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Iwasawa-type asymptotic formula for
Taelman class groups of Drinfeld modules

Takenori Kataoka and Yoshiaki Okumura

Abstract. The Taelman class groups associated to Drinfeld modules over
function fields serve as an analogue of ideal class groups of number fields.
In this paper, we establish an analogue of Iwasawa’s asymptotic formula for
ℤ𝑝-extensions in the context of the Taelman class groups. For this purpose,
we naturally introduce and investigate Taelman class groups with moduli.
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1. Introduction
1.1. Iwasawa’s asymptotic formula for ideal class groups. We begin with
a quick review of Iwasawa’s asymptotic formula that describes the behavior of
the ideal class groups of number fields. For a number field 𝐾, let Cl(𝐾) be the
ideal class group, which is known to be a finite abelian group.
Let 𝑝 be a fixed prime number. Let𝒦∕𝐾 be aℤ𝑝-extension of number fields,

which can be regarded as a family of number fields {𝐾𝑛}𝑛≥0 with

𝐾 = 𝐾0 ⊂ 𝐾1 ⊂ 𝐾2 ⊂ ⋯ ⊂ 𝒦 =
⋃

𝑛≥0
𝐾𝑛

such that 𝐾𝑛∕𝐾 is a cyclic extension of degree 𝑝𝑛 for any 𝑛 ≥ 0. The intermedi-
ate field𝐾𝑛 is called the 𝑛-th layer of𝒦∕𝐾. Then Iwasawa’s asymptotic formula
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[Iwa59, Theorem 11] (see alsoWashington [Was97, Theorem 13.13]) states that
there exist integers 𝜆 ≥ 0, 𝜇 ≥ 0, 𝜈 such that

lengthℤ𝑝
(ℤ𝑝 ⊗ℤ Cl(𝐾𝑛)) = 𝜆𝑛 + 𝜇𝑝𝑛 + 𝜈

holds for 𝑛 ≫ 0. Here and henceforth, we write length𝑅(−) for the length of
modules over a commutative ring 𝑅. The left hand side is often written as the
𝑝-adic valuation of the order of Cl(𝐾𝑛), but this formalism using the length is
more suitable in this paper.

1.2. Taelman class groups. Themain purpose of this paper is to establish an
analogue of Iwasawa’s asymptotic formula for Taelman class groups associated
to Drinfeld modules over function fields. See §B for comparison with the num-
ber field case.
We fix notation to be used throughout this paper. Let 𝑞 be a power of a prime

number 𝑝. Let𝑄 be a global function field with constant field 𝔽𝑞. We fix a place
∞ of 𝑄 and denote by 𝐴 ⊂ 𝑄 the ring of elements regular outside∞. A typical
example is 𝑄 = 𝔽𝑞(𝑡) with ∞ corresponding to 1∕𝑡, in which case we have
𝐴 = 𝔽𝑞[𝑡].
Let 𝐾 be a global function field over 𝔽𝑞. We assume that 𝐾 is a 𝑄-algebra,

that is, 𝐾 is equipped with a (necessarily injective) 𝔽𝑞-algebra homomorphism
𝛾 ∶ 𝑄 ↪ 𝐾. We call such 𝐾 a global 𝑄-field for convenience. We define the
integer ring𝒪𝐾 of 𝐾 as the integral closure of 𝛾(𝐴) in 𝐾. The maximal ideals of
𝒪𝐾 are called finite places of 𝐾, and the other places are called infinite places.
For a finite place 𝑣 of 𝐾, its restriction to 𝐴 via 𝛾 is a prime (i.e., a maximal
ideal) 𝔭 of 𝐴, and in this case 𝑣 is said to be a 𝔭-adic place.
Let 𝐸 be a Drinfeld 𝐴-module over𝒪𝐾 (Definition 2.1). In [Tae10], Taelman

introduced a finite module 𝐻(𝐸∕𝒪𝐾) over 𝐴 (not over ℤ), which we call the
Taelman class group. It is shown that the Taelman class groups serve as an
analogue of the ideal class groups of number fields. As a keystone result, we
have an analogue of the analytic class number formula [Tae12, Theorem 1],
which was subsequently generalized in various directions by several authors
(e.g., [AT15], [FGHP22]). Anglès–Taelman [AT15] studied 𝐻(𝐶∕𝒪𝐾) for the
Carlitz module 𝐶 and Carlitz cyclotomic extensions 𝐾∕𝑄, and showed results
analogous to the ideal class groups Cl(𝐾) for cyclotomic extensions 𝐾∕ℚ.
More recently, Higgins [Hig21] studied the Taelman class groups from Iwa-

sawa theoretic perspective. In [Hig21], the inverse limit of the Taelman class
groups is studied as amodule over the Iwasawa algebra (see §1.4 below), and an
Iwasawamain conjecture is formulated. However, an Iwasawa-type asymptotic
formula is not discussed.

1.3. Main theorem. Let 𝒦∕𝐾 be a ℤ𝑝-extension of global 𝑄-fields in which
only finitely many places of 𝐾 are ramified (see Example 4.1). We write 𝐾𝑛 for
its 𝑛-th layer. Let 𝐸 be a Drinfeld 𝐴-module over 𝒪𝐾 .
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The Taelman class group, being a finite module over the Dedekind domain
𝐴, decomposes into its 𝔭-parts as

𝐻(𝐸∕𝒪𝐾𝑛) ≃
⨁

𝔭
(𝐴𝔭 ⊗𝐴 𝐻(𝐸∕𝒪𝐾𝑛)),

where 𝔭 runs over the primes of 𝐴 and 𝐴𝔭 denotes the completion. This is
analogous to the decomposition of the ideal class group Cl(𝐾𝑛) ≃

⨁
𝑝(ℤ𝑝 ⊗ℤ

Cl(𝐾𝑛)), where 𝑝 runs over the prime numbers.
Themain result of this paper, Theorem 4.7, in the case 𝑆 = ∅ reads as follows.

Theorem 1.1. Let 𝔭 be a prime of 𝐴. Suppose that 𝒦∕𝐾 is unramified at all
𝔭-adic places. Then there are integers 𝜇𝔭 ≥ 0 and 𝜈𝔭 such that

length𝐴𝔭
(𝐴𝔭 ⊗𝐴 𝐻(𝐸∕𝒪𝐾𝑛)) = 𝜇𝔭𝑝𝑛 + 𝜈𝔭

holds for 𝑛 ≫ 0.

Indeed, we have 𝜇𝔭 = 𝜇(𝐻(𝐸∕𝒪𝒦)𝔭), using Definitions 4.2 and A.2. In con-
trast to the number field case, the absence of the 𝜆-invariant seems to be no-
table. This results from a purely algebraic reason (§A).
By taking the sum with respect to the primes 𝔭, we will easily deduce the

following corollary.

Corollary 1.2. Suppose that𝒦∕𝐾 is unramified at all finite places. Then there
are integers 𝜇 ≥ 0 and 𝜈 such that

length𝐴(𝐻(𝐸∕𝒪𝐾𝑛)) = 𝜇𝑝𝑛 + 𝜈

holds for 𝑛 ≫ 0.

The unramified assumption sounds restrictive, though it was also assumed
in [Hig21]. In Theorem 4.7, we will remove the unramified assumption, but
instead deal with 𝑆-modified Taelman class groups with 𝑆 a finite set of places
containing the ramified 𝔭-adic places.

1.4. Strategy of the proof. One of the main ingredients for the proof of our
main result is a module-theoretic version of Iwasawa’s asymptotic formula in
positive characteristic, which we establish in §A.
For a while, we discuss Theorem 1.1 when 𝒦∕𝐾 is unramified at all finite

places. In the same way as Higgins [Hig21, Chapter 4], we study the projective
limit

𝐻(𝐸∕𝒪𝒦)𝔭 = lim←,,
𝑛
(𝐴𝔭 ⊗𝐴 𝐻(𝐸∕𝒪𝐾𝑛))

as a module over the completed group ring 𝐴𝔭[[Gal(𝒦∕𝐾)]]. Thanks to the
unramified condition, we have a Galois descent property

(𝐻(𝐸∕𝒪𝒦)𝔭)Gal(𝒦∕𝐾𝑛) ≃ 𝐴𝔭 ⊗𝐴 𝐻(𝐸∕𝒪𝐾𝑛)

for each 𝑛 ≥ 0. Then, Theorem 1.1 follows by applying the result in §A.
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However, if 𝒦∕𝐾 is ramified at a (𝔭-adic or non-𝔭-adic) finite place, then
the Galois descent property fails. In order to resolve this issue, we introduce 𝑆-
modified Taelman class groups for a finite set 𝑆 of places. Wewill show that the
𝑆-modified Taelman class groups satisfy the Galois descent property as long as
𝑆 contains the ramified places. Finally, by comparing the 𝑆-modified Taelman
class groups with the original ones, we obtain Theorem 1.1 and its generaliza-
tion, Theorem 4.7.

1.5. Structure of this paper. In §2, we review basic notations concerning
Drinfeld modules. In §3, we introduce the unit groups and class groups á la
Taelman and their 𝑆-modifications. In §4, we prove the main theorems. In
§5, we give remarks on the sizes of 𝑆-modified Taelman class groups and their
Iwasawa-theoretic versions.
In §A, we show the module-theoretic version of Iwasawa’s asymptotic for-

mula. In §B, we review the ideal class groups to facilitate comparison with the
main theme of this paper.

2. Drinfeld modules
In this section, we review the basics ofDrinfeldmodules, introduced byDrin-

feld [Dri74] under the name of elliptic modules. We mainly refer the details to
the books of Goss [Gos96] and Papikian [Pap23]. Note that in the main text of
[Pap23] the author assumes 𝐴 = 𝔽𝑞[𝑡], while the general case is discussed in
its Appendix A.
Let𝐴 ⊂ 𝑄 be as in §1.2. We write 𝑄∞ and 𝑄𝔭 for the completions at∞ and a

prime 𝔭 of𝐴, respectively. For a global𝑄-field𝐾, we use the following notation.
For a place 𝑣 of 𝐾, we write 𝑣 ∣ ∞ (resp. 𝑣 ∣ 𝔭) if 𝑣 is an infinite place (resp. a
𝔭-adic place). Let 𝑆∞ = 𝑆∞(𝐾) (resp. 𝑆𝔭 = 𝑆𝔭(𝐾)) denote the set of infinite
places (resp. 𝔭-adic places) of𝐾. For each place 𝑣, let𝐾𝑣 denote the completion
of 𝐾 at 𝑣. We write 𝐾∞ = 𝑄∞ ⊗𝑄 𝐾 =

∏
𝑣∣∞ 𝐾𝑣. When 𝑣 is a finite place, we

also have the integer ring 𝒪𝐾,𝑣 ⊂ 𝐾𝑣, the maximal ideal𝔪𝐾,𝑣 ⊂ 𝒪𝐾,𝑣, and the
residue field 𝜅𝑣(𝐾) = 𝒪𝐾,𝑣∕𝔪𝐾,𝑣.

2.1. Drinfeld modules. For a commutative 𝔽𝑞-algebra 𝑅, we have the 𝑞-th
Frobenius map

𝜏 ∶ 𝑅 → 𝑅, 𝜏(𝑎) = 𝑎𝑞.

We write 𝑅{𝜏} for the non-commutative polynomial ring. By definition, 𝑅{𝜏}
consists of polynomials of 𝜏 with coefficients in 𝑅, and the multiplication is
defined so that (𝑎𝜏𝑖)(𝑏𝜏𝑗) = 𝑎𝜏𝑖(𝑏)𝜏𝑖+𝑗 for 𝑎, 𝑏 ∈ 𝑅 ([Pap23, Definition 3.1.8]).
We have an 𝑅-algebra homomorphism

𝜕 ∶ 𝑅{𝜏} → 𝑅, 𝑎0 + 𝑎1𝜏 +⋯+ 𝑎𝑛𝜏𝑛 ↦ 𝑎0,

which is called the derivative ([Pap23, Definition 3.1.12]).
Let 𝐾 be a global 𝑄-field with an 𝔽𝑞-homomorphism 𝛾 ∶ 𝑄 ↪ 𝐾.
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Definition2.1 ([Pap23, Definition 3.2.2, DefinitionA.2]). ADrinfeld𝐴-module
𝐸 over 𝒪𝐾 is an 𝔽𝑞-algebra homomorphism

𝜙𝐸 ∶ 𝐴 → 𝒪𝐾{𝜏}

such that the composite map 𝜕◦𝜙𝐸 ∶ 𝐴 → 𝒪𝐾 coincides with 𝛾. Note that we
do not assume the usual extra condition that 𝜙𝐸(𝐴) ⊄ 𝒪𝐾 ; see Remark 3.2.

In the rest of this section, let 𝐸 be a Drinfeld 𝐴-module over 𝒪𝐾 . The scalar
restriction via 𝜙𝐸 gives us a functor

𝐸 ∶ (left 𝒪𝐾{𝜏}-modules)→ (𝐴-modules).

