼𝑆(1)

(𝜎, 𝜋) → Hom𝐼𝑆(1)
(1𝐼𝑆(1), 𝜋) ≅ 𝜋𝐼𝑆(1).

Since 𝜋𝐼𝑆(1) is finite dimensional by admissibility, and Hom𝐼𝑆(1)
(𝜎∕1𝐼𝑆(1), 𝜋) is

finite dimensional by induction hypothesis, we have that Hom𝐼𝑆(1)
(𝜎, 𝜋), and

hence Hom𝐾0
(𝜎, 𝜋) is finite dimensional as required.
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We now prove an immediate corollary of the above Lemma, which is analo-
gous to [18, Corollary 3.3]. The proof is inspired by [13, Lemme 2.9].

Corollary 6.6. Let 𝜋 be a 𝐾0-supersingular representation of 𝐺𝑆 , and 0 ≠ 𝑣 ∈

𝜋𝐼𝑆(1). Then, 𝒮𝑖𝑣 ∈ 𝜋𝐼𝑆(1) for every 𝑖 ≥ 1, and for some large enough 𝑘 ≥ 1, we
have 𝒮𝑘𝑣 = 0.

Proof. By Lemma 4.5 it is clear that 𝒮𝑖𝑣 ∈ 𝜋𝐼𝑆(1) for every 𝑖 ≥ 1.
At first, we assume that 𝐼𝑆 acts on 𝑣 by a character 𝜒. If 𝒮𝑣 = 0 we are done.

So assume 𝒮𝑣 ≠ 0. Then, 𝜎 ∶= 𝔽̄𝑝[𝐾0]⋅(𝒮𝑣) is a non-trivial weight of𝐾0 in𝜋 by
Lemma 5.6. Then by Frobenius reciprocity, we get a surjection 𝜑 ∶ ind𝐺𝑆

𝐾0
(𝜎) ↠

𝜋 that sends [1, 𝒮𝑣] ↦ 𝒮𝑣. As 𝜎 is non-trivial the action given by 𝜏𝜎 and 𝒮 is
same (see equation (4.1)), so by Lemma 6.4, we have 0 = 𝜑◦𝜏𝑘𝜎([1, 𝒮𝑣]) = 𝒮𝑘+1𝑣

for some 𝑘 ≥ 1.
Now, for the general case note that 𝐼𝑆∕𝐼𝑆(1) is a finite Abelian group of or-

der coprime to 𝑝. So by Maschke’s theorem, for any 0 ≠ 𝑣 ∈ 𝜋𝐼𝑆(1), the 𝐼𝑆-
subrepresentation 𝔽̄𝑝[𝐼𝑆] ⋅ 𝑣 ⊂ 𝜋𝐼𝑆(1) is finite dimensional, and hence a sum of
characters. Sowewrite 𝑣 =

∑

𝑖
𝑣𝑖 such that 𝐼𝑆 acts on each 𝑣𝑖 by some character.

Then, by the argument in the previous paragraph, for each 𝑣𝑖 we have a 𝑘𝑖 such
that 𝒮𝑘𝑖𝑣𝑖 = 0. We choose 𝑘 to be the maximum of all the 𝑘𝑖’s. This completes
the proof. □

The next Lemma is the analogue of [18, Lemma 3.4], and the proof is essen-
tially identical.

Lemma 6.7. Let 𝜋 be a smooth representation of 𝐺𝑆 and let 𝑣 ∈ 𝜋𝐼𝑆(1) such that
𝒮𝑣 = 0. Then we have

𝑤0𝑣 = −
∑

𝜆∈𝑘2
𝐹
⧵{0,0}

(
𝜛2
𝐹
𝐴(𝜆)−1 −1

0 𝜛−2
𝐹
𝐴(𝜆)

) 𝑣 ∈ 𝔽̄𝑝[𝐵𝑆] ⋅ 𝑣.

