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A restriction problem for mod- p
representations of SL,(F)

Arpan Das

ABSTRACT. Let p be a prime and F a non-archimedean local field of residue
characteristic p. In this paper, we study the restriction of smooth irreducible
[F_:p-representations of SL,(F) to its Borel subgroup. In essence, we show that
the action of SL,(F) on its irreducibles is controlled by the action of the Borel
subgroup. The results of this paper constitute the SL,-analogue of a work of
Paskinas [18].
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1. Introduction

1.1. Background. Let p be a prime number and F a non-archimedean local
field of residue characteristic p. We also fix an algebraically closed field [,
of characteristic p. The subject of mod p representations of p-adic groups be-
gan with the seminal work of Barthel and Livne [4] in 1994. A key classifi-
cation result they proved constitutes subdividing the smooth irreducible [l_:p-
representations (with central character) of GL,(F) into four classes. These are
called characters, principal series, Steinberg representations (a.k.a. special se-
ries), and supersingular representations. Although the first three types of rep-
resentation are studied well beyond GL,, the last type, i.e. supersingulars, are
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rather mysterious. But when F = Q,, Breuil[7] gave a complete classification
of the supersingulars of GL,(Q,) with explicit models for these representations.
A similar classification of supersingulars for SL,(Q,) was also obtained in [1]
and [10].

In 2007, Paskiinas proved the following theorem which showed that in a cer-
tain sense the action of GL,(F) on its mod p irreducible representations is con-
trolled by the action of its Borel subgroup B. An interesting feature of this re-
sult of Paskiinas is that although it is a significant non-trivial result about the
mysterious supersingulars, the proof does not use anything other than the very
definition of supersingulars and some natural technical results about the way
the supersingulars are parameterized.

Theorem 1.1 ([18, Theorem 1.1]). Let 7w and 7’ be smooth representations of
GL,(F) over Fp, and B denote the Borel subgroup of upper triangular matrices
in GL,(F). Suppose 7 is irreducible with a central character. Then the following
hold :

(1) If m is a principal series representation then 7|y is of length 2; otherwise

7| is irreducible.
(2) If m # St, the Steinberg representation, then

Homg(rr, ') = Homgy, (7, ');
otherwise we have
N ~ GL,(F) ’
Hompg(St, 7') = Homgy,y(Ind, (1), ").

When F = Q, and 7’ isirreducible as well, Berger [5] proved the above theo-
rem using the arithmetic of (¢, I')-modules, and also the explicit models for the
supersingulars of GL,(Q)) (see [7]). The restriction of mod p representations
to Borel subgroup plays a crucial role in the work of Colmez [11] on p-adic rep-
resentations of GL,(Q,). The theorem of Pagkiinas generalized Berger’s result
by using only representation-theoretic methods.

1.2. Our results. In the present paper, we consider the SL,-analogue of The-
orem 1.1. In particular, our main result for non-supersingular representations
is the following theorem.

Theorem 1.2 (Theorem 5.8). Let Gy := SL,(F), and By its Borel subgroup.
Let 1 be a smooth Fp-character of Bg. Given a smooth Fp-representation 7 of
Gy, the restriction map induces an isomorphism between the following spaces of
intertwiners :

G
HomGS(IndBj(n), 7) = Homg (V5,7 |p)-

Here, V), is the kernel of the map Indg: (n) — n that evaluates every function at
the identity matrix.

Then, as a consequence of the above result, we prove the following theorem,
which is similar to part (2) of Theorem 1.1.
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Theorem 1.3 (Corollary 5.9, Corollary 5.10). Let 7 be a smooth representation
of Gs over F,. If  # 1 is a smooth F ,-character of Bs, then

Homgp_ (Indgj (n), ") = Homg, (Indgj (n), "),
Otherwise we have the following isomorphism
G
Homp (Stg|p,, 77) = HomGS(IndB:(l), ),

Ind;5 (1)
where Stg = % is the mod p Steinberg representation. The latter isomor-

phism cannot be improved by replacing Indgz(l) with Stg.

We let K, and K, denote the maximal compact subgroups of SL,(F). Then,
our main result for the supersingular representations of SL,(F) is the following.

Theorem 1.4 (Theorem 6.10, Theorem 6.11). Let K € {K,K;}, let = be a K-
supersingular representation, and 7t’ a smooth representation of G over Fp. Then,
we have :

(1) 7|, is an irreducible Bs-representation.
(2) The restriction map gives an isomorphism :

Homg, (7, 7") = Homg (7, 7).

A small subtlety must be pointed out here. We have stated our main result
by breaking it into two parts, for non-supersingulars and supersingulars. This
is because Theorem 1.1 implicitly assumes that smooth irreducibles of GL,(F)
(admitting central characters) are classified into four types; however, such a
classification for SL,(F) is available only with the condition of admissibility
(see [1, Théoréme 0.6]).

We mention that in our initial attempt to prove the result for supersingulars
of SL,(F), we considered only admissible supersingulars. Such a result would
have been slightly less valuable owing to some recent results on the existence
of smooth irreducible non-admissible F p-representations (for example [16] and
[12]). It was suggested to the author by Peng Xu that this admissibility condi-
tion can be removed by proving an analogue of [4, Proposition 32]. The author
thanks Peng Xu for this suggestion; in fact, the methods we have used to prove
the following Proposition are very close to the recent work of Xu [19] on the
related rank 1 quasi-split semisimple group U(2,1). It was pointed out in the
introduction of Xu’s paper [19] that other than U(2, 1), the only other exam-
ple for which an analogue of this theorem is known is GL,(F) (more precisely,
smooth irreducibles of GL,(F) having central characters; see [4, Proposition
32]). We have therefore proved the following result which may be of indepen-
dent interest (see [3, Question 8]), providing a third example SL, for which
Hecke eigenvalues exist:

Proposition 1.5 (Proposition 4.14). Let o be a smooth irreducible [I_:p—represent-
ation of K, and let = be a smooth irreducible Fp-representation of Gs. If p €
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HomGS(indICéz(o), ) is non-zero, the Endu-cp[Gs](indgz(o))-right—submodule of

HomGS(indgz (0), ) generated by ¢ is of finite dimension.

Finally, we mention that there is some consensus that the restriction the-
orem of Paskiinas may be true for other semisimple p-adic groups of rank 1.
This was announced as a forthcoming joint work by Abdellatif and Hauseux
[2]. However, they have considered only admissible supersingular represen-
tations. In the present paper, we focus on the split semisimple rank 1 group
SL,(F), since we are able make use of several finer structural results (for exam-
ple Propositions 4.9, 4.10, and 4.11) to push the main result beyond admissible
representations. The analogues of some of these crucial results (for example
Proposition 4.11) may not be true for general classes of p-adic groups (see [19,
Theorem 5.1]).

1.3. Organization of the paper. Our paper is organized as follows : In Sec-
tion 2, we set up the notations, and state some standard facts about smooth
representations of locally profinite groups. In Section 3, we recall the main the-
orem of Carter-Lusztig theory specialized to SL,(I;). In Section 4, we first recall
some standard results about the structure of the spherical Hecke algebra. Then
we prove certain structural results related to the action of Iwahori Hecke alge-
bras on the isotypic components of the compact inductions of weights. Using
these structural results, we then prove certain important finite-dimensionality
results (Proposition 4.11 and Proposition 4.14). In Section 5, we prove The-
orem 1.2 and Theorem 1.3 for non-supersingulars. Finally, in Section 6, we
prove Theorem 1.4 for supersingulars.

2. Generalities and notations

We recall some standard facts from the theory of mod p representations of
locally profinite groups in Section 2.1. For more details, the reader can see [4,
Section 2].

2.1. Compact induction and Hecke algebras. We will take p to be a prime
throughout, and [l_:p a fixed algebraic closure of the finite field F, with p el-
ements. All representations in this article, unless otherwise mentioned, are
considered over Fp. We recall some general results. Just for this subsection,
we let G be any locally profinite group, and H some closed subgroup. Recall
that a representation 7 of G is called smooth if every vector v € 7 is fixed by
some compact open subgroup of G. A representation 7z of G is called admissible
if for every compact open subgroup K of G, the space of invariants 7zX is finite
dimensional.

Let o be a smooth [Fp-representation of H. We consider the following space
of functions :

IND$(0) :={f : G — 0| f(hg) = o(h)(f(g)), Vg € G, h € H}.
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Then, G acts on INDfI (o)via(g-f)(g") := f(g'g). The smooth part of INDfI(a),

that is, vectors that have open stabilizers, is denoted by Indg(o), and this sub-
representation is called the smooth induction of o. The subrepresentation of

Indg(a) consisting of functions f such that the image of its support Supp(f)
inside H\G is compact (equivalently, finite, whenever H is also open) is de-

noted by c—Indg(a) or indg(o), and is called the compact induction of .

In practice, whenever we use compact induction the subgroup H is typically
considered to be open as well. So, for the remaining part of this subsection we
take H to be an open subgroup of G. Then, by virtue of the H-linearity, the

support of any f € indg(a) can be written as a finite disjoint union of right

H-cosets. We define some standard functions in indg(a). Forge Gandv eo
we define :

o(xg)(v) ifx € Hg™!

g, vl(x) := 0 otherwise

It can be checked that g - [g/,v] = [gg’, v] and [gh, v] = [g, c(h)(v)] for every
g,g' €Gandh € H. Also, any f € indg(o) can be written as

f= > lgLf@l

HgeSupp(f)
We define Hg (G, H, o) to be the [F ,-algebra of functions ® : G — Endg (o)
which satisfy the following conditions:

(1) @(hgh’) = o(h)o®(g)oo(h’) forall h,h' € Hand g € G.
(2) For each v € o, the map g —» ®(g)(v) : G — o is locally constant with
the image of its support in H\G being compact.