Concretely, for each 𝒪𝐾{𝜏}-module𝑀, we set 𝐸(𝑀) ∶= 𝑀 on which 𝐴 acts as

𝑎 ⋅ 𝑥 = 𝜙𝐸(𝑎)𝑥

for 𝑎 ∈ 𝐴 and 𝑥 ∈ 𝑀. Note that 𝑀 and 𝐸(𝑀) are identical as 𝔽𝑞-modules,
so the functor is exact. Since 𝐸 is a functor, if𝑀 is equipped with an action of
a group 𝐺, then 𝐸(𝑀) also has an action of 𝐺. Moreover, by the construction,
the 𝔽𝑞[𝐺]-module structures of 𝑀 and 𝐸(𝑀) are identical. In particular, 𝑀 is
𝐺-cohomologically trivial (𝐺-c.t., for short) if and only if so is 𝐸(𝑀).
We also have a natural functor

(commutative 𝒪𝐾-algebras)→ (left 𝒪𝐾{𝜏}-modules)

by considering each commutative𝒪𝐾-algebra𝑅 as a left𝒪𝐾{𝜏}-module by using
the 𝑞-th Frobenius map 𝜏 ∶ 𝑅 → 𝑅. The resulting composite functor

(commutative 𝒪𝐾-algebras)→ (left 𝒪𝐾{𝜏}-modules)
𝐸
→ (𝐴-modules)

is also denoted by 𝐸.
It is known ([Pap23, Definition A.6]) that there is a non-negative integer 𝑟

such that for any 𝑎 ∈ 𝐴,

deg𝜏 𝜙𝐸(𝑎) = 𝑟 ⋅ dim𝔽𝑞 (𝐴∕𝑎𝐴),

where deg𝜏 𝜙𝐸(𝑎) is the degree as a polynomial in 𝜏. We call 𝑟 the rank of 𝐸.

Example 2.2. Suppose that 𝑄 = 𝔽𝑞(𝑡) and∞ is the place of uniformizer 1∕𝑡,
so 𝐴 = 𝔽𝑞[𝑡]. We also write 𝜃 = 𝛾(𝑡) ∈ 𝐾. We define the Carlitz module 𝐶,
which is a Drinfeld 𝐴-module over 𝒪𝐾 of rank one, by

𝜙𝐶 ∶ 𝐴 = 𝔽𝑞[𝑡] → 𝒪𝐾{𝜏}, 𝜙𝐶(𝑡) = 𝜃 + 𝜏.

For a commutative 𝒪𝐾-algebra 𝑅, the 𝐴-module structure on 𝐶(𝑅) is given by
𝑡 ⋅ 𝑎 = 𝜃𝑎 + 𝑎𝑞.
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2.2. Exponential maps. We write 𝜙Lie𝐸 for the homomorphism
𝜙Lie𝐸 ∶= 𝜕◦𝜙𝐸 = 𝛾 ∶ 𝐴 → 𝒪𝐾 .

This defines a functor
Lie𝐸 ∶ (𝒪𝐾-modules)→ (𝐴-modules),

which is simply the scalar restriction from 𝒪𝐾 to 𝐴 via 𝛾.
It is known ([Gos96, Proposition 4.6.7]) that there is a unique power series,

called the exponential map,

exp𝐸(𝑋) = 𝑋 +
∞∑

𝑖=1
𝑒𝑖𝑋𝑞𝑖 ∈ 𝐾[[𝑋]]

such that
𝜙𝐸(𝑎)(exp𝐸(𝑋)) = exp𝐸(𝛾(𝑎)𝑋)

for all 𝑎 ∈ 𝐴.
Let 𝑣 be an infinite place of 𝐾. Then it is known ([Gos96, Proof of Theorem

4.6.9]) that exp𝐸 is convergent on 𝐾𝑣, giving an 𝐴-homomorphism
exp𝐸 ∶ Lie𝐸(𝐾𝑣) → 𝐸(𝐾𝑣).

We write Λ𝐸(𝐾𝑣) for the kernel of this map. By taking the direct sum for 𝑣 ∣ ∞,
we also have an 𝐴-homomorphism

exp𝐸 ∶ Lie𝐸(𝐾∞) → 𝐸(𝐾∞),
whose kernel is Λ𝐸(𝐾∞) ∶=

⨁
𝑣∣∞Λ𝐸(𝐾𝑣).

For each 𝑣, it is known that Λ𝐸(𝐾𝑣) is a finitely generated 𝐴-module of rank
≤ 𝑟, where 𝑟 denotes the rank of 𝐸. Indeed, the kernel of exp𝐸 ∶ Lie𝐸(𝐾

sep
𝑣 ) →

𝐸(𝐾sep
𝑣 ) is known to be finitely generated of rank 𝑟, where 𝐾sep

𝑣 denotes the
separable closure of 𝐾𝑣 (see [Gos96, Proof of Theorem 4.6.9]), so we have
rank𝐴 Λ𝐸(𝐾𝑣) = 𝑟 if 𝐾𝑣 is large enough. We set

𝑟𝐸(𝐾) = rank𝐴 Λ𝐸(𝐾∞),
so we have 𝑟𝐸(𝐾) ≤ 𝑟 ⋅#𝑆∞(𝐾) and the equality holds if𝐾 is large enough. This
invariant 𝑟𝐸(𝐾) plays the role of the number of complex places, usually denoted
by 𝑟2(𝐾) for a number field 𝐾, in the original Iwasawa theory; see §5.1 and §B.

Example 2.3. Let us consider the Carlitz module𝐶 as in Example 2.2. If we set
𝐷0 = 1 and 𝐷𝑖 = (𝜃𝑞𝑖 − 𝜃)𝐷𝑞

𝑖−1 for 𝑖 ≥ 1, then it is known ([Pap23, Proposition
5.4.1]) that the exponential map of 𝐶 is

exp𝐶(𝑋) = 𝑋 +
∞∑

𝑖=1

𝑋𝑞𝑖

𝐷𝑖
∈ 𝔽𝑞(𝜃)[[𝑋]] ⊂ 𝐾[[𝑋]]

and the kernel of exp𝐶 ∶ Lie𝐶(𝔽𝑞((1∕𝜃))sep) → 𝐶(𝔽𝑞((1∕𝜃))sep) is a rank-one
free 𝐴-module generated by

𝜋𝐶 = (−𝜃)
1

𝑞−1 𝜃
∞∏

𝑖=1
(1 − 1

𝜃𝑞𝑖−1
)
−1
,
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where (−𝜃)
1

𝑞−1 is a (𝑞 −1)-th root of−𝜃 (see [Pap23, Corollary 5.4.9]). Thus, we
have

𝑟𝐶(𝐾) = #{𝑣 ∈ 𝑆∞(𝐾) ∣ (−𝜃)
1

𝑞−1 ∈ 𝐾𝑣}.

2.3. Local rational points. For a finite place 𝑣 of 𝐾, we have 𝐴-modules
𝐸(𝔪𝐾,𝑣) ⊂ 𝐸(𝒪𝐾,𝑣) ⊂ 𝐸(𝐾𝑣).

The quotient module 𝐸(𝒪𝐾,𝑣)∕𝐸(𝔪𝐾,𝑣) ≃ 𝐸(𝜅𝑣(𝐾)) is finite, and 𝐸(𝔪𝐾,𝑣) has
the following property.

Proposition 2.4. Let 𝔭 be a prime of𝐴 and 𝑣 a 𝔭-adic place of𝐾. Then 𝐸(𝔪𝐾,𝑣)
is naturally equipped with a finitely generated𝐴𝔭-module structure of rank [𝐾𝑣 ∶
𝑄𝔭]. Therefore,

⨁
𝑣∣𝔭 𝐸(𝔪𝐾,𝑣) is a finitely generated 𝐴𝔭-module of rank [𝐾 ∶ 𝑄].

Proof. The 𝐴𝔭-module structure on 𝐸(𝔪𝐾,𝑣) comes from the formal Drinfeld
𝐴𝔭-module attached to𝐸 as explained in [Pap23, Text after Definition 6.5.1] and
Rosen [Ros03, p.247, Text before Definition]. Moreover, in [Ros03, Proposition
2.3], it is shown that the logarithm map gives an 𝐴𝔭-isomorphism 𝐸(𝔪𝑠

𝐾,𝑣) →
𝔪𝑠

𝐾,𝑣 for a large integer 𝑠 ≥ 1. Therefore, we have

rank𝐴𝔭
(𝐸(𝔪𝐾,𝑣)) = rank𝐴𝔭

(𝐸(𝔪𝑠
𝐾,𝑣)) = rank𝐴𝔭

(𝔪𝑠
𝐾,𝑣)

= rank𝐴𝔭
(𝒪𝐾,𝑣) = [𝐾𝑣 ∶ 𝑄𝔭]

as claimed. The final assertion follows from
∑

𝑣∣𝔭[𝐾𝑣 ∶ 𝑄𝔭] = [𝐾 ∶ 𝑄]. □

3. Taelman class groups
In this section, after reviewing the unit groups and class groups á la Taelman,

we introduce its generalizations by considering moduli. See §B for analogues
in the number field setting. Then, we observe the behavior of the class groups
with respect to Galois descent, which plays the key role in the proof of themain
theorems.
Let 𝐾 be a global 𝑄-field and 𝐸 a Drinfeld 𝐴-module over 𝒪𝐾 .

3.1. The original unit groups and class groups. Wefirst review the original
unit group and class group (without moduli), introduced by Taelman [Tae10]
(see also [ANDTR17]).

Definition 3.1. We define the Taelman class group 𝐻(𝐸∕𝒪𝐾) as the quotient
𝐴-module

𝐻(𝐸∕𝒪𝐾) ∶=
𝐸(𝐾∞)

𝐸(𝒪𝐾) + exp𝐸(𝐾∞)
([Tae10, Definition 4]; one may refer to [Pap23, Theorem 7.6.17(1)]). Strictly
speaking, the term exp𝐸(𝐾∞) in the denominator should be written as
exp𝐸(Lie𝐸(𝐾∞)), but this is unnecessarily complicated, so we adopt this sim-
pler notation.
We have two kinds of unit groups, denoted by 𝑈(𝐸∕𝒪𝐾) and 𝑈′(𝐸∕𝒪𝐾),

the latter being auxiliary in this paper. (Even the former is unnecessary for
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the proof of the main results themselves, but is needed to fully study the class
groups in §5.1.)
We define 𝑈(𝐸∕𝒪𝐾) as the kernel of the natural 𝐴-homomorphism

𝐸(𝒪𝐾) ↪ 𝐸(𝐾∞) ↠
𝐸(𝐾∞)

exp𝐸(𝐾∞)
,

while we define 𝑈′(𝐸∕𝒪𝐾) as the kernel of the 𝐴-homomorphism

Lie𝐸(𝐾∞)
exp𝐸→ 𝐸(𝐾∞) ↠

𝐸(𝐾∞)
𝐸(𝒪𝐾)

.

The module 𝑈′(𝐸∕𝒪𝐾) appears in [Tae10, Theorem 1], while 𝑈(𝐸∕𝒪𝐾) ap-
pears in [Tae10, Proposition 1] when 𝐸 is the Carlitz module. One may refer to
[Pap23, The beginning of §7.6.3] for 𝑈(𝐸∕𝒪𝐾) in general.

By definition, we have an exact sequence

0 → 𝑈(𝐸∕𝒪𝐾) → 𝐸(𝒪𝐾) →
𝐸(𝐾∞)

exp𝐸(𝐾∞)
→ 𝐻(𝐸∕𝒪𝐾) → 0

of 𝐴-modules.

Remark 3.2. In the definition of Drinfeldmodules, we do not assume the stan-
dard extra condition that𝜙𝐸(𝐴) ⊄ 𝒪𝐾 . When𝜙𝐸(𝐴) ⊂ 𝒪𝐾 , the exponentialmap
exp𝐸 ∶ Lie𝐸(𝐾𝑣) → 𝐸(𝐾𝑣) is simply the identitymap, sowe have𝐻(𝐸∕𝒪𝐾) = 0,
which is uninteresting.

The relation between 𝑈(𝐸∕𝒪𝐾) and 𝑈′(𝐸∕𝒪𝐾) is described as follows.

Lemma 3.3. We have an exact sequence

0 → Λ𝐸(𝐾∞) → 𝑈′(𝐸∕𝒪𝐾)
exp𝐸→ 𝑈(𝐸∕𝒪𝐾) → 0

of 𝐴-modules.

Proof. We obtain this lemma by applying the snake lemma to the diagram

Lie𝐸(𝐾∞)

exp𝐸
��

Lie𝐸(𝐾∞)

exp𝐸��

0 // 𝐸(𝒪𝐾) // 𝐸(𝐾∞) // 𝐸(𝐾∞)
𝐸(𝒪𝐾)

// 0.

□

Proposition 3.4. The following hold.
(1) The 𝐴-module𝐻(𝐸∕𝒪𝐾) is finite.
(2) The 𝐴-module𝑈(𝐸∕𝒪𝐾) is finitely generated of rank [𝐾 ∶ 𝑄] − 𝑟𝐸(𝐾).
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Proof. Take a non-constant element 𝑡 ∈ 𝐴 ⧵ 𝔽𝑞. Restricting 𝐸 to the subring
𝔽𝑞[𝑡] of 𝐴, we can regard 𝐸 as a Drinfeld 𝔽𝑞[𝑡]-module over 𝒪𝐾 . Then its ex-
ponential map coincides with the original one by uniqueness. Hence, its Tael-
man class group and unit groups are also the same as𝐻(𝐸∕𝒪𝐾), 𝑈′(𝐸∕𝒪𝐾), and
𝑈(𝐸∕𝒪𝐾) viewed as 𝔽𝑞[𝑡]-modules, respectively.
(1) By this argument, we may assume that 𝐴 = 𝔽𝑞[𝑡]. Then the claim is

proved by Taelman [Tae10, Theorem 1], which is reproduced in [Pap23, Theo-
rem 7.6.17(1)].
(2) When 𝐸 is the Carlitz module, this is proved in [Tae10, Proposition 1].