Proof. We have

𝑣 = −
∑

𝜆∈𝑘2
𝐹
⧵{0,0}

𝛼0 (
1 𝐴(𝜆)

0 1
) 𝛼−1

0
𝑣 = −

∑

𝜆∈𝑘2
𝐹
⧵{0,0}

(
1 𝐴(𝜆)𝜛−2

𝐹

0 1
) 𝑣.

Then, it follows that

𝑤0𝑣 = −
∑

𝜆∈𝑘2
𝐹
⧵{0,0}

(
0 −1

1 0
) (

1 𝐴(𝜆)𝜛−2
𝐹

0 1
) 𝑣

= −
∑

𝜆∈𝑘2
𝐹
⧵{0,0}

(
𝜛2
𝐹
𝐴(𝜆)−1 −1

0 𝜛−2
𝐹
𝐴(𝜆)

) (
1 0

𝜛2
𝐹
𝐴(𝜆)−1 1

) 𝑣

= −
∑

𝜆∈𝑘2
𝐹
⧵{0,0}

(
𝜛2
𝐹
𝐴(𝜆)−1 −1

0 𝜛−2
𝐹
𝐴(𝜆)

) 𝑣 ∈ 𝔽̄𝑝[𝐵𝑆] ⋅ 𝑣.
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The last equality follows from the fact that for 𝐴(𝜆) ≠ 0 we have𝜛2
𝐹
𝐴(𝜆)−1 ∈

𝔭𝐹 , as the valuation of 𝐴(𝜆) is either 0 or 1. □

We now prove a sufficient condition under which a smooth irreducible rep-
resentation of 𝐺𝑆 when restricted to 𝐵𝑆 remains irreducible.

Proposition 6.8. Let 𝜋 be a smooth irreducible representation of 𝐺𝑆 , and let 0 ≠
𝑤 ∈ 𝜋. Then, we have : 𝜋𝐼𝑆(1) ∩ (𝔽̄𝑝[𝐵𝑆] ⋅ 𝑤) ≠ 0.

Proof. As 𝜋 is smooth, there exists 𝑘 ≥ 0 such that 𝑤 is fixed by 𝑈̄𝑆(𝔭
2𝑘+1
𝐹

).
Then 𝑤′ ∶= 𝛼−𝑘

0
𝑤 is fixed by 𝑈̄𝑆(𝔭𝐹) = 𝛼−𝑘

0
𝑈̄𝑆(𝔭

2𝑘+1
𝐹

)𝛼𝑘
0
. Now, the Iwahori

decomposition can bewritten as 𝐼𝑆(1) = 𝑈(𝒪𝐹)×𝑇𝑆(1+𝔭𝐹)×𝑈̄𝑆(𝔭𝐹) = (𝐼𝑆(1)∩

𝐵𝑆)×𝑈̄𝑆(𝔭𝐹). So, 𝔽̄𝑝[𝐼𝑆(1)] ⋅𝑤′ = 𝔽̄𝑝[𝐼𝑆(1)∩𝐵𝑆] ⋅𝑤
′ has a non-zero vector fixed

by 𝐼𝑆(1) (a pro-𝑝 group). But obviously 𝔽̄𝑝[𝐼𝑆(1) ∩ 𝐵𝑆] ⋅ 𝑤′ ⊂ 𝔽̄𝑝[𝐵𝑆] ⋅ 𝑤, and
hence 𝜋𝐼𝑆(1) ∩ (𝔽̄𝑝[𝐵𝑆] ⋅ 𝑤) ≠ 0. □

Proposition 6.9. Let 𝜋 be a smooth irreducible representation of 𝐺𝑆 . Suppose
that for any 0 ≠ 𝑤 ∈ 𝜋 there exists a non-zero 𝑣 ∈ 𝜋𝐼𝑆(1) ∩ (𝔽̄𝑝[𝐵𝑆] ⋅ 𝑤) such that
𝒮𝑣 = 0. Then, 𝜋|𝐵𝑆 is an irreducible 𝐵𝑆-representation.