We equip Hg (G, H, o) with the convolution product :
(@, x Dy)(g) 1= Z D, (X)P,(x7'g),
X

where x varies over a system of representatives of G/H in G. We can check that
this sum is independent of the choice of representatives, and that the sum is
finite when evaluated on some vector in o.

On the other hand, we have the Fp—algebra

(G, H,0) := Endg |g)(ind7;(0))
of G-intertwiners. Then, the map
1 : Hg,(G,H,0) - H¢ (G,H,0),

given by :
@) = D, dx)f(x'g),

xeG/H
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for ® € Hg (G, H,0), f € indg(a), and g € G, is an isomorphism of algebras
with inverse given by :

1~ (T)(@)() = T([1, v])(g),
forT € }(FP(G,H,U), geG,veo.

In the present article we will be dealing with the situation when o is finite
dimensional. For this we make some observations. At first, note that in this
case Hg (G, H, o) consists of functions ® : G — Endg (0) which are locally
constant with the image of the support in H\G compact, and satisfying the con-
dition (1) above. Also, the support of ® can be written as a finite disjoint union
of double cosets in H\G/H. If Tg € ¥ F, (G, H, o) denotes the endomorphism
associated to @ by the above isomorphism 7, then it is easy to check that

To(lg.vD = Y, [gy, @ )],

yHeG/H

for any standard function [g,v] € indg(a). Finally, when @ is supported only
on one double coset, say Hg,H, we can write Hgy,H as a finite union of right
H-cosets because of the support condition on ®. So, we can write Hg H =
|_|?;1 kigy'H, and replacing yH by k;g; ' H we have:
m
To([g.v]) = X lgkigy " @(go)atk v]. 1)
i=1
Finally, we mention the Frobenius reciprocity for compact induction : Let G
be a locally profinite group, and H an open subgroup G. Let 7 be a smooth
representation of G, and o a smooth representation of H. Then, the map

¥ [w - P([1,w]) : Homg(ind$ (o), 7) — Homy(o, |y)
is an isomorphism of vector spaces. The inverse is given by
o [f = Y wge(f(8)] : Homy(o, 7|y) - Homg(indjy(0), 7).
gEH\G

The proofs of all the facts mentioned in this subsection are fairly routine and
can be found in [4].

2.2. Notations. Let F be a non-archimedean local field of residual character-
istic p, with O its ring of integers, pr its maximal ideal, @ a fixed uniformizer,
and kr := Op/pr the residue field of cardinality say ¢ = p". Borrowing the
notations of [1], we set Gg := SL,(F). The corresponding standard maximal

0 wp) °\0 @'

I denote the Iwahori subgroup, and I5(1) the pro-p-Iwahori subgroup of Gg.

‘We have
0% O 1+p 0]
Io=(_F F)nK,11=< F F)nK.
s=(3F of)nke s =3P 08 )k,

compact subgroups are K, := SL,(Of),and K; := (1 0 )K <1 0 ) Let
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We denote by Bg the Borel subgroup (of upper triangular matrices) in Gg, and
by Ts we denote the diagonal matrices in Bg. We also denote by Ug(p}) (resp.
Us(pp)) the upper unipotent (resp. lower unipotent) matrices with the top right
(resp. bottom left) entry in p%, for n € Z. We set

-1 -1
. [PF 0 o 0 -1 o _ 0 -wg
ap - ( 0w Woi=(1 o ,Bo 1= ooy - o |

Finally, for a tuple 4 = (4o, ..., A1) € kj', We set

m—1

AQ) 1= Y [Alwl € Op
i=0

where [-] : Fy — O denotes the multiplicative lift, and we set [0] := 0.

3. Carter-Lusztig theory for SL,(F,)

For this section we take I to be SL,(F, ), B as the subgroup of upper triangular
matrices, U as the subgroup of upper unipotent matrices, and T as the diagonal
matrices in B. In this section we recall the theory of mod p representations of
SL,(F4). We do this using the very elegant theory of Carter and Lusztig which
gives a uniform construction of all mod p irreducibles of finite groups with a
split BN -pair. For our purpose we specialize this theory to the group I' as that is
what we need in this paper. We will present the main results without proof. The
interested reader can see the beautiful paper of Carter and Lusztig [9], where
the proofs are of fairly elementary nature.

Given a character y : T — [F%, we can consider it to be a character, denoted

again by y, of B by setting x|y = 1. Then, we define a function ¢, € Ind,l;( X)
such that ¢|g,, v = 0 and ¢(I,) = 1, where I, denotes the identity matrix. We

have that ¢, generates Indg(x) as F,[T]-module. Next, we define an [ [I']-
module endomorphism T, of Ind{](l) ={f : U\l' - Fp} by

T, (HUg := Y. f(Ug) for f € Indy(1).

Ug'cUw;'Ug

Then, T\, restricts to a map T, : Indg( X) — Indlg( x*0). Also Indg( x)Y is of
dimension 2, and generated by the functions ¢, and T, ¢ . Note that T, :

Ind,l;( xWo) — Ind};( x)- So, TLZUO : Ind};( x) — Ind,l;( x) for any character y of B.
It can be shown (see [9, Proposition 3.15]) that

1 A\ _
Ty, @y = /IZ[F (0 1) wy - @u. (3.1)
€y
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0, 1
‘We also have : TLZUO = { T X7 x Next, for a character y of B, we set
ey X =
g, x#1
J = .
o(x) {{1}, y=1

Then, for each subset J C J,(x), we define an intertwiner 6{00 : Indg( x) —

Indg( x™°) as follows :

@J = TwO’ J = Q
o Id+Ty, J={1}

\ge set fff = ®{Uo¢){' Now we can state the main theorem of Carter-Lusztig
theory.

Theorem 3.1 ([9, Corollary 6.5, Theorem 7.1, Corollary 7.2, and Theorem 7.4]).
For each pair (x,J C Jo(x)), the only U—invariant vectors in @{A,O(Indg()()) are
scalar multiples of ff(. The module @{UO(Indg( X)) is an irreducible submodule of
Indg( x“°) generated by f}’(, and the subgroup B acts on the line Fp . fff via the
character y. For distinct pairs (x,J) the corresponding modules G{UO(Indg( X))
are non-isomorphic. The modules @{UO(Indg( x)) forJ C Jy(x) are the only irre-
ducible submodules of Indg( x™°). Every irreducible [I_:p[I‘]-module is isomorphic
to @{UO(Ind};()())for some pair (x,J).

Remark 3.2. (1) Note that if ¢ is a mod p irreducible representation of SL,(Or),

then every vector in o is fixed by Ky(1) := (1 -; Pr 1 in ) N Ky, as Ky(1) is
F F

a pro-p-group and normal in K. Hence, we can consider o to be a represen-
tation of K /Ky(1) ~ SL,(kg)(via the mod p reduction map). Therefore, mod
p irreducibles of K, and SL,(I,) are essentially same, and they are called Serre
weights or simply weights of SL,(F,) or SL,(Op). The irreducibles of K, are then
the conjugate representations 0%, where a = (1 0
0 WFE
of the generating vectors f’ j( as vectors fixed by I5(1) on which I acts by the
character yored,. Also, note that ff( is an eigenvector of the operator T, .
(2) The traditional way in which mod p irreducibles of SL,(F,) are realized
is by using the symmetric powers. Letr € {0, ...,q —1}. We writer =ro+r;p+

). Hence, we can think

- rl - . .
--+r,_1p""!, and denote (ry, ...,r,_1) by 7. Leto,, :=Sym"F; = _Q% FpX"ly?
i=
denote the representation of SL,([F,) on which the action of a matrix <(c1 Z) €
SL,(Fg) is given by

(Ccl Z) S(XTTYY) 1= (aX + Y)Y (eX + dY)
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Let oz := 0, ® 0,, ® - ® 0, ,, and on this space we define the action of

a b
(C d)eSLZ([Fq)by

a b e " [(a? b
(c d) ' ®sz-11le = ® ((sz dp’> 'Xrl_llYll)
1=0 =0

We write o7 as Sym”™F}, ® (Sym"F3)" ® --- ® (Sym™! [Ff,)Frn_l, where the
notation Fr' indicates that the action on the i-th component is twisted by the
i-th power of the standard Frobenius.

(3) For y # 1clearly GQO(IndE( x)) are non-trivial weights of K,. In fact, one
can show that if y is the r-th power map on [F>q< forsome 0 < r < g —1, then
writingr =ry+rp+ - +r,_; p""!, we have

©f (Indz(x)) = Sym™F3 @ (Sym"F2)F ® --- ® (Sym™F2)""".

For y = 1, we can show that the irreducible representation G)?UO(Indg(l) isnon-
trivial. In fact, in this case we have

1

@) (Indp(1) = Sym’'F2 @ (Sym” 'F2)" ® - ® (Sym? ' F2)F .
This is proved for the group GL,([F,) in Proposition 3.2.2 of Pagktinas’ book [17].
The corresponding proof for SL,(IF;) can be reproduced line-by-line with obvi-

ous changes. The representation ®3O(Indg(1)) is the so called mod p Steinberg
representation.

4. Hecke algebras and eigenvalues

In this section we recall some familiar structural results about the spherical
and Iwahori Hecke algebras, and prove a certain finiteness result analogous to
[4, Proposition 32].