The general case can be shown in the same way, as follows. For 𝐸 viewed as a
Drinfeld 𝔽𝑞[𝑡]-module, Taelman [Tae10, Theorem 1] proved that 𝑈′(𝐸∕𝒪𝐾) is
an 𝔽𝑞[𝑡]-lattice of Lie𝐸(𝐾∞) (i.e., a discrete and co-compact 𝔽𝑞[𝑡]-submodule).
Therefore, it is also an 𝐴-lattice of Lie𝐸(𝐾∞), so it is a projective 𝐴-module of
rank [𝐾 ∶ 𝑄] (one may refer to [Pap23, Theorem 7.6.17(2), Corollary 7.6.18]).
Then we obtain the claim by Lemma 3.3, noting that the 𝐴-rank of Λ𝐸(𝐾∞) is
𝑟𝐸(𝐾) by definition. □

3.2. Modifications with moduli. We introduce the concept of unit groups
and class groups with moduli.

Definition 3.5. Let 𝔣 be a nonzero ideal of 𝒪𝐾 . We regard 𝔣 as a modulus∏
𝑣 𝑣

ord𝑣(𝔣) of 𝐾, where 𝑣 runs over the finite places of 𝐾. Then we define the
unit group𝑈𝔣(𝐸∕𝒪𝐾) and class group𝐻𝔣(𝐸∕𝒪𝐾) as, respectively, the kernel and
cokernel of the natural 𝐴-homomorphism

𝐸(𝐾) →
𝐸(𝐾∞)

exp𝐸(𝐾∞)
⊕
⨁

𝑣

𝐸(𝐾𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

induced by the diagonal map. Therefore, we have an exact sequence

0 → 𝑈𝔣(𝐸∕𝒪𝐾) → 𝐸(𝐾) →
𝐸(𝐾∞)

exp𝐸(𝐾∞)
⊕
⨁

𝑣

𝐸(𝐾𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

→ 𝐻𝔣(𝐸∕𝒪𝐾) → 0

of 𝐴-modules.

Remark 3.6. We have another description of 𝑈𝔣(𝐸∕𝒪𝐾) and 𝐻𝔣(𝐸∕𝒪𝐾). Let 𝑆
be a finite set of finite places of𝐾 that contains the support of 𝔣 (i.e., ord𝑣(𝔣) = 0
unless 𝑣 ∈ 𝑆). Let 𝒪𝐾,𝑆 be the ring of 𝑆-integers of 𝐾. Then 𝑈𝔣(𝐸∕𝒪𝐾) and
𝐻𝔣(𝐸∕𝒪𝐾) can be defined as the kernel and cokernel of the homomorphism

𝐸(𝒪𝐾,𝑆) →
𝐸(𝐾∞)

exp𝐸(𝐾∞)
⊕
⨁

𝑣∈𝑆

𝐸(𝐾𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

.

This is because the natural homomorphism

𝐾
𝒪𝐾,𝑆

→
⨁

𝑣∉𝑆

𝐾𝑣
𝒪𝐾,𝑣
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is an isomorphism. In particular, when 𝔣 = (1) is the trivial modulus, we may
take 𝑆 = ∅, so 𝑈(1)(𝐸∕𝒪𝐾) = 𝑈(𝐸∕𝒪𝐾) and 𝐻(1)(𝐸∕𝒪𝐾) = 𝐻(𝐸∕𝒪𝐾). Simi-

larly, since the natural homomorphism 𝐾
𝔣
→

⨁

𝑣

𝐾𝑣
𝔣𝒪𝐾,𝑣

is an isomorphism, we

obtain yet another description

𝐻𝔣(𝐸∕𝒪𝐾) =
𝐸(𝐾∞)

𝐸(𝔣) + exp𝐸(𝐾∞)
.

Let us study the effect of changing the moduli.

Proposition 3.7. For moduli 𝔣, 𝔤 of 𝐾 with 𝔤 ∣ 𝔣 (i.e., 𝔤 is a divisor of 𝔣), we have
an exact sequence

0 → 𝑈𝔣(𝐸∕𝒪𝐾) → 𝑈𝔤(𝐸∕𝒪𝐾) →
⨁

𝑣

𝐸(𝔤𝒪𝐾,𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

→ 𝐻𝔣(𝐸∕𝒪𝐾) → 𝐻𝔤(𝐸∕𝒪𝐾) → 0.

Proof. Consider the natural commutative diagram

0 // 𝑈𝔣(𝐸∕𝒪𝐾) //

��

𝐸(𝐾) // 𝐸(𝐾∞)
exp𝐸(𝐾∞)

⊕
⨁

𝑣
𝐸(𝐾𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

//

(∗)
��

𝐻𝔣(𝐸∕𝒪𝐾) //

��

0

0 // 𝑈𝔤(𝐸∕𝒪𝐾) // 𝐸(𝐾) // 𝐸(𝐾∞)
exp𝐸(𝐾∞)

⊕
⨁

𝑣
𝐸(𝐾𝑣)

𝐸(𝔤𝒪𝐾,𝑣)
// 𝐻𝔤(𝐸∕𝒪𝐾) // 0.

Themap (∗) is clearly surjective and its kernel is
⨁

𝑣
𝐸(𝔤𝒪𝐾,𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

. Then this diagram

yields the claimed exact sequence. □

Proposition 3.8. For a modulus 𝔣 of 𝐾, the following hold.
(1) The 𝐴-module𝐻𝔣(𝐸∕𝒪𝐾) is finite.
(2) The 𝐴-module𝑈𝔣(𝐸∕𝒪𝐾) is finitely generated of rank [𝐾 ∶ 𝑄] − 𝑟𝐸(𝐾).

Proof. The case 𝔣 = (1) is the same as Proposition 3.4. Then the general case
follows from Proposition 3.7 applied to 𝔤 = (1). □

3.3. 𝑺-modifications. Let 𝐴̂ be the profinite completion of𝐴. Wehave a canon-
ical isomorphism 𝐴̂ ≃

∏
𝔭𝐴𝔭, where 𝔭 runs over the primes of 𝐴. For each

modulus 𝔣 of 𝐾, we write 𝑈̂𝔣(𝐸∕𝒪𝐾) = 𝐴̂ ⊗𝐴 𝑈𝔣(𝐸∕𝒪𝐾) for the profinite com-
pletion of 𝑈𝔣(𝐸∕𝒪𝐾).

Definition 3.9. Let 𝑆 be a finite set of finite places of 𝐾. We set
𝑈̂𝑆(𝐸∕𝒪𝐾) = lim←,,

𝔣
𝑈̂𝔣(𝐸∕𝒪𝐾), 𝐻𝑆(𝐸∕𝒪𝐾) = lim←,,

𝔣
𝐻𝔣(𝐸∕𝒪𝐾),

where 𝔣 runs over the moduli of 𝐾 whose supports are contained in 𝑆. Here,
both 𝑈̂𝔣(𝐸∕𝒪𝐾) and𝐻𝔣(𝐸∕𝒪𝐾) are projective systemswith respect to 𝔣 by Propo-
sition 3.7.
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We have

𝑈̂∅(𝐸∕𝒪𝐾) = 𝐴̂ ⊗𝐴 𝑈(𝐸∕𝒪𝐾), 𝐻∅(𝐸∕𝒪𝐾) = 𝐻(𝐸∕𝒪𝐾).

For each finite place 𝑣 of 𝐾, we see that 𝐸(𝒪𝐾,𝑣) is finitely generated over 𝐴̂ by
Proposition 2.4.

Proposition 3.10. For finite sets 𝑆, 𝑇 of finite places of𝐾 with 𝑇 ⊂ 𝑆, we have an
exact sequence

0 → 𝑈̂𝑆(𝐸∕𝒪𝐾) → 𝑈̂𝑇(𝐸∕𝒪𝐾) →
⨁

𝑣∈𝑆⧵𝑇
𝐸(𝒪𝐾,𝑣)

→ 𝐻𝑆(𝐸∕𝒪𝐾) → 𝐻𝑇(𝐸∕𝒪𝐾) → 0

of 𝐴̂-modules.

Proof. First, we apply the exact functor 𝐴̂⊗𝐴(−) to the sequence in Proposition
3.7. The resulting sequence consists of finitely generated 𝐴̂-modules, so they
are all compact. Therefore, taking the projective limit also preserves exactness,
and we obtain the proposition. □

Proposition 3.11. Both 𝑈̂𝑆(𝐸∕𝒪𝐾) and𝐻𝑆(𝐸∕𝒪𝐾) are finitely generated over 𝐴̂.

Proof. When 𝑆 = ∅, the claim follows from Proposition 3.4; 𝐻∅(𝐸∕𝒪𝐾) is
moreover finite. Then the general case follows from Proposition 3.10 applied
to 𝑇 = ∅. More precisely, additional justification is needed to deduce the claim
for 𝑈̂𝑆(𝐸∕𝒪𝐾) since the ring 𝐴̂ is not noetherian. This is justified because any
closed submodule of a finitely generated 𝐴̂-module is again finitely generated.
This, in turn, follows from the fact that any closed ideal of 𝐴̂ is finitely generated
(indeed, every such ideal is principal). □

Note that𝐻𝑆(𝐸∕𝒪𝐾) can be infinite if 𝑆 is large; see Proposition 5.2 below.

3.4. Functoriality with respect to field extensions. Let 𝐾′∕𝐾 be a finite
extension. We regard 𝐾′ as a global 𝑄-field in the obvious way. We also regard
the given Drinfeld 𝐴-module 𝐸 over 𝒪𝐾 as one over 𝒪𝐾′ .
For each place 𝑣 of 𝐾, we write 𝐾′

𝑣 = 𝐾𝑣 ⊗𝐾 𝐾′, which is isomorphic to the
product of the completions of𝐾′ at places lying above 𝑣. When 𝑣 is a finite place
of 𝐾, we also have𝔪𝐾′,𝑣 ⊂ 𝒪𝐾′,𝑣 ⊂ 𝐾′

𝑣 and 𝜅𝑣(𝐾′) = 𝒪𝐾′,𝑣∕𝔪𝐾′,𝑣 in a similar
way (𝜅𝑣(𝐾′) is a product of finite fields).
We have the inclusion map 𝜄𝐾′∕𝐾 ∶ 𝐾 ↪ 𝐾′ and trace map Tr𝐾′∕𝐾 ∶ 𝐾′ → 𝐾.

By base change, thesemaps also induce 𝜄𝐾′∕𝐾 ∶ 𝐾𝑣 → 𝐾′
𝑣 andTr𝐾′∕𝐾 ∶ 𝐾′

𝑣 → 𝐾𝑣
for any place 𝑣 of 𝐾. When 𝐾′∕𝐾 is inseparable, the trace map is the zero map.
When𝐾′∕𝐾 is separable, the tracemap is known to be surjective and, as a result,
for a nonzero ideal 𝔣′ of𝒪𝐾′ , the image Tr𝐾′∕𝐾(𝔣′) is again a nonzero ideal of𝒪𝐾 .
In this subsection, we observe that these maps 𝜄𝐾′∕𝐾 and Tr𝐾′∕𝐾 induce maps

between the unit groups and class groups. We first deal with the setting of §3.2.

Definition 3.12. Let 𝔣 and 𝔣′ be moduli of 𝐾 and 𝐾′, respectively.
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(1) When 𝔣𝒪𝐾′ ⊂ 𝔣′, we define natural maps

𝑈𝔣(𝐸∕𝒪𝐾) ↪ 𝑈𝔣′(𝐸∕𝒪𝐾′), 𝐻𝔣(𝐸∕𝒪𝐾) → 𝐻𝔣′(𝐸∕𝒪𝐾′)

by the commutative diagram

0 // 𝑈𝔣′(𝐸∕𝒪𝐾′) // 𝐸(𝐾′) // 𝐸(𝐾′
∞)

exp𝐸(𝐾
′
∞)
⊕
⨁

𝑣
𝐸(𝐾′

𝑣)
𝐸(𝔣′𝒪𝐾′,𝑣)

// 𝐻𝔣′(𝐸∕𝒪𝐾′) // 0

0 // 𝑈𝔣(𝐸∕𝒪𝐾) //
?�

OO

𝐸(𝐾)
?�

𝜄𝐾′∕𝐾

OO

// 𝐸(𝐾∞)
exp𝐸(𝐾∞)

⊕
⨁

𝑣
𝐸(𝐾𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

//

𝜄𝐾′∕𝐾
OO

𝐻𝔣(𝐸∕𝒪𝐾) //

OO

0.