Proof. ByLemma6.7wehave𝑤0𝑣 ∈ 𝔽̄𝑝[𝐵𝑆]⋅𝑣. Since𝐺𝑆 = 𝐵𝑆𝐼𝑆(1)⊔𝐵𝑆𝑤0𝐼𝑆(1)

(see [1, Lemme 1.7]), and𝜋 is irreducible, we have𝜋 = 𝔽̄𝑝[𝐺𝑆]⋅𝑣 = 𝔽̄𝑝[𝐵𝑆]⋅𝑣 ⊂

𝔽̄𝑝[𝐵𝑆] ⋅ 𝑤. In conclusion, we have shown that for every 0 ≠ 𝑤 ∈ 𝜋 we have
𝜋 = 𝔽̄𝑝[𝐵𝑆] ⋅ 𝑤, hence 𝜋|𝐵𝑆 is an irreducible 𝐵𝑆−representation. □

6.3. Proof of Theorem 1.4.

Theorem 6.10. Let 𝐾 ∈ {𝐾0, 𝐾1}, and let 𝜋 be a 𝐾-supersingular representation
of 𝐺𝑆 . Then 𝜋|𝐵𝑆 is irreducible.

Proof. Weonly prove this for𝐾 = 𝐾0, owing to Proposition 6.3. Let 0 ≠ 𝑤 ∈ 𝜋.
By, Proposition 6.8 we can pick a non-zero vector 𝑣 ∈ 𝔽̄𝑝[𝐵𝑆] ⋅𝑤 which is 𝐼𝑆(1)-
invariant. Now, let 𝑘 be the least positive integer such that 𝒮𝑘𝑣 = 0; we know
such a 𝑘 exists by Corollary 6.6. But by Lemma 4.5, we have 0 ≠ 𝑣′ ∶= 𝒮𝑘−1𝑣 ∈

𝜋𝐼𝑆(1)∩𝔽̄𝑝[𝐵𝑆]⋅𝑤; here note that the transformation𝒮 is defined by an element of
𝔽̄𝑝[𝐵𝑆]. Therefore, we can apply Proposition 6.9. This completes the proof. □

Wefinally prove one of themain theorem of this paper. This proof is inspired
by that of [20, Theorem 5.10].

Theorem 6.11. Let 𝐾 ∈ {𝐾0, 𝐾1}, and let 𝜋 be a 𝐾-supersingular representa-
tion of 𝐺𝑆 . Suppose 𝜋′ is a smooth representation of 𝐺𝑆 . Then, Hom𝐺𝑆

(𝜋, 𝜋′) ≅

Hom𝐵𝑆
(𝜋, 𝜋′).

Before proceeding with the proof which is quite technical, we briefly explain
the strategy for better readability. The argument below is a bootstrapping pro-
cedure on the 𝐼𝑆(1)-fixed vector 𝑣 and the operator 𝒮. The key point is that 𝑣
may be assumed to lie in a 𝐵𝑆-orbit and to be an 𝐼𝑆-eigenvector, after which the
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proof tries to replace 𝑣 by another vector in the same 𝐵𝑆-orbit whose image un-
der 𝜑 has smaller lower unipotent invariance. In the SL2 setting, the operator
𝒮 factors as 𝒮1◦𝒮2, so one must first deal with the possibility that 𝒮2𝑣 = 0; this
is exactly the extra case absent from the GL2 argument. Once we have reached
a vector 𝑣 with 𝒮𝑣 = 0, Lemma 6.7 turns this vanishing condition into an ex-
plicit 𝐵𝑆-expression for 𝑤0𝑣, and Proposition 6.9 then shows that the 𝐵𝑆-orbit
already spans 𝜋. Thus the proof is really a controlled descent to the 𝒮𝑣 = 0 case
followed by a rigidity argument.