4.1. Spherical Hecke Algebras. In this article we will typically use the nota-
tion o, ; or o, (where y is a character of [Ff;) or oy or simply o to denote weights
of Ky, whichever best suits the context. Given a weight o, ; of K, it is of interest
to know the structure of the spherical Hecke algebra H F, (Gs,Ky,0, 7). It turns
out that we have
"}(FP(GS’ K07 G)(,J) = I]:p[T]’

for a single Hecke operator 7 € H F, (Gs, Ky, 0,,7)- The action of this operator ¢
can be explicitly computed on the standard function ¢ := [1, f j(] that generates

ind% (0,,7) as follows :

@)=Y ((1, A(f)) oo, 1)

Aek?
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whenever 0y # 1, and

_ 1 A\ _ 1 o0
=3 (o >“°1¢+u§F (wpag D)oo @2

2
A€ks

whenever o, ; = 1.

All the above results can be found in [1, Section 3.2]. The explicit formula
for the action of 7 on ¢ above is deduced from [1, Corollaire 3.12], which in
turn is derived using the equation (2.1) of Subsection 2.1. At last, we give the
following definition motivated by the action of 7.

Definition 4.1. Let 7 be a smooth representation of Gg. We define the map

S:=|ve Z(é A(l/l)>oc(;1~v LT > T

2
A€k;,

4.2. Iwahori-Hecke algebras. In this subsection we will recall some general
structural results about the Iwahori-Hecke algebras.

Let 7 be a smooth representation of Gg. We know by Frobenius reciprocity
that

ind®s ~ ls)
HomGs(deS(U(l)’ ) ~ s\,

As a result, /s carries a natural right action of #((Gs,I(1),1), the pro-p-
Iwahori Hecke algebra. We have the following Proposition.

Proposition 4.2. Let  be a smooth representation of Gg, and v € ',
Let T, € J(Gs,I5(1),1) be the operator corresponding to the function ®, €
I]-I][-FP(GS,IS(l), 1) which is supported on I5(1)gls(1) and such that ®,(g) = 1.
Then, we have

v|T, = > ig™!-v.

i€ls(1)/Is(DN(gs(1)g)

In particular, for g € {wy, wy oy}, we have
1 [A]\. _
v|Tw0=Z<0 1)wol-v
A€k

and »

— L |ulop)

vlTwal%’l_ Z LUO(O 1 )O{O - V.
UEkE

Proof. Using [4, Proposition 6] (or by the explicit bijection between the con-
volution and endomorphism algebras, and Frobenius reciprocity, mentioned in
subsection 2.1), we have
FlTg= 2 &)™ f.
g'€ls(L\Gs
Since the above sum is supported only on I5(1)gls(1), we decompose this dou-
ble coset into Ig(1)gi; " U --- U I(1)gi, . Note that Ig(1)gi™! = Is(1)gj~" if
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and only ifi~1j € g~'I5(1)g, whence we can take iy, ..., i, as representatives of
I(1)/(Is(1) N (g t4(1)g)). These reductions allow us to write the above sum
as
[Ty = > ig7l- f.
iel;(1)/Is(DN(g~s(1)g)

The formulas for g = wy and g = w; 10(6 ! are obtained by noting that the
Iwahori decomposition I5(1) = Us(Op)XTs(1+pr)xUs(pr) gives the following
isomorphisms :

I5(1)/Is(1) N (wy ' Ts(Dwy)) =~ Us(Op)/Us(pr)
and
I5(1)/Us(D) N (aowols(Vwy g ™)) = Us(pr)/Us(pp).

A similar result can be proved for Iwahori-Hecke algebras as well.

Proposition 4.3. Let  be a smooth representation of Gg, and suppose y is a
smooth character of Is. Let g € G be an element normalizing Ts. Let v € ms:X)
(the subspace of elements on which I acts by y, i.e. the (I, x)-isotypic com-
ponent), and Ty € H(Gs, I, x) be the operator corresponding to the function
o, € [I-I][-FP(GS,IS, X) which is supported on Iggls and such that ®4(g) = 1. Then,
we have

v Tg = Z ig_l - V.
iels(1)/Is(n(g~Is(1)g))

-1
0

U Ty, = Z ((1) [i])wal.v

/‘].EkF

; -1
In particular, for g € {wy, w," a;"}, we have

and
1 [ulwr)
UlTwo—laal = Z Wy (0 1 e v
uEkE

Proof. Here, we only point out some further reductions. At first, note that @, is
supported on Igls = Isgls(1). Now, using [4, Proposition 6] (or by the explicit
bijection between the convolution and endomorphism algebras, and Frobenius
reciprocity, mentioned in subsection 2.1), we have

FlTg= 2, @@= 2 2NN f.
§'€ls\Gs g'els(D\Gs
Here, the second equality follows from the fact that
D (tg")(tg) ' - f = O(gEg) ! - f
forallt € TS(O;f). Therefore, the above sum is supported on I5(1)gl5(1). The
remaining proof is same as that of the pro-p-Iwahori Hecke algebra case. [J
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Definition 4.4. We define the following maps :
o 1 [AN :
81 .—[v|—> Z (0 1>w0 -v‘ T
A€ky
and
S, = UHZLU 1 [ﬂ]WF a—l.v T ST
2 . 0 0 1 0 . .
HEKE
We write down the following Lemma whose proof is now clear.

Lemma4.5. Let 7 be a smooth representation of Gs. Ifv € 7's(), then 8;v, S,v €
715, and hence we have Sv = (8;08,)(v) € s,

4.3. Action of H(Gg,Ig,x) on (indﬁi (o))Is%), At first, we recall some basic
results about the (I, y)-isotypic component of indgi (0). Let o be aweight of K,

and f, € (indﬁi (0))'s™) denote the function, supported on Kya"Is(1) (note

that Gy = U,ezKoa, "I5(1); see [1, Proposition 3.32]), which is defined as fol-
lows :
Wy Uy, n>0

Here, v, € o’s(M is the unique vector that generates o (see Carter-Lusztig theory
i.e. Theorem 3.1). We recall the following.

(o8]

Proposition 4.6. (1) Thefamily of functions (f, | n € Z) forms an F ,-basis
of (indg (0))'sD.
(2) The Iwahori subgroup I acts on f,, as follows :

.o _VWXe@Dfp, n<0
L fn - Wo /- s
Xo (D)fp, n>0
where i € Ig, and y, denotes the character by which I acts on Fp - Vg

Proof. See [1, Proposition 3.33]. O

Now, let ¥ be a character of Is. Then x|,y = 1 as Ig(1) is pro-p. We can
therefore consider y as a character of I/Ig(1) =~ k;. Consider the isotypic
component (indlcjz (0))Us1); Iet f be a non-zero function in this subspace. Then,
f is fixed by Ig(1). So, we write f = Zn Anfns, where 4,)’s are zero for all but

finitely many n’s. The fact that I acts on f by y implies, for every i € Ig, we
have

D axDfn=xDOf =i f =D 2,0 fr) = D, AnXn@f s

where, by Proposition 4.6, y,,(i) = x,(i)ifn < 0or (i) = x,°(i)ifn > 0. Since
A, is non-zero for some n, and i € Iy was arbitrary, we have y = y; or y = x5°.
We have shown the following.
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Proposition 4.7. The isotypic component (indii (0))Us0) is non-zero if and only
ifX=Xo0r X = Xo"

As an immediate consequence of the above computation, we also obtain the
following.

Proposition 4.8. Q) If xo = x3°, then

(indy* (0))Is%) = (indg* (@)D = (f, | n € Z).

() If x5 # X5, then
(ind$ (@)% = (f, |n < 0),
and

(indgS (@) Is%") = (f,, [n > 0).

Next, we compute the right action of H(Gs, I, ¥) on (indgi (0))Is1), For the

isotypic component to be non-zero we take y € {¥,, Xo '}
At first, we consider the situation when y = y, = )(;U 2,

Proposition 4.9. Let y, = x.°, so that (indgj (o))Usxa) = (f,|n € Z). Con-
sider the operators T, , Twalaal € H(Gs, I, x5)- Then, we have the following:
(1) Letn > 0, then
fonl Two =a_, - f_pand f_,| Twalozal = fns1-
(2) Letn > 1, then
fanwo = f_n and fanwgloc(;l =by - fn
Where a,,’s and b,,’s are scalars.

Proof. We use Proposition 4.2. First we compute the functions f, | T, forn >
1. Then, x € Supp(f, | Ty,) => xuw;' € Koa;"Is(1) for some u € Us(Op).
So, the support of f, | Ty, is contained in Kot " Is(D)woUs(OF) = KoayIs(1).
Hence, we compute

GalTo)@= 3 fular (o 7)) wr?)