(2) Suppose 𝐾′∕𝐾 is separable. When 𝔣 ⊃ Tr𝐾′∕𝐾(𝔣′), we define natural
maps

𝑈𝔣′(𝐸∕𝒪𝐾′) → 𝑈𝔣(𝐸∕𝒪𝐾), 𝐻𝔣′(𝐸∕𝒪𝐾′) ↠ 𝐻𝔣(𝐸∕𝒪𝐾)

by the commutative diagram

0 // 𝑈𝔣′(𝐸∕𝒪𝐾′) //

��

𝐸(𝐾′) //

Tr𝐾′∕𝐾
����

𝐸(𝐾′
∞)

exp𝐸(𝐾
′
∞)
⊕
⨁

𝑣
𝐸(𝐾′

𝑣)
𝐸(𝔣′𝒪𝐾′,𝑣)

//

Tr𝐾′∕𝐾
����

𝐻𝔣′(𝐸∕𝒪𝐾′) //

����

0

0 // 𝑈𝔣(𝐸∕𝒪𝐾) // 𝐸(𝐾) // 𝐸(𝐾∞)
exp𝐸(𝐾∞)

⊕
⨁

𝑣
𝐸(𝐾𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

// 𝐻𝔣(𝐸∕𝒪𝐾) // 0.

We now show a Galois descent property.

Proposition 3.13. Let 𝐾′∕𝐾 be a finite Galois extension and 𝐺 its Galois group.
Let 𝔣′ be amodulus of𝐾′ that is𝐺-stable. Set 𝔣 = Tr𝐾′∕𝐾(𝔣′), which we regard as a
modulus of 𝐾. Then 𝐻𝔣′(𝐸∕𝒪𝐾′) is naturally a 𝐺-module, and its 𝐺-coinvariant
satisfies an isomorphism

𝐻𝔣′(𝐸∕𝒪𝐾′)𝐺 ≃ 𝐻𝔣(𝐸∕𝒪𝐾)

as 𝐴-modules, induced by the map in Definition 3.12(2).

Proof. By the existence of normal bases, the module 𝐾′ is 𝐺-cohomologically
trivial (𝐺-c.t.). Therefore, for any place 𝑣 of 𝐾, the localization 𝐾′

𝑣 = 𝐾𝑣 ⊗𝐾 𝐾′

is also 𝐺-c.t. This implies that the maps labeled (1), (2), (5), and (7) below are
all isomorphisms.
For each infinite place 𝑣 of 𝐾, we have a commutative diagram

(𝐾′
𝑣)𝐺

exp𝐸 //

(1)

��

𝐸(𝐾′
𝑣)𝐺 //

(2)

��

(
𝐸(𝐾′

𝑣)
exp𝐸(𝐾

′
𝑣)
)
𝐺

//

(3)
��

0

𝐾𝑣 exp𝐸
// 𝐸(𝐾𝑣) //

𝐸(𝐾𝑣)
exp𝐸(𝐾𝑣)

// 0
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induced by the trace maps. Therefore, the map (3) is an isomorphism.
For each finite place 𝑣 of 𝐾, we have a commutative diagram

𝐸(𝔣′𝒪𝐾′,𝑣)𝐺 //

(4)

��

𝐸(𝐾′
𝑣)𝐺 //

(5)

��

(
𝐸(𝐾′

𝑣)
𝐸(𝔣′𝒪𝐾′,𝑣)

)
𝐺

//

(6)
��

0

𝐸(𝔣𝒪𝐾,𝑣) // 𝐸(𝐾𝑣) //
𝐸(𝐾𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

// 0

induced by the trace maps. The map (4) is surjective by the definition of 𝔣.
Therefore, the map (6) is an isomorphism.
We now consider the following diagram

𝐸(𝐾′)𝐺 //

(7)

��

(
⨁

𝑣∣∞

𝐸(𝐾′
𝑣)

exp𝐸(𝐾
′
𝑣)
⊕
⨁

𝑣∤∞

𝐸(𝐾′
𝑣)

𝐸(𝔣′𝒪𝐾′,𝑣)
)
𝐺

//

(8)
��

𝐻𝔣′(𝐸∕𝒪𝐾′)𝐺 //

(9)

��

0

𝐸(𝐾) //⨁
𝑣∣∞

𝐸(𝐾𝑣)
exp𝐸(𝐾𝑣)

⊕
⨁

𝑣∤∞

𝐸(𝐾𝑣)
𝐸(𝔣𝒪𝐾,𝑣)

// 𝐻𝔣(𝐸∕𝒪𝐾) // 0

induced by the trace maps. The map (8) is the combination of (3) and (6), so it
is an isomorphism. As a consequence, (9) is an isomorphism, as claimed. □

The following well-known proposition (Noether’s theorem) is useful to han-
dle Tr𝐾′∕𝐾(𝔣′).

Proposition 3.14. For each finite place 𝑣 of 𝐾, the trace map Tr𝐾′∕𝐾 ∶ 𝐾′
𝑣 → 𝐾𝑣

satisfies
Tr𝐾′∕𝐾(𝒪𝐾′

𝑣
) = 𝒪𝐾𝑣

if and only if 𝐾′∕𝐾 is tamely ramified at 𝑣.

Proof. See, e.g., [Ser79, Chap. III, Propositions 7 and 13]. □

We proceed to the setting of §3.3.

Definition 3.15. Let 𝑆 and 𝑆′ be finite sets of finite places of 𝐾 and 𝐾′, respec-
tively. We write 𝑆𝐾′ for the set of places of 𝐾′ lying above places in 𝑆.

(1) When 𝑆𝐾′ ⊂ 𝑆′, we define natural maps

𝑈̂𝑆(𝐸∕𝒪𝐾) ↪ 𝑈̂𝑆′(𝐸∕𝒪𝐾′), 𝐻𝑆(𝐸∕𝒪𝐾) → 𝐻𝑆′(𝐸∕𝒪𝐾′)

as the projective limits of the maps in Definition 3.12(1).
(2) Suppose 𝐾′∕𝐾 is separable. When 𝑆𝐾′ ⊃ 𝑆′, we define natural maps

𝑈̂𝑆′(𝐸∕𝒪𝐾′) → 𝑈̂𝑆(𝐸∕𝒪𝐾), 𝐻𝑆′(𝐸∕𝒪𝐾′) ↠ 𝐻𝑆(𝐸∕𝒪𝐾)

as the projective limits of the maps in Definition 3.12(2).
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To ease the notation, for a finite set 𝑆 of finite places of 𝐾, we set

𝑈̂𝑆(𝐸∕𝒪𝐾′) = 𝑈̂𝑆𝐾′ (𝐸∕𝒪𝐾′), 𝐻𝑆(𝐸∕𝒪𝐾′) = 𝐻𝑆𝐾′ (𝐸∕𝒪𝐾′).

The followingGalois descent property plays the key role in the proof of themain
theorems.

Proposition 3.16. Let 𝐾′∕𝐾 be a finite Galois extension and 𝐺 its Galois group.
Let 𝑆 be a finite set of finite places of 𝐾. Suppose that 𝐾′∕𝐾 is tamely ramified at
any finite place 𝑣 ∉ 𝑆. Then we have an isomorphism

𝐻𝑆(𝐸∕𝒪𝐾′)𝐺 ≃ 𝐻𝑆(𝐸∕𝒪𝐾)

as 𝐴̂-modules, induced by the map in Definition 3.15(2).

Proof. By Proposition 3.14 and the assumption, for anymodulus 𝔣′ of𝐾′whose
support is in 𝑆𝐾′ , its trace Tr𝐾′∕𝐾(𝔣′) is a modulus of 𝐾 whose support is in 𝑆.
Moreover, for anymodulus 𝔣 of𝐾, there is amodulus 𝔣′ of𝐾′ that is𝐺-stable and
𝔣 ⊃ Tr𝐾′∕𝐾(𝔣′); for instance, 𝔣′ = 𝔣𝒪𝐾′ works. Therefore, the proposition follows
by taking the projective limit of the isomorphism in Proposition 3.13. □

4. Iwasawa-type asymptotic formula
Let𝒦∕𝐾 be a ℤ𝑝-extension of global 𝑄-fields and 𝐾𝑛 its 𝑛-th layer. Set Γ =

Gal(𝒦∕𝐾). Let 𝑆ram = 𝑆ram(𝒦∕𝐾) denote the set of finite places 𝑣 that are
ramified (necessarily wildly) in𝒦∕𝐾. We assume that 𝑆ram(𝒦∕𝐾) is finite. Let
𝐸 be a Drinfeld 𝐴-module over 𝒪𝐾 .
We first mention that there are many ℤ𝑝-extensions 𝒦∕𝐾 that fit into this

setting (see also Higgins [Hig21, Example 4.1.1]):

Example 4.1. As in Example 2.2, let 𝑄 = 𝔽𝑞(𝑡), ∞ = 1∕𝑡, and 𝐴 = 𝔽𝑞[𝑡].
Assume that 𝐾 = 𝔽𝑞(𝜃) and 𝛾∶ 𝐴 → 𝐾 is determined by 𝛾(𝑡) = 𝜃. There are
various kinds of ℤ𝑝-extensions of 𝐾 with finite 𝑆ram as follows.
By the Kronecker–Weber-type theorem [Hay74, Theorem 7.1], the maximal

abelian extension of 𝐾 = 𝔽𝑞(𝜃) is the composite of three linearly disjoint fields
𝔽𝑞(𝜃), 𝐾𝐶 , and 𝐾𝐶 . Here, 𝔽𝑞 is the algebraic closure of 𝔽𝑞 in 𝐾sep and 𝐾𝐶 =
𝐾(𝐶(𝐾sep)tors), where 𝐶(𝐾sep)tors is the torsion 𝐴-submodule of 𝐶(𝐾sep). The
remaining field 𝐾𝐶 is given by adjoining 𝐶(𝐾sep)tors for the Drinfeld 𝔽𝑞[1∕𝑡]-
module 𝐶 determined by 𝜙𝐶(1∕𝑡) = 1∕𝜃 + 𝜏. We getℤ𝑝-extensions along these
three directions:

∙ The family {𝐾𝑛}𝑛≥0 with 𝐾𝑛 = 𝔽𝑞𝑝𝑛 (𝜃) gives a ℤ𝑝-extension of 𝐾 un-
ramified at all places, so that 𝑆ram = ∅.

∙ For each prime 𝔭 of𝐴, the 𝔭-primary part 𝐶[𝔭∞] of 𝐶(𝐾sep)tors provides
the Carlitz 𝔭-cyclotomic extension 𝐾(𝐶[𝔭∞])∕𝐾. It is an abelian exten-
sion with Galois group 𝐴×

𝔭 ≅ (𝐴∕𝔭)× × ℤℵ0
𝑝 , in which all finite places

except 𝔭 are unramified and∞ is tamely ramified ([Ros02, Proposition
12.7, Theorem 12.14]). Thus, 𝐾(𝐶[𝔭∞]) contains infinitely many ℤ𝑝-
extensions of 𝐾 unramified at∞ with 𝑆ram = {𝔭}.
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∙ The field 𝐾𝐶 contains all ℤ𝑝-extensions of 𝐾 unramified at all finite
places and totally ramified at ∞. For example, for each non-constant
polynomial 𝑓(𝜃) ∈ 𝔽𝑞[𝜃], there is a tower of affine smooth curves 𝐶𝑛
over 𝔽𝑞

⋯→ 𝐶𝑛 → 𝐶𝑛−1 →⋯→ 𝐶0 ∶= 𝔸1
𝔽𝑞
,

which is usually called the Artin–Schreier–Witt cover associated to 𝑓(𝜃)
(cf. [DaWX16, §1] and [KW18, Example 4.10]), which forms a tower of
Galois covers of 𝔸1

𝔽𝑞
totally ramified at∞ with total Galois group ℤ𝑝.

Thus, writing 𝐾𝑛 for the function field of 𝐶𝑛, we get a ℤ𝑝-extension of
𝐾 in 𝐾𝐶 with 𝑆ram = ∅.

In general, ℤ𝑝-extensions of global function fields can be described by class
field theory (cf. [GK88, §1]) and Artin–Schreier–Witt theory (see [KW18, §2]
for instance).

4.1. Iwasawa modules. We naturally define the Iwasawa modules.

Definition 4.2. For a finite set 𝑆 of finite places of 𝐾, we define

𝑈̂𝑆(𝐸∕𝒪𝒦) = lim←,,
𝑛
𝑈̂𝑆(𝐸∕𝒪𝐾𝑛), 𝐻𝑆(𝐸∕𝒪𝒦) = lim←,,

𝑛
𝐻𝑆(𝐸∕𝒪𝐾𝑛)

by using Definition 3.15(2). For a prime 𝔭 of 𝐴, we set 𝐻𝑆(𝐸∕𝒪𝐾𝑛)𝔭 = 𝐴𝔭 ⊗𝐴̂
𝐻𝑆(𝐸∕𝒪𝐾𝑛) and define

𝐻𝑆(𝐸∕𝒪𝒦)𝔭 = lim←,,
𝑛
𝐻𝑆(𝐸∕𝒪𝐾𝑛)𝔭

similarly. Then 𝐻𝑆(𝐸∕𝒪𝒦) is a compact module over the completed group
ring 𝐴̂[[Γ]] = lim←,,𝑛 𝐴̂[Γ∕Γ

𝑝𝑛], while 𝐻𝑆(𝐸∕𝒪𝒦)𝔭 is a compact module over
𝐴𝔭[[Γ]] = lim←,,𝑛 𝐴𝔭[Γ∕Γ𝑝

𝑛]. When 𝑆 = ∅, we write 𝐻(𝐸∕𝒪𝒦) = 𝐻∅(𝐸∕𝒪𝒦)
and𝐻(𝐸∕𝒪𝒦)𝔭 = 𝐻∅(𝐸∕𝒪𝒦)𝔭.