Proof of Theorem 6.11. As before, we prove this for𝐾 = 𝐾0 because of Propo-
sition 6.3. The restriction map is obviously injective. We take a non-zero 𝜑 ∈

Hom𝐵𝑆
(𝜋, 𝜋′). Now, take a non-zero element 𝑣 ∈ 𝜋𝐼𝑆(1). We know, by the argu-

ment used in the proof of Corollary 6.6, that the 𝐼𝑆-representation 𝔽̄𝑝[𝐼𝑆] ⋅ 𝑣 ⊂
𝜋𝐼𝑆(1) is a finite sum of characters. So, by replacing 𝑣 by some non-zero vector
in 𝔽̄𝑝[𝐼𝑆] ⋅ 𝑣, on which 𝐼𝑆 acts by a character, we may assume further that 𝐼𝑆
acts on 𝑣 ∈ 𝜋𝐼𝑆(1) by a character 𝜒. It follows that 𝜑(𝑣) ≠ 0, as 𝜑 is injective by
Theorem 6.10. So, by smoothness of 𝜋′ we have that 𝜑(𝑣) is fixed by 𝑈̄𝑆(𝔭

1+2𝑘
𝐹

)

for some 𝑘 ≥ 1. We will show that there exists a non-zero vector 𝑣1 ∈ 𝜋𝐼𝑆(1) on
which 𝐼𝑆 acts by some character and 𝜑(𝑣1)(≠ 0) is fixed by 𝑈̄𝑆(𝔭

2𝑘−1
𝐹

).
At first, we consider the case when 𝒮𝑣 ≠ 0. Then, we take 𝑣1 ∶= 𝒮𝑣 ∈

𝜋𝐼𝑆(1), by Lemma 4.5. Then, 𝐼𝑆 acts on 𝑣1 by the same character 𝜒, by the same
argument in the proof of Lemma 5.6. Then, using the same computations as
in the proof of Theorem 5.8, we have that 𝜑(𝑣1) = 𝒮𝜑(𝑣) is fixed by 𝑈̄𝑆(𝔭

2𝑘−1
𝐹

),
since 𝜑(𝑣) is fixed by 𝐵𝑆 ∩ 𝐼𝑆(1).
Next, we consider the case when 𝒮𝑣 = 0 and 𝒮2𝑣 ≠ 0. In this case we take

𝑣1 ∶= 𝒮2𝑣, which lies in 𝜋𝐼𝑆(1) by Lemma 4.5. Then, by our assumption 𝒮1𝑤 =

0. This means
∑

𝜆∈𝑘𝐹
(
1 [𝜆]

0 1
)𝑤−1

0
𝒮2𝑣 = 0, or equivalently,

𝑣1 = 𝒮2𝑣 = −𝑤0

∑

𝜆∈𝑘×
𝐹

(
1 [𝜆]

0 1
)𝑤−1

0
𝒮2𝑣

= −
∑

𝜆∈𝑘×
𝐹

(
[𝜆]−1 −1

0 [𝜆]
) (

1 0

[𝜆]−1 1
)
∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝑣

= −
∑

𝜆∈𝑘×
𝐹

(
[𝜆]−1 −1

0 [𝜆]
)

∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹(1 + [𝜆]−1[𝜇]𝜛𝐹)

−1

0 1
) (

(1 + [𝜆]−1[𝜇]𝜛𝐹)
−1 0

[𝜆]−1 (1 + [𝜆]−1[𝜇]𝜛𝐹)
) 𝛼−1

0
𝑣

= −
∑

𝜆∈𝑘×
𝐹

(
[𝜆]−1 −1

0 [𝜆]
)
∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹(1 + [𝜆]−1[𝜇]𝜛𝐹)

−1

0 1
) 𝛼−1

0
𝑣
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= −
∑

𝜆∈𝑘×
𝐹

(
[𝜆]−1 −1

0 [𝜆]
)
∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹

0 1
) (

1 ∗ 𝜛2
𝐹

0 1
) 𝛼−1

0
𝑣

= −
∑

𝜆∈𝑘×
𝐹

(
[𝜆]−1 −1

0 [𝜆]
)
∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝑣

= −
∑

𝜆∈𝑘×
𝐹

(
1 −[𝜆]−1

0 1
) (

[𝜆]−1 0

0 [𝜆]
)
∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝑣

= −
∑

𝜆∈𝑘×
𝐹

𝜒 (
[𝜆]−1 0

0 [𝜆]
) (

1 −[𝜆]−1

0 1
)
∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝑣

= −
∑

𝜆∈𝑘×
𝐹

𝜒 (
[𝜆] 0

0 [𝜆−1]
) (

1 −[𝜆]