A€k

:fn(agwal)zwal'fn(o‘(;n)=va,
here the second equality follows from the fact thata (1 41} w, e Kya1
where the second equality follows from the fact that oy 0 1 Wy € Ko, s(1)

for A # 0; this is easy to prove by elementary row and column elimination tech-
niques. We conclude that, for n > 1, we have

fanw():f—n-
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Now, we consider f_, | T, for n > 1. At first, we note that its support is con-
tained in

Koag Is(DNwoUs(OF) = Kooy Us(Op)woUs(OF) C Kooy "Is(1) U Koorj Is(1),

where the containment follows by computing the normal form of a matrix of

the form
w" 0)\(1 x\[(0 -1
o w=r)lo 1)1 o
depending of the valuation of x being 1 or > 1. So, we compute

(fon | Tu g™ = 25 fon (“E " (é %”’5 1)

AEkF

2n
=2 (é i )wal fnla)

_ 1 0 "
= Z w01<_[/1]w2n 1) ‘f—n(‘xo)

Hence, for n > 1, the function f_, | T, is supported on K,a;Is(1), so we have
fonl Two =a_nf_p
Finally, for n = 0 it is clear that f, | T, is supported on K, and so
f0|Tw0 = ayfo-
Next, we consider the functions f_, | nglaal for n > 0. Here also, x €
Supp(fp | Ty;1e1) = X € Koo Is(Dwy ' ag ' Us(pp) = Koa(:(nH)Is(l)-
Therefore, we compute

G b B Y Gl (S )

ks [u]wp

= f-n(etg"wo) = wy - V5,

where the second equality follows from :

—(n+1) 1 0 —(n+1)
o, ([M]WF 1) aowy € Ko,y I5(1)

for u # 0; this again is easy to prove using elementary row and column elimi-
nations to reduce the matrix to its normal form. Hence, for n > 0, we have

f—n | Twalaal = fn+1'

Finally, we consider the function f, | Tw(?l“(?l for n > 1. Note that its support is
contained in

Kooy "Is(Dwy ey ' Us(pr) C Koag ' I5(1) U Kooy "Is(1).
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The above containment can be proved by noting that
Koag"Is(Wwy oy ' Us(pp) = Koaf Us(pr)ag Us(pr),

and computing the normal form of a matrix of the form

(w;" On> (1 x) (g O_1
0 w,/\0 1 0 g
for x € pr depending on the valuation of x being 1 or > 1. So, we compute

Unl Tupa) @™ = 3 fu (@ (g, 1) 0]

UEkR
1 0 n
= ﬂéF ([lu]w%n—l 1) : fn(ao wo)
1 0 _n
= ‘uéF ([lu]w%n—l 1) Wo - fn(ao )
1 0
= — ’ugl;F (Lu]wIZ:n—l 1) * Uy
= - Z v, =0.
UEKR

Hence, we conclude that (f}, | Twalaal)(ag_l) is supported on Ko, "I5(1), and
therefore, for n > 1, we have

fn | Two_loc(;1 = bnfn
where b,,’s are scalars. This completes the proof of the proposition. (|

Next, we will consider the situation where y, # x.°. We consider the op-
erators T, T of #H(Gs,Is, x-), and the operators T o0 T -1 w of

1
Ay 5 Xo

Ao, Xo?

H(Gs,Is, Xo°).

%y X
Proposition 4.10. Let y, # x.°. Then:
(1) Forn > 0, we have f_, | Tagl’)(a =0and f_, | Tg, 4, = f-(n+1)
(2) Forn > 1, we have f,, | T%,Xawo =0and f, | Tao—l,ngo = fns1

Proof. Recall that by Proposition 4.3 we have
f | Tg = Z ig_l . f
i€l5(1)/Is(Hn(g~11s(1)g))

for f € (indg‘;(c))(ls’?f) and Ty € H(Gy, Is, x). Now, taking g € {«, ocgl} and
observing that the Iwahori decomposition gives

Is(1)/Is(1) N (ay ' Is(D)ay)) = Us(Op)/Us(pp)
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and
Is(1)/UIs(1) N (atoIs(Meg M) = Us(pr)/Us(p;),
we obtain
1 A4 _ 1 0
Pt =2 (o “P)agtef and FiTg= 3 (L Sy 7)o f.

Aek? pek;
Atfirst, we consider the first statement. We compute the supportof f_,, | T%-l, o

note that the support is contained in Kyorj Is(1)o L0s(pp).
When n = 0, this is contained in the double coset Koo, 114(1), hence

fO | Toto_l,)(a = Oa
since by Proposition 4.8, the function f | Tagl,xg is contained in (f, |n < 0)

which is supported on ngoKoagl s(1).
When n > 1, we have

145 — — — 1
Ko Is(Day ' Us(pr) C Koot (1) U Kooy "Is(1) U Koatg "V Ig(1).

This containment follows by observing that for a € O the matrix

<w;” 0 (1 a\(wr 0 ) _ @ aw!
0 wp/\0 1/\ 0 ;! 0 @y !
has oc(; +1) 45 its normal form when a € 0;, and oty " as its normal form when

a € pr \ p7. If a € p2, then the normal form is &) ~'. So, we only need to
compute

Gl Tap @ = 3 Foa@™ (o o 1)%)

uek?

Now, the support of f_,, | T, , is contained in
Koy Is(D)agUs(Op) = Koaf M Is(1).
So, we compute
1 A\ _
Fonl Ta )™ = 3 1o (w7 (o A7) o57) = Fonte) = v,
A€kl
since, for A # (0, 0) we have
! (1 A(D) ol = (w;" w;("”)A(/l))

0 \0 1 A ) @y
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whose normal form is a ("*2) Wwhen A(1) € O%, and a, D) \when A1) €
pr \ P2, and that in turn implies that for 1 # (0,0) we have

! (1 A()

— - 1 —(n+2
A P )aol € Koo, " VI5(1) U Koy " 15(D).

This completes the proof of the first part.
We now turn to the second part. For n > 1 we first compute the support

of f | Ty, 0 Which is contained in Kooy "Is(DaUs(OF) C Kooc(;("_l)ls(l) U
KoaIs(1) U Koy "' I5(1). However, f, | T, is contained in (f, |n > 1) by
Proposition 4.8, and hence supported on Uy, Koo, kI4(1). So, we compute

Ful T g2 ) g ") = 33 [ (ac? (3 Aﬁ”) % 1)

A€k}
= D fulag™ D wy vy =0.
ek} ek}

Hence, we conclude, for n > 1, we have
fnl T%’X;vo =0.
Finally, we compute f, | T - 0. At first, note that its support is contained in
0 Ao
Koocg"IS(l)oco_lUS(pF) = Koocg(”H)IS(l), hence we compute

e C "= 2 fn <a5 " (wFil(u) (1)> ao)

uek:
=f n(‘xa =1
the second equality follows from the fact that for u # (0, 0) we have

a—(n+1) ( 1 0

+1
0 wFA(,u) 1) ay € KoagIs(l) U K()O(g Is(l),

which in turn follows by computing the normal form of the above matrix when
valuation of A(u) is 0 or 1. Therefore, we have

f}’l | Tagl,xawo = f}’l-‘rl

for n > 1. This completes the proof of the second part, and the proposition. [J

4.4. Finiteness results. We now prove two results which are analogous to [4,
Proposition 18 and 32]. The proof of the following codimensionality result is
almost similar to that of [19, Corollary 3.3].

Proposition 4.11. Let y € {x,, xo'}. Any non-zero H(Gs, Is, x)-submodule of
(indgz (0))UsX) has finite codimension.
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Proof. Let M be a non-zero F((Gs, I, y)-submodule of (indgi (0)IsX), and
take a non-zero f € M.
At first, we consider the situation where y, # x,°. Let y = x,. We write

f= 2 afx

0<k<m

for some 0 < m, and some ¢, € Fp with 0 < k < m. We further assume
¢, # 0. We show that the subspace M’ spanned by M and the set of functions
{for f—1s s f—m} is the whole space (indg‘z (0))UsX), This clearly means M is
of finite codimension. Therefore, it suffices to show that f_, € M’ for every
k > m+1. Now, applying the operator T to f we have, by Proposition 4.10,
that

AosXo

= f Ty, = D) &f-tern €M,

0<k<m

and hence f_¢,4+1) € M". Applying T, repeatedly we obtain f_, € M’ for
all k > m + 1 as required.

Next, we let y = y,°. We write

f= > cfx

1<k<m

A0 X

as before with some m > 1 and some ¢, € Fp for1 < k < m. Assume ¢, # 0.
Here, by applying the operator T /W0, We can show similarly that the subspace
0 Ao
M’ spanned by M and {f5, ..., f,u} is (indgj(a))(ls’l).
We now turn to the situation where y = y, = )(;U . We write

=2 afk

n<k<m

for some n,m € Z and ¢, € Fp for n < k < m. We assume ¢,,c,, # 0, and that
n,m > 0. We show that the subspace M’ spanned by M and {f_,,, 1, .., fm} iS
(indgz(a))(ls’?f) = indgz(a)ls(l). Therefore, we need to show that f;, € M’ for
k > m+1and k < —m. We consider f’ := f|T,, € M. By Proposition 4.9,
we have

f'=f1Tu, = D, afi
n<k<m
Since ¢,, # 0, we have f_,, € M. Again, consider " := f’| Tyr1q-0 € M. By
Proposition 4.10, we have
"= Typa = 25 i
n<k<m
So, we have f,,,; € M’. We again apply Ty, and then ngl o repeatedly to
obtain f € M’ fork > m + 1 and k < —m. On the other hand, if both
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n,m < 0, then we apply Twal ot o f to obtain

F ATy = > af ok EM
n<k<m
and we are in the previous case.
Finally, we consider the case when n < 0 and m > 1. Here also, we assume
CnCm # 0. At first, we show that f | T, and f | Two—laal cannot both be zero. So,

let f | ngla(;l = 0. This implies, by Proposition 4.9, the following :
D afkt Y, ckbefi=0.

n<k<0 1<k<m
Now, since ¢,, # 0, this implies —n + 1 < mi.e. n > —m. But then applying
Proposition 4.9 again, we get

f 1Ty, = Z af ok + Z S
1<k<m n<k<0
which is non-zero as ¢, # 0. Therefore, by considering any one of the non-zero
functions f | Ty, or f | Tyr1g-1 We reduce to the case considered before where
the basis functions appearing in the presentation of f are all indexed by positive
integers or all indexed by non-positive integers. This completes the proof of the
proposition. O

Remark 4.12. We mention that in [1, Subsection 3.7.3], Abdellatif constructs a
“counterexample” to the above proposition. However, it was mentioned in [14,
Remark 3.2] of Koziot’s recent paper that this “counterexample” is incorrect.
The author would like to thank Peng Xu for pointing out this remark in Koziot’s

paper.