This 𝐻(𝐸∕𝒪𝒦)𝔭 is the same as the module introduced in [Hig21, §4.1]. In
fact, Propositions 4.4 and 4.5 below, specialized to the case where 𝑆 = 𝑆ram = ∅,
are already obtained in [Hig21, §4.2].

Proposition 4.3. For finite sets 𝑆, 𝑇 of finite places of 𝐾 with 𝑇 ⊂ 𝑆, we have an
exact sequence

0 → 𝑈̂𝑆(𝐸∕𝒪𝒦) → 𝑈̂𝑇(𝐸∕𝒪𝒦) →
⨁

𝑣∈𝑆⧵𝑇
lim←,,
𝑛
𝐸(𝒪𝐾𝑛 ,𝑣)

→ 𝐻𝑆(𝐸∕𝒪𝒦) → 𝐻𝑇(𝐸∕𝒪𝒦) → 0

of 𝐴̂[[Γ]]-modules.

Proof. This is the projective limit of Proposition 3.10. Indeed, the exactness is
preserved by compactness. □
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This proposition shows that the effect of 𝑆 can be evaluated by lim←,,𝑛 𝐸(𝒪𝐾𝑛 ,𝑣).
It seems to be notable that lim←,,𝑛 𝐸(𝒪𝐾𝑛 ,𝑣) vanishes if 𝑣 is ramified in 𝒦∕𝐾, so
the ramified places do not affect 𝐻𝑆(𝐸∕𝒪𝒦) (see §5.2). This observation is un-
necessary to prove the main theorem, Theorem 4.7.

Proposition 4.4. Let𝑆 be afinite set of finite places of𝐾 such that𝑆 ⊃ 𝑆ram(𝒦∕𝐾).
Then we have an isomorphism

𝐻𝑆(𝐸∕𝒪𝒦)Γ𝑝𝑛 ≃ 𝐻𝑆(𝐸∕𝒪𝐾𝑛)

for any 𝑛 ≥ 0.

Proof. This is the projective limit of Proposition 3.16. □

Proposition 4.5. For a finite set 𝑆 of finite places of 𝐾, the module𝐻𝑆(𝐸∕𝒪𝒦) is
finitely generated over 𝐴̂[[Γ]].

Proof. By the surjective homomorphism

𝐻𝑆∪𝑆ram(𝐸∕𝒪𝒦) ↠ 𝐻𝑆(𝐸∕𝒪𝒦)

in Proposition 4.3, we may assume that 𝑆 ⊃ 𝑆ram(𝒦∕𝐾) by enlarging 𝑆 if nec-
essary. Then by Proposition 4.4, we have 𝐻𝑆(𝐸∕𝒪𝒦)Γ ≃ 𝐻𝑆(𝐸∕𝒪𝐾), which is
finitely generated over 𝐴̂ by Proposition 3.11. By applying the topological ver-
sion of Nakayama’s lemma (see [NSW08, Lemma (5.2.18)] or [Was97, Lemma
13.16]), the proposition follows. □

Remark 4.6. More generally, for any Galois extension𝒦 of a global 𝑄-field 𝐾,
we can define

𝐻𝑆(𝐸∕𝒪𝒦) = lim←,,
𝐾′

𝐻𝑆(𝐸∕𝒪𝐾′),

where 𝐾′ runs over the finite Galois extensions of 𝐾 in 𝒦. Then the same ar-
gument shows that this is a finitely generated module over 𝐴̂[[Gal(𝒦∕𝐾)]] as
long as 𝑆ram(𝒦∕𝐾) is finite and Gal(𝒦∕𝐾) contains an open pro-𝑝 subgroup.
It seems to be natural to apply this framework to 𝐾(𝐸[𝔭∞])∕𝐾, but then the
Galois group is so large (see Example 4.1) that the Iwasawa algebra is not even
noetherian. We do not study this topic in this paper.

4.2. Iwasawa-type asymptotic formula. We now state and prove the main
theorem, fromwhichTheorem1.1 follows at once by setting 𝑆 = ∅ (for the value
of 𝜇𝔭, see the paragraph after the proof). Let 𝐻𝑆(𝐸∕𝒪𝐾𝑛)𝔭,f in be the maximal
finite 𝐴𝔭-submodule of𝐻𝑆(𝐸∕𝒪𝐾𝑛)𝔭.

Theorem 4.7. Let 𝔭 be a prime of𝐴. Let 𝑆 be a finite set of finite places of𝐾 such
that 𝑆 ⊃ 𝑆ram(𝒦∕𝐾) ∩ 𝑆𝔭, that is, 𝑆 contains all ramified 𝔭-adic places. Then
there exist integers 𝜇𝔭 ≥ 0 and 𝜈𝔭 such that

length𝐴𝔭
(𝐻𝑆(𝐸∕𝒪𝐾𝑛)𝔭,f in) = 𝜇𝔭𝑝𝑛 + 𝜈𝔭

holds for 𝑛 ≫ 0 with 𝜇𝔭 = 𝜇∗(𝐻𝑆(𝐸∕𝒪𝒦)𝔭,tors) as in Definition A.2.
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Proof. When 𝑆 ⊃ 𝑆ram = 𝑆ram(𝒦∕𝐾), the claim follows at once from Propo-
sition 4.4 and Theorem A.3(3) applied to𝑀 = 𝐻𝑆(𝐸∕𝒪𝒦)𝔭. Let us deduce the
general case by comparing𝐻𝑆(𝐸∕𝒪𝐾𝑛) with𝐻𝑆∪𝑆ram(𝐸∕𝒪𝐾𝑛).
For each 𝑛, we have an exact sequence

⨁

𝑣∈𝑆ram⧵𝑆
𝐴𝔭 ⊗𝐴̂ 𝐸(𝒪𝐾𝑛 ,𝑣) → 𝐻𝑆∪𝑆ram(𝐸∕𝒪𝐾𝑛)𝔭 → 𝐻𝑆(𝐸∕𝒪𝐾𝑛)𝔭 → 0

by Proposition 3.10. By the assumption, for any 𝑣 ∈ 𝑆ram ⧵ 𝑆, we have 𝑣 ∉ 𝑆𝔭.
Then Proposition 2.4 implies

𝐴𝔭 ⊗𝐴̂ 𝐸(𝒪𝐾𝑛 ,𝑣) ≃ 𝐴𝔭 ⊗𝐴̂ 𝐸(𝜅𝑣(𝐾𝑛)).

The module 𝐸(𝜅𝑣(𝐾𝑛)) is clearly finite. Moreover, as 𝑣 is ramified in the ℤ𝑝-
extension𝒦∕𝐾, the direct system {𝜅𝑣(𝐾𝑛)}𝑛 is stationary.
As inDefinition 3.15(1), the exact sequence above becomes an exact sequence

of direct systems. The first term being stationary, we obtain

length𝐴𝔭
(𝐻𝑆∪𝑆ram(𝐸∕𝒪𝐾𝑛)𝔭,f in) = length𝐴𝔭

(𝐻𝑆(𝐸∕𝒪𝐾𝑛)𝔭,f in) + (constant)

for 𝑛 ≫ 0. We already know that the left hand side is 𝜇𝔭𝑝𝑛 + (constant) with
𝜇𝔭 = 𝜇∗(𝐻𝑆∪𝑆ram(𝐸∕𝒪𝒦)𝔭,tors).
It remains only to show 𝜇∗(𝐻𝑆∪𝑆ram(𝐸∕𝒪𝒦)𝔭,tors) = 𝜇∗(𝐻𝑆(𝐸∕𝒪𝒦)𝔭,tors). We

also regard the exact sequence above as an exact sequence of inverse systems as
in Definition 3.15(2). We have

lim←,,
𝑛
(𝐴𝔭 ⊗𝐴̂ 𝐸(𝒪𝐾𝑛 ,𝑣)) ≃ lim←,,

𝑛
(𝐴𝔭 ⊗𝐴̂ 𝐸(𝜅𝑣(𝐾𝑛))) = 0

for 𝑣 ∈ 𝑆ram ⧵ 𝑆, which implies an isomorphism

𝐻𝑆∪𝑆ram(𝐸∕𝒪𝒦)𝔭 ≃ 𝐻𝑆(𝐸∕𝒪𝒦)𝔭.

This completes the proof. □

To establish the formula for 𝜇𝔭 in Theorem 1.1, we note that

𝜇∗(𝐻𝑆(𝐸∕𝒪𝒦)𝔭,tors) = 𝜇(𝐻𝑆(𝐸∕𝒪𝒦)𝔭)

holds if𝐻𝑆(𝐸∕𝒪𝐾) is finite in Theorem 4.7. Indeed, by the proof we have

(𝐻𝑆(𝐸∕𝒪𝒦)𝔭)Γ ≃ (𝐻𝑆∪𝑆ram(𝐸∕𝒪𝒦)𝔭)Γ ≃ 𝐻𝑆∪𝑆ram(𝐸∕𝒪𝐾)𝔭
and this is finite. It follows that𝐻𝑆(𝐸∕𝒪𝒦)𝔭 is a torsion module whose charac-
teristic ideal is prime to 𝛾 − 1, where 𝛾 is a topological generator of Γ. Hence,
the claim follows.
Finally, we establish Corollary 1.2.

Proof of Corollary 1.2. Suppose that 𝒦∕𝐾 is unramified at all finite places.
We can apply Theorem 1.1 for every prime 𝔭 of 𝐴. For a prime 𝔭 such that
𝐻(𝐸∕𝒪𝐾)𝔭 = 0, by Proposition 4.4 and Nakayama’s lemma, we see that
𝐻(𝐸∕𝒪𝐾𝑛)𝔭 = 0 holds for all 𝑛 ≥ 0. Therefore, by setting 𝜇 =

∑
𝔭 𝜇𝔭 and

𝜈 =
∑

𝔭 𝜈𝔭, we obtain Corollary 1.2. □
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5. Notes on the 𝑺-modification
Let 𝐾 be a global 𝑄-field and 𝐸 a Drinfeld 𝐴-module over 𝒪𝐾 .

5.1. An analogue of Leopoldt’s conjecture. Let 𝔭 be a prime of 𝐴. We nat-
urally have the following analogue of Leopoldt’s conjecture (cf. §B.3).

Conjecture 5.1. The natural homomorphism

𝐴𝔭 ⊗𝐴 𝑈(𝐸∕𝒪𝐾) →
⨁

𝑣∈𝑆𝔭

𝐴𝔭 ⊗𝐴̂ 𝐸(𝒪𝐾,𝑣)

is injective.

ByAnglès–Taelman [AT15, Theorem 9.8], Conjecture 5.1 is known to be true
in the case where 𝐸 is the Carlitz module𝐶 and𝐾∕𝑄 is the Carlitz 𝔭-cyclotomic
extension [AT15, §2.4]. The method is analogous to the proof of Leopoldt’s
conjecture for abelian number fields; we make use of the transcendency of log-
arithms, established by Bosser [AT15, Appendix] in this case.

Proposition 5.2. For any finite set 𝑆 of finite places of 𝐾 such that 𝑆 ⊃ 𝑆𝔭, the
following are equivalent.

(i) Conjecture 5.1 holds.
(ii) We have 𝐴𝔭 ⊗𝐴̂ 𝑈̂𝑆(𝐸∕𝒪𝐾) = 0.
(iii) We have rank𝐴𝔭

(𝐻𝑆(𝐸∕𝒪𝐾)𝔭) = 𝑟𝐸(𝐾).

Proof. Note that the kernel of the map in Conjecture 5.1 is torsion-free over
𝐴𝔭, so (ii) is equivalent to the finiteness of 𝐴𝔭 ⊗𝐴̂ 𝑈̂𝑆(𝐸∕𝒪𝐾). Then we may
assume 𝑆 = 𝑆𝔭 because of Proposition 3.10 and the finiteness of𝐴𝔭⊗𝐴̂ 𝐸(𝒪𝐾,𝑣)
for 𝑣 ∤ 𝔭.
We use the exact sequence in Proposition 3.10with𝑇 = ∅, to whichwemore-

over apply 𝐴𝔭 ⊗𝐴̂ (−). Then the equivalence (i) ⇔ (ii) is clear. To show the
equivalence (ii)⇔ (iii), we observe the ranks of the other modules:

∙ We have rank𝐴𝔭
(𝐴𝔭 ⊗𝐴 𝑈(𝐸∕𝒪𝐾)) = [𝐾 ∶ 𝑄] − 𝑟𝐸(𝐾) (Proposition

3.4(2)).
∙ We have rank𝐴𝔭

(
⨁

𝑣∣𝔭𝐴𝔭 ⊗𝐴̂ 𝐸(𝒪𝐾,𝑣)) = [𝐾 ∶ 𝑄] (Proposition 2.4).
∙ We have rank𝐴𝔭

(𝐴𝔭 ⊗𝐴 𝐻(𝐸∕𝒪𝐾)) = 0 (Proposition 3.4(1)).
Now (ii)⇔ (iii) follows. □

Let us determine the ranks of the Iwasawa modules, assuming the analogue
of Leopoldt’s conjecture.