0 1
)
∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝑣

Here, note that the 5-th and 7-th equalities follow as 𝑣 ∈ 𝜋𝐼𝑆(1), and the 9-th
equality follows from the assumption that 𝐼𝑆 acts on 𝑣 by the character 𝜒. Also,
∗ 𝜛2

𝐹
denotes an element of 𝔭2

𝐹
. Therefore, we have

𝜑(𝑣1) = −
∑

𝜆∈𝑘×
𝐹

𝜒 (
[𝜆] 0

0 [𝜆]−1
) (
1 −[𝜆]

0 1
)
∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝜑(𝑣).

Now, by the almost similar computation used the proof of theClaim inTheorem
5.8, we see that 𝜑(𝑣1) is fixed by 𝑈̄𝑆(𝔭

2𝑘−1
𝐹

), as required. Also, note that 𝐼𝑆 acts
on 𝑣1 ∶= 𝒮2𝑣 by a character.
Finally, consider the case when 𝒮2𝑣 = 0. Consequently, we have

∑

𝜇∈𝑘𝐹

(
1 [𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝑣 = 0.

Therefore, we get

𝑤0𝑣 = −
∑

𝜇∈𝑘×
𝐹

𝑤0 (
1 [𝜇]𝜛−1

𝐹

0 1
) 𝑣

= −
∑

𝜇∈𝑘×
𝐹

(
[𝜇]−1𝜛𝐹 −1

0 [𝜇]𝜛−1
𝐹

) (
1 0

[𝜇]−1𝜛𝐹 1
) 𝑣

= −
∑

𝜇∈𝑘×
𝐹

(
[𝜇]−1𝜛𝐹 −1

0 [𝜇]𝜛−1
𝐹

) 𝑣

= −
∑

𝜇∈𝑘×
𝐹

𝜒 (
[𝜇−1] 0

0 [𝜇]
) (
1 −[𝜇]−1𝜛𝐹

0 1
) 𝛼−1

0
𝑣

= −
∑

𝜇∈𝑘×
𝐹

𝜒 (
[𝜇] 0

0 [𝜇−1]
) (
1 −[𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝑣,
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whence,

𝜑(𝑤0𝑣) = −
∑

𝜇∈𝑘×
𝐹

𝜒 (
[𝜇] 0

0 [𝜇−1]
) (
1 −[𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝜑(𝑣).

Now, for 𝑏 ∈ 𝔭2𝑘−1
𝐹

, as in the proof of Theorem 5.8, we have

(
1 0

𝑏 1
) 𝜑(𝑤0𝑣) = −

∑

𝜇∈𝑘×
𝐹

𝜒 (
[𝜇] 0

0 [𝜇−1]
) (

1 −[𝜇]𝜛𝐹+ ∗ 𝜛2
𝐹

0 1
)

(
(1+ ∗ 𝜛𝐹)

−1 0

𝑏 1+ ∗ 𝜛𝐹

) 𝛼−1
0
𝜑(𝑣)

= −
∑

𝜇∈𝑘×
𝐹

𝜒 (
[𝜇] 0

0 [𝜇−1]
) (

1 −[𝜇]𝜛𝐹+ ∗ 𝜛2
𝐹

0 1
) 𝛼−1

0
𝜑(𝑣)

= −
∑

𝜇∈𝑘×
𝐹

𝜒 (
[𝜇] 0

0 [𝜇−1]
) (
1 −[𝜇]𝜛𝐹

0 1
) 𝛼−1

0
𝑣 = 𝜑(𝑤0𝑣).