Remark 4.13. The above codimensionality result is not true in general. For ex-
ample, it fails for higher rank groups like GL;(F); see [19, Theorem 5.1]. In fact,
the [4, Proposition 18] is sensitive to the fact that the irreducible representation
of GL,(F) under consideration admits central characters. This requires some
explanation. Firstly, note that the analogous result for GL,(F), viz. [4, Proposi-
tion 18], relies essentially on the assumption that the irreducible representation
under consideration admits a central character. Indeed, in the case where the
relevant Iwahori character factors through the determinant, the proof uses [4,
Lemma 10] to twist by a character of GL, and thereby reduce to the trivial-
central-character case treated in Propositions 16 and 17 of loc. cit. Since this
twisting argument is unavailable for irreducible representations without cen-
tral character, the proof of Proposition 18 does not extend verbatim to that set-
ting. We finally note that smooth irreducible mod p representations of GL,(F)
exists, as shown by Daniel Le in [15].

We now prove the main Theorem of this section, which is the SL(2)-analogue
of [4, Proposition 32]. The proof is almost entirely similar to the one in [4], so
we just add a few extra lines of details.
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Proposition 4.14. Let o be a weight of K, and let = be a smooth irreducible
representation of Gs. If p € HomGS(indiz (0), ) is a non-zero intertwiner, then
the H (G, Ky, 0)-submodule generated by ¢ is of finite dimension.

Proof. As ¢ is non-zero and 7 is irreducible, ¢ is surjective. But, it cannot
be injective as indgi (o) is not irreducible (see [1, Théoréme 3.18]). Therefore,
since I4(1) is pro-p, we have ker(p)’s() # 0. Now, given any non-zero v €
ker(p)'s®, the Is-subrepresentation F,[Is] - v C ker(p)'s®) (note that I5(1) is
normal in Ig) is finite dimensional, as it can be considered as a representation
of Is/I5(1). But Ig/Ig(1) is a finite abelian group of order coprime to p. So,
Wwe can write Fp [Is] - v as a finite sum of characters. We may replace v by one
such non-zero vectors from one of these characters. Hence, we may assume
ker(p)sX) #£ 0. By Proposition 4.7, it is forced that such a y € {¥,, x5 }. By
Frobenius reciprocity, this means Homg, (indf: (x), ker(p)) # 0. We may also
assume that y = y,. This is because if 0 # f € ker(¢)!s%="), then we may
write f in the form 21 <k<n Ck fr> where ¢ is not zero for some k. Now, using
Proposition 4.3, and Proposition 4.9, we have

= f1Te= 3 (o V)wet f= X ad
A€kp 1<k<n

is a non-zero function in ker(g)Us-¥o),
Now, consider the map

@* =T + @oT] : HomGS(indeS()(U), indgz(o)) - HomGs(indZS()(a), ).
Clearly, ¢*(Homg, (indZS (x5), ker(p))) = 0. Since, by Proposition 4.11,
Homg,(ind;’ (x,), ker(¢)) = ker(p)sx2)
is a non-zero submodule of
Homg,(ind} (x,), indg* (o)) = (indg (@)1,

it is of finite codimension. Noting that clearly ¢* is also a 7((Gg, I, ¥ )-module
homomorphism, we conclude that the image of ¢* is a finite dimensional sub-

module of Homg, (indgS (x5), ). Also, we consider the map
®* = [T > @oT] : HomGS(indIC;s(o), indgi (0)) — HomGS(ind%(a), 7).

Let §, € HomKo(indiO (x5), o) be the intertwiner corresponding (by Frobe-

nius reciprocity) to the intertwiner in Hom;_(x,, o) that carries 1 — v,. Since,
d, is non-zero and o is an irreducible K, representation, we conclude that § is

surjective. Applying the functor ind% (=) to &, we get

8 € Homg,(ind;* (x,), indg* (o).
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This & is also a surjection as indii(—) is an exact functor (see, for example, [8,
Exercise 1, Subsection 2.5]). Now, § induces the following maps:

5% :=|T — Tob] : HomGs(indIiﬁ(U), ) > HomGs(indiS()(a),n),
and
A* = [T~ Tof] : HomGS(indICéi(a), indgi(a)) - HomGS(indIGSS()(g), indgi(a)).

But, as 9 is surjective, both §* and A* are injective. And, clearly from the defi-
nitions of the maps ¢*, ®*, §*, and A*, the following square is commutative:

Homg, (indgi (o), indg;g (o)) L} Homg, (ind%)g (o), 7)
.| ’
Homg, (ind;* (o), indg’ () —— Homg,(ind;*(x,), 7)

Therefore, we conclude that the image ®*(Endg, (indgi (0))) of ®*, which is the
submodule generated by ¢, is finite dimensional. This completes the proof. [J

5. The case of non-supersingular representations

At first, we recall the theory of mod p principal series representations of Gs.
We start with a smooth [Fp character 7 of Bg. As the abelianization of By is the
torus T = F*, we can consider this 7 as a smooth character of T or F*. We
then have a short exact sequence of Bg representations :

0>V, Indgz(n) -7 -0,

where the map Indg: () — 7 is evaluation at the identity matrix, and V,, is the
kernel of this map. We mention the following standard facts :
(1) Vv, is anirreducible representation of Bg.
(2) The above short exact sequence splits if and only if # = 1, the trivial
character.
3) Indgj (n) is an irreducible representation of Gy if and only if n # 1. In
this case, these representations are called principal series of Gg.
(4) The Gg representation Indg: (1) isindecomposable and of length 2, with
the trivial representation 1 asGiSts only subrepresentation and the Stein-
Ind,> (1)

berg representation Stg := Bls as the only quotient. Hence we have

a non-split exact sequence 0 — 1 — Indgj(l) — Stg — 0 of Gy repre-
sentations.

(5) As Gg = BgIs(1) U BgfBylIs(1) (see [1, Lemme 1.7]), the pro-p-Iwahori
invariants (Indg: (1))'s) has dimension 2 over [ . It is generated by the
functions ¢ ,, supported on BgIg(1) and taking value 1 at I, and ¢, ,,
supported on BgfB,I5(1) and taking value 1 at 3.
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The proofs of all these facts can be found in [1, Section 3.4].

Lemma 5.1. Let 7 be a smooth representation of Gs, and va be a line which is
Bg-stable. Then Gg, and hence B, acts trivially on this line. Hence, forn # 1 we
have Homg (9, 7) = 0.

Proof. By smoothness we have some positive integer m such that Ug(p}) fixes
v. Consider any arbitrary lower unipotent matrix #(x) € Uy for some x € F.
There is some k € Z such thaty := xwf;k € pp. Then u(x) = a’gﬁ(y)cx(; k
fixes v. The upper and lower unipotent matrices generate Gg, and the upper
unipotents being the derived subgroup of Bg act trivially on [I_:pv. Therefore, we
have that Gy acts trivially on [ ,v. (]

We have the following immediate corollary, which also follows from the fact
that the abelianization of SL,(k) for any infinite field k is trivial.

Corollary 5.2. The trivial character is the only smooth Fp-character of Gs.

Corollary 5.3. Given a smooth representation 7 of Gg, the restriction map in-
duces an isomorphism between the following spaces :

Homg (1, 7) = Homg (1, 7|p,).

Proof. The existence of a non-zero intertwiner in Homp (1, 7|,) is equivalent
to the existence of a Bg-stable line in 7. Therefore, the lemma applies and we
can extend such an intertwiner trivially to a Gg-intertwiner. O

Corollary 5.4. Let 7w be a smooth representation of Gg. Supposen # 1, and
® € Homgp, (Indgj (n), ) be non-zero. Then ¢ is an injection.

Proof. The proof is same as that of [18, Corollary 5.2]. We will reproduce it to
make the article self-contained. Solet0 # ¢ € HomBS(Indg: (n), ), and sup-

pose kerp # 0. We claim at first that kerp = V,,. Otherwise, since Indgj €))
as a Bg-representation has length 2, we must have Indg: (n) = kerp & V),
This implies kerp = 7 as Bg-representations. But this is not possible because
HomBS(n,Indgj(n)) = 0as7n # 1, by Lemma 5.1. But if kerp = V,, then ¢

induces a map ¢ € Homg (7, 7). By Lemma 5.1, ¢ = 0, and hence ¢ = 0, a
contradiction. Hence, kerp = 0. O

Corollary 5.5. Letn # 1. Then the restriction map induces as isomorphism
G G G G
Homg, (Inng(n), IndB:(n)) o HomBS(IndB:(n), Inde(n)).
Proof. Here also the proofis similar to thatin [18, Corollary 5.3]. We show that
Endp, (Indgg (n)) is a one dimensional space. For this, let ¢; and ¢, be two non-

zero intertwiners in Endp, (Indg: (). Then, by the previous Corollary, their re-

strictions to V, gives two non-zero maps in Endg (V). Note that Img(¢;) = V,,
otherwise by the length 2 condition (as in the proof of the previous Corollary)
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we will have that V, has dimension 1, which is false. But Endg (V) is one di-
mensional as V,, is an irreducible Bg-representation (see [6, Proposition 2.11];
the proof works over any algebraically closed field). Hence, ¢, |V17 = /lgozl‘,;7 for

some 1 € F;. But then ¢; — Ap, € EndBS(Indgj (n)) is not an injection, and
hence must be identically zero. O

We now prove a useful lemma, analogous to [20, Lemma 5.3], which is, in
essence, a rather elegant application of Carter-Lusztig theory.