Proposition 5.3. Let 𝒦∕𝐾 be a ℤ𝑝-extension of global 𝑄-fields such that
𝑆ram(𝒦∕𝐾) is finite and 𝒦∕𝐾 is totally split at all infinite places. Suppose that
Conjecture 5.1 holds for𝐾𝑛 for every 𝑛. Then, for any finite set 𝑆 of finite places of
𝐾 such that 𝑆 ⊃ 𝑆𝔭, we have

rank𝐴𝔭[[Γ]]𝐻𝑆(𝐸∕𝒪𝒦)𝔭 = 𝑟𝐸(𝐾).
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Proof. In the proof of Theorem 4.7, we showed an isomorphism

𝐻𝑆∪𝑆ram(𝐸∕𝒪𝒦)𝔭 ≃ 𝐻𝑆(𝐸∕𝒪𝒦)𝔭.

Therefore, wemay assume 𝑆 ⊃ 𝑆ram. In this case, Propositions 4.4 and 5.2 show

rank𝐴𝔭
(𝐻𝑆(𝐸∕𝒪𝒦)𝔭)Γ𝑝𝑛 = rank𝐴𝔭

𝐻𝑆(𝐸∕𝒪𝐾𝑛)𝔭 = 𝑟𝐸(𝐾𝑛) = 𝑝𝑛𝑟𝐸(𝐾)

for each 𝑛 ≥ 0, where the final equation follows from the assumption that
𝐾𝑛∕𝐾 is totally split at any infinite places. Now Theorem A.3(1) completes the
proof. □

5.2. The effect of ramified places. Let𝒦∕𝐾 be a ℤ𝑝-extension of global 𝑄-
fields and 𝐾𝑛 its 𝑛-th layer. We still assume that 𝑆ram = 𝑆ram(𝒦∕𝐾) is finite. In
the proof of Theorem 4.7, we observed 𝐻𝑆∪𝑆ram(𝐸∕𝒪𝒦)𝔭 ≃ 𝐻𝑆(𝐸∕𝒪𝒦)𝔭 as long
as 𝑆 ⊃ 𝑆𝔭 ∩ 𝑆ram. In this subsection, we remove the last condition:

Theorem 5.4. For any finite set 𝑆 of finite places of 𝐾, we have an isomorphism
𝐻𝑆∪𝑆ram(𝐸∕𝒪𝒦) ≃ 𝐻𝑆(𝐸∕𝒪𝒦).

Remark 5.5. In particular, we have 𝐻(𝐸∕𝒦) ≃ 𝐻𝑆ram(𝐸∕𝒦). This together
with Proposition 4.4 tells us that, although𝐻(𝐸∕𝒦) is defined as lim←,,𝑛𝐻(𝐸∕𝐾𝑛),
its Galois coinvariant describes 𝐻𝑆ram(𝐸∕𝐾𝑛) instead. For this reason, it seems
difficult to remove the assumption 𝑆 ⊃ 𝑆𝔭 ∩ 𝑆ram from Theorem 4.7. We also
see that𝐻(𝐸∕𝒦) is not a torsion module in general, because of Proposition 5.3.
This phenomenon is in contrast to number field setting. For a ℤ𝑝-extension

𝒦∕𝐾 of number fields with 𝐾𝑛 its 𝑛-th layer, the Iwasawa module 𝑋(𝒦) =
lim←,,𝑛 ℤ𝑝 ⊗ℤ Cl(𝐾𝑛) is known to be torsion over the Iwasawa algebra and have
enough information to describe the behavior of lengthℤ𝑝

(ℤ𝑝 ⊗Cl(𝐾𝑛)).

To prove Theorem 5.4, thanks to Proposition 4.3, we only have to show that
lim←,,𝑛 𝐸(𝒪𝐾𝑛 ,𝑣) = 0 for any 𝑣 ∈ 𝑆ram. This statement is independent from the
Drinfeldmodule 𝐸, and follows from the following general proposition on local
fields.

Proposition 5.6. Let 𝐹 be a local field (i.e., a complete discrete valuation field
with finite residue field) with residue characteristic𝑝. (Note that the characteristic
of 𝐹 is either 0 or 𝑝.) Let ℱ∕𝐹 be a ramified ℤ𝑝-extension with 𝐹𝑛 its 𝑛-th layer.
Then we have lim←,,𝑛 𝒪𝐹𝑛 = 0, the projective limit being taken with respect to the
trace maps.

Proof. We may assume that the ℤ𝑝-extension is totally ramified, and we only
have to show

⋂
𝑛≥0 Tr𝐹𝑛∕𝐹(𝒪𝐹𝑛) = 0. Let 𝑣𝐹 and 𝑣𝐹𝑛 be the normalized valua-

tion on 𝐹 and 𝐹𝑛, respectively. Let 𝒟𝑛 = 𝒟𝐹𝑛∕𝐹 be the different ideal of 𝐹𝑛∕𝐹
([Ser79, Chap.III §3]). By definition, 𝒟𝑛 is the minimal ideal of 𝒪𝐹𝑛 satisfying
Tr𝐹𝑛∕𝐹(𝒟

−1
𝐹𝑛∕𝐹

) ⊂ 𝒪𝐹 . We also have

𝑣𝐹(Tr𝐹𝑛∕𝐹(𝒪𝐹𝑛)) =
⌊
𝑣𝐹𝑛(𝒟𝑛)∕𝑝𝑛

⌋
,
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where we use the assumption that 𝐹𝑛∕𝐹 is totally ramified, so the ramification
index is 𝑝𝑛. Therefore, the claim is equivalent to lim𝑛→∞ 𝑣𝐹𝑛(𝒟𝑛)∕𝑝𝑛 = +∞.
To study 𝒟𝑛, we use the higher ramification groups ([Ser79, Chap. IV, §1]).

For 𝑖 ≥ −1, we define 𝐺(𝑛)
𝑖 ⊂ Gal(𝐹𝑛∕𝐹) as the stabilizer subgroup of the action

Gal(𝐹𝑛∕𝐹) on 𝒪𝐹𝑛∕𝔪
𝑖+1
𝐹𝑛
. Then it is known ([Ser79, Chap. IV, §1, Proposition

4]) that

𝑣𝐹𝑛(𝒟𝑛) =
∞∑

𝑖=0
(#𝐺(𝑛)

𝑖 − 1).

By the theorem of Hasse–Arf ([Ser79, page 76, Example]), there are positive
integers 𝑖(𝑛)0 , 𝑖(𝑛)1 , … , 𝑖(𝑛)𝑛−1 such that

𝐺(𝑛)
𝑖 = 𝐺 if 0 ≤ 𝑖 ≤ 𝑖(𝑛)0 ,

𝐺(𝑛)
𝑖 = 𝐺𝑝𝑗 if 𝑖(𝑛)0 + 𝑝𝑖(𝑛)1 +⋯+ 𝑝𝑗−1𝑖(𝑛)𝑗−1 < 𝑖 ≤ 𝑖(𝑛)0 + 𝑝𝑖(𝑛)1 +⋯+ 𝑝𝑗𝑖(𝑛)𝑗

for 𝑗 = 1, 2, … , 𝑛 − 1, and

𝐺(𝑛)
𝑖 = {id} if 𝑖(𝑛)0 + 𝑝𝑖(𝑛)1 +⋯+ 𝑝𝑛−1𝑖(𝑛)𝑛−1 < 𝑖.

When 𝑛 varies, we moreover have ([Ser79, page 64, Corollary])

𝑖0 ∶= 𝑖(1)0 = 𝑖(2)0 = 𝑖(3)0 = ⋯ ,

𝑖1 ∶= 𝑖(2)1 = 𝑖(3)1 = 𝑖(4)1 = ⋯ ,

𝑖2 ∶= 𝑖(3)2 = 𝑖(4)2 = 𝑖(5)2 = ⋯ ,
⋮

Therefore, we obtain

𝑣𝐹𝑛(𝒟𝑛) = (𝑝𝑛−1)(𝑖0+1)+(𝑝𝑛−1−1)𝑝𝑖1+(𝑝𝑛−2−1)𝑝2𝑖2+⋯+(𝑝−1)𝑝𝑛−1𝑖𝑛−1,
so

𝑣𝐹𝑛(𝒟𝑛)∕𝑝𝑛

= (1 − 𝑝−𝑛)(1 + 𝑖0) + (1 − 𝑝−𝑛+1)𝑖1 + (1 − 𝑝−𝑛+2)𝑖2 +⋯+ (1 − 𝑝−1)𝑖𝑛−1
≥ (1 − 𝑝−1)(1 + 𝑖0 + 𝑖1 + 𝑖2 +⋯+ 𝑖𝑛−1).

Since 𝑖0, 𝑖1, 𝑖2, … are positive integers, we conclude lim𝑛→∞ 𝑣𝐹𝑛(𝒟𝑛)∕𝑝𝑛 = +∞
as claimed. □

Appendix A. The algebraic theorem
The purpose of this section is to establish a module-theoretic version of Iwa-

sawa’s asymptotic formula in positive characteristic (TheoremA.3). In thenum-
ber field setting, we studymodules over the power series ringℤ𝑝[[𝑇]] and their
quotientsmodulo (1+𝑇)𝑝𝑛−1. In the function field setting, we are naturally led
to study modules over𝐴𝔭[[𝑇]] and their quotients modulo (1+𝑇)𝑝

𝑛 −1 = 𝑇𝑝𝑛 .
To the best of the authors’ knowledge, such an alternative has not appeared in
the literature.
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Fromnowon, let𝑅 be a complete discrete valuation ringwhose characteristic
is a prime number 𝑝. The ring𝐴𝔭 in the main text plays the role of 𝑅. We write
ord𝑅 ∶ 𝑅 → ℕ∪ {∞} for the normalized valuation on 𝑅. We write (−)f in for the
maximal submodule of finite length for finitely generated 𝑅-modules.
Let Γ be a topological group that is isomorphic to ℤ𝑝. Let

𝑅[[Γ]] ∶= lim←,,
𝑛
𝑅[Γ∕Γ𝑝𝑛]

be the completed group ring. We have the following analogue of Serre’s isomor-
phism (see [NSW08, Proposition (5.3.5)] or [Was97, Theorem 7.1]).

Lemma A.1. Let 𝛾 be a topological generator of Γ. We have isomorphisms
𝑅[Γ∕Γ𝑝𝑛] ≃ 𝑅[𝑇]∕(𝑇𝑝𝑛)

for 𝑛 ≥ 0 and
𝑅[[Γ]] ≃ 𝑅[[𝑇]]

by sending 𝛾 to 1 + 𝑇.

Proof. The first one follows from
𝑅[Γ∕Γ𝑝𝑛] ≃ 𝑅[𝑇]∕((1 + 𝑇)𝑝𝑛 − 1) = 𝑅[𝑇]∕(𝑇𝑝𝑛)

since 𝑝 = 0 in 𝑅. By taking the inverse limit, the second one follows. □

For each 𝑓 ∈ 𝑅[[𝑇]] ⧵ {0}, we define ord𝑇(𝑓) ∈ ℕ and 𝑓∗ ∈ 𝑅[[𝑇]] ⧵ 𝑇𝑅[[𝑇]]
by

𝑓(𝑇) = 𝑇ord𝑇(𝑓)𝑓∗(𝑇).
Note that 𝑓∗ ∉ 𝑇𝑅[[𝑇]] is equivalent to 𝑓∗(0) ≠ 0.
We briefly recall the structure theorem for 𝑅[[𝑇]]-modules (see [NSW08,

Chapter V, §1]).

Definition A.2. An 𝑅[[𝑇]]-module is said to be pseudo-null if it is of finite
length. An 𝑅[[𝑇]]-homomorphism between finitely generated modules is said
to be a pseudo-isomorphism if its kernel and cokernel are both pseudo-null.
For a finitely generated 𝑅[[𝑇]]-module𝑀, the structure theorem states that

there exists a pseudo-isomorphism

𝜑 ∶ 𝑀 → 𝑅[[𝑇]]𝑟 ⊕
𝑠⨁

𝑖=1
𝑅[[𝑇]]∕(𝑓𝑖)

for 𝑟 = rank𝑅[[𝑇]](𝑀) and some non-zero elements 𝑓1, … , 𝑓𝑠 ∈ 𝑅[[𝑇]]. The tar-
get module of 𝜑 is often called an elementary module. In this case, the 𝑅[[𝑇]]-
torsion part of𝑀, denoted by𝑀tors, is pseudo-isomorphic to

⨁𝑠
𝑖=1 𝑅[[𝑇]]∕(𝑓𝑖).

The characteristic ideal of𝑀tors is defined as char(𝑀tors) = (𝑓1⋯𝑓𝑠).
Suppose𝑀 is a finitely generated torsion𝑅[[𝑇]]-module. Let𝐹 be a generator

of char(𝑀) (i.e., char(𝑀) = (𝐹)). We define 𝜇(𝑀) = ord𝑅(𝐹(0)) if 𝐹 is prime to
𝑇, and 𝜇∗(𝑀) = ord𝑅(𝐹∗(0)) in general. For a finitely generated torsion 𝑅[[Γ]]-
module, we also define 𝜇(𝑀) and 𝜇∗(𝑀) by using the isomorphism 𝑅[[Γ]] ≃
𝑅[[𝑇]] in Lemma A.1.
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Nowwe state the main theorem of this section. Claim (2) essentially suffices
to prove Theorem 1.1, while claim (3) is necessary to prove Theorem 4.7.