Then, for any 𝜆 ∈ 𝑘𝐹 , we note that (
1 [𝜆]

0 1
) 𝜑(𝑤0𝑣) is fixed by 𝑈̄𝑆(𝔭

2𝑘−1
𝐹

). This

follows from the fact that 𝑈𝑆(𝔭𝐹) and 𝑇𝑆(1 + 𝔭𝐹) fixes 𝜑(𝑤0𝑣), and from the

above computation showing 𝑈̄𝑆(𝔭
2𝑘−1
𝐹

) fixes 𝜑(𝑤0𝑣). Setting 𝑢𝜆 ∶= (
1 [𝜆]

0 1
),

we conclude that elements of the set {𝜑(𝑢𝜆𝑤0𝑣) | 𝜆 ∈ 𝑘𝐹} are fixed by 𝑈̄𝑆(𝔭
2𝑘−1
𝐹

).
Now, we consider the situationwhen𝒮2𝑣 = 0 and

∑

𝜆∈𝑘𝐹
𝑢𝜆𝑤0𝑣 ≠ 0. We take

𝑣1 ∶=
∑

𝜆∈𝑘𝐹
𝑢𝜆𝑤0𝑣. Then, 𝑣1 can be shown to be 𝐼𝑆(1)-invariant by using Iwa-

hori decomposition and showing that it is fixed by the subgroups𝑈𝑆(𝒪𝐹), 𝑇𝑆(1+

𝔭𝐹), and 𝑈̄𝑆(𝔭𝐹). Also, 𝜑(𝑣1) =
∑

𝜆∈𝑘𝐹
𝜑(𝑢𝜆𝑤0𝑣) is fixed by 𝑈̄𝑆(𝔭

2𝑘−1
𝐹

). On the
other hand, when 𝒮2𝑣 = 0 and

∑

𝜆∈𝑘𝐹
𝑢𝜆𝑤0𝑣 = 0, we have

𝑣 = 𝑤0

∑

𝜆∈𝑘×
𝐹

(
1 [𝜆]

0 1
)𝑤0𝑣 =

∑

𝜆∈𝑘×
𝐹

(
[𝜆]−1 −1

0 [𝜆]
) (

1 0

[𝜆]−1 1
)𝑤0𝑣

=
∑

𝜆∈𝑘×
𝐹

(
[𝜆]−1 −1

0 [𝜆]
)𝑤0𝑣 =

∑

𝜆∈𝑘×
𝐹

𝜒 (
[𝜆] 0

0 [𝜆]−1
) (
1 −[𝜆−1]

0 1
)𝑤0𝑣

= 𝜒(−𝐼2)
∑

𝜆∈𝑘𝐹

𝜒 (
[𝜆−1] 0

0 [𝜆]
) (
1 [𝜆]

0 1
)𝑤0𝑣.

In conclusion, we have 𝑤0𝑣, 𝑣 ∈ Span{𝑢𝜆𝑤0𝑣 | 𝜆 ∈ 𝑘×
𝐹
}. The 𝐾0-representation

𝔽̄𝑝[𝐾0] ⋅ 𝑣 is spanned by the set {𝑣, 𝑢𝜆𝑤0𝑣 | 𝜆 ∈ 𝑘𝐹}; this follows from the fact
that by Bruhat decomposition we have 𝐾0 = 𝐼𝑆 ⊔ 𝐼𝑆𝑤0𝐼𝑆, and 𝐼𝑆 acts on 𝑣 by a
character and 𝐼𝑆(1) stabilizes Span{𝑢𝜆𝑤0𝑣 | 𝜆 ∈ 𝑘×

𝐹
}. This last fact follows from

the same computations (done multiple times by now), which can be used to
show that 𝑈̄𝑆(𝔭𝐹) stabilizes Span{𝑢𝜆𝑤0𝑣 | 𝜆 ∈ 𝑘×