Lemma 5.6. Let 7 be a smooth representation of Gs, and 0 # v € s, Suppose
I acts on v by a character. Then, either Su = 0, or Sv generates a non-trivial
weight of Ky = SL,(OF).

Proof. Suppose Sv # 0. We set v’ := 8,v so that Su = §;v’. Since Sv # 0
and 8 = 8,8, we must have v" # 0. Now, we recall that Iy = T5(O7)I5(1), and
since Ig(1) is a pro-p-group any character of I is trivial on I5(1). Hence, any
character of I can be considered as a character of Tg(O}). Therefore, if I acts
on v by a character y, and as I5(1) fixes v’ by Lemma 4.5, Iy will act on v’ via
the character y*“o, and therefore I will act on Sv by .

We now consider the K,-representation x = Fp [K,] - v'. By Frobenius reci-
procity the Is-intertwiner (1 — v’) : y*° — 7 corresponds to the Kj-intertwiner
indi"( x“*) — m that takes the generator ¢,uw, = [1,1] € indﬁo( xY0) to v'. So
we obtain x as a quotient of indﬁ"( xve) = Indi0 (x%0); this equality is evident
from the fact that K, is compact. This intertwiner maps [Fp [Ko] - (819w ) onto
FylKo] - (S0).

Now, note that any character y of TS((DIQ) = (91>§ can be considered as a char-

acter of ki since x|14y, = 1, and Of/(1 + pp) = kp. Consider the natural

map (f = f := [k ~ f(kmodpp)]) : Indg(xy*) — Ind;°(y"). This
is a Ky-intertwiner, with K, acting on Indg( x*°) via mod p reduction. This
action is obviously smooth as the level one congruence subgroup fixes every-
thing. And, the irreducible representation Fp [Ko] - (Tw,9,) is mapped onto
Fp[Ko] - (819,w0); note the use of equation (3.1). Therefore, by Carter-Lusztig
theory (Theorem 3.1, and Remark 3.2), the K-representation I, [Ko ] - (8190 ),
and hence [ ,[K,] - (Sv) is a non-trivial weight of K. This completes the proof
of the lemma. U

Remark 5.7. The above lemma is the analogue of [18, Lemma 4.1]. However, in
case of SL,(F) we have to deal with the possibility of S,v = 0 (which obviously
implies Sv = 0). This situation does not arise in case of GL,(F). In fact, in the
GL,(F) argument, starting from a non-zero vector v € 7/t on which I acts via
a character, Paskiinas forms a single averaged vector

w=%4(5 ' )e

A€,
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and shows that for a suitable j, this w ; is non-zero, lies in 71, and generates
an irreducible K-subrepresentation. The only exceptional case in that proof is
wy = 0, and there [18, Lemma 3.4] rewrites I1v as an explicit sum of translates
of v, after which the argument continues with the remaining w; for 1 < j <
q — 1. However, in the SL, setting, the corresponding Hecke operator on 7r/s(
factors as § = 8;08,, so one must first pass from v to v’ := 8,v. The new
case S,0 = 0 has no counterpart in the GL, case since the analogue of the
operator 8, in this case is just the group element IT € GL,(F) which never
kills a non-zero vector. Consequently, the GL,-style averaging argument can
not even be started. Therefore, the SL, proof splits into two stages, and this is
the reason why it becomes much more delicate that the GL, counterpart which
is [18, Theorem 4.4]. This situation also arises in [20].

The main theorem of this section is the following.

Theorem 5.8. Given a smooth representation 7 of Gs, and a smooth character
7 of Bg, the restriction map induces an isomorphism between the following spaces
of intertwiners :

G
HomGS(IndB:(n), 7) & Homg (V,, 7|p).

Proof. We show at first that the restriction map is injective. Thus we let ¢ €

Ind;’$ ()
Homg S(Indgj (n), ) vanish on V. Then it factors through % ~nasaBg-

intertwiner. So ifn # 1, by the Lemma 5.1 we have ¢ = 0. We tﬁerefore assume
7 = 1;now, if ¢ # 0, we get a non-zero Bg-intertwiner in HomBS(l, 7| Bs)’ which
by Corollary 5.3 lifts trivially to a Gg-intertwiner in Homg (1, 7). Hence, the
image of ¢ is a line in 77 on which Gy acts trivially. Consequently, we have 1 as

a quotient of Indgj(l), which is false.

Recall that the space (Indgz ()W is two dimensional, generated by the
functions ¢, , and ¢, ,, supported on BgIg(1) and BgwylIs(1) respectively. Also
it can be shown easily that Iy acts on ¢, ,, by the character , =7 |Ts(0§)’ and
on t,, by the character n_ := (anS(@;))wO (see [1, Lemme 2.10]). Now, by
Lemma 4.5, we know that 8¢, , is a linear combination of ¢, ,, and ¢, ,. It is
easy to see that 8¢, ,(I;) = 0. Next, we check that :

352,7;(/30) = /1%:,; fz,n (50 ((1) A(1/1)> a(?l) = n(ap),

since for A(1) # 0 we have

1 ADw?\ _ [AQ) o -1 1 0
w°<0 1 g )‘( 0 g A(/l)w;z) (A(A)—lwfg 1)

€ Bglg(1).

In other words we have 8¢, , = n(ay)¢,,. Therefore, by Lemma 5.6, we have
that F,[K,] - 5, = F,[Ko] - (8¢,,) is a non-trivial weight of K.
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We now show that the restriction map is surjective. So let ) € Homg (V,, 7)
be non-zero. The map ¢, is supported on Bgf,Is(1) and hence it lies in V.
Therefore, as V,is irreducible, ¢ 25 generatesitasan Fp [Bs]-module, and hence
W(€,,) # 0. Now, (¢, ,) is fixed by Bg N Ig(1). Also, P(8C,,) = SP(€,,) =
n(a)P(€,,), that is

P(€2) = (o) SY(£2,) (5.1

Now by smoothness the vector (¢, ) is fixed by Us(p*+!) for some large k.

We show that Ug(p2~) fixes 1(¢,,,) by showing that it fixes S$%(¢5 ). For this,
at first we verify the following claim.

Claim. Us(p2") fixes S;3(€ )

Proof of the Claim : Take some b € p%k_l. Then we have :

<(1) l{) 521;0(52,;7) = Z Wy (_lb (1)> <(1) ['u]le> ocglz/)(fz’n)

uEkp
_ 1 [ulwpQ - [ulweb)™\ (A — [u]lweb)™! 0
= 2w (o 1 )( 0 (1—[u]wa)>

UEkR
1 0\ _
(o1 - e 15690620

_ -1
o T Ll PN

UEkE 1
2
= 3wy ) (3 *?F) a5 B (t2)
UEKR
= Sy M) g s, = Sty O
UEkR

Now, if b € p%k‘l then we have

(5 J)swea=(, )5,

=2 (Ii (1)> ((1) [/11]> wy ' $9(€2,)

-1
- ((1) (4] +1[/1]b) )wal $9(t2,)

D) ((1) A bﬂ)wglszab(fz,,,)
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=30 )% T w (3 Mwi”‘) a5 P(C2y)

Aek}: ,L(GkF

2
=¥ (5 Mg 2wy "7 F)((l) *?F)aalwz,n)

Aekp uckgp
= (8108)W(?2,4))
= SP(1)-

Here * w}. denotes an element of p;, and in the fourth equality above b/, is a
element of pif“l C pr. We apply the above several times to deduce finally that
Us(pr) fixes 8(¢,,), and hence §(¢, ). By applying the Iwahori decomposi-
tion Is(1) = Ug(Op) X Ts(1 + pr) X Us(pr), we have that P(€,,) is fixed by
I4(1). Now, as Ig = TS(O;E)IS(I) acts on ¢, by 7_, therefore I acts on (¢, )
by n_ as well. By appealing to Lemma 5.6 and Carter-Lusztig theory (Theorem
3.1 and Remark 3.2), we have F,[K] - ¢, = F,[Ko] - ((¢,,)), as weights of
K,, since the weights are uniquely determined by the character given via the
action of I5. Also by Lemma 5.6, these weights are non-trivial.

Seto := FP[KO] - (¥(¢,,)) C m; then, by Frobenius reciprocity [I_:p[GS] .
(¥(¢,,)) isaquotient of indgi (o), and by equation (5.1) it is therefore a quotient
of

indg* (o)

(o — (@) - 1d)(ind* ()
where the above isomorphism of Gg-representations is by [1, Théoréme 3.18].
Hence, FP[GS] -(¥(€,,)) is isomorphic to Indgj (n)ifn # 1, or FP[GS] -(P(C2)
is isomorphic to V; when n = 1. In both cases, up to scalar multiples, there is

only one intertwiner by Corollary 5.5; we consider the one whose restriction to
Vv, coincides with 3. This proves that the restriction map is surjective. O

= Ind,* (),

The proof of the following corollary is similar to that of [18, Corollary 5.5].

Corollary 5.9. Letny # 1 and let T be a smooth representation of Gs. Then we
have

Homg, (Indgj (n), w) = Homp, (Indg;g (n), 7).