Theorem A.3. Let𝑀 be a finitely generated 𝑅[[Γ]]-module.
(1) We have

rank𝑅(𝑀Γ𝑝𝑛 ) = rank𝑅[[Γ]](𝑀)𝑝𝑛 + (constant)

for 𝑛 ≫ 0.
(2) If𝑀Γ is finite, then we have

length𝑅(𝑀Γ𝑝𝑛 ) = 𝜇(𝑀)𝑝𝑛 + (constant)

for 𝑛 ≫ 0.
(3) In general, we have

length𝑅((𝑀Γ𝑝𝑛 )f in) = 𝜇∗(𝑀tors)𝑝𝑛 + (constant)

for 𝑛 ≫ 0.

For an 𝑅[[𝑇]]-module𝑀 and an integer 𝑁 ≥ 0, we write

𝑀[𝑇𝑁] = {𝑥 ∈ 𝑀 ∣ 𝑇𝑁𝑥 = 0}, 𝑀∕𝑇𝑁 = 𝑀∕𝑇𝑁𝑀.

We also write𝑀[𝑇∞] =
⋃

𝑁≥0𝑀[𝑇𝑁].
By the isomorphism in Lemma A.1, we see that Theorem A.3 is a conse-

quence of the following.

Theorem A.4. Let𝑀 be a finitely generated 𝑅[[𝑇]]-module.
(1) We have

rank𝑅(𝑀∕𝑇𝑁) = rank𝑅[[𝑇]](𝑀)𝑁 + (constant)

for𝑁 ≫ 0. Indeed, the constant is ord𝑇(𝐹) with char(𝑀tors) = (𝐹).
(2) If𝑀∕𝑇 is finite, then we have

length𝑅(𝑀∕𝑇𝑁) = 𝜇(𝑀)𝑁 + (constant)

for𝑁 ≫ 0.
(3) In general, we have

length𝑅((𝑀∕𝑇𝑁)f in) = 𝜇∗(𝑀tors)𝑁 + (constant)

for𝑁 ≫ 0.

First, we show claim (1):

Proof of Theorem A.4(1). We take a pseudo-isomorphism 𝜑 as in Definition
A.2. For any 𝑁 ≥ 0, we obtain

rank𝑅(𝑀∕𝑇𝑁) = rank𝑅 ((𝑅[[𝑇]]∕𝑇𝑁)𝑟 ⊕
𝑠⨁

𝑖=1
𝑅[[𝑇]]∕(𝑓𝑖, 𝑇𝑁))

= 𝑟𝑁 +
𝑠∑

𝑖=1
min{ord𝑇(𝑓𝑖), 𝑁}.
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The final term is constant as long as𝑁 ≥ ord𝑇(𝑓𝑖) for any 𝑖. In fact, for such an
𝑁, we have

𝑠∑

𝑖=1
min{ord𝑇(𝑓𝑖), 𝑁} =

𝑠∑

𝑖=1
ord𝑇(𝑓𝑖) = ord𝑇(𝐹),

so the claim holds. □

The rest of this section is devoted to the proof of Theorem A.4(2)(3).

Lemma A.5. Let 𝑓 ∈ 𝑅[[𝑇]] ⧵ {0}.
(1) If 𝑓(0) ≠ 0, we have

length𝑅(𝑅[[𝑇]]∕(𝑓, 𝑇
𝑁)) = ord𝑅(𝑓(0))𝑁

for any𝑁 ≥ 0
(2) In general, we have

length𝑅(𝑅[[𝑇]]∕(𝑓, 𝑇
𝑁))f in = ord𝑅(𝑓∗(0))(𝑁 − ord𝑇(𝑓))

for any𝑁 ≥ ord𝑇(𝑓).

Proof. (1) Let 𝑓(𝑇) = 𝑎0 + 𝑎1𝑇 + 𝑎2𝑇2 + ⋯ with 𝑎0, 𝑎1, 𝑎2,⋯ ∈ 𝑅. The 𝑅-
module 𝑅[[𝑇]]∕(𝑇𝑁) is free of rank 𝑁 with a basis 1, 𝑇, 𝑇2, … , 𝑇𝑁−1. With re-
spect to this basis, the 𝑅-endomorphism given by the multiplication by 𝑓 is
presented by a triangular matrix

⎛
⎜
⎜
⎜
⎝

𝑎0 0 ⋯ 0 0
𝑎1 𝑎0 ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮

𝑎𝑁−2 𝑎𝑁−3 ⋯ 𝑎0 0
𝑎𝑁−1 𝑎𝑁−2 ⋯ 𝑎1 𝑎0

⎞
⎟
⎟
⎟
⎠

.

The determinant of this matrix is 𝑎𝑁0 , so we have

length𝑅(𝑅[[𝑇]]∕(𝑓, 𝑇
𝑁)) = ord𝑅(𝑎𝑁0 ) = ord𝑅(𝑎0)𝑁.

Since 𝑎0 = 𝑓(0), the formula holds.
(2) For 𝑁 ≥ ord𝑇(𝑓), we have

(𝑅[[𝑇]]∕(𝑓, 𝑇𝑁))f in = (𝑇ord𝑇(𝑓))∕(𝑓, 𝑇𝑁) ≃ 𝑅[[𝑇]]∕(𝑓∗, 𝑇𝑁−ord𝑇(𝑓)).

Now the claim follows from (1). □

We show Theorem A.4(2)(3) for elementary modules:

Proposition A.6. Let 𝐸 be an 𝑅[[𝑇]]-module of the form

𝐸 = 𝑅[[𝑇]]𝑟 ⊕
𝑠⨁

𝑖=1
𝑅[[𝑇]]∕(𝑓𝑖).

Set 𝐹 = 𝑓1⋯𝑓𝑠.
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(1) Suppose that 𝑟 = 0 and 𝐹(0) ≠ 0. Then we have

length𝑅(𝐸∕𝑇
𝑁) = ord𝑅(𝐹(0))𝑁

for any𝑁 ≥ 0.
(2) In general, we have

length𝑅((𝐸∕𝑇
𝑁)f in) = ord𝑅(𝐹∗(0))𝑁 + (constant)

for𝑁 ≫ 0.

Proof. (1) By Lemma A.5(1), we have

length𝑅(𝐸∕𝑇
𝑁) =

𝑠∑

𝑖=1
length𝑅(𝑅[[𝑇]]∕(𝑓𝑖, 𝑇

𝑁))

=
𝑠∑

𝑖=1
ord𝑅(𝑓𝑖(0))𝑁

= ord𝑅(𝐹(0))𝑁

as claimed.
(2) By Lemma A.5(2), we have

length𝑅((𝐸∕𝑇
𝑁)f in)

= 𝑟 length𝑅((𝑅[[𝑇]]∕𝑇
𝑁)f in) +

𝑠∑

𝑖=1
length𝑅((𝑅[[𝑇]]∕(𝑓𝑖, 𝑇

𝑁))f in)

=
𝑠∑

𝑖=1
ord𝑅(𝑓∗𝑖 (0))(𝑁 − ord𝑇(𝑓𝑖))

= ord𝑅(𝐹∗(0))𝑁 −
𝑠∑

𝑖=1
ord𝑅(𝑓∗𝑖 (0)) ord𝑇(𝑓𝑖)

for 𝑁 ≫ 0 (indeed, 𝑁 ≥ ord𝑇(𝑓𝑖) for any 𝑖 suffices), as claimed. □

To complete the proof of parts (2) and (3) in Theorem A.4, we show that
the pseudo-isomorphism does not affect the lengths up to constants. This is
a stronger statement than merely being bounded as 𝑁 → ∞, which is much
easier.

Lemma A.7. Let 0 → 𝑀′ → 𝑀 → 𝑀′′ → 0 be an exact sequence of finitely
generated 𝑅[[𝑇]]-modules. Let 𝐿 be the cokernel of the induced map 𝑀[𝑇∞] →
𝑀′′[𝑇∞].

(1) We have an exact sequence

0 → 𝐿 → 𝑀′∕𝑇𝑁 →𝑀∕𝑇𝑁 →𝑀′′∕𝑇𝑁 → 0

for𝑁 ≫ 0.
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(2) The sequences in (1) fit into commutative diagrams

0 // 𝐿 //

𝑇×
��

𝑀′∕𝑇𝑁+1 //

����

𝑀∕𝑇𝑁+1 //

����

𝑀′′∕𝑇𝑁+1 //

����

0

0 // 𝐿 // 𝑀′∕𝑇𝑁 // 𝑀∕𝑇𝑁 // 𝑀′′∕𝑇𝑁 // 0

for𝑁 ≫ 0, where the right three vertical arrows are the natural surjective
maps.

(3) The sequences in (1) fit into commutative diagrams

0 // 𝐿 // 𝑀′∕𝑇𝑁+1 // 𝑀∕𝑇𝑁+1 // 𝑀′′∕𝑇𝑁+1 // 0

0 // 𝐿 // 𝑀′∕𝑇𝑁 //

𝑇×

OO

𝑀∕𝑇𝑁 //

𝑇×

OO

𝑀′′∕𝑇𝑁 //

𝑇×

OO

0

for𝑁 ≫ 0.

Proof. (1) For any 𝑁 ≥ 0, by the snake lemma we have an exact sequence

0 → 𝑀′[𝑇𝑁] → 𝑀[𝑇𝑁] → 𝑀′′[𝑇𝑁] → 𝑀′∕𝑇𝑁 →𝑀∕𝑇𝑁 →𝑀′′∕𝑇𝑁 → 0.

Since both𝑀 and𝑀′′ are noetherian, we have𝑀[𝑇𝑁] = 𝑀[𝑇∞] and𝑀′′[𝑇𝑁] =
𝑀′′[𝑇∞] for 𝑁 ≫ 0. This shows the exact sequence.
(2)(3) The commutativity of the diagrams follows from the construction. □

PropositionA.8. Let𝜑 ∶ 𝑀 → 𝐸 be a pseudo-isomorphismbetween finitely gen-
erated torsion 𝑅[[𝑇]]-modules. Suppose that the characteristic ideals are prime to
𝑇. Then

length𝑅(𝑀∕𝑇𝑁) = length𝑅(𝐸∕𝑇
𝑁) + (constant)

for𝑁 ≫ 0.

Proof. By dividing the exact sequence 0 → Ker 𝜑 → 𝑀
𝜑
→ 𝐸 → Cok𝜑 → 0

into two short exact sequences, it is enough to show the following. Let 0 →
𝑀′ → 𝑀 → 𝑀′′ → 0 be an exact sequence of finitely generated torsion 𝑅[[𝑇]]-
modules whose characteristic ideals are prime to𝑇. Then the following are true
for 𝑁 ≫ 0:

(a) If𝑀′ is pseudo-null, then

length𝑅(𝑀∕𝑇𝑁) = length𝑅(𝑀
′′∕𝑇𝑁) + (constant) .

(b) If𝑀′′ is pseudo-null, then

length𝑅(𝑀∕𝑇𝑁) = length𝑅(𝑀
′∕𝑇𝑁) + (constant) .

To show these, we define 𝐿 as in Lemma A.7. Then Lemma A.7(1) implies

length𝑅(𝑀∕𝑇𝑁) = length𝑅(𝑀
′∕𝑇𝑁) + length𝑅(𝑀

′′∕𝑇𝑁) − length𝑅(𝐿)

for 𝑁 ≫ 0. In case (a), length𝑅(𝑀
′∕𝑇𝑁) is constant as 𝑁 → ∞. In case (b),

length𝑅(𝑀
′′∕𝑇𝑁) is constant as 𝑁 → ∞. Therefore, both claims hold. □
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We are already able to prove claim (2) of TheoremA.4, but claim (3) requires
two more propositions.

Proposition A.9. Let 𝜑 ∶ 𝑀 → 𝐸 be a pseudo-isomorphism between finitely
generated torsion 𝑅[[𝑇]]-modules. Then

length𝑅((𝑀∕𝑇𝑁)f in) = length𝑅((𝐸∕𝑇
𝑁)f in) + (constant)

for𝑁 ≫ 0.

Proof. As in the proof of Proposition A.8, it is enough to show the following.
Let 0 → 𝑀′ →𝑀 → 𝑀′′ → 0 be an exact sequence of finitely generated torsion
𝑅[[𝑇]]-modules. Then the following are true for 𝑁 ≫ 0:

(a) If𝑀′ is pseudo-null, then

length𝑅((𝑀∕𝑇𝑁)f in) = length𝑅((𝑀
′′∕𝑇𝑁)f in) + (constant) .

(b) If𝑀′′ is pseudo-null, then

length𝑅((𝑀∕𝑇𝑁)f in) = length𝑅((𝑀
′∕𝑇𝑁)f in) + (constant) .

Let us write 𝜋𝑁 ∶ 𝑀∕𝑇𝑁+1 →𝑀∕𝑇𝑁 for the natural surjective map, so we have
an exact sequence

0 → Ker𝜋𝑁 →𝑀∕𝑇𝑁+1
𝜋𝑁→ 𝑀∕𝑇𝑁 → 0.