𝐹
}. Therefore, as 𝔽̄𝑝[𝐾0] ⋅ 𝑣 is a
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finite dimensional representation, we can choose a weight 𝜎 inside it. We take
𝑣1 ∈ 𝜎 to be the unique (up to scalar multiple) vector fixed by 𝐼𝑆(1), on which
𝐼𝑆 acts by some character. Hence, 𝜑(𝑣1) ∈ Span{𝜑(𝑢𝜆𝑤0𝑣) | 𝜆 ∈ 𝑘×

𝐹
)}, and so

the arguments of the previous paragraph show that 𝜑(𝑣1) is fixed by 𝑈̄𝑆(𝔭
2𝑘−1
𝐹

).
Therefore, we have shown that we can always find some non-zero 𝑣1 ∈ 𝜋𝐼𝑆(1),
on which 𝐼𝑆 acts by some character, and such that 𝜑(𝑣1) is fixed by 𝑈̄𝑆(𝔭

2𝑘−1
𝐹

).
By repeating this process 𝑘 many times, we eventually find a non-zero 𝑣𝑘 ∈

𝜋𝐼𝑆(1), onwhich 𝐼𝑆 acts by some character, and such that𝜑(𝑣𝑘) is fixed by 𝑈̄𝑆(𝔭𝐹).
Since, 𝜑(𝑣𝑘) is fixed by 𝐵𝑆 ∩ 𝐼𝑆(1), we conclude that 𝜑(𝑣𝑘) is fixed by 𝐼𝑆(1) =
(𝐵𝑆 ∩ 𝐼𝑆(1)) × 𝑈̄𝑆(𝔭𝐹).
We finish the proof by applying Corollary 6.6 to the vector 𝑣𝑘. We obtain

some 𝑚 ≥ 1 such that 𝒮𝑚𝑣𝑘 = 0 and 𝒮𝑚−1𝑣𝑘 ≠ 0. Setting 𝑣′ ∶= 𝒮𝑚−1𝑣𝑘,
we have that 𝑣′ is 𝐼𝑆(1)-invariant, and hence 𝜑(𝑣′) = 𝒮𝑚−1𝜑(𝑣𝑘) is also 𝐼𝑆(1)-
invariant. Now, by Lemma 6.7 the condition 𝒮𝑣′ = 0 implies

𝑤0𝑣
′ = −

∑

𝜆∈𝑘2
𝐹
⧵{0,0}

(
𝜛2
𝐹
𝐴(𝜆)−1 −1

0 𝜛−2
𝐹
𝐴(𝜆)

) 𝑣′.

Therefore, as 𝜑 is a 𝐵𝑆-intertwiner, we get

𝜑(𝑤0𝑣
′) = −

∑

𝜆∈𝑘2
𝐹
⧵{0,0}

(
𝜛2
𝐹
𝐴(𝜆)−1 −1

0 𝜛−2
𝐹
𝐴(𝜆)

) 𝜑(𝑣′).

But, we also have 𝜑(𝒮𝑣′) = 𝒮𝜑(𝑣′) = 0, whence, by Lemma 6.7, we have

𝑤0𝜑(𝑣
′) = −

∑

𝜆∈𝑘2
𝐹
⧵{0,0}

(
𝜛2
𝐹
𝐴(𝜆)−1 −1

0 𝜛−2
𝐹
𝐴(𝜆)

) 𝜑(𝑣′).

Now, since 𝐺𝑆 = 𝐵𝑆𝐼𝑆(1) ⊔ 𝐵𝑆𝑤0𝐼𝑆(1), and also 𝔽̄𝑝[𝐺𝑆] ⋅ 𝑣′ = 𝜋, we deduce that
𝜑 is a 𝐺𝑆-intertwiner : indeed, 𝜑 is 𝐵𝑆-equivariant and 𝑣′ is 𝐼𝑆(1)-invariant, and
thus owing to the decomposition 𝐺𝑆 = 𝐵𝑆𝐼𝑆(1) ⊔ 𝐵𝑆𝑤0𝐼𝑆(𝐼) it would suffice to
show that 𝜑 respects the action of 𝑤0, which is what we proved above. □
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