Proof. Clearly, the restriction map is an injection as Indg: (n) is an irreducible
Gs-representation. Now, let 0 # ¢ € HomBS(Indgz(n),n'). Then by Corollary

5.4, the following composition of Bg-intertwiners is zero : Indgj n) - -
T
IFp[GS](sz(vr]))
we can consider 11)|V77 to be a non-zero element of the space of Bg-intertwiners

Homg (V,, F,[Gs]- (%(V,))). By Theorem 5.8, we have that [ ,[Gs] - ((V,)) is

a quotient of Indg;9 (n), and as Indgj (n) is an irreducible G¢-representation, it is

. Hence, the image of ¢ is contained in [F p[Gs]-(®(V)). This means
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in fact isomorphic to [l_:p[GS] - (V). Hence, by Corollary 5.5, 3 is Gg-linear
as well. O

Finally, we note the following corollary which is immediate from Theorem
5.8, by noting that Stg|p, = V; as Bg-representations. The later follows from
the facts stated in the beginning of this Section.

Corollary 5.10. Let 7 be a smooth representation of Gs. Then, we have

HomGS(Indg:(l), 7) & Homg (Stg, 77).

Remark 5.11. Letting 7 = Indg: (1), we can see that the above result cannot be

improved if we replace Indgj (1) with Stg.

6. The case of Supersingular representations

6.1. Definition of supersingular representations. Recall that in Subsec-
tion 4.1 we mentioned the fact that the spherical Hecke algebra

‘(}C(GS’ K07 G) = |]_:p[T]
for an operator 7 whose action on the standard functions was given by an ex-
plicit formula. We set

_\7 og#1
T lr+1d, o=1"

Ty o

We still have
H(Gs, Koy, 0) = ['_:p [TU]'

In a similar manner we can show that the spherical Hecke algebra with re-
spect to the other maximal compact subgroup K;, denoted H(Gg, K;,0%) is
generated as a polynomial algebra in one variable. More precisely, we have
H(Gs,K;,0%) = Fp [‘L’éa], where the operator Téa is the analogue of 7,. Here,
we use the notation a for the matrix diag(1, @) € GL,(F), and c* denotes the
twist of o by the inner automorphism given by a. We now give the following
definition.

Definition 6.1. (1) A smooth irreducible FP[GS]-module 7 is said to be
supersingular with respect to K, or simply K,-supersingular if it is
indIG(g (o)
7 (indgS (@)
(2) A smooth irreducible FP[GS]—module 7 is said to be supersingular
with respect to K; or simply K;-supersingular if it is a quotient of
_ indis (o%)
the [F,[Gs]-module ——

G .
T« (1ndK‘f (o9))

a quotient of the F,[G5]-module

We have following result which is proved in [1, Proposition 3.20].
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Proposition 6.2. If 7 is supersingular with respect to K, and a quotient of the
indlfi ©)

— 20— thenl=0.
(14 —/I-Id)(indK; (@)

F,[Gs]-module

We also note the following result which follows from using [1, Proposition
3.23], with the definition above.

Proposition 6.3. Let 7 be a smooth irreducible Fp—representation of Gs. Then,
7 is Ky-supersingular if and only if 7% is K, -supersingular.

6.2. Some key Lemmas.

Lemma 6.4. Let 7 be a Ky-supersingular representation of Gg, and o a weight of
K,. Suppose ¢ be a non-zero Gg—intertwiner from indgf) (o) to . Then, for large

enough k > 1, we have otk = 0.

Proof. By Proposition 4.14, the right £ := H(Gys, Ky, 0)-submodule goH
generated by ¢ is finite dimensional. So, if we take the image T,(:= n — not, :
poH — poX)oft,in End[ﬁp (poH), then for the minimal polynomial m(X) of
7., we have pom(t,) = 0.

Now, suppose that m(X) is the polynomial with minimal degree such that
pom(t,) = 0. Let A be any root of m(X) in Fp, and let m(X) = (X — )m/(X).
Then ¢’ := pom/(z,) : indIG(i (o) » 7, which induces a surjection

indgi (o)

> 7.

e G
(ty —A- 1d)(1ndK§ (0))
By Proposition 6.2, we must have A = 0. Hence, m(X) = X* forsomek > 1. O

Remark 6.5. The proof of the above lemma would have been simpler if 7 were
also admissible (meaning 77X is finite dimensional for every compact open
subgroup K of Gg). In such case, it suffices to show that the vector space
Homg, (indgz (0), m) 2 Homg (o, ) is finite dimensional. For this, one simply
shows that Hom; (;y(c, 7r) is finite dimensional. This can be proved by induc-
tion on the dimensions of finite dimensional smooth representations of Ig(1).
To see this, at first we note that ¢ has a unique line fixed by I5(1), so we have
the short exact sequence

0—- 115(1) - 0 = O'/lls(l) -0
of I¢(1)-representations. Applying, the Homy )(—, ) functor we get
0— HomIS(l)(U/lls(l), ) —> Homjs(l)(a, ) > Homls(l)(lls(l),ﬂ) ~ 7ls(D),

Since 7/s() is finite dimensional by admissibility, and Homy1)(0 /11,1y, 7) is
finite dimensional by induction hypothesis, we have that Homls(l)(a, ), and
hence Homg, (o, 7r) is finite dimensional as required.
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We now prove an immediate corollary of the above Lemma, which is analo-
gous to [18, Corollary 3.3]. The proof is inspired by [13, Lemme 2.9].

Corollary 6.6. Let 7 be a K,-supersingular representation of Gg, and 0 # v €
7'sW. Then, S'v € 7's® for every i > 1, and for some large enough k > 1, we
have 8¥v = 0.

Proof. By Lemma 4.5 it is clear that S'v € 7's() for every i > 1.

At first, we assume that I acts on v by a character y. If Sv = 0 we are done.
So assume Sv # 0. Then, o := [I_:p [Ky]- (8v) is a non-trivial weight of K, in 77 by
Lemma 5.6. Then by Frobenius reciprocity, we get a surjection ¢ : indI(éi (o) »
7 that sends [1, Sv] — Sv. As o is non-trivial the action given by 7, and § is
same (see equation (4.1)), so by Lemma 6.4, we have 0 = cporlg([l, Sv]) = K1
for some k > 1.

Now, for the general case note that I5/Ig(1) is a finite Abelian group of or-
der coprime to p. So by Maschke’s theorem, for any 0 # v € 7's™, the I-
subrepresentation Fp [Is] - v € 7MW is finite dimensional, and hence a sum of
characters. Sowe write v = ;. v; such that I acts on each v; by some character.
Then, by the argument in the previous paragraph, for each v; we have a k; such
that 8kiv; = 0. We choose k to be the maximum of all the k;’s. This completes
the proof. O

The next Lemma is the analogue of [18, Lemma 3.4], and the proof is essen-
tially identical.

Lemma 6.7. Let  be a smooth representation of Gg and let v € s such that
Sv = 0. Then we have

w2AN)T -1 ) _
Wyl = — Z ( F — v € [Fp[Bs] - v.
Aek2\{0,0} 0 D A4)
Proof. We have
_ 1 AQ)\ 4. 1 AD)w,?
v=— Z oc0<0 1>ocov—— Z (0 1F v
A€k \{0,0} A€k \{0,0}
Then, it follows that

B 0 —-1\{1 AN)w;>
weo=- (1 0)(0 1F)”

A€k2\{0,0}

B w2 A)! -1 1 0
- Z ( ) 0 w;zA(/l)) (w%A(/l)‘l 1>v

A€kZ\{0,0}

w2 A(A)! -1 ) _
_ z: F
= — -2 [ E [FP[BS] - 0.
/lekl’;\{o,o}( 0 wL A1)



A RESTRICTION PROBLEM FOR MOD-p REPRESENTATIONS OF SL,(F) 1003

The last equality follows from the fact that for A(1) # 0 we have wlz,A(/l)‘1 €
Pr, as the valuation of A(1) is either O or 1. O

We now prove a sufficient condition under which a smooth irreducible rep-
resentation of Gg when restricted to Bg remains irreducible.

Proposition 6.8. Let 7 be a smooth irreducible representation of Gg, and let 0 #
w € 7. Then, we have : 7l n (F,[Bs] - w) # 0.

Proof. As 7 is smooth, there exists k > 0 such that w is fixed by Us(p2*h).

Then w' := oc(;kw is fixed by Ug(pp) = ocakUS(plz:kH)a’g. Now, the Iwahori
decomposition can be written as Is(1) = U(Op)XTs(1+pp)XUs(pr) = (Is(1)N
Bs)x Us(pp). So, Fp[Is(1)]-w’ = F,[I5(1)NBs] - w’ has a non-zero vector fixed
by Is(1) (a pro-p group). But obviously F,[Is(1) N Bs] - w" C F,[Bs] - w, and

hence 7s N (F,[Bs] - w) # 0. O

Proposition 6.9. Let 7 be a smooth irreducible representation of Gg. Suppose
that for any 0 # w € 7 there exists a non-zero v € sV n (Fp [Bg] - w) such that
8v = 0. Then, 7|p, is an irreducible Bs-representation.

Proof. By Lemma 6.7 we have wyv € [F,[Bg]-v. Since Gg = BgIg(1)LIBswols(1)
(see[1, Lemme 1.7]), and 7 is irreducible, we have & = [F ,[Gg]-v = [ ,[Bg]-v C
F,[Bs] - w. In conclusion, we have shown that for every 0 # w € 7 we have
7 = I,[Bs] - w, hence 7| is an irreducible Bg—representation. O

6.3. Proof of Theorem 1.4.

Theorem 6.10. Let K € {K,, K,}, and let = be a K-supersingular representation
of Gs. Then 7|, is irreducible.