Since 𝑀 is torsion, the 𝑅-rank of 𝑀∕𝑇𝑁 stabilizes (see Theorem A.4(1)), so
Ker𝜋𝑁 is of finite length for 𝑁 ≫ 0. Therefore, we have an exact sequence

0 → Ker𝜋𝑁 → (𝑀∕𝑇𝑁+1)f in
𝜋𝑁→ (𝑀∕𝑇𝑁)f in → 0,

which implies

length𝑅((𝑀∕𝑇𝑁+1)f in) − length𝑅((𝑀∕𝑇𝑁)f in) = length𝑅(Ker 𝜋𝑁)

for 𝑁 ≫ 0. Similar formulas hold for𝑀′ and𝑀′′, concerning the maps 𝜋′𝑁 ∶
𝑀′∕𝑇𝑁+1 → 𝑀′∕𝑇𝑁 and 𝜋′′𝑁 ∶ 𝑀′′∕𝑇𝑁+1 → 𝑀′′∕𝑇𝑁 . Therefore, claims (a)
and (b) can be restated as follows (for 𝑁 ≫ 0):

(a’) If𝑀′ is pseudo-null, then length𝑅(Ker 𝜋𝑁) = length𝑅(Ker 𝜋
′′
𝑁).

(b’) If𝑀′′ is pseudo-null, then length𝑅(Ker 𝜋𝑁) = length𝑅(Ker 𝜋
′
𝑁).

To show these, we define 𝐿 as in Lemma A.7.
(a’) Suppose𝑀′ is pseudo-null. Note that Lemma A.7(1) implies that 𝐿 is of

finite length. For 𝑁 ≫ 0, the map 𝜋′𝑁 is an isomorphism, so Lemma A.7(2)
implies

𝐿[𝑇] = 0, 0 → 𝐿∕𝑇 → Ker𝜋𝑁 → Ker𝜋′′𝑁 → 0.
Since 𝐿 is of finite length, 𝐿[𝑇] = 0 implies 𝐿∕𝑇 = 0. Therefore, we obtain
Ker𝜋𝑁 ≃ Ker𝜋′′𝑁 , so the claim holds.
(b’) Suppose𝑀′′ is pseudo-null. Note that the definition of 𝐿 implies that 𝐿

is of finite length. For𝑁 ≫ 0, themap 𝜋′′𝑁 is an isomorphism, so LemmaA.7(2)
implies

0 → 𝐿[𝑇] → Ker𝜋′𝑁 → Ker𝜋𝑁 → 𝐿∕𝑇 → 0.
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This shows the claim. □

Proposition A.10. Let𝑀 be a finitely generated 𝑅[[𝑇]]-module. We set𝑀tors as
the torsion part of𝑀. Then

length𝑅((𝑀tors∕𝑇𝑁)f in) = length𝑅((𝑀∕𝑇𝑁)f in) + (constant)
for𝑁 ≫ 0.

Proof. We first suppose that𝑀 is torsion-free and claim that
𝑇× ∶ (𝑀∕𝑇𝑁)f in → (𝑀∕𝑇𝑁+1)f in

is an isomorphism for𝑁 ≫ 0. By the structure theorem, we can take 0 → 𝑀 →
𝐹 → 𝑀′′ → 0, where 𝐹 is a free 𝑅[[𝑇]]-module and𝑀′′ is pseudo-null (indeed,
𝐹 is the reflexive hull of𝑀). By Lemma A.7(1), we have a module 𝐿, which is
of finite length because so is𝑀′′, that fits into an exact sequence

0 → 𝐿 → 𝑀∕𝑇𝑁 → 𝐹∕𝑇𝑁 →𝑀′′∕𝑇𝑁 → 0
for 𝑁 ≫ 0. We have (𝐹∕𝑇𝑁)f in = 0 as 𝐹 is a free module. Therefore, we obtain
𝐿 ≃ (𝑀∕𝑇𝑁)f in, and the commutative diagram in Lemma A.7(3) shows the
claim.
Now we deal with the general case. We set𝑀∕ tors = 𝑀∕𝑀tors, so we have an

exact sequence
0 → 𝑀tors →𝑀 → 𝑀∕ tors → 0.

We apply Lemma A.7(3) to this sequence; since𝑀∕ tors is torsion-free, the mod-
ule 𝐿 vanishes. Then, applying the left exact functor (−)f in, we obtain a com-
mutative diagram with exact rows

0 // (𝑀tors∕𝑇𝑁+1)f in // (𝑀∕𝑇𝑁+1)f in // ((𝑀∕ tors)∕𝑇𝑁+1)f in

0 // (𝑀tors∕𝑇𝑁)f in //

𝑇×

OO

(𝑀∕𝑇𝑁)f in //

𝑇×

OO

((𝑀∕ tors)∕𝑇𝑁)f in.

𝑇×

OO

By the claim above applied to the torsion-free module𝑀∕ tors, the right vertical
arrow is an isomorphismwhen𝑁 ≫ 0. Therefore, the images to the right-most
terms stabilize as 𝑁 ≫ 0, which shows

length𝑅((𝑀∕𝑇𝑁)f in) − length𝑅((𝑀tors∕𝑇𝑁)f in) = (constant)
for 𝑁 ≫ 0. This completes the proof. □

Proof of Theorem A.4(2)(3). Claim (2) follows at once byPropositionsA.6(1)
and A.8. Claim (3) follows at once by Propositions A.6(2), A.9, and A.10. □

This completes the proof of Theorem A.4, and hence of Theorem A.3.

Appendix B. Ideal class groups
In this section, we review classical theory on ideal class groups of number

fields. The frameworks in §B.1, §B.2, and §B.3 serve as prototypes for the argu-
ments in §3, §4, and §5.1, respectively.
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Number fields Function fields

ℤ ⊂ ℤ𝑝 (𝑝ℤ ⊂ ℤ) Coefficient rings 𝐴 ⊂ 𝐴𝔭 (𝔭 ⊂ 𝐴)
ℤ ⊂ ℚ ⊂ ℝ 𝐴 ⊂ 𝑄 ⊂ 𝑄∞

𝐾: a number field (ℚ ↪ 𝐾) Base fields 𝐾: a global 𝑄-field (𝑄
𝛾
↪ 𝐾)

𝔾m: the multiplicative group Functors 𝐸: a Drinfeld 𝐴-module over 𝒪𝐾
(𝒪𝐾-Alg)→ (ℤ-Mod) (𝒪𝐾-Alg)→ (𝒪𝐾{𝜏}-Mod)→ (𝐴-Mod)
𝑈(𝐾), 𝑈𝔣(𝐾), 𝑈̂𝑆(𝐾) Unit groups 𝑈(𝐸∕𝒪𝐾), 𝑈𝔣(𝐸∕𝒪𝐾), 𝑈̂𝑆(𝐸∕𝒪𝐾)
Cl(𝐾), Cl𝔣(𝐾), Cl𝑆(𝐾) Class groups 𝐻(𝐸∕𝒪𝐾),𝐻𝔣(𝐸∕𝒪𝐾),𝐻𝑆(𝐸∕𝒪𝐾)

𝑋𝑆(𝒦) Iwasawa modules 𝐻𝑆(𝐸∕𝒪𝒦)𝔭
𝑟2(𝐾) (Expected) ranks 𝑟𝐸(𝐾)

Table 1. Analogies between number fields and function fields

B.1. The ideal class groups and unit groups. Let 𝐾 be a number field, i.e.,
a finite extension of the rationals ℚ. The integer ring 𝒪𝐾 ⊂ 𝐾 is defined as the
integral closure of ℤ in 𝐾. We write 𝑈(𝐾) = 𝒪×

𝐾 for the unit group and Cl(𝐾)
for the class group of 𝐾. These fit into a natural exact sequence

0 → 𝑈(𝐾) → 𝐾× →
⨁

𝑣

𝐾×
𝑣

𝒪×
𝐾,𝑣

→ Cl(𝐾) → 0,

where 𝑣 runs over all finite primes of 𝐾 and 𝒪𝐾,𝑣 ⊂ 𝐾𝑣 denote the comple-
tions of𝒪𝐾 ⊂ 𝐾 (cf. Definition 3.1 and Remark 3.6). Fundamental theorems in
algebraic number theory show that (cf. Proposition 3.4)

(1) The ℤ-module Cl(𝐾) is finite.
(2) Theℤ-module𝑈(𝐾) is finitely generated of rank [𝐾 ∶ ℚ]− (𝑟2(𝐾)+ 1),

where 𝑟2(𝐾) denotes the number of complex places of 𝐾.
Let 𝔣 be a nonzero ideal of 𝒪𝐾 , which we regard as a modulus

∏
𝑣 𝑣

ord𝑣(𝔣).
We define the unit group 𝑈𝔣(𝐾) and class group Cl𝔣(𝐾) by the exact sequence
(cf. Definition 3.5)

0 → 𝑈𝔣(𝐾) → 𝐾× →
⨁

𝑣

𝐾×
𝑣

𝑈(𝔣)(𝐾𝑣)
→ Cl𝔣(𝐾) → 0,

where 𝑈(𝔣)(𝐾𝑣) = {𝑥 ∈ 𝒪×
𝐾,𝑣 ∣ 𝑥 ≡ 1 mod 𝔣𝒪𝐾,𝑣} (note that 𝑈(𝔣)(𝐾𝑣) = 𝒪×

𝐾,𝑣 if
ord𝑣(𝔣) = 0). Then the analogues of Propositions 3.7 and 3.8 are valid.
We write ℤ̂ for the profinite completion of ℤ, and set 𝑈̂𝔣(𝐾) = ℤ̂ ⊗ℤ 𝑈𝔣(𝐾).

For a finite set 𝑆 of finite primes of 𝐾, we set (cf. Definition 3.9)

𝑈̂𝑆(𝐾) = lim←,,
𝔣
𝑈̂𝔣(𝐾), Cl𝑆(𝐾) = lim←,,

𝔣
Cl𝔣(𝐾),

where 𝔣 runs over moduli of 𝐾 whose supports are in 𝑆. Then the analogues of
Propositions 3.10 and 3.11 are valid.
We also have the analogues of Definitions 3.12 and 3.15. However, contrary

to Propositions 3.13 and 3.16, we do not have a nice Galois descent property for
the ideal class groups. This is because we have to deal with the multiplicative
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groups like (𝐾′)× and (𝐾′
𝑣)× as Galois modules, which are not necessarily co-

homologically trivial. Indeed, the cohomology groups are studied by class field
theory.

B.2. Iwasawa modules. Let𝒦∕𝐾 be a ℤ𝑝-tower of number fields and 𝐾𝑛 be
its 𝑛-th layer. It is known that only 𝑝-adic primes can ramify in aℤ𝑝-extension,
so there are only finitely many ramified primes; this property does not hold in
the function field case in general.
For a finite set 𝑆 of finite primes of 𝐾, we define the Iwasawa module

𝑋𝑆(𝒦) = lim←,,
𝑛
(ℤ𝑝 ⊗ℤ̂ Cl𝑆(𝐾𝑛)),

which is a compactℤ𝑝[[Γ]]-module. The failure of the Galois descent property
makes it difficult to studyℤ𝑝⊗ℤCl(𝐾𝑛) by using𝑋(𝒦) = 𝑋∅(𝒦). However, this
was overcome in the original Iwasawa theory, leading to the result described in
§1.1. Indeed, we know that𝑋(𝒦) is torsion over the Iwasawa algebra and the 𝜆
and 𝜇 are the invariants attached to 𝑋(𝒦). This contrasts to the Taelman class
groups as mentioned in Remark 5.5.

B.3. Leopoldt’s conjecture. See [NSW08, Chapter X, §3] or [Was97, §5.5,
§13.5] for the details. For a number field 𝐾 and a prime number 𝑝, Leopoldt’s
conjecture claims that the natural homomorphism

ℤ𝑝 ⊗ℤ 𝑈(𝐾) →
⨁

𝑣∈𝑆𝑝

ℤ𝑝 ⊗ℤ̂ 𝒪
×
𝐾,𝑣

is injective, where 𝑆𝑝 denotes the set of 𝑝-adic primes of 𝐾 (cf. Conjecture 5.1).
Leopoldt’s conjecture is known to be true if𝐾∕ℚ is abelian (Brumer’s theorem).
For each 𝑆 ⊃ 𝑆𝑝, the following are equivalent (cf. Proposition 5.2):

(i) Leopoldt’s Conjecture holds.
(ii) We have ℤ𝑝 ⊗ℤ̂ 𝑈̂𝑆(𝐾) = 0.
(iii) We have rankℤ𝑝

(ℤ𝑝 ⊗ℤ̂ Cl𝑆(𝐾)) = 𝑟2(𝐾) + 1.
For a ℤ𝑝-extension 𝒦∕𝐾, Leopoldt’s conjecture for the intermediate fields

implies
rankℤ𝑝[[Γ]](𝑋𝑆(𝒦)) = 𝑟2(𝐾)

for any 𝑆 ⊃ 𝑆𝑝 (cf. Proposition 5.3). Indeed, for this result, a weak form of
Leopoldt’s conjecture suffices, which is known to be true if 𝒦∕𝐾 is the cyclo-
tomic ℤ𝑝-extension.
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