Proof. We only prove this for K = K, owing to Proposition 6.3. Let0 # w € 7.
By, Proposition 6.8 we can pick a non-zero vector v € [,[Bs] - w which is I(1)-
invariant. Now, let k be the least positive integer such that 8kv = 0; we know
such a k exists by Corollary 6.6. But by Lemma 4.5, we have 0 # v’ := 8"1v €
ﬂIS(l)an [Bg]-w; here note that the transformation 8 is defined by an element of
Fp [Bs]. Therefore, we can apply Proposition 6.9. This completes the proof. [J

We finally prove one of the main theorem of this paper. This proofis inspired
by that of [20, Theorem 5.10].

Theorem 6.11. Let K € {K,K;}, and let = be a K-supersingular representa-
tion of Gs. Suppose 7' is a smooth representation of Gs. Then, Homg (7, r’) =
Homg (7, 7).

Before proceeding with the proof which is quite technical, we briefly explain
the strategy for better readability. The argument below is a bootstrapping pro-
cedure on the I5(1)-fixed vector v and the operator 8. The key point is that v
may be assumed to lie in a Bg-orbit and to be an I5-eigenvector, after which the
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proof tries to replace v by another vector in the same Bg-orbit whose image un-
der ¢ has smaller lower unipotent invariance. In the SL, setting, the operator
8 factors as 8;08,, so one must first deal with the possibility that S,v = 0; this
is exactly the extra case absent from the GL, argument. Once we have reached
a vector v with Sv = 0, Lemma 6.7 turns this vanishing condition into an ex-
plicit Bg-expression for wyv, and Proposition 6.9 then shows that the Bg-orbit
already spans 7. Thus the proof'is really a controlled descent to the Sv = 0 case
followed by a rigidity argument.

Proof of Theorem 6.11. As before, we prove this for K = K, because of Propo-
sition 6.3. The restriction map is obviously injective. We take a non-zero ¢ €
Homg (7, 7"). Now, take a non-zero element v € 7/s("). We know, by the argu-
ment used in the proof of Corollary 6.6, that the Is-representation [F,[I] - v C

7's( is a finite sum of characters. So, by replacing v by some non-zero vector
in [Fp[I] - v, on which Ig acts by a character, we may assume further that I

acts on v € 5™ by a character y. It follows that (v) # 0, as ¢ is injective by

Theorem 6.10. So, by smoothness of 77’ we have that ¢(v) is fixed by Us(p};'z")

for some k > 1. We will show that there exists a non-zero vector v; € /s on
which I acts by some character and ¢(v;)( 0) is fixed by Ug(pZ~1).

At first, we consider the case when Sv # 0. Then, we take v; := Sv €
7's() by Lemma 4.5. Then, I acts on v; by the same character y, by the same
argument in the proof of Lemma 5.6. Then, using the same computations as
in the proof of Theorem 5.8, we have that p(v;) = Sp(v) is fixed by Us(pf:k‘l ,
since ¢(v) is fixed by Bg N I5(1).

Next, we consider the case when Sv = 0 and S,v # 0. In this case we take
v; = 8,v, which lies in 75 by Lemma 4.5. Then, by our assumption $;w =

0. This means leekp (1 4]

o 1 ) wy ' 8,v = 0, or equivalently,

1 (4 _
v =8u=—w ), (0 [1]> wy ' Sv

/lekg

a1t -1\{ 1 o 1 [ulwr) _

=‘ZX< 0 [A])([/I]‘l 1)2 (0 1F>°‘01”
A€k u€kp

_ (A1t -1
-z (% )
5 (1 W+ A7 ™ (o ) ) 0 o
2 \o 1 (1! L+ 2] [ulwp) ) %0
_ a1t -1 1 [plop@+ [A]7 ulwp)™)
P R Y e E
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-y ([/12)_1 [_/15> 3 ((1) [M]1WF> ((1) *?ﬁ) oo

rek uEks
| 1 _
__ Z ([ (]) [/1]> Z (0 [#]FF) aolv
rek’ uEks
_ 1 —[A17\ ([A17Y o 1 [plor) -
__Z<0 1 )( 0 [A])Z(O 1F>“01”
Aeky uEkp
A7V o0\ [1 —[A]! 1 _
=—§IXC$ “O@ [ﬂ )Z(o[@@j%%
Aeky uEkp
A1 0 \[1 —[2 1 _
-y %<[o] [A_q>(o 5]) 5 (0 [uﬁvF)aolv
Aek pekp

Here, note that the 5-th and 7-th equalities follow as v € 7/s(), and the 9-th
equality follows from the assumption that I acts on v by the character y. Also,
* wf, denotes an element of pf,. Therefore, we have

o= S8 )6 )3 M

A€ky

Now, by the almost similar computation used the proof of the Claim in Theorem
5.8, we see that p(v,) is fixed by Us(pf;k‘l), as required. Also, note that I acts
on v; := 8S,v by a character.

Finally, consider the case when $,v = 0. Consequently, we have

1 [ulop\ 1 _
Z (0 1 a, v =0.
uEkE
Therefore, we get

wev = — Z wy ((1) [/v‘]'flﬂ;1> ,

ueky

peks
"2 R [t
== (1§ L) et
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whence,

== 2 (8 2) (5 4o

ueky
Now, for b € plz:k‘l, as in the proof of Theorem 5.8, we have
1 0 B ul O 1 —[ulwp+ * wp
(b 1) Ploo) == 2, X ( 0 [;ﬂ) (0 1
HEkR
14 % wp) ™! 0 _
0 1 —[u]we+ * w2\ _
gl Bl e
uek;
0 1 —|(ulw _
Tl e e
uek;

Then, for any 1 € kr, we note that (1 (4] 5

0 1
follows from the fact that Ug(pr) and Ts(1 + pp) fixes ¢(wyv), and from the

) @(wyv) is fixed by Ug(p?*~1). This

above computation showing Us(p?“l) fixes p(wyv). Setting u; := <(1) [/11]>,

we conclude that elements of the set {p(u;wov) | 1 € ky} are fixed by Ug(p2).

Now, we consider the situation when 8,v = 0and ) Ak, YaWoV # 0. We take
EDY Ak, UAWoV- Then, v; can be shown to be I5(1)-invariant by using Iwa-
hori decomposition and showing that it is fixed by the subgroups Ug(Or), Ts(1+
pr), and Us(pp). Also, p(v) = ¥, ¢(wwov) is fixed by Us(pZ~1). On the
other hand, when 8,v = 0 and ZlekF u;wov = 0, we have

o= 3 (o H)me= 2 (0 @) 1)

Ak Ak
B e Sl )6 e
=2t 3 (%) o ) e

In conclusion, we have wyv, v € Span{u,wyv | 1 € ki;}. The K -representation
[l_:p [K,] - v is spanned by the set {v, u;wyv | A € kg}; this follows from the fact
that by Bruhat decomposition we have K, = Is LI Iqw,Ig, and I acts on v by a
character and I(1) stabilizes Span{u wov | 1 € kj;}. This last fact follows from
the same computations (done multiple times by now), which can be used to

show that Ug(pp) stabilizes Span{uwov | A € kj}. Therefore, as F,[K,] - visa
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finite dimensional representation, we can choose a weight o inside it. We take
U; € o to be the unique (up to scalar multiple) vector fixed by I5(1), on which
I acts by some character. Hence, ¢(v;) € Span{p(uywyv) |1 € k;)}, and so
the arguments of the previous paragraph show that ¢(v, ) is fixed by Ug(pZ~1).
Therefore, we have shown that we can always find some non-zero v, € ls),
on which I acts by some character, and such that ¢(v, ) is fixed by Us(pék‘l).

By repeating this process k many times, we eventually find a non-zero v, €
7!sM_on which I acts by some character, and such that ¢(vy) is fixed by Ug(pg).
Since, ¢(vy) is fixed by Bg N Ig(1), we conclude that ¢(vy) is fixed by I5(1) =
(Bs N I5(1)) X Us(pp).

We finish the proof by applying Corollary 6.6 to the vector v,. We obtain
some m > 1 such that 8™v, = 0 and 8™ v, # 0. Setting v/ := 8" lu,
we have that v’ is I5(1)-invariant, and hence ¢(v") = 8™ 1p(v;) is also Ig(1)-
invariant. Now, by Lemma 6.7 the condition Sv” = 0 implies

w2 AA)! -1
wev' = — Z ( F - v

A€k2\{0,0} 0 @A)
Therefore, as ¢ is a Bg-intertwiner, we get

2 -1
N — _ wFA(/l) -1 ’
@(wov ) zz: ( 0 w;2A(/1) §0(U )
A€k2\{0,0}

But, we also have ¢(8v’) = S¢(v") = 0, whence, by Lemma 6.7, we have

2 -1 _
wopW) =~ ] (WFA(@ w_zj(l))qow').
1€k2\{0,0} F

Now, since Gg = BgIg(1) LI BswylIg(1), and also Fp [Gs] - v’ = 7, we deduce that
@ is a Gg-intertwiner : indeed, ¢ is Bg-equivariant and v’ is I¢(1)-invariant, and
thus owing to the decomposition Gy = BgIg(1) LI BswyIg(I) it would suffice to
show that ¢ respects the action of w,, which is what we proved above. O
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